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Synthesis of Point Planar Elastic
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Serial Mechanisms of Specified
Construction
This paper presents methods for the realization of 2� 2 translational compliance matri-
ces using serial mechanisms having three joints, each either revolute or prismatic and
each with selectable compliance. The geometry of the mechanism and the location of the
compliance frame relative to the mechanism base are each arbitrary but specified. Neces-
sary and sufficient conditions for the realization of a given compliance with a given
mechanism are obtained. We show that, for an appropriately constructed serial mecha-
nism having at least one revolute joint, any single 2� 2 compliance matrix can be real-
ized by properly choosing the joint compliances and the mechanism configuration. For
each type of three-joint combination, requirements on the redundant mechanism geome-
try are identified for the realization of every point planar elastic behavior at a given loca-
tion, just by changing the mechanism configuration and the joint compliances.
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1 Introduction

Passive compliance in actuation allows robots to achieve
improved dexterity in manipulation and improved energy econ-
omy in walking and running [1,2]. Several strategies exist for
achieving passive compliance actuation in a mechanism. Series
elastic actuators (SEAs) [3] can be used to provide a selected
amount of compliance in each joint. Variable stiffness actuators
(VSAs) [4] are similar, but they allow joint compliance to be
changed.

The space of compliant behaviors that can be achieved at a
given location by a mechanism driven by SEAs corresponds to a
single point; whereas, the space of behaviors that can be achieved
by a mechanism driven by VSAs corresponds to a polyhedral
convex cone for which the cone edges are determined by the
mechanism kinematics. If the manipulator is kinematically redun-
dant, an even larger set of compliances can be attained by both
adjusting the joint stiffnesses and the manipulator configuration
without ever changing the endpoint location of the robot.

Many robot tasks, such as opening a door or turning a crank,
require motion and compliance in a single plane. In these tasks,
the interaction force is important, and the interaction torque is
not. Since only the relationship between force and translation is
important, the interaction can be modeled as point contact, and
the compliant behavior can be modeled as an elastically sus-
pended particle, i.e., not an elastically suspended rigid body. This
paper presents methods for the evaluation and realization of pla-
nar translational elastic behaviors (2� 2 compliance matrices)
using redundant serial mechanisms having three joints. Each joint
is either revolute or prismatic, and each has selectable compli-
ance. One of eight types of three-joint selectable-compliance pla-
nar mechanisms (RPR) is illustrated in Fig. 1. The mechanisms
considered are arbitrary but have known link lengths.

1.1 Related Work. Spatial linear elastic behavior is repre-
sented by a 6� 6 symmetric stiffness matrix K or compliance

matrix C. In previous work, screw theory [5–9] and Lie groups
[10] have been used to analyze spatial linear elastic behavior.

In recent work, the realization of spatial elastic behavior
through the design of passive compliant mechanisms has been
addressed. Previously, the limitations of simple parallel mecha-
nisms [11] and simple serial mechanisms [12] in realizing elastic
behaviors have been identified. Synthesis procedures to achieve
any elastic behavior within the simple-mechanism realizable sub-
space (subspace associated with mechanisms having no helical
joints) have been developed [11–14]. Synthesis procedures to real-
ize an arbitrary spatial stiffness matrix with a more complicated
(helical joint) parallel or serial system have also been developed
[15–19].

In more recent work [20], the realization of compliance in
Euclidian space E(2) using 3R serial mechanisms with known link
lengths was addressed. Optimization was used to identify the
mechanism configuration and joint stiffnesses that may or may
not realize the targeted stiffness matrix. In other recent work
[21–23], the synthesis of isotropic compliance in E(2) and E(3)
with serial mechanisms has been addressed. These approaches do
not guarantee a physical solution, and geometric conditions on
mechanisms to ensure solution existence were not identified.

In our most recent work [24], realization of an arbitrary compli-
ance in E(2) with a serial mechanism having only revolute joints
was addressed. Conditions for the realization of a given compli-
ance with a given mechanism were identified. These realization
conditions were then interpreted in terms of the geometric

Fig. 1 One type of serial compliant mechanism (RPR) with
variable stiffness actuators
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relationships among the mechanism joint locations. The evalua-
tion of the ability of a single mechanism to realize all compliances
in E(2) was also presented. The results developed in Ref. [24],
however, cannot be applied directly to a mechanism that contains
one or more prismatic joints. This is due to the fact that, unlike a
revolute joint, the joint twist of a prismatic joint cannot be deter-
mined by the joint location alone. Methods and theory for the real-
ization of an arbitrary compliance with a general serial
mechanism having a specified construction are needed.

This work is motivated by the unresolved needs in compliance
realization including: (1) the ability to identify the space of realiz-
able compliances that can be achieved with a mechanism of speci-
fied geometry; (2) the ability to select the appropriate physical
parameters so that a specified mechanism is able to achieve an
arbitrary compliance within the realizable space; and (3) the abil-
ity to characterize mechanism geometries that will allow all real-
izable compliances to be achieved at a specified endpoint. These
needs were discussed in Ref. [25] but not solved and were
addressed in Ref. [24] but solved only for 3R planar mechanisms.
This paper addresses these needs for planar translational elastic
behavior realized using all of the other serial planar three-joint
kinematic topologies.

1.2 Technical Background. Consider a planar serial
mechanism having n joints (prismatic or revolute), Ji, with joint
compliance ci and joint twists ti. Then, the compliance matrix at
the mechanism endpoint [26] is

C ¼ c1t1t
T
1 þ c2t2t

T
2 þ � � � þ cntnt

T
n (1)

where the twists ti are described relative to the compliance frame
(the reference frame where the compliance matrix is specified).
Each compliant joint provides a rank-1 symmetric positive semi-
definite (PSD) component

Ci ¼ citit
T
i (2)

For a suspended particle in planar motion, the compliance is a
2� 2 PSD matrix. Each twist ti is a two-vector.

For a prismatic joint Ji, the joint twist ti is a unit vector along
the prismatic joint axis, as shown in Fig. 2(a). If prismatic joint Ji
is attached to the base or to any link that cannot rotate, ti is con-
stant. Thus, when considering the elastic properties of a prismatic
joint, only the orientation of the joint is important; its two-vector
twist used in calculating the joint compliance is independent of its
location in space.

Unlike a prismatic joint, the elastic properties of a revolute joint
depend on the joint location in space. The joint twist of a revolute
joint is given as

ti ¼ ri � k

where ri is the position vector from the location of the compliance
frame O to the location of joint i, as shown in Fig. 2(b), and k is
the unit vector perpendicular to the plane.

For a revolute joint, the joint twist ti can be obtained by rotating
vector ri either clockwise or counterclockwise about the coordi-
nate frame origin. This is expressed as

ti ¼ 6Xri (3)

where X is the 2� 2 antisymmetric matrix associated with a vec-
tor cross-product, given as

X ¼ 0 1

�1 0

� �
(4)

To realize a given compliance C with a given mechanism, the
mechanism configuration (ti values) and the joint compliances (ci
values) need to be determined so that Eq. (1) is satisfied.

1.3 Compliance Realization With 3R Mechanisms. The
previously identified unresolved compliance realization needs for
point planar elastic behavior have been addressed and solved for
3R mechanisms having variable stiffness joints [24]. The main
results of Ref. [24] are summarized as:

(1) Limits on the space of elastic behaviors that can be realized
with a 2R mechanism were identified.

(2) Necessary and sufficient conditions for the realization of a
given compliance at a given configuration were identified
and illustrated in terms of 3R mechanism geometry.

(3) Conditions used to assess the ability of a 3R mechanism to
realize all compliant behaviors at a specific endpoint were
identified.

Since joint twists ti for revolute joints can be expressed in terms
of joint position ri (using Eq. (3)), realization conditions were
described using the compliance C and each joint location ri. The
joint twist of a prismatic joint, however, is independent of its posi-
tion ri. Therefore, the results obtained for 3R mechanisms cannot
be used directly for other types of three-joint mechanisms. A new
but equivalent way to describe these results without using joint
position vectors ri is needed.

1.4 Overview. This paper presents means to analyze and real-
ize planar translational elastic behaviors using three-joint serial
mechanisms. The means for analysis and synthesis are based on
the geometry of compliance matrix space and the geometry of the
mechanism. The ability of a single mechanism with specified link
lengths to realize all compliance behaviors is also investigated.

In Sec. 2, the results obtained for 3R serial mechanisms are
extended to general three-joint serial mechanisms. In Secs. 3
and 4, the theories developed in Sec. 2 are applied to all types of
three-joint mechanisms having prismatic and revolute joints. For
each case, necessary and sufficient conditions for the realization
of all elastic behaviors at a given location are obtained. General
synthesis procedures to achieve a realizable compliance are pre-
sented in Sec. 5. A numerical example illustrating the synthesis
procedures for a given mechanism is provided in Sec. 6. Finally, a
brief summary is presented in Sec. 7.

2 Serial Planar Mechanism Compliance Realization

In this section, the theories obtained for 3R mechanisms [24]
are generalized for three-joint mechanisms having either revolute
or prismatic joints. For all mechanism types, joint twists (rather
than joint locations) are used in the realization conditions.

First, the limitations of a two-joint mechanism in realizing an
arbitrary compliance are described in terms of joint twists. Then,
the realization of a given compliance with a general three-joint
mechanism is addressed.

Fig. 2 Joint twists in a serial mechanism. (a) For a prismatic
joint, the joint twist ti is a unit vector along the prismatic joint
axis. It is independent of the location of the joint. (b) For a revo-
lute joint, the joint twist ti is orthogonal to the position vector ri
and depends on the location of the joint.
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2.1 Limits of Mechanisms With Two Joints. In Ref. [24],
the limitations of a 2R mechanism in realizing a specific compli-
ance were identified. It was shown that a compliance matrix C can
be realized with a 2R mechanism having joint locations r1 and r2
if and only if

rT1Cr2 ¼ 0 (5)

This condition can be expressed in terms of joint twists using
Eq. (3). The more general equivalent expression for a two-joint
mechanism having revolute or prismatic joints is given by:

PROPOSITION 1. A compliance matrix C can be realized with a
two-joint mechanism at a given configuration if and only if

tT1 ðXTCXÞt2 ¼ 0 or tT1Kt2 ¼ 0 (6)

where t1 and t2 are the two joint twists at the given configuration,
and K ¼ C�1 is the stiffness matrix.

Note that the matrix XTCX in the first equation of Eq. (6) can
be replaced with K for the full rank point planar case because

XTCX ¼ detðCÞC�1 ¼ detðCÞK (7)

The restriction on the space of realizable elastic behaviors can
be described in terms of the mechanism geometry, as illustrated in
Fig. 3. For a given location of the compliance frame, the position
of joint J1 relative to point O is specified, therefore, t1 is constant.
By condition (6), joint twist t2 must be perpendicular to vector
Kt1.

If l1 is the straight line passing through O that is perpendicular
to Kt1, condition (6) requires that joint twist t2 lies along line l1.
Thus, if J2 is a prismatic joint, the joint axis must be along l1; if J2
is a revolute joint, it must be positioned such that r2?l1 at the
compliance frame (or r2 lie along Kt1).

Due to this very limiting restriction on the configuration of a
two-joint mechanism needed to realize a specified compliance,
serial mechanisms having at least three joints must be considered.

2.2 Mechanisms With Three Compliant Joints. For a three-
joint mechanism, since the degree-of-freedom is increased, the
mechanism configuration is no longer fixed when the position of
the suspended particle relative to the mechanism base is specified.

A necessary and sufficient condition for a 3R mechanism to
realize C is provided in Ref. [24]. The condition expressed in
terms of joint locations ri can be equivalently expressed in terms
of joint twists ti and thus applies to a general three-joint mecha-
nism. The generalized condition is:

PROPOSITION 2. A compliance C can be realized with a three-
joint mechanism with joint twists t1; t2, and t3 if and only if any
two of the following inequalities hold:

ðtT1Xt2tT2Kt1ÞðtT1Xt3tT3Kt1Þ � 0 (8)

ðtT2Xt3tT3Kt2ÞðtT2Xt1tT1Kt2Þ � 0 (9)

ðtT3Xt1tT1Kt3ÞðtT3Xt2tT2Kt3Þ � 0 (10)

These conditions ensure that the specified compliance lies within
the space of realizable compliant behaviors for a given mechanism
configuration. The realizable space is spanned by the edges of a
polyhedral convex cone determined by joint kinematics (tit

T
i ).

Similar to the 3R case [24], the mathematical conditions
(8)–(10) can be geometrically described in the 2D plane of the
mechanism.

Consider two lines l1 and l2 passing through the origin O (loca-
tion of the suspended particle) and defined by l1?Kt1 and
l2?Kt2. The two lines separate the plane into four zones: Z1, Z2,
Z3, and Z4 as illustrated in Fig. 4(a).

If we denote

K1 ¼ Z1 [ Z3; K2 ¼ Z2 [ Z4 (11)

then, t3 must be either in K1 or in K2. Thus, once the twists associ-
ated with J1 and J2 are specified, either K1 or K2 is the acceptable
space for the joint twist t3 of J3. Since neither t1 nor t2 can be in
the interior of the space acceptable for t3 (equivalent condition for
ri proved in Ref. [24]), the acceptable space is the one that does
not contain t1 or t2 (illustrated in Fig. 4(a)).

If the mechanism kinematic topology and configuration are
specified, the three joint twists are determined. The three unsigned
joint twist directions t1; t2, and t3 divide the plane into six areas,
Sij, as illustrated in Fig. 4(b) with different shading. If we define

C12 ¼ S12 [ S21;C13 ¼ S13 [ S31;C23 ¼ S23 [ S32

then, Cij represents the two areas between the two lines associated
with ti and tj as shown in Fig. 4(b). Similar to the 3R case [24],
the realizability of compliance C is characterized by the relation-
ships among the three twist action lines and the three lines li
defined by li?Kti (i¼ 1, 2, 3). It can be proved that C can be real-
ized with the mechanism at the given configuration if and only if:
t1 is between and adjacent to lines l2 and l3; t2 is between and
adjacent to lines l1 and l3; and t3 is between and adjacent to lines
l1 and l2 as shown in Fig. 4(b).

In summary, we have:
PROPOSITION 3. For a given compliance matrix C and a planar

serial mechanism having three joints,

(a) If the two twists t1 and t2 are specified, the space of loca-
tions for t3 that allow realization of C is in the zone (K1 or
K2) that does not contain t1 or t2 as shown in Fig. 4(a).

(b) If the three twists t1; t2, and t3 are specified, C can be real-
ized if and only if

Fig. 3 Realization of a given compliance with a two-joint mech-
anism having a specified configuration. Joint twist t2 of J2 must
be collinear with line l1 ?Kt1 at point O to realize the given C.

Fig. 4 Relationship between joint twists ti and lines li. (a) If two
joints are specified, the acceptable area for t3 is determined by
lines l1 and l2. (b) Realization condition: t1 must be between and
adjacent to lines l2 and l3; t2 must be between and adjacent to
lines l1 and l3; and t3 must be between and adjacent to lines l1
and l2.
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l1 2 C23; l2 2 C13; l3 2 C12 (12)

as shown in Fig. 4(b).
Similar to conditions (8)–(10), the three conditions in Eq. (12)

are not independent. If any two conditions in Eq. (12) are true, the
remaining condition must also be true.

2.3 Kinematic Compliance Realization Conditions. The
entire space of compliances that are realizable with a mechanism
is the union of realizable spaces associated with all possible con-
figurations. In Ref. [24], realization conditions for 3R mechanisms
were obtained in terms of joint locations ri. When the compliance
frame relative to the mechanism base J1 is specified, the ability of
a 3R mechanism to realize all compliances depends on the ranges
in joint locations that r2 and r3 can have while maintaining the
endpoint position.

Similarly, for a general three-joint mechanism, when the
position of the endpoint O relative to the mechanism base J1 is
specified, the twist t1 is constant whether it is prismatic or revo-
lute. Thus, when the mechanism changes its configuration with a
specified endpoint O, the joint twists t2 and t3 change and span
two spaces. The ability of a mechanism to realize an arbitrary
compliance depends on the two twist spaces.

PROPOSITION 4. Consider a serial mechanism having three
compliant joints.

(a) A given compliance C can be realized with the mechanism
if line l1?Kt1 is in the space spanned by joint twist t2 or t3.

(b) Every compliance matrix can be realized by the mechanism
if and only if the union of spaces spanned by twists t2 and
t3 is no less than a half plane.

Proposition 4a provides a sufficient condition for a mechanism
to realize a given compliance matrix. Since the invariant line
l1?Kt1 is in the space spanned by t2 or t3, there exists a configu-
ration at which l1 is collinear with t2 or t3. Thus, the given compli-
ance can be realized with two compliant joints J1 and J2, or J1 and
J3, or all three joints.

For Proposition 4b, if the union of ranges of t2 and t3 continu-
ously spans more than a half plane, then for any compliance, one
of the two twists, t2 or t3, must be able to cross line l1?Kt1. On
the other hand, if the union of spaces of t2 and t3 does not span a
half space or more, all possible compliances Ci ¼ citit

T
i will not

fill the boundary of the PSD cone. Therefore, some endpoint com-
pliances would not be able to be realized by the mechanism at the
specified endpoint. Thus, Proposition 4b is a necessary and suffi-
cient condition to realize all compliances at a given endpoint loca-
tion with a given mechanism.

2.4 Joint Elasticity Compliance Realization Conditions.
Equations used to calculate the set of joint compliance coefficients
needed to realize a given compliance C were identified in
Ref. [24] for 3R mechanisms at a given configuration (known
joint locations described by ri). These equations can be equiva-
lently expressed in terms of joint twists ti using Eq. (3) and there-
fore generalized for use with all three-joint serial planar
mechanisms.

Thus, for a given mechanism configuration with twists t1; t2; t3,
and a realizableC, the joint compliances are calculated using

c1 ¼
tT2 XTCXð Þt3
tT2X

Tt1t
T
1Xt3

(13)

c2 ¼
tT3 XTCXð Þt1
tT3X

Tt2t
T
2Xt1

(14)

c3 ¼
tT1 XTCXð Þt2
tT1X

Tt3t
T
3Xt2

(15)

Note that for a given configuration, the joint compliances are
each unique. Also, it can be proved that, for a realizable C, each ci
calculated by Eqs. (13)–(15) is non-negative.

2.5 Discussion. The theories presented in this section apply
to each of the eight different three-joint mechanism topologies.
The 3R case has previously been addressed using different meth-
ods [24]. Although described in different vector spaces (ri vs. ti),
the results are equivalent. In addition to developing these condi-
tions for the 3R case, geometrical conditions for the realization of
all compliant behaviors at a given endpoint location were also
identified in Ref. [24]. Equivalent conditions are needed for the
remaining three-joint kinematic topologies.

The 3P case is the easiest to address. Recall that, for a revolute
joint Ji, the space spanned by the joint twist depends on the rota-
tion range and the location of the joint; whereas, for a prismatic
joint Ji, the joint twist depends only on the direction of the joint
axis. Therefore, the space spanned by the joint twist depends on
the rotation range of link-(i� 1) on which the prismatic joint is
mounted. If all three joints are prismatic, the three twists are con-
stant and independent of the mechanism configuration. Thus, a 3P
mechanism cannot realize all compliances by changing its config-
uration. Therefore, to realize all compliance matrices with a serial
mechanism, at least one joint in the mechanism must be revolute.

Conditions for the realization of all compliant behaviors at a
given endpoint location for the remaining six kinematic topologies
are addressed in Secs. 3 and 4. For each type of mechanism, the
requirements on the twist space presented in Proposition 4 are
interpreted in terms of kinematic conditions on the mechanism.
Satisfaction of the identified conditions guarantees that all compli-
ant behaviors can be achieved with the mechanism by properly
selecting its configuration and each joint stiffness. Section 3
addresses three-joint mechanisms having one prismatic and two
revolute joints, and the Sec. 4 addresses mechanisms having two
prismatic and one revolute joints.

3 Mechanisms With One Prismatic

and Two Revolute Joints

In this section, mechanisms having one prismatic joint and two
revolute joints are considered. If the endpoint of the mechanism is
specified, the mechanism is kinematically equivalent to a four-
link mechanism. For each case, a necessary and sufficient condi-
tion is identified for the mechanism to realize every positive defi-
nite compliance matrix by varying just the mechanism
configuration and the joint stiffness values. In each of the three
kinematic topologies considered, it is assumed that the range of
each joint separately is not restricted. Only joint limits based on
kinematics are considered.

3.1 PRR Mechanisms. Consider the PRR mechanism shown
in Fig. 5. The lengths of link-1, link-2, and link-3 are L1, L2, and
L3, respectively, and the perpendicular distance from endpoint O
to the axis of prismatic joint J1 is L0.

Joint twist t1 is constant, whereas, the joint twists of J2 and J3,
t2 and t3 (perpendicular to the position vectors r2 and r3) can
change because the configuration can change. It can be seen that
the range of r2 is within the range of r3 throughout the mecha-
nism’s range of motion. Thus, the space spanned by t2 is within
the space spanned by t3.

As stated in Proposition 4b, in order to realize every com-
pliance at a given endpoint O, the union of the space of twists
spanned by t2 and t3 must be no less than a half plane. There-
fore, to realize every compliant behavior at a given endpoint,
only conditions on link lengths that ensure that the space
spanned by t3 is more than a half plane are needed. Since
t3?r3, the necessary and sufficient condition for the mecha-
nism to realize all compliances is that link-3 (r3) can rotate
through more than 180 deg.
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Link-3 has four extreme positions as shown in Fig. 6. Two
extreme positions occur when link-1 and link-2 are fully extended
and collinear, which occur when J3 is at the intersection of line l1
and circle C, as shown in Fig. 6(a). The other two extreme posi-
tions occur when link-2 folds over link-1 and J3 is at the intersec-
tion of line l2 and circle C, as shown in Fig. 6(b). The two
extreme angles are determined by

cos h3m ¼ L1 þ L2 � L0
L3

(16)

cos h3M ¼ L1 � L2 � L0
L3

(17)

Thus, if solutions to both Eqs. (16) and (17) can be found, then
link-3 rocks between cos h3m and cos h3M and its range of rotation
is less than 180 deg.

It can be seen from Figs. 6(a) and 6(b) that the two extreme
angles exist if and only if circle C intersects both lines l1 and l2.
Thus, in order for the mechanism to realize all compliances, circle
C must not intersect at least one of the two lines. Based on the
relations of circle C with lines l1 and l2, the following cases are
evaluated.

Case 1: Circle C intersects only line l1. Then

L0 þ L2 � L1 þ L3

and h3M does not exist. Link-3 can rotate through h3 ¼ 180 deg to
reach its reflection configuration J01J

0
2J

0
3 shown in Fig. 6(a). In

order for link-3 to rotate more than 180 deg; h3m must be less than
90 deg. By Eq. (16), L1 þ L2 � L0 � 0. Thus,

L1 � L2 þ L3 � L0 � L1 þ L2 (18)

Condition (18) is satisfied if l1 is to the right of point O and l2 is to
the left of circle C.

Case 2: Circle C intersects only line l2. Then

L1 þ L2 � L0 þ L3

and h3m does not exist. Link-3 can rotate through h3 ¼ 0 to reach
its reflection configuration J01J

0
2J

0
3 shown in Fig. 6(b). In order for

link-3 to rotate more than 180 deg; h3M must be greater than
90 deg. By Eq. (17), L0 � L1 þ L2 � 0. Thus,

L1 � L2 � L0 � L1 þ L2 � L3 (19)

Condition (19) is satisfied if l1 is to the right of circle C and l2 is
to the left of point O.

Case 3: Circle C intersects neither l1 nor l2. If circle C is
between lines l1 and l2, then, link-3 can make a full revolution and
the mechanism can realize all compliances.

It is easy to verify that, for this case, both conditions (18) and
(19) from case 1 and case 2 are satisfied. Thus, conditions (18)
and (19) are necessary conditions for circle C to intersect neither
l1 nor l2.

In summary, we have:
PROPOSITION 5. For a PRR serial mechanism, any compliance

can be realized if and only if condition (18) or (19) is satisfied.
A PRR mechanism can realize all compliances if and only if

the mechanism endpoint O is between lines l1 and l2 and circle C
intersects the two lines at two or fewer points.

3.2 RPR Mechanisms. Consider the RPR mechanism with a
specified endpoint O shown in Fig. 7. In this general RPR mecha-
nism, the line of action of the prismatic joint does not necessarily
pass through the revolute joint. This offset is illustrated here as
the length of link-1, L1, which is in general just the perpendicular
distance from revolute joint J1 to the prismatic axis along which
joint J3 is guided.

Note that twist t2 is along link AB and twist t3 is perpendicular
to link-3 (OJ3). To obtain the relationship between the twist
spaces associated with prismatic joint J2 and revolute joint J3,
consider the extreme positions of link-1. As shown in Fig. 8(a), at
an extreme position of link-1, J1A is parallel to link-3 (OJ3).
Therefore, the rotation range of link-1 (h1 in Fig. 7) is always
within the rotation range of link-3 (h3 in Fig. 7). Since twist
t2?J1A and twist t3?OJ3, the space spanned by t2 is inside of the
space spanned by t3. Therefore, the mechanism’s ability to realize
any compliance depends on the range of motion of link-3 and its
extreme positions. Since the locus of point A locations is circle C1

and the locus of joint J3 locations is circle C2 as shown in Fig. 8,
the two cases considered below are based on the relations of the
two circles.

Case 1: Circles C1 and C2 intersect at two points. As shown in
Fig. 8(b), link-3 reaches an extreme position when joint J3 is at

Fig. 6 Extreme positions of a PRR mechanism. The extreme
positions of link-3 occur when link-2 is parallel to line OO0. (a)
Link-1 and link-2 are collinear, and J3 is at the intersection of
line l1 and circle C. (b) Link-2 folds over link-1, and J3 is at the
intersection of line l2 and circle C.

Fig. 7 Geometric parameters of an RPR mechanism. L1 is the
perpendicular distance from revolute joint J1 to the axis along
which joint J3 is guided.

Fig. 5 Geometric parameters of a PRR mechanism. The locus
of J2 locations is line l, and the locus of J3 locations is circle C.
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one of the two intersection points of the two circles. Link-3 is not
able to enter the shaded area of Fig. 8(b).

In order for link-3 to have a range greater than 180 deg, angle w
in Fig. 8(b) must be less than 90 deg, which requires

L20 þ L23 � L21 (20)

This condition ensures that any compliance can be realized with
the mechanism.

Case 2: Circles C1 and C2 do not intersect. For this case, link-3
can make a full rotation.

If the two circles are separated, then the following condition
must be satisfied:

L1 þ L3 < L0 (21)

If one circle is completely inside of the other, then C1 must be
inside C2, otherwise the desired endpoint location cannot be
attained. The geometric condition for this case is

L0 þ L1 < L3 (22)

It is easy to verify that if either condition (21) or (22) is satis-
fied, condition (20) must be satisfied.

In summary, we have:
PROPOSITION 6. Any compliance can be realized with a serial

RPR mechanism if and only if condition (20) is satisfied.
For the special case in which the offset L1 ¼ 0, condition (20)

is satisfied for all L0 and L3. Hence, all compliances can be real-
ized by the mechanism.

3.3 RRP Mechanisms. Consider the general RRP serial
mechanism shown in Fig. 9. The (perpendicular) distance from
the mechanism endpoint O to the prismatic axis is L3. In order to
assess the mechanism ability to realize all compliances at a given
location, only the twist spaces associated with joints J2 and J3
need to be considered.

As shown in Fig. 9, the twist associated with J2 is perpendicular
to r2, the position vector of J2 relative to O. The twist associated
with J3 is along bar AB which is perpendicular to OA. Thus, the
spaces spanned by t2 and t3 are determined by the rotation range
of r2 and bar OA. The locus of J2 locations is the circle C of radius
L1 centered at J1. The locus of point A locations on link-3 is the
circle CO of radius L3 centered at O. The locus of J3 locations is
bounded by circles C1 and C2 that are centered at J1 having radi-
uses ðL1 þ L2Þ and ðL1 � L2Þ, respectively.

Because J3 is a prismatic joint, the extreme positions of link-3
occur when J3 is located on circle C1 and when located on circle
C2. Figure 10 illustrates the two upper extreme positions of link-3.
The other two extreme positions are symmetric to the upper ones
below line OJ1. At one extreme position, link-1 and link-2 are

fully extended from base joint J1, and bar AB is tangent to both
circle CO and circle C1. At the other extreme position, link-2 folds
over link-1 and bar AB is tangent to both circle CO and circle C2.

The two extreme angles h3m and h3M are determined by

cos h3m ¼ L1 þ L2 � L3
L0

(23)

cos h3M ¼ � L1 � L2 þ L3
L0

(24)

Based on the evaluations of h3m and h3M, the following cases
are considered.

Case 1: Both extreme positions h3m and h3M exist. Bar OA of
link-3 is able to rock between the two extreme positions, h3m and
h3M. The conditions for this case are

jL1 þ L2 � L3j
L0

� 1;
jL1 � L2 þ L3j

L0
� 1

The above two inequalities are equivalent to

L1 þ jL2 � L3j � L0 (25)

Since link-3 rocks between the two extreme positions, it cannot
rotate through more than 180 deg, and the space spanned by t3
alone will not be a half plane or more. Thus, the twist space asso-
ciated with J2 must be also considered. In order for the mechanism
to realize all compliances, the union of the two twist spaces must

Fig. 8 Extreme positions of an RPR mechanism. (a) The
extreme position of link-1 occurs when J1A is parallel to link-3
(OJ3). (b) The extreme position of link-3 occurs when J3 is at the
intersection point of circles C1 and C2. Link-3 cannot enter the
interior of the shaded area. Fig. 9 Geometric parameters of an RRP mechanism. L3 is the

(perpendicular) distance from the mechanism endpoint O to the
prismatic axis.

Fig. 10 Extreme positions of an RRP mechanism. The extreme
position of link-3 occurs when prismatic joint J3 reaches circles
C1 and C2. When J3 is on circle C1, link-1 and link-2 are fully
extended. When J3 is on circle C2, link-2 folds over link-1.
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be more than a half plane. Since twist t2 ? r2 and t3 ?OA, the
union of spaces spanned by r2 and OA must be more than a half
plane.

As shown in Fig. 10, the space spanned by r2 is determined by
the two lines OP and OQ both tangent to circle C. The space
spanned by OA is determined by the two extreme positions of the
bar (OA and OA0 in Fig. 10). Thus, to obtain a large connected
range of twists,

u � w; and h3m � w (26)

The first inequality ensures that the two spaces spanned by r2 and
OA are connected. The second inequality ensures that the union of
the two spaces (bounded by the ray along OA at h3m and the ray
OQ as shown in Fig. 10) is more than a half plane. To express the
conditions in terms of link lengths, note that

sinw ¼ L1
L0

; cosu ¼ L1 � L2 þ L3
L0

and the two inequalities in Eq. (26) can then be written as

sinw ¼ L1
L0

� sinu ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� L1 � L2 þ L3ð Þ2

L20

s

sinw ¼ L1
L0

� sin h3m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� L1 þ L2 � L3ð Þ2

L20

s

Solving the above equalities yields

jL2 � L3j � L1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L20 � L21

q
(27)

or jL2 � L3j � L1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L20 � L21

q
(28)

Since inequality (28) is not consistent with inequality (25),
inequalities (25) and (27) are the conditions on the mechanism
link lengths that ensure that all compliances can be realized. The
two conditions can be written as

jL2 � L3j � min ðL0 � L1Þ; ðL1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L20 � L21

q
Þ

� �
(29)

Thus, for case 1, condition (29) is a necessary and sufficient con-
dition for the mechanism to realize all compliances at the given
endpoint.

Case 2: One of the extreme positions h3m or h3M does not exist.
For this case, inequality (25) is not satisfied. Thus,

jL2 � L3j > L0 � L1 (30)

If h3M does not exist, as shown in Fig. 11(a), link-3 can rotate
through h3 ¼ 180 deg from extreme position J1J2J3 at h3 ¼ h3m to
its reflection extreme position J01J

0
2J

0
3 at h3 ¼ �h3m. Condition

(30) ensures that h3m < 90 deg, which means bar OA can rotate
through more than 180 deg.

If h3m does not exist, as shown in Fig. 11(b), link-3 can rotate
through h3 ¼ 0 from extreme position J1J2J3 at h3 ¼ h3m to its
reflection extreme position J01J

0
2J

0
3 at h3 ¼ �h3m. Condition (30)

ensures that h3M > 90 deg, which means bar OA can rotate
through more than 180 deg.

Thus, for case 2, all compliances can be realized.
In summary, we have:
PROPOSITION 7. A serial RRP mechanism can realize all compli-

ance matrices if and only if either condition (29) or (30) is
satisfied.

Note that condition (29) requires that

0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L20 � L21

q
< L1 < L0

If L0 < L1, condition (30) is satisfied for all L2 and L3, and thus
the mechanism can realize all compliances.

4 Mechanisms With One Revolute

and Two Prismatic Joints

In this section, mechanisms having two prismatic joints and one
revolute joint are considered. Unlike Sec. 3, some limits to the
range of prismatic joints are assumed.

4.1 PPR Mechanisms. Consider the PPR mechanism shown
in Fig. 12. The angle between the axes of the two prismatic joints
is b. If there are no limits on the two prismatic joints, there are no
extreme positions for link-3. Link-3 can make a full rotation, and
thus any compliance can be realized with the mechanism.

If the ranges of joint-1 and link-2 are limited, the rotation range
of link-3 may also be limited. If Lim and LiM are the limits of pris-
matic joint Ji, then it is easy to verify that if

Fig. 11 Extreme positions of an RRP mechanism. (a) If h3M
does not exist, link-3 can rotate through h3 5 180deg in going
from position h3m to position 2h3m. (b) If h3m does not exist,
link-3 can rotate through h3 5 0 in going from position h3M to
position 2h3M . For each case, prismatic joint J3 will pass
through point A of link AB.

Fig. 12 Geometric parameters of a PPR mechanism. The
motion of link-3 is restricted by the limits of the two prismatic
joints.
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L3 � minfðL1M þ L2M cos bÞ; ðL1m � L2M cos bÞg (31)

L2m sin b � L0 � L3 � L0 þ L3 � L2M sinb (32)

the full rotation condition is satisfied. Thus, conditions (31) and
(32) are sufficient conditions on the mechanism to have the ability
to realize all compliances.

4.2 PRP Mechanisms. Consider the general PRP mechanism
shown in Fig. 13. Note that joint J2 moves along line l and point A
moves along circle C of radius L3 centered at O. The offset of
prismatic joint J3 from J2 is illustrated here as the length of link-3,
L3, which is in general just the perpendicular distance from revo-
lute joint J2 to the prismatic axis.

There are two limiting positions of link OAB when bar OA is
parallel to OO0 (h3 ¼ 0 deg or 180 deg). For these two positions,
J1 is at infinity. Thus, OA cannot rotate more than 180 deg. In
practice, the ranges of motion of J2 and J3 are limited by the limits
of prismatic joint J1 (L1M and L1m), as shown in Fig. 13.

Suppose h3m and h3M are the minimum and maximum angles of
link-3 associated with L1M and L1m, respectively (shown in
Fig. 13). In order to realize an arbitrary compliance, the space
spanned by t2 and t3 together must be more than a half plane. It
can be seen that the two joint twist spaces are connected. They
span a half plane or more if and only if the angle u in Fig. 13 sat-
isfies u � h3m.

The equation for determining h3m (derived in the Appendix) is

L1M sin h3m � ðL0 � L2Þcos h3m ¼ L4 � L3 (33)

The condition u � h3m can be expressed in terms of the mecha-
nism link lengths as

L1ML1m � L0 � L2ð Þ2

L0 � L2ð Þ L1M þ L1mð Þ �
L4 � L3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L21M þ L0 � L2ð Þ2 � L4 � L3ð Þ2
q (34)

In summary, we have:
PROPOSITION 8. Any compliance can be realized with a serial

RPR mechanism if and only if condition (34) is satisfied.
Note that condition (34) requires

L21M þ ðL0 � L2Þ2 � ðL4 � L3Þ2 > 0

If this inequality is not satisfied, the given endpoint location O
cannot be attained.

If the offsets L3 ¼ L4 ¼ 0, condition (34) becomes

L1ML1m � ðL0 � L2Þ2

This condition indicates that, for L3 ¼ L4 ¼ 0, the mechanism can
realize any compliance if and only if link-3 can rotate through
more than 90 deg.

4.3 RPP Mechanisms. Consider the general RPP mechanism
illustrated in Fig. 14. The angle between the axes of the two
prismatic joints is b (b � 90 deg). If the endpoint O is specified,
the mechanism is kinematically equivalent to an RPPR mecha-
nism. Similar to a PPR mechanism discussed in Sec. 4.1, if the
prismatic joints are not limited, an RPP mechanism has no
extreme positions and thus can realize all compliances.

If the ranges of the two prismatic joints are limited, the rotation
range of link-3 may be constrained. Since the angle between the
twists associated with the two prismatic joints is constant, the
space spanned by the two twists is over a half plane if and only if
link-3 (or joint-1) can rotate through more than ð180 deg� bÞ.
Thus, for limited ranges of the two prismatic joints, the require-
ment for the mechanism to realize all compliances is that link-1
(or link-3) can rotate ð180 deg� bÞ or more.

If the axes of the two prismatic joints are orthogonal
(b ¼ 90 deg), the requirement for the mechanism to realize all
compliances is that link-1 can rotate 90 deg or more.

5 Compliance Synthesis

If a compliance is realizable at a given location with a given
mechanism, a procedure to determine an appropriate configuration
and associated joint compliance coefficients is needed.

Proposition 4 states that if a compliance C can be realized with
a three-joint mechanism, C can always be realized with only two
compliant joints, either J1 and J2 or J1 and J3, with the remaining
joint having ci ¼ 0. Although loading all three joints with variable
joint compliances is not necessary to realize a compliance,
mechanisms with three compliant joints have the advantage that a
significant amount of compliances can be reached with the mecha-
nism by just changing the joint compliances while keeping the
configuration unchanged.

In this section, two types of synthesis procedures for any given
realizable compliance are provided. First, a synthesis procedure
for the realization of a compliance using a three-joint mechanism
having only two compliant joints is developed. Then, a synthesis
procedure for the general case in which all three joints of a
three-joint mechanism are compliant is presented. Examples are
presented in Sec. 6.

5.1 Synthesis Procedure for Two Compliant Joints. For a
mechanism in which only two of the three joints are compliant,

Fig. 13 Geometric parameters of a PRP mechanism. The
extreme positions can be determined by the limits of J1, L1M ,
and L1m.

Fig. 14 An RPP mechanism. Link-1 and link-3 have the same
range of rotation variation.
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both the mechanism configuration and the joint compliances need
to be changed, if the desired compliance is changed.

Below, a synthesis procedure is developed to realize an
arbitrary compliance with a three-joint mechanism having
compliance at two joints. For a given compliance C, the
procedure determines the mechanism configuration and joint
compliances.

Consider a given three-joint mechanism. The distance between
compliance frame origin O and the base joint J1 is specified as L0.
If J1 is a prismatic joint, L0 is the perpendicular distance between
O and the prismatic axis. The three-step synthesis procedure is:

(1) Determine joint twist t1 and determine the straight line
l1?Kt1.

(2) Determine a mechanism configuration such that the joint
twist t2 (or t3) is collinear to l1.

(3) Determine the values of the joint compliance c1 and c2 (or,
c1 and c3) using Eqs. (13)–(15).

With this procedure, the mechanism configuration and
the joint compliances are determined. Note that there could
be two different configurations that realize the same
compliance C.

5.2 Synthesis Procedure for Three Compliant Joints. The
synthesis procedure is based on the procedure used for the two
compliant joint case (described in Sec. 5.1).

The four-step synthesis procedure is:

(1) Calculate the vector Kt1 and determine line l1 ?Kt1.
(2) Choose a configuration S0 that realizes the given compli-

ance C with two compliant joints J1 and J2 (or J3) using the
process presented in Sec. 5.1.

(3) Choose a new configuration S to realize the compliance
with three joints. The configuration can be found by the
following:
(a) Determine line l03 ?Kt03 (or line l02 ?Kt02) based on the

configuration S0 determined in step 2.
(b) Change the configuration S0 such that t3 (or t2) is in the

zone bounded by l1 and l
0
2 (or l

0
3). This zone is identified

using Proposition 3a.
(4) Determine the values of joint compliance at configuration S

using Eqs. (13)–(15).

With this procedure, the configuration and the joint complian-
ces of the mechanism are determined. Note that when configura-
tion S is obtained in step 3, line l2 ?Kt2 needs to be constructed
to confirm that t3 is between l1 and l2 and satisfies the condition in
Proposition 3a. If the conditions are not satisfied, a new configura-
tion S closer to S0 should be selected. Also, note that the synthesis
solution is not unique.

6 Examples

Two examples are provided to illustrate the synthesis proce-
dures presented in Sec. 5. The compliance matrix to be realized in
both examples is

C ¼ 2 1

1 4

� �

The RRP manipulator to be used for the realization of C is
shown in Fig. 15(a). The link lengths of the mechanism are
given as: L1 ¼ 3; L2 ¼ 0, and L3¼ 0. The distance between the
base joint J1 and the compliance frame origin O is specified as
L0 ¼ 2. Since L1 > L0, by the results presented in Sec. 3.3, any
compliance can be realized by the manipulator at this endpoint
location.

The synthesis of C with two compliant joints is first performed.
Then, the synthesis of C using three compliant joints of the mech-
anism is presented.

6.1 Synthesis of C With Two Compliant Joints. The proce-
dure presented in Sec. 5.1 is first used to synthesize compliance
matrix C.

Using the coordinate frame shown in Fig. 15, t1 and Kt1 are
determined

t1 ¼
0

�2

� �
; Kt1 ¼

1

7

2

�4

� �

Line l1?Kt1 (the angle between l1 and the x-axis is 26:57 deg)
and two configurations that satisfy the realization condition (5)
are illustrated in Fig. 15(b). The darker configuration corresponds
to having compliance in joints J1 and J2; whereas, the lighter con-
figuration corresponds to having compliance in joints J1 and J3.

For the darker configuration, link-3 (OJ3) is perpendicular to l1
and t2 k l1. The three joint twists for this configuration are

t1 ¼
0

�2

� �
; t2 ¼

2:9541
1:4770

� �
; t3 ¼

�0:4472
0:8944

� �
(35)

The values of joint compliances for the configuration calculated
using Eqs. (13)–(15) are

c1 ¼ 0:8750; c2 ¼ 0:2292; c3 ¼ 0

For the lighter configuration, link-3 (OJ3) is parallel to l1 and
t3 k l1. The three joint twists for this configuration are

t1 ¼
0

�2

� �
; t2 ¼

�0:4806
0:9612

� �
; t3 ¼

0:8944
0:4472

� �
(36)

and the joint compliances calculated using Eqs. (13)–(15) are

c1 ¼ 0:8750; c2 ¼ 0; c3 ¼ 2:5000

In this example, two sets of configurations and compliant values
are able to realize the specified compliance.

6.2 Synthesis of C With Three Compliant Joints. If compli-
ance is provided in all three joints, the procedure presented in Sec.
5.2 is used to identify a mechanism configuration and associated
joint compliances that will realize the compliance.

(1) Calculate Kt1 and determine line l1 ?Kt1, as described in
Sec. 6.1.

(2) Choose a configuration S0 that realizes the given compli-
ance C with two compliant joints J1 and J2 (or J1 and J3).
The three joint twists given in Eq. (35) are selected for this

Fig. 15 (a) A specified RRP mechanism having given link
length L1 5 3. The position of joint base J1 relative to the com-
pliance frame origin O is specified L0 5 2. (b) Configurations of
the mechanism: Synthesis of C with two compliant joints J1 and
J2 or J1 and J3.
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example as t01; t
0
2, and t03 (the joint twists in Eq. (36) could

alternately be selected).
(3) Choose a new configuration S to realize the compliance

with three joints.
(a) Line l03 ?Kt03 is determined and is shown in Fig. 16(a).

The angle between l03 and the x-axis is 50:19 deg. The
estimated acceptable zone for t2 is the shaded area
between l1 and l

0
3.

(b) Choose a new configuration such that t2 is in the
shaded area of Fig. 16(a). Here, t2 with an angle of
35 deg relative to x-axis is chosen. Once t2 is deter-
mined, t3 is calculated using mechanism kinematics.
The three twists at this configuration are

t1 ¼
0

�2

� �
; t2 ¼

2:9984
2:0995

� �
; t3 ¼

�0:5736
0:8192

� �

(4) Determine the values of joint compliance at configuration S
using Eqs. (13)–(15), which for this case are

c1 ¼ 0:680; c2 ¼ 0:2015; c3 ¼ 0:5719

With this procedure, the mechanism configuration (shown in
Fig. 16(b)) and the joint compliances are obtained. To confirm
that the mechanism configuration satisfies the realization condi-
tions, line l2?Kt2 and line l3?Kt3 corresponding to the final con-
figuration are also illustrated in Fig. 16(b).

Note that, when synthesizing a given compliance with two
compliant joints J1 and J2, there are two configurations each hav-
ing a unique set of joint compliances; when synthesizing a given
compliance with three compliant joints, there are an infinite num-
ber of configurations and sets of joint compliances for the given
mechanism that realize the same compliance.

7 Summary

In this paper, methods to realize an arbitrary 2� 2 elastic
behavior using three-joint serial mechanisms are presented. The
ability of any specified three-joint mechanism to realize an arbi-
trary compliance behavior is characterized. It is shown that if a
mechanism has appropriately sized relative link lengths or joint
range limits, every compliance matrix can be realized by the
mechanism at the specified endpoint location. This ability allows
the realization of all particle compliant behaviors with a single
three-joint mechanism by properly selecting the joint compliances
and the mechanism configuration.
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Appendix

For the PRP mechanism shown in Fig. 13, the minimum angle
of link-3, h3m, occurs when link-1 reaches its upper limit L1M. To
determine h3m, consider three lines l1, l2, and l3 shown in Fig. 17.
Line l1 is parallel to bar OA and passes through point H, the inter-
section of line l and line OO0. Line l2 is parallel to bar AB and
passes through point O. Line L3 is parallel to AB and passes
through joint J2. Then,

jHPj ¼ jHQj þ jQPj ¼ jHTj þ jTPj

Since

jTPj ¼ L3; jHTj ¼ L1M sin h3m

jQPj ¼ L4; jHQj ¼ jHOj cos h3m ¼ ðL0 � L2Þcos h3m

the following relationship holds:

L1M sin h3m þ L3 ¼ ðL0 � L2Þcos h3m þ L4

which proves Eq. (33).
Dividing Eq. (33) by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðL0 � L2Þ2 þ L21M

q
yields

L1Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L0 � L2ð Þ2 þ L21M

q sin h3m � L0 � L2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L0 � L2ð Þ2 þ L21M

q cos h3m

¼ L4 � L3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L0 � L2ð Þ2 þ L21M

q

which can be further simplified to

sin h3m � cð Þ ¼ L4 � L3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L0 � L2ð Þ2 þ L21M

q

Fig. 16 Realization of the example compliance with three
compliant joints. (a) Mechanism configuration associated with
the realization using two compliant joints J1 and J2 is used to
estimate the acceptable zone for t2. (b) Mechanism configura-
tion associated with the realization using three compliant
joints.

Fig. 17 Extreme positions of a PRP mechanism. The minimum
angle of link-3 is determined by the upper limit of link-1, L1M .
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where

c ¼ tan�1 L0 � L2ð Þ
L1M

The angle u (shown in Fig. 17) associated with the lower limit of
J1, L1m, can be obtained by

tanu ¼ jHJ02j
jHOj ¼

L1m
L0 � L2

Then,

tan u� cð Þ ¼
tanu� tan c
1þ tanu tan c

¼ L1ML1m � L0 � L2ð Þ2

L1M þ L1mð Þ L0 � L2ð Þ

and

tan h3m � cð Þ ¼ sin h3m � cð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 h3m � cð Þ

q
¼ L4 � L3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L21M þ L0 � L2ð Þ2 � L4 � L3ð Þ2
q

The condition u � h3m is equivalent to

ðu� cÞ � ðh3m � cÞ () tanðu� cÞ � tanðh3m � cÞ

Thus,

L1ML1m � L0 � L2ð Þ2

L0 � L2ð Þ L1M þ L1mð Þ �
L4 � L3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L21M þ L0 � L2ð Þ2 � L4 � L3ð Þ2
q
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