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Abstract 
 

Propagation characteristics of guided waves are widely utilized for nondestructive 
characterization of laminated composites which are often immersed in fluid. These 
propagation characteristics are quantified through dispersion and attenuation curves, and 
need to be computed for a large number of estimated structure and material property 
combinations, over a wide range of frequencies. To solve this central problem, an efficient 
approach is proposed for dispersion analysis of three types of immersed waveguides: 
laminated plates; laminated rods and pipes; composite waveguides with generic cross-
section. The approach is based on Semi-Analytical Finite Element (SAFE) method enhanced 
with two novel discretization methods: Complex-length Finite Element Method (CFEM) for 
the solid domain and Perfectly Matched Discrete Layers (PMDL) for the surrounding fluid. 
The resulting approach is computationally more efficient than the existing methods in that it 
keeps the underlying eigenvalue problem linear and substantially smaller. The paper presents 
the basic ideas of the proposed approach, specific algorithms for determining the 
discretization parameters, and open-source implementation of the resulting waveguide 
models. Several numerical examples are presented to illustrate the method’s efficiency. 
Finally, the theoretical predictions from the method are validated using experimental 
observations for several structural members. 
 

Keywords: Layered Structures, Laminates, Computational Modeling, Non-destructive 
Testing. 

 

1. Introduction 
 

Guided waves are widely used for non-destructive evaluation [1-8] and structural health monitoring [9-12], 
with specific applications that include corrosion screening of oil and gas pipelines [13-18], characterization 
of moduli, damage and delamination of composites [19-32], characterization of fluid loaded on structures 
[33-36], near surface geophysics and earthquake engineering [37-40] as well as ultrasound imaging of 
biological structures such as arteries [41-43]. The attractiveness of guided waves stems from their long-
distance propagation without substantial attenuation. However, in many circumstances, waveguides are 
immersed in fluid [44-48] or embedded in solid [49-56], resulting in energy loss into the surrounding 
medium, leading to significant reduction of inspection range. Thus, special attention is given to open 
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waveguides in obtaining accurate estimates of attenuation, phase and group velocities, which is termed as 
dispersion analysis and is the focus of this paper. 

In recent years, several methods have been developed for dispersion analysis of acousto-elastic 
(immersed elastic) waveguides. Examples include analytical methods that have been extensively applied to 
simple geometries such as plates [57-64] and cylindrical structures [65-71]. Analytical methods are 
typically based on transfer matrix method [72-74] or global matrix method [75-77]. This family of matrix 
methods is not computationally demanding; however, its application is limited to simple geometries and 
solution becomes more complicated by considering multiple layers. Besides, the required root-finding 
procedure (especially for leaky or damped modes) may fail at high frequencies (see e.g. Figure 6.3 in [78]). 
Improved root-finding algorithms have been suggested (e.g. in [79]), but require increased computational 
effort. 

Unlike analytical methods, numerical approaches based on finite element semi-discretization are versatile 
in modeling waveguides with arbitrary geometry, boundary conditions and material property distribution. 
This family of methods appears to have been first proposed in geotechnical earthquake engineering and 
geophysics, i.e. the Thin Layer Method (TLM) [80, 81], and extended to ultrasonic applications under the 
name of Semi-Analytical Finite Element (SAFE) method [82-87]. The idea is to discretize the cross-section 
of the waveguide (in one or two dimensions) using finite element method (FEM), and use analytical solution 
along the axis of the waveguide. 

Focusing on immersed waveguides, to model the surrounding fluid, SAFE method has been coupled with 
different approaches. One scheme couples the boundary element method (BEM) with FEM which is 
referred to as 2.5D FEM-BEM [88]. This method leads to a nonlinear eigenvalue problem that requires a 
more expensive solution strategy compared to linear eigenvalue problems. Similarly, using exact boundary 
condition employed in e.g. [89] requires an iterative solution due to nonlinearity. For the special case of 
immersed plates, the nonlinear eigenvalue problem can be simplified into a cubic eigenvalue problem using 
a change of variables [90], which too is computationally expensive. 

Other hybrid SAFE methods consist of using non-reflecting boundaries [91] or absorbing layers [33]. 
These methods require minimal modifications to the existing SAFE codes and have the advantage of 
keeping the eigenvalue problems linear, which can be solved by standard packages. The disadvantage is 
that a large region of the surrounding fluid has to be discretized, which significantly increases the cost of 
the eigenvalue problem.  

Motivated by eliminating the drawbacks of the existing approaches, we propose an efficient approach for 
modeling different types of acousto-elastic waveguides, namely (a) immersed laminated plates; (b) 
immersed laminated rods and fluid-filled pipes; and (c) composite waveguides with generic cross-sections. 
Specifically, we focus on the discretization of the surrounding infinite fluid and incorporate the method of 
Perfectly Matched Discrete Layers (PMDL) [92, 93] into the SAFE formulation. PMDL can be considered 
as an efficient discretization of the highly successful perfectly matched layers (PML, [94]). For each class 
of waveguides, we examine the underlying wave propagation characteristics and provide simple guidelines 
for choosing the PMDL parameters. Through several numerical examples, we show that the proposed 
approach results in accurate dispersion curves with just a handful of PMDL elements, leading to reduced 
computational cost. 

In a second, complementary contribution, we adapt the recently developed Complex-length Finite 
Element Method (CFEM) [95, 96] for efficient discretization of the interior solid. CFEM is applicable to 
cross-sections that can be divided into homogeneous intervals (in 1D) or parallelograms (in 2D), and is 
shown to have convergence properties identical to expensive spectral finite elements, but achieved with 
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minimal modification to inexpensive linear finite elements. In cases where CFEM is not applicable, we 
utilize higher order finite elements to discretize the interior (the details are discussed in the appropriate 
sections). 

Finally, the methods resulting from combining the ideas of PMDL, CFEM and high-order FEM are 
implemented into an open-source software named WaveDisp [97] which computes the dispersion and 
attenuation curves for various types of waveguides. As illustrated later in the paper, the resulting dispersion 
curves are verified to be highly accurate, and validated with experimental observations. 

 

2. Overview 
 

In this paper we address dispersion analysis of acousto-elastic waveguides. Specifically, we consider three 
different cases shown in Figure 1, i.e. immersed plates, immersed rods and fluid-filled pipes and immersed 
waveguides with generic cross-section. In all cases, solid domain and the infinite fluid medium are semi- 
discretized using the framework of semi-analytical finite element (SAFE) method.  

Discretization of solid domain is performed by the recently developed complex-length finite element 
method (CFEM), which uses linear midpoint-integrated 1D/2D finite elements with specially designed set 
of complex-valued lengths. CFEM has shown to provide exponential convergence [95, 96], and can be used 
for 1D discretization of plates and 2D discretization of waveguides with cross-section that can be divided 
into parallelograms. For more complicated 2D sections (e.g. with curves boundaries) regular high-order 
finite elements are used. 

 

Figure 1 Overview of the studied systems: (a) immersed plates; (b) immersed rods/fluid-filled pipes; and 
(c) immersed waveguides with arbitrary cross-section. 

The infinite fluid is modeled using perfectly matched discrete layers (PMDL), which are mid-point 
integrated finite elements with real/imaginary lengths that result in exponentially convergent approximation 
of the exterior impedance [92, 93]. For each problem shown in Figure 1, we separately present the PMDL 
parameter choice for different combinations of solid and surrounding liquid.  

Summary of the proposed algorithms for different waveguides is as follows, 

(a) Immersed plates: CFEM is used for 1D discretization of the plate in the thickness direction, along with 
PMDL layers for modeling the infinite fluid half-spaces outside the plate. Details are given in Section 3. 

(b) Immersed rods and fluid-filled pipes: High-order FEM is used for 1D radial discretization of the solid 
and the fluid inside, along with PMDL for modeling the infinite fluid around the pipe/rod. Details are given 
in Section 4. 
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(c) Immersed waveguides with general section: The solid domain, and the fluid inside, if any, are discretized 
in 2D with CFEM (when applicable) or high-order FEM. Fluid PMDL elements are used around the solid 
domain to represent the unbounded fluid. Details are given in Section 5. 

Implementation details for each of the three cases can be found in the open-source software WaveDisp 
[97], verification studies are presented in respective sections, and validation is presented in Section 6. 

 

3. Plates Immersed in Fluid 
 

As mentioned in the introduction, numerical methods based on SAFE and FEM have been extensively used 
for investigation of composite structures (see e.g. [5, 98-110]). In this section, we present a brief summary 
of the SAFE formulation for immersed plates shown in Figure 1 (a). We then classify the solid-born 
wavemodes into different types and present the appropriate scheme to treat each type of these modes. 

 

3.1 Governing equations 
 

The geometry of the immersed plate is shown in Figure 2 (a). In the solid domain, elastodynamic equation 
for harmonic response of the form ( , , ) ( , , ) i tz y t z y e  u u , without external body forces and damping, 
can be written as, 

 2 ,T
S    L σ u 0   (1) 

where   is the temporal frequency and { }T
z yu uu  is the infinitesimal displacement vector. The 

stress vector { }T
zz yy zy   σ Dε  is related to the strain vector { }T

zz yy zy    ε L u  through 3 3D  

where the nonzero entries for an isotropic medium are 2
11 22 S pD D c  , 2

33 sSD c  and 
2 2

12 21 ( 2 )S p sD D c c   . Parameters sc  and pc  are the shear and pressure wave velocity and S  is the 

solid density. The nonzero entries of the 3 2  matrix operators L  and L are defined as, 

 
( ) ( ) ( ) / ( ) / ,

(1,1) (3,2) 1, and (2,2) (3,1) 1.

S S
z y

S S S S
z z y y

z y           

   

L L L L

L L L L
  (2) 

 

Figure 2 (a) Geometry of the immersed plate; and (b) CFEM discretization of the composite plate. 
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In fluid domain, equation of motion for the harmonic waves of the form ( , , ) ( , , ) i tp z y t p z y e    can 
be written as, 

 1 2 2 2( / ) 0,F F Fp c p       (3) 

where p  is the pressure field and 2 2 2 2 2( ) ( ) / ( ) /z y          . Parameters F  and Fc  are the density and 
pressure wave velocity of the fluid medium respectively.  

SAFE framework consists of discretizing the governing equations (1) and (3) in the y  direction, but using 
analytical solution in the z  direction (hence the name semi-analytical finite element method -SAFE). As 
such, the eigenvalue problem associated with the immersed plate can be obtained as, 

 
2

2 02
2 2

02

,
( )

S SS
SSF

z T F FF
FSF

k
 

  

          
                    

0K M CK 0
0C K M0 K




  (4) 

where zk  is the wavenumber in the z  direction, and 2 inf 2 inf/S F  K K  is the normalization factor that 

improves the conditioning of the system. Contribution matrices from solid domain 2 0, ,S S SK K M , from fluid 
medium 2 0, ,F F FK K M  and the fluid-structure interaction matrix SFC  are defined in Appendix A. 

To obtain the dispersion and attenuation curves, the wavenumber zk  should be computed by solving the 
eigenvalue problem (4) for different frequencies. Dispersion curves are often presented as phase velocities 
for different modes, ph / ( )zc k i i , plotted as a function of frequency. Attenuation curves are plotted as 

the imaginary part of the wavenumbers, i.e. ( )zk  i i . 

By writing (4) in the form R K 0 , or L K 0†  where 2( , )z zk k  K A C  and R L,   are the right 
and left eigenvectors, group velocity can be obtained as, 

 L R

L R

( )
.

( )
z

g

k
c



  
  

   

K
K

 

 

†

†
 (5) 

Note that A  and C  can be both functions of frequency, e.g. in the contexts of viscoelasticity and frequency-
dependent absorbing layers. It is worth mentioning that eigenvalue derivatives can be also obtained without 
computing the eigenvectors using the perturbation approach presented in Equation (10) of [40]. 

 

3.2 Proposed numerical techniques: CFEM and PMDL 
 

Formulation in (1)-(5) is valid irrespective of the numerical discretization employed in the y direction. 
We propose to use two different discretization techniques for computational efficiency: (a) the solid plate 
is discretized using the recently developed Complex-length Finite Element Method (CFEM), and (b) the 
fluid is discretized using Perfectly Matched Discrete Layers (PMDL), which is effective in modeling wave 
propagation in unbounded domains. The two methods are summarized in the remainder of the section. 

Complex-length Finite Element Method (CFEM): CFEM involves discretizing each homogeneous layer 
with simple piecewise linear finite elements with two important modifications: (a) midpoint integration is 
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used to compute element contribution matrices, and (b) the element depths are chosen as specially computed 
complex values linked to Padé approximants, resulting in mapping of the mesh into the complex plane (see 
Figure 2(b)). These modifications result in exponential convergence of the dispersion curves with respect 
to discretization size (as opposed to the algebraic convergence of regular finite element discretization). As 
a consequence, for a given accuracy, CFEM reduces the size of the eigenvalue problem drastically while 
preserving the sparsity of the contribution matrices. Further details of the mathematical formulation and the 
effectiveness of CFEM can be found in [95]. 

Perfectly Matched Discrete Layers (PMDL): To model the infinite fluid half-spaces, we adopt perfectly 
matched discrete layers (PMDL) [92], which is a discrete variant of the highly successful perfectly matched 
layers (PML). PMDL is similar to CFEM in that complex-length linear elements are used with midpoint 
integration, resulting in exponential convergence; often a handful of PMDL layers are sufficient to 
discretize the entire unbounded domain. However, unlike CFEM which has a fixed algorithm for choosing 
complex-valued element lengths, PMDL lengths must be chosen based on the underlying physics. 
Fortunately, PMDL provides a simple mathematical framework to facilitate the choice of lengths, as 
described below. 

Choice of PMDL parameters: The accuracy of PMDL can be evaluated with the help of the reflection 
coefficient R , which is the ratio of the amplitude of artificial reflections to that of the incident wave. For 

Pn  PMDL elements, the reflection coefficient for acoustics equation (3) is given by [93],  

 
P

1

2 /
.

2 /

n
y j

j y j

k i L
R

k i L





   (6) 

where 1i   . Clearly, choosing *2 /j yL i k  makes the reflection coefficient zero for the specific mode 
*.y yk k  Note that for absorbing the transmitted modes in fluid, one needs to make the reflection coefficient 

small for multiple modes simultaneously. For propagating waves (with real yk ), the product can be made 

small by choosing imaginary-valued jL . Therefore, one can choose the imaginary lengths as 2 / j
j yL i k , 

which makes the reflection coefficient zero for the reference wavenumbers j
yk  and small enough for the 

desired range of yk . In contrast, for evanescent waves (with imaginary yk ) real-valued jL  would be 

appropriate. It is best to choose these real lengths as 1
1

j
jL L    where   is the geometric ratio (analysis 

is presented in [111]). Thus, the choice of PMDL parameters are determined by the characteristics of wave 
propagation into the fluid. Thus, we first examine the wave behavior and then revisit the choice of PMDL 
parameters.  

 

3.3 Characteristics of solid-born wavemodes 
 

To determine the behavior of wavemodes at the solid-fluid interface, we first drive the dispersion relation 
in the fluid domain. By taking Fourier transform from (3) in the y  and z  directions, we obtain, 

 2 2 2( / ) .y z fk k c    (7) 
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where yk  is the vertical wavenumber in the fluid domain. It is well-known that the type of the transmitted 
waves in the fluid domain depends on the relative properties of the solid and surrounding fluid. If the shear 
wave velocity in solid is greater than the acoustic velocity in the fluid, solid-born wavemodes are leaky 
(propagating energy into the fluid). Following [64], we refer to this combination as hard solid-fluid 
interface. In contrast, when the shear wave velocity in solid is less than the acoustic wave velocity in the 
fluid, solid-born wavemodes are non-leaky or trapped (purely evanescent perpendicular to interface) and 
we refer to it as soft solid-fluid interface. Note that (7) is more complicated than it appears because both yk

and zk are complex-valued. This is carefully considered in the discussion below and in the references 
mentioned therein. 

At hard solid-fluid interfaces, the transmitted waves into fluid region are leaky in the supersonic zone, 
i.e. ph fc c  (see e.g. [64, 90]). From (7), the vertical wavenumber in fluid can be obtained as 

2 2 2 1/2( / )y f zk c k   . In order to choose the correct root for leaky Lamb waves, one can consider the top 
half-space ( 0)y   and examine the input power to the fluid domain, i.e., 

    2( ) ( ) ( ).y yP i p ik p p k        t
††p  (8) 

Due to leakage of energy from solid region, the power input into the fluid domain has to be positive, 
dictating that ( ) 0yk  . For the hard solid-fluid interface, the leaky modes are in fact predominantly 

propagative, i.e. ( ) ( )y yk k    (See Figure 3). 

Apart from leaky Lamb waves, two important non-leaky wavemodes exist in the subsonic zone ph( )fc c
: Scholte and quasi-Scholte modes, which are purely evanescent perpendicular to the interface, i.e. 

( ) 0yk   or ( ) 0zk   (see e.g. [90]). Scholte wave propagates along the interface with the constant 

(Scholte) wave velocity Schc  which is slightly less than fc . The quasi-Scholte mode, however, is dispersive 

at lower frequencies but then becomes nondispersive and propagates with constant Schc  at higher 
frequencies (see Figure 3). 

At the soft solid-fluid interface, there exist non-leaky wavemodes in the subsonic zone ph fc c , which 
are purely evanescent perpendicular to the interface (see e.g. [64]). Thus the wavemode characteristics are 
similar to those of Scholte wavemodes, except for being non-dispersive. 

 

3.3.1 Hard solid-fluid interface 

We start with leaky waves at hard solid-fluid interfaces. As mentioned before, yk  is complex but dominantly 

real and has the form ( ) /y yk c i i  with the velocity y fc ci  (for different modes). Therefore, PMDL 
elements with imaginary lengths can efficiently absorb outgoing leaky waves. Specifically, we choose,  

 
 

P
P

2 , 1,..., .
cos ( 1) / 2

f
j

ciL j n
j n 

 


  (9) 
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where 1i    and Pn  is the number of PMDL layers. Note that the above PMDL mesh would perfectly 

absorb waves propagating at angles P( 1) / 2j j n   , which have the phase velocities as 

P/ cos(( 1) / 2 )j
y fc c j n   (this follows from relations /j j

y yk c  and 2 / j
j yL i k ). 

Leaky Lamb wave also exists in the subsonic zone ph( )fc c , see e.g. [90, 112]. However, it cannot be 
observed in experiments (with measurements at the interface) since it is highly attenuative along the 
interface. Instead, the quasi-Scholte mode, which is purely propagative along the interface, is observed (see 
Figure 6 in [113]). Therefore, we ignore presenting parameters for retrieving the leaky waves in the subsonic 
zone. Note that PMDL can still be designed to capture these modes, but requires negative real lengths; such 
unconventional choice is necessitated due to the local growth of wavemodes normal to the interface. This 
case is not explored further in this paper. More details on the local growth of leaky Lamb wave are given 
in [48, 56, 64, 88, 91, 114-118]. 

Scholte and quasi-Scholte wavemodes render yk  to be purely imaginary. Scholte waves propagate with 

constant Scholte wave velocity Schc  (see Figure 3). By substituting Sch/zk c  in (7), solving for yk  and 

using 2 / j
j yL i k , we obtain Sch 1/22 (2 ) /fL c    where Sch Sch( ) /fc c c   . Note that using one layer 

with SchL  can accurately retrieve the Scholte wavemode.  

The quasi-Scholte mode is dispersive at the beginning, and then the phase velocity converges to Schc  (see 

Figure 3). Therefore, we need multiple layers with the minimum length 1( )L  and gradual increase using 
1

1
j

jL L    ( 2).j   To obtain the approximate minimum length, we assume the phase velocity in the 

dispersive region to have the form 1/2
ph 0( / )fc c    where 2 2 2 2 1/2

0 ( (1 2 ) /12(1 ) )f pc c h       is the 

coincidence frequency (the frequency that ph fc c ) by approximating the plate as a beam. Average 

mechanical properties of the plate ( , )pc   can be used for obtaining 0 . Note that making these 
approximations is justified since for the quasi-Scholte mode we use more than one layer, which eventually 
leads to accurate solution. Using the suggested functional form for phc  and by substituting ph/zk c  in 

(7), solving for yk  and using 2 / j
j yL i k , the minimum length (which happens at 0 / 2  ) takes the 

form q-Sch
1 04 /fL c  . In summary, PMDL elements for modeling Scholte and quasi-Scholte waves can be 

chosen as, 

 
Sch 1/2

Sch Sch

q-Sch q-Sch 1 q-Sch
1 1 0 P

2 (2 ) / , ( ) / , 1,

, 4 / , 1,..., ,
j f f

j
j f

L c c c c j

L L L c j n

  

 





   

  
  (10) 

where   is the geometric ratio and Schc  can be computed from the closed-from expressions (see e.g. [119]). 
Note that since retrieving Scholte and quasi-Scholte modes requires real lengths, one can combine the two 
meshes presented in (10) to obtain both wavemodes accurately and simultaneously. 
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Filtering criteria: To obtain the leaky waves in the supersonic zone, only complex wavenumbers zk  with 
max
ph/ ( )f zc k c    should be considered. For non-leaky (Scholte and quasi-Scholte) waves, only purely 

real wavenumbers zk  with / z fk c   need to be considered. 

3.3.2 Soft solid-fluid interface 

Non-leaky modes at soft solid-fluid interfaces (see e.g. Figure 4) are purely evanescent in the vertical 
direction and PMDL elements with real length should be used. In this case, it can be shown that the 
minimum length is required for the first mode at the highest desired frequency. This mode reaches the 
Scholte wave velocity as frequency increases, therefore by substituting max Sch/zk c  in (7), solving for 

yk  and using the PMDL correlation 2 / yL i k , the minimum length can be obtained as 
2 1/2

1 Sch max2 (( / ) 1) /f fL c c c   . As more than one PMDL element is needed, the length can be increased 
using, 

 1 2 1/2
1 1 Sch max Pwith 2 (( / ) 1) / , 1,..., .j

j f fL L L c c c j n        (11) 

where   is the geometric ratio and max  is the maximum frequency of interest for obtaining the dispersion 
curves. 

Similar to hard solid-fluid interfaces, leaky modes exist in the subsonic zone, however only non-leaky 
waves can be experimentally observed as they propagate with no attenuation along the interface (see Figure 
4 in [120]). Thus we ignore the leaky waves in the subsonic zone; if needed, PMDL elements with imaginary 
lengths should be used for retrieving these modes. 

Filtering criteria: To obtain the non-leaky waves in the subsonic zone, only purely real wavenumbers zk  

with / z fk c   have to be considered. 

 

3.4 Numerical examples 
 

3.4.1 Hard solid plate immersed in fluid 

In the first example, we consider a tri-laminate plate immersed in motor oil. Layer materials and thicknesses 
are given in Table 1. The material properties are reported in Table 2 and used for all the examples in the 
paper. 

Table 1 Parameters of the tri-laminate immersed plate in motor oil. Complex 
element lengths for a unit-thickness layer is given in Table 1 of [96]. These 
vales should be simply multiplied by the actual thickness of each layer. 

Layer number Material (mm)h  
- Motor oil   
1 Titanium 2 
2 Brass 2 
3 Titanium 1 
- Motor oil   
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Figure 3 compares the dispersion and attenuation curves obtained using (a) the proposed approach of 
combined CFEM+PMDL discretization, and (b) reference solution obtained using much more expensive 
approach of combining high-order FEM for the solid plates (11-noded, 10th order finite element for each 
layer), with the exact impedance condition for the fluid [90].  For the proposed approach, we use 5, 5 and 
3 CFEM elements for discretizing the plate layers according to Table 1.  For modeling the leaky waves in 
the fluid half-space, 2 PMDL elements are used on both sides. In a separate analysis, for retrieving the non-
leaky modes, we used 1 PMDL element for the Scholte mode along with 2 PMDL elements for the quasi-
Scholte mode (using 3   in (10)). It should be emphasized that even though all the modes are plotted in 
the same figure, leaky modes are obtained separately using PMDL elements with imaginary lengths and 
non-leaky (Scholte and quasi-Scholte) modes are obtained using PMDL elements with real lengths. 

Table 2 Material properties. 

Material (m/ s)sc  or (m/ s)p fc c  3(kg/m )  

Stainless Steel SU-304 3200 5900 7840 
Aluminum Alloy 6061 3097 6149 2700 

Titanium 3230 6060 4460 
Brass 2200 4400 8400 

Borosilicate Glass D263T 3463 5722 2510 
Plexiglass® 1200 2500 1180 

Lexan® 800 1700 1200 
Motor oil - 1740 870 

Water - 1478 998 

Remark on computational cost: If the plate is discretized with n  nodes, the exact impedance condition 
(presented in [90]) leads to a generalized eigenvalue problem of size 4 2n . Whereas using PMDL 
elements leads to solving a generalized eigenvalue problem of the size 2 2n p  where 2 p  is the total 
number of PMDL elements for both (top and bottom) half-spaces. It can be seen that by using 2 layers 
( 2)p  , PMDL usage leads to solving an eigenvalue problem of roughly half the size. Usage of CFEM 
further reduces the computational cost, either by reducing n  in comparison with finite elements, or 
increasing sparsity in comparison with spectral elements (see [95, 96] for further discussion).  

 
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Figure 3 (a) Phase velocity and (b) attenuation curves obtained by the reference solution [90] and the 
proposed approach (CFEM+PMDL) for the tri-laminate hard plate (Table 1). 

 

3.4.2 Soft solid plate immersed in fluid 

We now consider a tri-laminate made up of flexible materials as shown in Table 3 (material properties are 
given in Table 2). 

Table 3 Parameters of a tri-laminate 
immersed plate in motor oil. 
Layer number Material (mm)h  

- Motor oil   
1 Lexan® 2 
2 Plexiglass® 2 
3 Lexan ® 1 
- Motor oil   

As shown in Figure 4, CFEM+PMDL discretization leads to accurate phase and group velocity curves 
when compared to the reference solution [90], again obtained by discretizing each layer with an 11-noded 
10th order finite element. For the proposed approach, 5, 5 and 3 CFEM elements are used for the plate, and 
4 real-length PMDL elements are used for the fluid (with 4   in (11)). The group velocities are calculated 
using Equation (5). Note that there is no need to plot attenuation curves for soft-solid cases because there 
is no leakage of energy into the fluid and thus no attenuation along the waveguide. 

 

Figure 4 (a) Phase velocity and (b) group velocity curves obtained by the reference solution [90] and the 
proposed approach (CFEM+PMDL) for the tri-laminate soft plate (Table 3). 

 

4. Immersed rods and (fluid-filled) pipes 
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4.1 Governing equations 
 

The geometry of the immersed cylindrical waveguide is shown in Figure 5 (a). In the solid domain, 
elastodynamic equation for the harmonic waves of the form ( , ) ( , ) i tt e  u x u x  with ( , , )r zx  is given 
in (1). In this problem, { }z

T
ru u uu  is the displacement vector and the stress vector 

{ }T
rr zz z rz r        σ Dε  is related to the strain vector { }T

rr zz z rz r         ε L u  

through 6 6D  where the nonzero entries for an isotropic medium are 2
11 22 33 S pD D D c   , 

2
44 55 66 S sD D D c    and 2 2

12 13 23 3221 31 2 )(S p sD D D D D D c c       . The nonzero entries of 

6 3  matrix operators L  and L are, 

 

1 1 1

1 1

( ) ( ) / ( ) / ( ) / ,

( ) ( ) / ( ) / ( ) / ,

(1,1) (5,3) (6,2) 1, and (2,2) (4,3) (6,1) 1,

(3,3) (4,2) (5,1) 1, and (

S S S S
r z

S S S S
r z

S S S S S S
r r r

S S S S
z z z

r r r r z r

r r z r
  

  

  







  

 

             

             

     

  

L L L L L

L L L L L

L L L L L L

L L L L 2,1) (6,2) 1.S
  L

  (12) 

 
 

Figure 5 (a) Geometry of the immersed pipe; and (b) 1D discretization of solid and inner fluid with high-
order finite elements and linear PMDL elements for the exterior infinite fluid. 

In the fluid domain, equation of motion for the harmonic waves of the form ( , ) ( , ) i tp t p e  x x  is given 
in (3) with 2 1 2 2 2 2 2( ) ( ( ) / ) / ( ) / ( ) /r r r r r z                 . 

SAFE approach for cylindrical waveguides consists (a) using Fourier series expansion in the azimuthal 
direction, (b) discretizing the solid and fluid governing equations (1) and (3) in the radial direction, and (c) 
analytical solution in the longitudinal direction. The resulting eigenvalue problem is similar to (4) where 
the contribution matrices for the cylindrical waveguide, namely 2 0, ,S S SK K M , 2 0, ,F F FK K M  and SFC  are 
defined in Appendix B. 

Purely circumferential wavemodes: The formulation presented in this section corresponds to longitudinal 
wavemodes. However, as discussed in [78], simple modifications can be considered to analyze wavemodes 
that propagate only along the circumference. To this end, one should eliminate the variation of displacement 
components in the z  direction, implying plane strain condition. Hence, by removing the zu  degrees of 
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freedom and setting 0zk  , eigenvalue problem (4) has to be solved for the circumferential Fourier number 

n . The circumferential phase velocity at any radius r  can be calculated using ph /c r n  . 

 

4.2 Radial discretization and choice of parameters 
 

As shown in Figure 5 (b), the inner fluid and the cylinder are discretized with high-order finite elements, 
since CFEM is not applicable in cylindrical coordinates. Also while midpoint integration scheme of PMDL 
elements is not as beneficial in cylindrical coordinates as it is in Cartesian coordinates, we still advocate 
using PMDL elements to discretize the infinite fluid along the radius as they are expected to increase the 
overall accuracy. The choice of PMDL parameters are discussed in the rest of this section. 

PMDL parameters for hard solid-fluid interface: Similar to plates, cylindrical leaky waves at the hard solid-
fluid interface are dominantly propagative in the radial direction. Therefore, PMDL elements with 
imaginary length are needed, which can be chosen as, 

 
 

P
P P

2 , 1,..., .
( 1 ) cos ( 1) / 2

f
j

ciL j n
n j j n 

 
  

  (13) 

which is similar to (9), except for a factor of P( 1 )n j  . Based on numerical investigations, such scaling 
increases the accuracy in cylindrical coordinates. Importantly, due to this, the element lengths become 
increasingly smaller and finely graded as the number of layers Pn  is increased, indicating that PMDL 
converges to continuous cylindrical PML, which is known to be exact (see e.g. [121]); this indicates that 
PMDL with parameter choice in (13) converges to the exact solution.   

PMDL parameters for soft solid-fluid interface: Similar to plates, the non-leaky waves are purely 
evanescent in the radial direction and PMDL layers with real lengths should be used as follows: 

 1 2 1/2
1 P 1 Sch max P/ ( 1 ) with 2 (( / ) 1) / , for 1,..., .j

j f fL L n j L c c c j n          (14) 

Like with the hard solid-fluid interface, the factor ( 1 )n j   helps with accuracy and the cylindrical PMDL 
converges to the exact solution.  

Note that the filtering criteria for plates, as mentioned in Section 3.3, hold for cylindrical waveguides as 
well. 

 

4.3 Numerical examples 
 

4.3.1 Hard solid pipe in fluid 

A tri-laminate pipe is considered, with layer properties shown in Table 4. The pipe is filled with and 
immersed in motor oil. As mentioned before, material properties are given in Table 2. 

Table 4 Parameters of a tri-laminate hard pipe filled with 
and immersed in motor oil. 
Layer number Material in (mm)r  out (mm)r  
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- Motor oil 0 5 
1 Titanium 5 7 
2 Brass 7 9 
3 Titanium 9 10 
- Motor oil 10   

As CFEM is not applicable to this problem, we use regular high-order finite elements to discretize the 
solid and the inner fluid region. Thus the goal here is to investigate the performance of just the PMDL 
discretization. Each layer is discretized with an 11-noded element, and five 11-noded elements are used to 
discretize the fluid inside. We consider 6 PMDL layers based on Equation (13) to model the leaky waves. 
Figure 6 shows the resulting dispersion and attenuation curves (for the circumferential Fourier number 

1n  ). Also shown in the figure is the reference solution, obtained by the same high-order discretization 
for the solid and inner fluid region, but with 30 PMDL layers to ensure convergence. Clearly, the proposed 
discretization results in excellent match with the converged solution. 

 

Figure 6 (a) Phase velocity and (b) attenuation curves obtained by the reference solution and proposed 
approach (PMDL) for the tri-laminate fluid-filled and immersed hard pipe (Table 4). 

 

4.3.2 Soft solid pipe in fluid 

We now consider another tri-laminate pipe, but with more flexible materials as shown in Table 5 (material 
properties are reported in Table 2). The pipe is filled with and immersed in motor oil. 

Table 5 Parameters of a tri-laminate soft pipe filled with 
and immersed in motor oil. 
Layer number Material in (mm)r  out (mm)r  

- Motor oil 0 5 
1 Lexan® 5 7 
2 Plexiglass® 7 9 
3 Lexan ® 9 10 
- Motor oil 10   
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Figure 7 shows the calculated phase and group velocity curves for 1n   (similar to plates, there is no 
attenuation for soft-solid waveguides). Each of the pipe layers is discretized with one 11-noded finite 
element, and the inner fluid region is discretized using five 11-noded elements. To model the non-leaky 
waves we use 5 PMDL elements (with 3   using (14)). The reference solution is obtained with 30 PMDL 
elements to ensure convergence. Again, the match between the proposed discretization and the converged 
solution is excellent. 

 

Figure 7 (a) Phase velocity and (b) group velocity curves using the reference solution and proposed 
approach (PMDL) for the tri-laminate fluid-filled and immersed soft pipe (Table 5). 

 

5. Immersed waveguides with general cross-section 
 

5.1 Governing equations 
 

Geometry of the immersed waveguides with general cross-section is shown in Figure 8 (a). In the solid 
domain, elastodynamic equation for the harmonic waves of the form ( , ) ( , ) i tt e  u x u x  with ( , , )x y zx  

is given in (1) where, in this problem, { }z
T

x yu u uu  is the displacement vector and the stress vector 

{ }T
xx yy zz yz xz xy      σ Dε  is related to the strain vector { }T

xx yy zz yz xz xy       ε L u  

through 6 6D  where the nonzero entries for an isotropic medium are 2
11 22 33 S pD D D c   , 

2
44 55 66 S sD D D c    and 2 2

12 13 23 3221 31 2 )(S p sD D D D D D c c       . The nonzero entries of 

6 3  matrix operators L  and L are, 

 
( ) ( ) / / / , with (1,1) (5,3) (6,2) 1,

(2,2) (4,3) (6,1) 1, and (3,3) (4,2) (5,1) 1.

S S S S S S
x y z x x x

S S S S S S
y y y z z z

x y z               

     

L L L L L L L L

L L L L L L
  (15) 
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In the fluid domain, equation of motion for the harmonic waves of the form ( , ) ( , ) i tp t p e  x x  is given 
in (3) with 2 2 2 2 2 2 2( ) ( ) / ( ) / ( ) /x y z              . 

  

Figure 8 (a) Geometry of the immersed waveguide with arbitrary cross-section; (b) modeling infinite 
fluid with PMDL layers; and (c) integration scheme for edge and corner PMDL layers. 

 

SAFE approach for three-dimensional waveguides with arbitrary cross-section consists of discretizing 
the governing equations for solid (1) and fluid (3) in the two-dimensional plane of the cross-section, and 
using the analytical representation in the longitudinal direction. The resulting eigenvalue problem is similar 
to (4) where the contribution matrices, namely 2 0, , ,S S SK K M  2 0, ,F F FK K M  and SFC  are presented in 
Appendix C. 

 

5.2 Two-dimensional discretization using CFEM, high-order FEM and PMDL 
 

For two-dimensional discretization, CFEM is applicable to cross-sections that can be split into 
homogeneous parallelograms. Each parallelogram should be meshed with 4-nonded bilinear finite elements 
with two modifications: using midpoint (1 1)  integration, and choosing the element lengths along each 
side of the parallelogram from 1D CFEM mesh (see Figure 2 (b)).  

Similar to 1D problems, PMDL elements can be used to model the 2D infinite fluid medium, as they are 
highly efficient for polygonal interiors [93]. Thus, if the solid domain has an arbitrary shape, it has to be 
surrounded by a buffer (fluid) region, resulting in polygonal computational boundary. Outside the buffer 
region, PMDL edge and corner elements can be utilized as shown in Figure 8 (b). Note that the buffer 
region can be minimized by defining a polygon close to the solid domain. This also means that, for 
polygonal solid domains, a buffer region is not necessary and the PMDL can be placed right next to the 
solid-fluid interface. 

Figure 8 (c) illustrates the details of the edge and corner PMDL elements along with their respective 
integration schemes. The discretization of the solid domain (and the buffer fluid region) can be performed 
with any (high-order) finite elements. PMDL edge elements would have the same discretization and 
integration scheme along the interface. On the other hand, they have linear shape functions and use one 
integration point in the direction perpendicular to the polygon boundary. Consequently, the corner PMDL 
elements are 4-noded parallelogram elements with bilinear shape functions and midpoint (1 1)  integration 
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scheme. More details on implementation of PMDL method for two-dimensional problems can be found in 
[93]. 

 

Choice of PMDL parameters: For two-dimensional problems, the PMDL element lengths along the 
boundary are consistent with interior. Perpendicular to the boundary, the same criterion for 1D plates with 
hard or soft interface as given in (9) and (11) can be used. Note that the filtering criteria for plates, as 
mentioned in Section 3.3, hold for waveguides with more general cross-section as well. 

 

5.3 Numerical examples 
 

5.3.1 Hard solid rod in fluid with 2D discretization 

We first consider the bi-laminate rod shown in Figure 9 (a) with layer properties given in Table 6 (material 
properties are reported in Table 2). The waveguide is assumed to be immersed in motor oil. While the radial 
discretization described in the previous section can be used here, we utilize general two-dimensional 
discretization proposed in this section to illustrate its performance. 

Table 6 Parameters of a bi-laminate immersed hard 
rod in motor oil. 
Layer number Material in (mm)r  out (mm)r  

1 Brass 0 1 
2 Titanium 1 2 
- Motor oil 2   

The Solid domain and buffer fluid region are discretized with Q8 elements. Thus, PMDL edge and corner 
elements are 6- and 4-noded elements with quadratic and linear shape functions along and perpendicular to 
the boundary, respectively (see Figure 8 (c) for description). Note that the buffer region can be minimized 
by considering a hexagon, but for simplicity we chose a square as shown in Figure 9 (b). Also not considered 
here is the symmetry that can be used per the approach shown in Figure 4 of [122]. 

  

Figure 9 (a) Geometry of the bi-laminate immersed rod; (b) 2D discretization of solid cross-section (with 
Q8), fluid buffer region (with Q8) and infinite fluid (with PMDL 6-noded edge and 4-noded corner 
elements). Note that PMDL element lengths perpendicular to the square sides are imaginary and the 

illustration is schematic.  
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Figure 10 shows the dispersion and attenuation curves for the leaky wavemodes. The two-dimensional 
mesh for the cross-section is shown in Figure 9 (b). We used 6 PMDL elements in each stretch direction. 
The reference solution is obtained by using the 1D cylindrical waveguide model discussed in Section 4 
(with 11-noded elements for each layer and 30 PMDL layers for the fluid). Note that the two-dimensional 
model retrieves all the wavemodes with different circumferential orders. However, in Figure 10, for the 
sake of clarity, only the modes with circumferential orders 0 4n    are shown. The figure clearly shows 
good match with the reference solution, indicating the effectiveness of the proposed 2D discretization. 

 

Figure 10 (a) Phase velocity and (b) attenuation curves obtained by the reference solution and proposed 
approach (PMDL) for the bi-laminate immersed hard rod (Table 6). 

 

5.3.2 Soft solid rod in fluid (rectangular cross-section) 

To illustrate the benefits of CFEM in 2D settings, we consider bi-laminate rectangular rod as shown in 
Figure 11 (a). Layer materials and dimensions are given in Table 7 (again, material properties are reported 
in Table 2). The waveguide is assumed to be immersed in motor oil. 

Table 7 Parameters of a bi-laminate immersed soft 
rod in motor oil. 
Layer number Material (mm)h  (mm)l  

1 Lexan® 1 2 
2 Plexiglass® 1 2 
- Motor oil     

Since the solid domain in this example can be divided to rectangles, each with constant martial property, 
we use CFEM for discretization (note that CFEM is applicable whenever we have piecewise homogeneous 
parallelograms). Also since the solid domain has polygonal shape, no buffer region is included; the PMDL 
elements are directly connected to the solid-fluid interface. It is also important to note that when CFEM 
and PMDL elements are used together, the interface integrals (in matrix SFC  of (4)) has to be evaluated 
with midpoint integration as well. 
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Figure 11 (a) Geometry of the immersed composite rod; (b) 2D discretization of cross-section with 4-
noded complex-length elements (only real part is shown) and infinite fluid with 4-noded edge and corner 
PMDL elements. Note that PMDL element lengths perpendicular to the rod sides are not to scale and the 

illustration is schematic. 

We used 6 CFEM elements in the horizontal direction, and discretized each vertical layer with 3 CFEM 
elements. Real part of the mesh is shown in Figure 11 (b). The complex-valued mesh in each direction is 
similar to Figure 2 (b). To model the non-leaky wavemodes, we used 4 PMDL layers (with 3.5   using 
(14)). Note that as there are two different solid materials at the solid-fluid interfaces, one can choose 

Plexiglass Lexan
1 1 1min( , )L L L  to obtain the minimum required length. Reference solution is obtained using a 

20 20  Q8 mesh along with 20 PMDL layers to ensure the convergence. Figure 12 shows the resulting 
phase and group velocity curves, which clearly indicates that the CFEM+PMDL discretization is effective 
in capturing the dispersion curves. 

 

Figure 12 (a) Phase velocity and (b) attenuation curves obtained by the reference solution and proposed 
approach (PMDL) for the bi-laminate immersed soft rod (Table 7). 

  



20 
 

6. Validation 
 

In order to validate the proposed computational methods, we compare predictions from the methods with 
experimental results from the literature. The examples include immersed hard/soft plates, a fluid-filled and 
immersed pipe and an immersed rectangular rod. As described below, all examples confirm the validity of 
the proposed waveguide models. 

 

6.1 Immersed plate: hard/soft solid-fluid interface  
 

In the first example we consider two experiments on plates with hard and soft solid-fluid interface which 
are taken from [123] and [120] respectively. The first experiment was carried out on a 210 µm thick 
borosilicate glass plate and the second was carried out on a 50 µm thick Plexiglass® plate. Both plates were 
immersed in water, and manufacturer-provided material properties are reported in Table 2.  

The glass plate is discretized using 8 CFEM elements and, based on Equation (9), 3 PMDLs are used to 
model the leaky waves. For the Plexiglass® plate, we used 6 CFEM elements along with 4 PMDLs with 

4   (based on Equation (11)). Figure 13 shows the experimental and theoretical dispersion curves for the 
two samples. It can be observed that the theoretical predictions match the experimental curves very well. 

 

Figure 13 Phase velocity curves for immersed plates, (a) 210 µm thick borosilicate glass plate and (b) 50 
µm thick Plexiglass® plate, compared with the experimental results from [123] and [120], respectively.  

 

6.2 Immersed fluid-filled pipe: hard solid-fluid interface 
 

To validate the proposed approach for cylindrical waveguides, we use the data from the experiments in 
[124], carried out on two stainless-steel pipes of 300 µm and 150 µm thickness filled with and immersed in 
water. Manufacturer-provided material properties are reported in Table 2. In these experiments, 
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measurements were performed along the perimeter, thus we calculated the phase velocity curves 
corresponding to circumferential waves at the outer most radius (see Section 4.1 for details). 

The solid and inner fluid domain are each discretized with an 11-noded finite element, while 5 PMDLs 
are used to model the infinite surrounding fluid (based on Equation (13)). As discussed in Section 3.3, to 
obtain the desired solution i.e. leaky waves, only complex wavenumbers have to be considered. Figure 14 
illustrates the experimental and theoretical dispersion curves for the two samples; again, an excellent overall 
agreement is observed. 

 

Figure 14 Phase velocity curves for (a) 300 µm and (b) 150 µm immersed stainless steel pipes compared 
with experimental results from [124].  

 

6.3 Immersed rod: hard solid-fluid interface 
 

In the last validation example, we consider the experiment in [125], carried out on a 3.175×12.700 mm 
rectangular aluminum rod immersed in water. The manufacturer-provided material properties are given in 
Table 2. We used a 6 16  CFEM mesh for the rod. The surrounding fluid is discretized with 8 imaginary-
length PMDLs, based on Equation (9), and 2 real PMDLs ( 1 21, 2mmL L  ) to treat the evanescent waves. 
In a separate analysis to retrieve the quasi-Scholte wavemode, we used the same discretization for rod along 
with 4 real PMDL layers based on Equation (10), with 1 0.1 mmL   and 3  . Experimental and 
theoretical dispersion and attenuation curves are shown in Figure 15, indicating good match between the 
two for both leaky and quasi-Scholte modes.   
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Figure 15 (a) phase velocity and (b) attenuation curves for 3.175×12.700 mm immersed aluminum rod 
with experimental results from [125]. 

 

7. Conclusions 
 

We have proposed an efficient approach for dispersion analysis of different types of composite waveguides 
immersed in acoustic fluid: plates; circular rods; pipes and fluid-filled pipes; and prismatic waveguides 
with arbitrary cross-section. The underlying formulation is based on the semi-analytical finite element 
(SAFE) method, enhanced by recently developed discretization methods to increase the computational 
efficiency. For discretization of solid domain, we used complex-length finite element method (CFEM). 
This method provides exponential convergence and is applicable to laminated plate-like structures and the 
waveguides with cross-section made up of homogeneous parallelograms. Regular high-order finite 
elements are used for other waveguides with other shapes. Fluid region is discretized using the perfectly 
matched discrete layers (PMDL), which is an efficient discretization of the PML absorbing boundary 
condition. We provided approaches for choosing PMDL parameters, as well as simple filtering criteria 
required for identification of appropriate dispersion curves. The method is implemented in an open-source 
software named WaveDisp [97]. 

Using various numerical examples, it is shown that a handful of PMDL elements (and CFEM elements 
when applicable) are sufficient to obtain accurate dispersion curves, as opposed to large number of 
traditional finite elements and absorbing layers, thus resulting in significant reduction in the computational 
cost. The approach is validated for each type of waveguides by comparing with experimentally observed 
dispersion curves. In each of the three cases, very good agreement was observed. Future work will 
investigate the application of the methodology to waveguides embedded in infinite solid media. 
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Appendix A: Semi-discretization of 1D Waveguides in Cartesian coordinates 
 

Expanding the governing equation in (1) by using (2) gives, 
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in which the shape function derivative matrix is defined as 2 2S S  B B I  where 
1[ / ,..., / ]Sm

S S SdN dy dN dyB  and 1[ / ,..., / ]Fm
F F FdN dy dN dyB  are the shape function derivative vectors 
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for the solid domain and fluid region, respectively. Also {0 1}T
f  n  is the unit normal for the solid-fluid 

interface using the appropriate sign at each interface. By rearranging the degrees of freedom ( z  then y ), 
the quadratic eigenvalue problem in (A2) can be converted to a generalized eigenvalue problem in (4) with, 
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and }T T T
S Sz z Syik   . Note that the fluid contribution matrices in (A3) are only written for the top fluid 

half space 2( )y y . The associated matrices and interaction terms have to be considered for the bottom 
fluid half space 1( )y y , if exists. Also note that the size of the generalized eigenvalue problem in (4) is 
the same as the quadratic eigenvalue problem in (A2). 

 

Appendix B: Semi-discretization of 1D Waveguides in cylindrical coordinates 
 

Expanding the governing equation in (1) by using (12) gives, 
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wavenumber and n  is the circumferential Fourier number. The shape function matrix is defined as the 
Kronecker product 3 3S S  N N I  where 1[ ,..., ]Sm

S S SN NN  is the shape function vector for a 1D 
-nodedSm  element in the solid domain 1 2( )r r r   and 1[ ,..., ]Fm

F F FN NN  is the shape function vector for 
a 1D -nodedFm  element in the fluid region 2( ).r r  Resulting quadratic eigenvalue problem is similar to 
(A2) where 2

z
S S

zK K , 0 2( ) ( ( ) ( ) )r r r r
S S S S T S S S T S T S S

rr in n               K K K K K K K K K K , 
2F F

zzK K , 0 2F F F
rr n  K K K  and 1 ( ) ( ) ( ( ) )z z

S S S T S S T S S T
rz z z zr in        K K K K K K K  with, 
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in which the shape function derivative matrix is defined as 3 3S S  B B I  where 
1[ / ,..., / ]Sm

S S SdN dr dN drB  and 1[ / ,..., / ]Fm
F F FdN dr dN drB  are the shape function derivative vectors 

for the solid domain and fluid region, respectively. Also { 1 0 0}T
f  n  is the unit normal for the solid-

fluid interface using the appropriate sign at each interface. By rearranging the degrees of freedom ( r  then 
  and z ), the quadratic eigenvalue problem in (A2) can be converted to the generalized eigenvalue problem 
in (4) with, 
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and }T T T T
S z Sr z S Szik ik      . Again, the size of the generalized eigenvalue problem is the same as the 

original quadratic eigenvalue problem. Note that the fluid contribution matrices in (B2) are only defined 
for the exterior fluid half-space 2( )r r . The associated matrices and interaction terms have to be 
considered for the fluid inside the pipe 1( )r r , if exists. 

 

Appendix C: Semi-discretization of 2D Waveguides in Cartesian coordinates 
 

Expanding the governing equation in (1) by using (15) gives, 
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  (C1) 

where 6 6( )S T S
pq p qD L D L  for ,, },{xp yq z  and SL  matrices are defined in (15). We use Fourier 

transform in the z  direction and discretize the solid and fluid domains in the x y  plane, i.e. 
( , , , ) ( , ) ( , ) zik z

S zx y z x y k e u N u  and ( , , , ) ( , ) ( , ) zik z
F zp x y z x y p k e N  where zk  is the axial 

wavenumber. Shape function matrix is defined as the Kronecker product 3 3S S  N N I  where 
1[ ,..., ]Sm

S S SN NN  is the shape function vector for a 2D -nodedSm  element in the solid domain and 
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1[ ,..., ]Fm
F F FN NN  is the shape function vector for a 2D -nodedFm  element in the fluid region. The 

resulting quadratic eigenvalue problem is similar to (A2) where 2
z

S S
zK K , 
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xz xz yz yz   K K K K K , 0 ( )S S S S S T
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zzK K , and 0F F

xyK K  with, 
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in which the shape-function-derivative matrix is defined as 3 3Sx Sx  B B I , 3 3Sy Sy  B B I  where 
1[ / ,..., / ]Sm

Sx S SdN dx dN dxB , 1[ / ,..., / ]Sm
Sy S SdN dy dN dyB  and 1[ / ,..., / ;Fm

F F FdN dx dN dxB
1 / ,..., / ]Fm
F FdN dy dN dy  are the shape-function-derivative vectors for the solid and fluid domains, 

respectively. Also 1 2{ 0}T
f n nn  is the unit normal for the fluid at each interface. By rearranging the 

degrees of freedom ( x  then y  and z ), the quadratic eigenvalue problem in (A2) can be converted to the 
generalized eigenvalue problem in (4) with, 
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and }T T T T
S z Sx z Sy Szik ik     . 


