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This article proposes a model to study the interaction of price competition and congestion in the cloud com-
puting marketplace. Specifically, we propose a three-tier market model that captures a marketplace with
users purchasing services from Software-as-a-Service (SaaS) providers, which in turn purchase computing
resources from either Provider-as-a-Service (PaaS) or Infrastructure-as-a-Service (IaaS) providers, Within
each level, we define and characterize market equilibria. Further, we use these characterizations to under-
stand the relative profitability of SaaSs and PaaSs/laaSs and to understand the impact of price competition
on the user experienced performance, that is, the “price of anarchy” of the cloud marketplace. Our results
highlight that both of these depend fundamentally on the degree to which congestion results from shared or
dedicated resources in the cloud.

CCS Concepts: + Theory of computation — Algorithmic game theory, Market equilibria; Network
games, « Computer systems organization — Cloud computing,

Additional Key Words and Phrases: Cloud market, game theory, network economics, equilibrium

ACM Reference format:

Jonatha Anselmi, Danilo Ardagna, John C. S. Lui, Adam Wierman, Yunjian Xu, and Zichao Yang. 2017. The
Econormnics of the Cloud. ACM Trans. Model Perform. Eval. Comput. Syst. 2, 4, Article 18 (August 2017),
23 pages.

https://doi.org/10.1145/3086574

1 INTRODUCTION

The cloud computing marketplace has evolved into a highly complex economic system made up
of a variety of services, which are typically classified into three categories:
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(1) In Infrastructure-as-a-Service (IaaS), cloud providers rent out the use of (physical or vir-
tual) servers, storage, networks, and so on. To deploy applications, users must install and
maintain operating systems, software, and so on. Examples include Amazon EC2, Google
Cloud, and Rackspace Cloud.

(2) In Platform-as-a-Service (Paa$), cloud providers deliver a computing platform on which
users can develop, deploy, and run their application. Examples include Google App Engine,
Amazon Elastic MapReduce, and Microsoft Azure.

(3) In Software-as-a-Service (Saa$), cloud providers deliver a specific application (service) for
users. There are a huge variety of SaaS solutions these days, such as email services, cal-
endars, music services, and so on. Examples include services such as Dropbox, Gmail, and
Google Daocs.

Naturally, each type of cloud service (laaS, PaaS, SaaS) uses different pricing and contracting
structures, which yields a complicated economic marketplace. For example, Amazon computing
services are billed on an hourly basis, while some ather Amazon services {(e.g., queue or datastore)
are billed according to the data transfer in and out [AmazonPricingl,AmazonPricing2]. Google
App engine pricing is applied on a per-application or user-per-maonth basis, and more complex
billing rules are applied if monthly quotas are exceeded (Google 2014).

Further, adding to the complexity of the cloud marketplace is the fact that a particular SaaS is
likely running on taop of either a PaaS ar laaS. Thus, there is a multi-tier economic interaction
between the PaaS or laaS and the SaaS and then between the SaaS and the user. This multi-tier
interaction was illustrated prominently by the recent crashes of TaaS provider Amazon EC2, which
in turn brought down dozens of prominent SaaS providers (Cloudtimes 2012; NetworkWorld 2012).

As a result of the complicated economic marketplace within the cloud, the performance de-
livered by SaaS providers to consumers depends on both the resource allocation design of the
service itself (as traditionally considered) and the strategic incentives resulting from the multi-
tiered economic interactions. Importantly, it is impossible to separate these two components in
this context. For example, users are both price-sensitive and performance-sensitive when choos-
ing a SaaS; however, the bulk of the performance component for a SaaS comes from the back-end
laas/PaaS. Further, the TaaS/Paa$S does not charge the consumer; it charges the SaaS. Additionally,
there is competition among SaaS providers for consumers and among laaS/PaaS providers for SaaS
providers, which yields a competitive marketplace that in turn determines the resource allocation
of infrastructure to users and thus the performance experienced by users.

Contributions of This Paper

This article aims to introduce and analyze a stylized madel capturing the multi-tiered interaction
between users and cloud providers in a manner that exposes the interplay of congestion, pricing,
and performance issues.

To accomplish this, we introduce a novel three-tier model for the cloud computing marketplace.
This model, illustrated in Figure 1, considers the strategic interaction between users and SaaS
providers (the first and second tiers), in addition to the strategic interaction between SaaS providers
and either TaaS or PaaS providers (the second and third tiers). Of course, within each tier there is
also competition among users, SaaS providers, and [aaS or PaaS providers, respectively. To the best
of our knowledge, this is the first article that jointly considers the interactions and the equilibria
arising from the full cloud computing stack (i.e., users, services, and infrastructures/platforms);
previous work has focused only on pairwise interactions, for example, Acemoglu and Ozdaglar
(2007a), Anselmi et al. (2011), and Ardagna et al. (2012).

The details of the model are provided in Section 2; but, briefly, the key features are as fol-
lows: (i) users strategically determine which SaaS provider to use depending on a combination of
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Fig. 1. Overview of madel structure and notation.

performance and price; (i) SaaS providers compete by strategically determining their price and
the TaaS/PaaS provider they use to maximize profit, which depends on the number of users they
attract; (iii) laaS/PaaS providers compete by strategically determining their price to maximize their
profit; (iv) the performance experienced by the users is affected by the congestion of the resources
procured at the laaS/PaaS chosen by the SaaS and that this congestion is a result of the combina-
tion of congestion at dedicated resources, where congestion depends only on traffic from the SaaS,
and shared resources, where congestion depends an the total traffic to the TaaS/PaaS.

The complex nature of the cloud marketplace means that the model introduced in this article
is necessarily complicated, too. To highlight this, note that an analytic study of the madel entails
characterizing equilibria within each of the three tiers in a context where decisions within one tier
impact profits (and thus equilibria) at every other tier.

Due to the complexity of the model, we need to consider a limiting regime to be able to provide
analytic results. Motivated by the huge, and growing, number of SaaS providers and the (com-
paratively) smaller number of TaaS/PaaS providers, the limiting regime we consider is one where
the number of users and the number of SaaS providers are both large (see Section 4 for a formal
statement). In this setting, we can attain an analytic characterization of the interacting markets
that yields interesting qualitative insights.

More specifically, with our analysis, we seek to provide insights into the following fundamental
questions:

(1) How profitable are SaaS providers as compared to PaaS/laaS providers? Does either have
market power?

{2) How good is user performance? Is the economic structure such that increased competition
among cloud providers yields efficient resource allocation?

{3) How does the degree to which cloud resources are shared/dedicated impact the answers
to (i) and (ii)?

Our analysis highlights a number of important, novel qualitative insights with respect to these
questions, and we discuss these in detail in Sections 5 and 6. For example, our results highlight
that SaaSs extract profits only as a result of dedicated latency, while [aaS/PaaS providers extract
profits from both shared and dedicated latencies. However, the profit of laaS/PaaS providers re-
duces significantly as competition grows and converges to zero in the limit, while services remain
profitable even when there is a continuum of services. This highlights that SaaS providers main-
tain market power over laaS/PaaS providers even when services are highly competitive and that

ACM Trans. Model. Perform. Eval. Comput. Syst., Vol. 2, No. 4, Article 18. Publication date: August 2017.



18:4 ]. Anselmi et al.

one should not expect the cloud marketplace to support a large number of [aaS/PaaS providers.
This observation is similar to the relationship of content providers to Internet service providers
(ISPs) (Musacchio et al. 2009; Economides and Tag 2012). However, because laaS/PaaS providers
can extract profits from both shared and dedicated latencies, they remain reasonably profitable
relative to services as long as competition is not extreme, which is a significant contrast to [SPs.
This highlights that the cloud market structure seems not to be as susceptible as the internet to a
lack of incentives for infrastructure investment.

Our analysis, on the other hand, highlights an issue with the current market structure: The in-
teraction of SaaS providers and [aaS/PaaS providers serves to protect inefficient TaaS/PaaSs. That is,
evenifone laaS/PaaS provider is extremely inefficient compared to another, the inefficient provider
still obtains significant profit. The profitability of the inefficient provider is a consequence of dou-
ble marginalization in vertical markets: The efficient provider prefers to charge an extremely high
price to match the bad provider’s latency cost, because of the existence of profit-maximizing ser-
vices which also charge prices on users. We note that similar phenomena have been observed in
congestion games on parallel-serial networks, where each source-destination path may consist of
multiple links operated by independent service providers (Acemoglu and Ozdaglar 2007hb). Given
the suggestion from the results discussed above that the profitability of laaS/PaaS providers will
limit the market to a small level of competiticn, this “protection” of inefficient providers is a dan-
gerous phenomenan.

Another danger that our analysis highlights is that the market structure studied here can yield
significant performance loss for users, as compared with optimal resource allocation. We show by
example that when providers have highly asymmetric latency cost (e.g., when one provider is much
less efficient than the others), an arbitrarily high price of anarchy is possible at an equilibrium due
to the double marginalization effect. On the other hand, we prove an upper bound on the price
of anarchy that depends only on the minimum and maximum marginal latency costs among all
providers. This result provides an efficiency guarantee when all providers are nearly “symmetric”
and have similar marginal latency costs. This result highlights that provider symmetry can help
to mitigate the potentially high efficiency loss in a cloud computing marketplace.

In an alternative setting, we “fix” the asymmetry of providers by cansidering a “replica econ-
omy” with P types of providers. As the number of praviders of each type {and competition) grows,
in the limit we show that the price of anarchy cannot be higher than 2, when congestion costs
are linear, and k + 1 if congestion costs are polynomial with degree k. Since the price of anarchy
of the two-tier model (users and SaaSs) converges to 1 in the limit as the number of services
grows (Anselmi et al. 2011), our result reveals that the addition of providers into the market-
place causes the double marginalization problem and “undoes” the efficiency created by compe-
tition among services. Interestingly, this change can be interpreted as inefficiency due to a lack
of vertical integration, which would result in two-tier competition. However, vertical integration
would lead to other drawbacks, such as making entering the marketplace more challenging, which
would reduce participation. Thus, our results highlight that it is crucial to find ways to provide
appropriate incentives for the participation of TaaS/PaaS providers in the cloud marketplace, espe-
cially given the above observation that profitability of providers decreases quickly with increasing
competition.

Relationship to Prior Work

There is a large literature that focuses on strategic behavior and pricing in cloud systems and,
more generally, in the internet. This area of “network economics” ar “network games” is full of
increasingly rich models incorporating game theoretic tools into more traditional network models.
For surveys providing an overview of the modeling and equilibrium concepts in typically used
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networking games, and additionally an overview of their applications in telecommunications and
wireless networks, see van den Nouweland et al. (1996), Haviv (2001), and Altman et al. (2006).

In the context of cloud systems specifically, an increasing variety of network games have been
investigated and three main areas of attention in this literature are resource allocation (Teng and
Magoules 2010; Hong et al. 2011), load balancing (Altman et al. 2008; Chen et al. 2009; Anselmi
et al. 2011; Anselmi and Gaujal 2011), and pricing (Yolken and Bambos 2008; Ardagna et al. 2012;
Acemoglu and Ozdaglar 2007a; Feng et al. 2013). It is this last line of work that is most related to the
current article. Within this pricing literature, the most related articles to our work are Acemoglu
and Ozdaglar (2007a), Yolken and Bambaos (2008), Anselmi et al. (2011}, Ardagna et al. (2012), Song
et al. (2012}, Feng et al. (2013), Anselmi et al. (2014), Zheng et al. (2016), and Zhang et al. (2017);
see also the references therein.

Each of these articles focuses on deriving the existence and efficiency (as measured by the price
of anarchy) of pricing mechanisms in the cloud. For example, Ardagna et al. (2012) and Anselmi
et al. (2014) consider a two-tier model capturing the interaction between SaaSs and a single TaaS
and study the existence and efficiency of equilibria allocations. Similarly, Acemoglu and Ozdaglar
{2007a), Anselmi et al. (2011), and Feng et al. {(2013) consider again two-tier models capturing the
interaction between users and SaaSs or between SaaSs and PaaSs/TaaSs and study the existence
and efficiency of equilibrium allocations.

Thus, the questions asked in these (and other) articles are similar to those in our work. How-
ever, in contrast to the existing literature, the model considered in this article is the first to capture
the three-tier competing dynamics among users, SaaSs, and laaSs/PaaSs simultaneously. We show
that the strategic decisions of any player propagate at all levels, which makes a three-tier model
essential to capture the interplay between performance and pricing in the cloud marketplace. Fur-
ther, we model the distinction between congestion from shared and dedicated resources. Neither of
these factors was studied in the previous work and both lead to novel qualitative insights about the
cloud marketplace (while simultaneously presenting significant technical challenges to overcome).

2 MODELING FRAMEWORK

We construct a model for studying the interactions among three parities in the cloud marketplace:
users, service praviders (“services” for shart), and infrastructure providers (“providers” for short).
In this section, we define the three types of players in our model, but we discuss their strategic
behavior only informally. A formal description of the strategic aspects of the maodel is deferred
to Sections 3 and 4. Note that Figure 1 is helpful in understanding the structure of our modeling
framework.

Providers. We consider F > 2 providers who sell resources to services, as done by Amazon
EC2 and Google Cloud. The resources sold can represent virtual machines, in the case of an TaaS,
or platforms provided for development, in the case of a PaaS. Each provider p charges a price f3,
per unit of data flow for services that use its infrastructure. This charge-per-flow model is very
common, for example, it is used by Google App Engine. We let 4, denote the total flow of provider
p and model the profit of provider p by

Provider-Profit(p) = fou,, (1)

where, due to the economics of scale in cloud computing, we have ignored the small marginal cost
of supporting data flow.

Services. We consider § = 2 services selling the same cloud application (e.g., cloud storage) that
interact both with users and providers: They pay infrastructure providers for infrastructure and
charge users for usage. We assume that each service s chooses only one (infrastructure) provider,
denoted by f;. So, f:{1,...,5} — {1,..., P} is the service to provider mapping. Further, each
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service s charges a unit price a; to users. Let x; denote the flow (users per time unit) of service s,
which implies y, = 3.5.5,=p %5. Then, the profit of service s is

Service-Profit(s) = (er; — B, )xs- (2)

Users. The customer base of cloud services is typically quite large, and therefore we assume a
continuum of users having mass A, as it is done in nonatomic congestion games. We model the
total user flow to the services as inelastic. Therefore, A = 3 x; is constant, where x is the flow
vector of services.

When joining a service s, users pay «; to service s, as stated above, and incur a congestion
cost. In the cloud, congestion is determined by the combination of both the amount of flow at the
service chosen, x;, and the amount of flow using the provider chosen by the service yy, . Thus, we
further break down the latency experienced into two types of congestion costs: (1) the dedicated
cost (latency) from the service E_fs (x5) and (2) the shared cost (latency) from the provider éfs (47 ). The
dedicated cost represents congestion cost incurred at the service provider, for example, due to the
limited number of virtual machines held by the service. The shared cost represents the congestion
at the infrastructure provider, for example, the delay resulting from the network capacity shared by
all services using the same infrastructure provider. We note that both the dedicated and the shared
latency functions of a service s, Efs {-) and éfs(') are determined by its infrastructure provider f,
although the dedicated latency does depend on the user flow of service s.

We assume that Efs {(-) and ff5(~) are continuously differentiable, strictly increasing and convex
with fﬂ {0) = 0and {?fs {0) = 0. Combining these latencies with the service price yields the “effective
cost” that users seek to minimize. In particular, the effective cost of a user who chooses service s
is

User-Effective-Cast(s) = & +ff5 (x5) + ffs(yfs). (3)

In this article, we sometimes focus on linear latency functions, that is, latencies of the form

Ep(x) = dpX, {?p(y) = &py’ vp, (4)

where the slopes {d, }521 and {d,};_, are assumed to be positive.

P
p=t
2.1 Strategic Interactions and Time-Scale Separation

Throughout this article we interpret the three characters described above as players of a game.
Informally, in this game, each provider sets the price that maximizes its individual profit, each
service sets the price and chooses the provider that maximizes its individual profit, and each user
chooses to join the service that minimizes its individual effective cost.

In practice, these strategic decisions are taken at different time scales. Because of this, it is
reasonable to assume that players acting at a slow time scale will see only the equilibrium behavior
of players operating at a faster time scale. To this end, we assume that the users act at the fastest
time scale, responding to fixed prices of the services and a fixed mapping of the services to the
providers. The next fastest time scale is service pricing, with services competing with each other
to maximize their own profit. Finally, how providers set prices and services decide to distribute
among the providers are modeled as the slowest time scale.

Formally, the timing of the game-thearetic model used in this article is as follows. First, there
is a simultaneous game among services and providers, where the providers set prices and services
choose the connectivity (to providers). Observing the outcome of this simultaneous game, services
settheir prices for users. Finally, with the information on service prices, users choose their services.

This ordering will be used in the next sections to define strategic equilibria and is motivated by
the behavior observed in practice: Users mave quickly between cloud services depending on price,
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service prices also change quickly (hourly or faster), while the change of provider prices and the
migration of services across providers happen infrequently.

3 AMODEL WITH ATOMIC SERVICES

In this section, we take a first step toward describing a tractable and reasonable madel for the
equilibria that result from strategic interactions among users, services, and providers. We con-
sider non-atomic users but atomic services and providers. In this context, we define the equilibria
concepts of interest and highlight the analytic difficulties of equilibria characterization. These dif-
ficulties motivate the consideration of a model with non-atomic services, which we will introduce
in next section and consider in the remainder of the article.

3.1 User (Wardrop) Equilibria

Given a fixed service to providers mapping f and fixed service and provider prices, we assume
that users distribute to minimize their individual effective cost, defined by Equation (3). Similarly
to non-atomic congestion games, for example, Roughgarden and Tardos (2002, 2004), this vields
a Wardrop equilibrium (Wardrop 1952), which states that all active services have the same and
minimum effective cost. The equilibrium is defined as follows.

Definition 3.1. Let mapping f and service prices (e, ...,as) be fixed. A vector xVE =
xVE{a, ) € [0, A]° is a user equilibrium if there exists some p%F > 0 such that
ffs(x?E)Jrfﬁ(ygE)JraS:yUE, Vsl E osill,
i ( UE\ , p [ UE UE  LUE _
{’fs(xj )+€fs(yﬁ )+(x52,u s s v " =10,
%, 2E =40, p,
sifs=p

Zx?E:l.

The existence and uniqueness of a user equilibrium can be easily proven using that conditions
in Definition 3.1 coincide with the optimality conditions of a strictly convex optimization problem,
as done in Dafermos and Sparrow (1969). This is summarized in the following proposition.

ProposiTiON 3.2. Let mapping f, service prices @ and provider prices § = (f1, ..., fp) be fixed.
There exists a unigue user equilibrium, which is given by the unique optimal solution of the following

strictly convex optimization problem:
' Xs e 4
min ? [fo € (dz + asxs | + Zp:fo tp(2z)dz,
s.t. Z Xs = Up, Pi= Ly e o5 Py (5)
sife=p

szz)L

3.2 Service and Provider Equilibria

We now build on top of the user-level competition described above to consider the price compe-
tition of services and providers. In particular, we consider a fixed provider mapping f and define
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equilibrium price vectors for services. This is a natural choice for time-scale separation because
prices of cloud providers such as Amazon and Google fluctuate minute to minute, but services
typically cannot switch between providers at such a fast time scale due to infrastructure setup
differences.

In this context, we consider the equilibria of service and provider prices according to a Stack-
elberg model where providers first set their prices and then services observe these prices and
determine the prices they charge to end users. Of course, the capability to act first confers a strate-
gic advantage for providers over the case where all market participants must choose their moves
simultanecusly; however, this ordering is natural given the realities of the cloud marketplace.

Given the above discussion, we can now formally define the service equilibrium.

Definition 3.3. Let mapping f and provider prices # be fixed. A vector &% = (afE, — ang) is
a service equilibrium (SE) if
oo ¢ arg max(er; — Br.) VE (as, ok, ), s, (6)

a; 20

Definition 3.3 is similar to the definition of oligopolistic equilibrium used in Acemoglu and
Ozdaglar (2007a) and Hayrapetyan et al. {2007). The essential difference stands in the structure
of the latency function of each service s, which in our case depends on x; but also on the whole
vector (xy }s.r,—f, through yg, . For this reason, existence and uniqueness of a service equilibrium
remain difficult issues to study. In fact, as also observed in Acemoglu and Ozdaglar (2007a), service
equilibria may not exist if the latency functions are highly convex because this model is a variant of
the Bertrand-Edgeworth competition maodel, which does not admit equilibrium for highly convex
cost functions; see Acemoglu and Ozdaglar (2007a) and Maskin and Tirole (1988). The possible
non-existence of a service equilibrium makes it difficult to study the interaction among (strategic)
providers who set prices to maximize their individual profit, and so it motivates considering a
variation of the model for analysis.

As a result, in this article, our approach is to analyze an asymptotic scaling of the model as
the number of services becomes large, that is, increases to infinity. See the following section for
modelling details and justifications.

4 A MODEL WITH NON-ATOMIC SERVICES

The previous section develops the equilibria concepts necessary to characterize the strategic be-
havior of the users, services, and providers in our madel. However, as commented abaove, there
are significant analytic challenges in characterizing these equilibria that make the atomic model
intractable to study.

A key observation about cloud markets in practice is that there are generally many more service
providers than infrastructure providers. For example, a recent Gartner analysis of the SaaS market
have shown how this segment is steadily growing (at the rate of 17.9% (Forbes 2013)), and SaaS
cloud market share is already larger than that of TaaS. Maoreover, while SaaS started with office
suites solutions (e.g., GoogleDocs or Office365), now many vertical market segments have begun to
move to the cloud including, for example, ERP (Sap 2014), CRM (Salesforce 2014), Business Process
Modeling (Forbes 2013), Project and Portfolio Management, flight scheduling {Ailium 2014), and
many athers. Even within these individual segments, there is often competition among dozens of
firms. As a result, the largest SaaS players (Google and Microsoft) own only 6% of the SaaS market.

Thus, it is natural to consider a situation where there are many more services than providers,
while keeping that the number of services is order of magnitude smaller than the number of users.
This motivates a change to the model, where services become non-atomic rather than atomic, that
is, considering a finite number of providers that can see services as a non-atomic mass. Note that
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this is an assumption on the number competing services within a particular market segment, for
example, cloud storage where there are more than two dozen competitors, and that this choice
parallels the reasoning behind services viewing users as non-atomic. Importantly, the non-atomic
maodel that we define can be interpreted as the limit of the atomic madel. Specifically, we show
in Appendix A that a symmetric service equilibrium {at which all services that choose the same
provider charge the same price) must converge to the non-atomic service equilibrium, as the num-
ber of services grows proportionally with the mass of end users and the capacities of the providers.
Further, we show by simulation that the non-atomic model is a good approximation for the atomic
maodel even when the number of competing services is small (see Appendix A).

In this section, we introduce the changes to the equilibria concepts that come when non-atomic
services are considered. These changes are driven by properties of the atomic model. Importantly,
the model becomes much maore analytically tractable. In particular, as we show in Sections 5 and
6, for the case with polynomial latency functions, it becomes possible to derive some characteriza-
tions for the resulting equilibria that provide interesting insights about market power, profitability,
and price of anarchy.

The remainder of this section is organized as follows. In Section 4.1, we first develop a model
with non-atomic services that approximates the three-tier market model introduced in the pre-
vious section. Then, in Sections 4.2-4.4, we define equilibrium concepts that are based on the
non-atomic service model introduced above; proceeding by backward induction to study exis-
tence and uniqueness in each case. However, these equilibria are clearly entangled. As a result,
the definitions and initial analytic characterizations of the equilibria concepts are intermingled in
this section, so the characterizations can aid in simplifying the presentation of the definitions that
follow. All proofs are deferred to Appendix B for the ease of the reader.

4.1 A Model for Non-atomic Services

We consider a non-atomic model involving a continuum of infinitesimally small services, indexed
bys < [0,1].

As before, let A denate the total user flow. If the mapping x; : [0, 1] — [0, o) (from the index
of a service to its flow) is Lebesgue measurable, then A can be calculated through the following

Lebesgue integral:
A= j x5 ilds),
[0.1]

where g is the Lebesgue measure defined on [0, 1].

Note that, because the latency cost of users depends only on the provider chosen (not the ser-
vice), all services that choose the same provider are essentially identical. Further, since all services
that choose the same provider are faced with the same profit-maximization problem, it is reason-
able to assume that they charge the same price to their users.! By some abuse of notation, for the
rest of the article we will write the price charged by service s as ay,, which depends only on the
provider it chooses, f;. Since all users are cost-minimizing, it follows that all services that choose
the same provider attract the same amount of data flow, that is, x; = xy if f; = fi. So, for the rest
of the article, we use x, to denote the flow of a service that chooses provider p. We can therefore
rewrite the profit of a service that chooses provider p as (cf. Equation (2))

Service-Profit(s) = (o, — fp)%p, Vs fs =p.

"For an atomic model with linear latency functions, we have shown in Appendix A that all services that choase the same
provider must set the same price at an equilibrium (cf. Proposition A.2).

ACM Trans. Model. Perform. Eval. Comput. Syst., Vol. 2, No. 4, Article 18. Publication date: August 2017.



18:10 ]. Anselmi et al.

Services

(Sa854) Providers
$1 {(PaaSs/TaaSs)
price: ap

Users

Xp
x 52
price: a;

N

price: ap

Fig. 2. Overview of the model with non-atomic services.

The non-atomic model introduced in this section is illustrated in Figure 2. Let g, denote the
fraction of services that choase provider p and define a service distribution as a nonnegative P-
dimensional vector g = (gy, .. ., gp) such that 25:1 gp = 1. Under the assumption that all services
associated with a single provider charge their users the same price, we note that different service
to provider mappings f that lead to a single service distribution g will result in the same service
prices and user flow. That is, the service to provider mapping f can be fully “represented” by its
corresponding service distribution g, and therefore, we will use the latter in the rest of the article.
We have

Yp = GpXp, vp; i Z GpXp-
P

4.2 User (Wardrop) Equilibrium

Under given service prices a and a service distribution g, user equilibrium can be defined in a way
analogous to Definition 3.1.

Definition 4.1. Given the prices charged by services & = (e, ..., ap) and a service distribution
g={g1,- .., gp), aflow vector {xffE }5:1 is a user equilibrium if there exists some pYF such that
EP(XEE) +£P(ygE)+aP :.UUE: Vp:xg‘E > 0,
fp(xgE)+fp(ygE)+ap2pUE’ ‘v’p:xgE:()’

Gxp " =y vp,
-

Further, we denote the set of user equilibria as W (e, g).
Similarly to Proposition 3.2, we have the following characterization on a user equilibrium.

ProPoSITION 4.2. Given a service price vector & and a service distribution g, there exists a unique
user equilibrium, which is the unique optimal solution of the following (strictly) convex optimization
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problem:
o Yo

minimize Z [f £p(2)dz + apx, +Zj tp(z)dz {(7)
p 0 p V0

subject to gpxp = Up, Vp,
2% =%
P
Xp =0, Yp.

4.3 Service and Provider Equilibria

Before maving to the provider equilibria, let us start with the service (price) equilibrium.

Definition 43. Given a service distribution g and a provider price vector 7, a service price vector

& =L e af,E) is a service (price) equilibrium, if
SE _ SE
a,” €arg Iélgé((&’ Po)x(a, a™), wp, (8)
where .
x(a, a°t) =0, it % tp (ygE) < a,
N , (9)
Lo, a®F)) +a = p°F — 4, (ygE), otherwise,

SE _ . SE SE SE
Here, 1" = gpx,", WHete (2 sty
s

&°F and the service distribution g, and 57 is the user effective cost of an active service at the user

equilibrium (x7%, ... ,x:f,E) (cf. Definition 4.1).

) is the unique user equilibrium under the price vector

Definition 4.3 is closely related to its atomic counterpart in Definition 3.3. The major difference
between these two definitions is that, for an infinitesimally small service that chooses provider p,
the user equilibrium (x°* SEY and the corresponding effective cost level pF depend only on

g
i, OEEEERp
SEY i the user flow attracted by the service,

the prices set by other services. In Equation (8), x (e, &
if it sets the price as e, and all the other services set their prices according to the equilibrium o”F.

The value of x(e, @°F) is determined by Equation (9). The price o3 ” maximizes the service’s profit

P
and yields the service an equilibrium user flow of 5%, provided that the other services set their

prices according to the service equilibrium.

We show in the following proposition that, under a given g and £, all service equilibria vield
a unique user equilibrium, that is, result in the same user flow. We can therefore use x°%{g, §) to
denote the user equilibrium under a service equilibrium &>F induced by £ and a service distribution
g

ProrosiTioN 4.4. Given a service distribution g and a provider price vector f, there exists a ser-
vice equilibrium, and all service equilibria vesult in a unique user equilibrium x5% (g, f). Further, the
equilibrium price of a service who selects a provider p with xgE(g, B > 0 is uniquely determined:

GE - B, =xE (g AL (55 B)), VP ixE(g B) > 0. (10)

We note that the uniqueness of a user equilibrium under (g, f) together with the service price
characterization in Equation (10) implies that all passible service equilibria (induced by a given pair
of g and £} are the same, except the prices charged by those services with zero user flow (under cer-
tain (g, #) it is possible that all services connected to a provider have no user flow). Proposition 4.4
shows that on top of the provider’s price f,, each service (that attracts positive user flow) earns a
per-unit profit that equals the marginal dedicated latency at the induced user equilibrium. In Ap-
pendix A, we show that a symmetric equilibrium among atomic services {cf. Definition 3.3) must
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converge to the non-atomic service equilibrium characterized in Proposition 4.4, as the number of
services increases to infinity.
We are now ready to define the provider (price) equilibrium.

Definition 4.5. Given a service distribution g, a provider price vector gF€ = (gFE .| gE) isa
provider (price) equilibrium, if
ﬁ;;'E € argmaxﬂpxgE(ﬁp,ﬁff, g), p, (11)
Bp=0
where (x7E (3, ff, )., xgE(ﬁp, ff, g)) is the unique user equilibrivm induced by provider

price vector (3, ﬁff) and the service distribution g.2

To interpret the above definition, note that, given the prices set by other providers g£Z, the
equilibrium price ﬁf; E maximizes every provider p’s profit at the user equilibrinm induced by the
price vector (5, ﬁff) among all possible prices #, = 0.In other words, provider (price) equilibrium
is a Nash equilibrium among providers under a fixed service distribution g.

Given the definition of provider equilibria, the first questions to address are those of existence
and uniqueness. In the case of linear latency functions, we address both these issues by explicitly
characterizing the provider price vector f at an equilibrium.

PrOPOSITION 4.6. Suppose that latency functions are linear as in Equation (1). Given a service
distribution g with at least two positive components,” there exists a unigue provider equilibrium fF°
such that

(1) Forevery p, we have x;;E > 0, where x'F 2 x5F(g P is the unigue user equilibrium re-
sulting from g and 5°F (cf. Proposition 4.4 for its definition).
(2) The provider price vector 3FE is characterized by

BEE = |2, + dpgp + % o5 «E, ¥p. (12)

The above proposition provides a complete characterization on the unique provider equilibrium
induced by a service distribution g. In particular, we show that equilibrium provider prices have the
same linear structure as the equilibrium service prices characterized in Proposition 4.4, thatis, both
prices increase linearly with the user flow on the provider/service. Further, it is straightforward
ta see that an equilibrium provider price increases with the fraction of services it attracts, g,, and
decreases with gy of any other provider p'.

Before moving to the next section and introducing our main equilibrium concept, we would like
to provide an alternative view of the three equilibrium concepts defined so far, which provides
more intuition. In particular, Figure 3 shows an oligopolistic congestion game that mimics both
user flow and (service and provider) profit resulting from a provider equilibrium defined above. In
this congestion game, each user has ta go through two serial links to reach the “destination.” An
intermediate node represents a provider, and the pth node attracts g, fraction of links (services).

ZSince gp is fixed, maximizing the objective function in the definition is equivalent to maximizing its profit
By xﬁE (Bp. ﬁipf, £)gp. For a provider p with g, = 0, we have implicitly assumed that it aims to maximize the product
of its user flow and its unit price, even if the set of services that choose this provider has a zero measure.

*IF gp = 1for some provider p, then a provider equilibrium does not exist. Since provider p is guaranteed to have a user
flow of A (regardless of the price it sets), it would like to charge an arbitrarily high price.
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Providers
f1 (xq)
L (xy)
Users s
;)0
fp (xp)

Fig. 3. A congestion game that yields the same user flow (at a Wardrop equilibrium) as that resulting from
a provider equilibrium of our madel.

The latency of each link is marked in Figure 3, which depends anly on the total flow of the link.*
Onece a user chooses its service, its provider p is determined, and the user’s cost is given by

E(xp) + E(yp) +¥p + Fps

where f(xp) and y, = ap — ff, are the latency and price of the first link chosen by the user and & i)
and f3, are the latency and price of the second link (that connects the pth intermediate node and the
destination). We note that the total cost incurred by each user from the source to the destination
equals its counterpart in our three-tier model introduced in previous sections. Further, in both the
congestion game presented in Figure 3 and our model, the profit of a service that chooses provider
P 18 ypxp, and provider p obtains a profit of f,u,.

Fixing a service distribution g, we note that the congestion game depicted in Figure 3 has the
same payoff structure as our model. As a result, the equilibrium concepts introduced in Defini-
tions 4.3 and 4.5 essentially form a Stackelberg equilibrium of the congestion game where the
P links (connected to the destination) simultaneously choose their prices first, and then all the
other (non-atomic) links set their prices simultaneously. Proposition 4.4 shows that at all Stack-
elberg equilibria of this congestion game, each active link in the first segment {corresponding to
a service with positive user flow) charges a price y, that equals its marginal (dedicated) latency
at the induced user equilibrium, while the prices charged by the F leaders are characterized in
Proposition 4.6.

4.4 Distribution Equilibrium

The last component to incorporate into the definition is the mapping of services to providers,
that is, the distribution equilibrium, which fully characterizes the strategic interaction among the
three market participants. A distribution equilibrium is a triple consisting of service distribution
g, provider price vector 7, and service vector o such that

(1) given the service distribution g, the price vectors {e, #) form an equilibrium in a Stackel-
berg game where providers set their prices first;

{(2) given the provider price vector f3, the service distribution g constitutes an equilibrium
at which no service can strictly increase its profit by switching to another provider. This
is in a spirit similar to that of the well-known Wardrop equilibrium (Wardrop 1952)
in that an equilibrium service distribution g is a steady state evolving after a transient

4In contrast to a classical congestion game model, here the total flow of the pth link connected to the destination {provider
pis Yp = Xpdp-
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phase in which profit-maximizing services successively adjust their choices of providers
until an equilibrium with stable service profit and user flows have been reached (Larsson
and Patriksson 1999). An equilibrium service distribution has an additional level of
complication with non-atomic services setting their own prices (while non-atomic users
in a Wardrop equilibrium do not).

Definition 4.7. Atriple, (g, &, p),isa distribution equilibrium, if: (i) f isa provider equilibrium
under the service distribution g, and « is a service equilibrium under g and £ and (ii) no service
has an incentive to change its provider because all providers yield services the same profit, that is,

x;E(g? ﬁ)(ap - ﬁp) = é" =0, vp gp > 0,

xf;E(g, By — fp) = &, Yp:igp =10,
where x°F(g, £) is the unique user equilibrium induced by g and 5.

Though compact, the above definition tends to be difficult to work with directly. However, in
the case of linear latencies, the following conditions are easier to work with and are necessary
and sufficient conditions for (g, #) to be a distribution equilibrium, with x = (xy, . .., xp) being the
user equilibrium resulting from g and # (that is, x = x*F (g, ).

dp:xf), = dpxé, it gpgy >0, (13)

s B e e ; _

ApX, < dprxy,, it g,=0, gy >0, (14)

2y Xy + dp G Xy + for = 2dpxp + dpgpXp + fip, Y p,p’, (15)
5 " 9p

fo = |2dp +dpgy + — | % (16)

PP 2yt ag Gy

> =4, (17)
P

>a=1, (18)
b2

where (13) and (14) follow from the definition of a distribution equilibrium and the service equi-
librium prices characterized in Proposition 4.4. Equation (15) states that at the user equilibrium x,
all users have the same effective cost; this is true because all providers have positive user flows
(cf. Proposition 4.6). The equality in Equation (16) is the provider equilibrium price® character-
ized in Proposition 4.6. In Section 5, we will discuss the distribution equilibrium in more detail by
providing a few illustrative numerical examples.

We can further massage the conditions above to highlight that the distribution equilibrium can
be interpreted as a generalized Wardrop equilibrium. In particular, for a triple (g, #, x') that satisfies
the conditions in Equations (13) to (18}, we define an alternative user flow vector x as follows. For

any p’ with gy > 0, we letxp = x;,, and for every p with g, = 0, we make x, > x, such that

"Note that (g, £) is defined as the unique user equilibrium resulting from a service equilibrium under g and £. Since
a is such a service equilibrium, x5 (g, ) is the unique user equilibrium in W{g, «).

®In the proof of Proposition 4.6, we show that a provider price vector of the form of Equation (16) must be a provider
equilibrium {cf. the discussion following Equation (46)).
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where p’ is a provider with g,- > 0. The modified triple (g, 5, x) must satisfy the following
conditions:

gy = dpxy, P, P, (19)

2ay Xy + dp Gy Xy + for = 2dpxp + dpgpXp + fip, if gpgy >0, (20)

2dp%p + dpgpXy + fp = 2ap Xy + dp Xy + P, if g,=0, gy >0, (21)
- 9p

By = |2ap +dpgy + — | % (22)

pI#P 2&p/+&plgpl

Z GpXp = A, (23)
P

=L (24)
P

Note that, for any triple (g, f, x) that satisfies the preceding conditions (19)—(24), we can con-
struct a triple (g, 5, x) that satisfies the conditions in Equations (13) to (18). It follows that a vector
(g, B) that satisfies the conditions in Equations (19)—(24) must be a distribution equilibrium. Next,
we define

1 B . gp
Tfolgprg-p) = \/? 2(2dp + dpgp) + T . (25)
o

oy B
PP 2ap + Ay gy S

Using the above, for a triple (g, 3, x) that satisfies the conditions in Equations (19)—(24), substituting
xp and fi, to Equations (20) and (21), we obtain

FolGps9—p) = for(Gors Gpr)s it gygp >0,
fp(o’gfp) = Jio’(gp”gfp’)’ if 9 =0, gy >0,

ngzl.
P

That is, a distribution equilibrium g must satisfy conditions (26). On the other hand, given a vector
g that satisfies conditions (26), one can solve the triple (g, 5, x) by using conditions (19)—(24) and
then obtain the corresponding distribution equilibrium (g, 5, x'). We conclude that condition (26)
is necessary and sufficient for a vector g to be a distribution equilibrium.

It is this form that provides intuition for the distribution equilibrium concept. In particular, we
can regard condition (26) as a generalized Wardrop equilibrium, where the latency function depends
on all the components of the model. Turther, it can be verified that f,(g,, 9-,) is a convex function of
g and increases with g, and decreases with every companent of g_,. This highlights that, though
distribution equilibria are complicated concepts, there is intuition that serves as a guide for our
analysis in the coming sections.

(26)

5 PROFITABILITY

Given the model introduced in the previous two sections, we are now ready to study the interaction
of congestion and pricing in the cloud marketplace. The first question we seek to address is the
following: Do the providers or services have market power, that is, which extracts the most profit?
Then, in the next section, we study the impact of the cloud marketplace on the user experience.
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Studying the relative profitability of services and providers requires contrasting the profits at-
tained by services and providers at a distribution equilibrium. However, it is difficult to calculate
closed form expressions that allow such a comparison for the general setting. Hence, we consider
two special cases of the model here: the case of P symmetric servers and the case of two asymmet-
ric servers. For both cases, we assume that all providers have linear latency functions, so we can
obtain simple, interpretable expressions for the service and provider profits.

5.1 Symmetric Providers, P Providers

The first case we consider is a symmetric model where dy = @ and d, = d for every p. In this case,
it is easy to characterize the service and provider profits. Specifically, it follows from conditions
(26) that there exists a symmetric distribution equilibrium such that

Then, from Equation (22), we have
P 1
PE = -
= A (Za + a—) .
=P P
Through a simple calculation (based on conditions in Equations (13) to (18)), we obtain
2a+dfF
F-1
These expressions for the provider and service profits are quite informative. In particular, they
highlight that services extract profits only as a result of dedicated latency in this setting, while
providers extract profits from both shared and dedicated latencies. However, competition among
symmetric providers significantly reduces the profits providers can extract. Interestingly, com-
petition more quickly reduces the profits that can be extracted from shared latencies than from
dedicated latencies. However, as P — oo, pravider profit goes to zero. In contrast, despite the fact
that a continuum of services is considered, services still extract positive profit from the market-
place. This highlights that services maintain market power over providers even when services

are highly competitive and that one should not expect the cloud marketplace to support a large
number of providers.

Provider-Profit(p) = ( ) A Service Profit(s) = al®.

5.2 Asymmelric Providers, 2 Providers

The asymmetric case is more difficult to characterize explicitly, and so we are limited to the case
of two providers, F = 2. In this setting, we can prove the following proposition, which is the key
to our study.

ProprosiTION 5.1. Consider a case where there are two providers (P = 2) with linear latency func-
tions as in Equation (4). There exists a unique distribution equilibrium, which is a solution to the
following optimization problem:

inimi 1 (2(2" +1‘ 2)+2”( In(1 ))+1“ 2)
minimize — aigy + —aig az({—g1 —In(1 —g —dsg
_\/E 141 211 2z 1 1 221

1 " 1. - 1y
+— (2 (Zazgz + Eazgg) + 2a1(—go — In{1 — o)) + zalgg)

vay
subjectto ¢t tgp =1, g =0, g =0.

The proof of the preceding proposition is given in Appendix C.1. Using the preceding propo-
sition, we can explicit calculations comparing the profitability of services and providers in two
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{extreme) examples. In particular, we consider examples where one provider is extremely inef-
ficient with respect to either dedicated or shared latencies. These two examples highlight that
the caompetition in the cloud marketplace “protects” inefficient providers. That is, the inefficient
provider in both examples still achieves profits within a factor of four of the efficient provider.

Example: One Provider Has Extremely Inefficient Shared Latency

Consider a setting where a;, d;, and a; are fixed, but the marginal shared cost of provider 1 in-
creases to infinity, that is, 4; — oo, At a distribution equilibrium, it follows from the characteriza-
tion of a distribution equilibrium (provided in the proof of Proposition 5.1) that

1 - " Zdzgl N 1 ~ . 2&19’2 "
E— 2(2&1 + algl) + + ngl) = — (2(2&2 + ngz) + +d1g2) .
Vay ( 1-a Va, 1-9
As a; approaches infinity, through a simple calculation, we obtain
Vay 2@
G == P 7 ==
Va + 2va, Vay + 2va,
We then have
A 24 A2
Xy — —, Xy — —, service-profit — —(\/d_l + 2\/%)2,
39’1 39’2 9

/'LZ 2
provider-profit{1) ~ 3&1, provider-profit{(2) ~ le,

where x, is the equilibrium user flow at provider p.

Note that both providers’ profits depend only on provider 1’s marginal shared cost 4, and that
the “bad” provider 1 still obtains one half of the user flow of provider 2 and one fourth of the profit
of provider 2 despite providing much worse performance.

Example: One Provider Has Extremely Inefficient Dedicated Latency

Consider a setting where d;, @z, and @, are fixed, but the marginal dedicated cost of provider 1
increases to infinity, that is, 4 — co. At a distribution equilibrium, it follows from the proof of
Proposition 5.1 that

1 - R 2&29’1 N 1 - . 2&19’2 .
— (2(2&1 + 0191) + —- + ngl) = —= (2(2&2 + ngz) + + algz) .
Va; 1—¢ as 1—g
As d; increases to infinity, through a simple calculation, we have
A 2 , A2
X191 — Xogs — —, service-profit ~ —ady,
3 3 9
e 842 _

provider-profit(1) ~ le, provider-profit{2) ~ —au

where x, is the equilibrium user flow at provider p.

Note that both providers’ profit depends only on provider 1's marginal dedicated cost @; and
that, again, the “bad” provider (provider 1) still abtains half of the traffic of pravider 2 and ane
fourth of total profit of provider 2.
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¢ PRICE OF ANARCHY

The second question we study about the cloud marketplace is the following: What is the effect of
price competition in the cloud on the performance experienced by users?

Ta study this question, we measure the “performance experienced by users” by the aggregate
user latency resulting from a distribution equilibrium (g, a, £); that is,

%8 2 9%, (B () +E5(gp%,)), (27)
P

where x = (xq, ..., xp) is the user equilibrium under g and o

To provide a baseline for comparison, we contrast the aggregate user latency at a distribution
equilibrium with the optimal aggregate user latency. That is, we study the “price of anarchy,”
which is typically used to measure the loss of social welfare caused by the strategic behavior of
market participants. In a similar spirit, we define the price of anarchy (PoA) of a distribution
equilibrium as the ratio of its resulting aggregate user latency to the minimum possible’:

5 E]
poa s LB (28)
f(x".g")
where (x*, g%} is an optimal solution to the following optimization problem:
minimize £(x, g), (29)

subject to Z Gpxp = A,

P
ngzl’
?

dp = 0, Xp =0, Yp.

Note that a triple (g, 5, x) that satisfies conditions (19)—(24) yields the same aggregate latency cost
as the corresponding distribution equilibrium (g, 3, x”) that satisfies conditions (13) to (18), because
the pth component of x is the same as that of x’ for every p with g, > 0. We therefore can {and
will) use conditions (19)—(24) to analyze the efficiency of a distribution equilibrium.

The goal of this section is to bound the price of anarchy of the cloud marketplace; how-
ever, bounding the price of anarchy in our model under general assumptions is difficult. Thus,
throughout this section, we assume that latency functions are polynomial, that is, Ep(x) = iipxk
and fp(y) = &pyk, for every p.

Under these assumptions, we provide two main results. First, in Section 6.1, we consider a gen-
eral market model with P providers and we show by example that when one of the providers has
very bad latency cost, a distribution equilibrium may vield an arbitrarily high price of anarchy. On
the other hand, we prove an upper bound on the price of anarchy that depends only on the mini-
mum and maximum marginal latency costs amang all providers. This result provides an efficiency
guarantee for a distribution equilibrium, when all providers are nearly “symmetric.”

Second, in Section 6.2 we consider an alternative formulation of the model that allows us to
separate the impacts of the number of providers and the asymmetry among them. In particular,
we consider a “replica economy” scaling of providers where there are P types of providers and the
number of providers of each type scales with a sequence of integers n as n increases to infinity.®

"We note that the aggregate welfare of the system depends only on the aggregate user latency, since the aggregate profit
of Taa8 and Paa$S equals the users’ total payment.

8Such replica economies are studied commeonly in the economics literature, for example, in the context of core convergence
(Hart 1979,
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In this context, as n increases to infinity, we show that there exists an e-equilibrium with € > 0
decreasing to zero. Further, in the limiting game the price of anarchy is bounded by k + 1, which
highlights that if the asymmetry of providers is “fixed,” then competition among providers leads
to efficient performance for users.

6.1 General Bounds on the Price of Anarchy

As mentioned above, without any assumptions on the latency cost or the symmetry of the
providers, the price of anarchy of the cloud marketplace can be quite large, as highlighted by
the following examples.

Example: Unbounded Price of Anarchy

Consider a model with P providers. Provider 2, . .., P are identical, and each has very large mar-
ginal shared cost(i.e., dy = d3 = - -+ = dp — o0). [t is socially aptimal for all users to use provider 1,
and the minimum aggregate latency cost is given by

{(x",g") = ngxp(dpxp + dpgpxp) = aAr + aA%. {(30)
P

At a distribution equilibrium, through a simple calculation we obtain

2 ay ap
glzf: gp: — — P:2:' $P:
(2va + Vaz) (P —1)(2Var + \ap)
which yields a user flow of
2A A
X = —, Xp=———— p=2...P (31)
T ? (P -1)3g,

It is easy to see that as the marginal shared cost of the P — 1 providers increases to infinity, this
distribution equilibrium yields an arbitrarily high price of anarchy.

Price of Anarchy Bounds for Nearly Symmetric Providers with Polynomial Costs

The previous example highlights that the efficiency of the cloud marketplace depends heavily
on the difference between the best and worst providers. This abservation leads to the following
proposition, which shows that a distribution equilibrium cannot be too inefficient if the worst
pravider is not “very” different from the best one when the latency cost is palynomial.

ProrosiTiON 6.1. Suppose that latency functions are polynomial, that is, fp(x) = E‘ipxk and
fp(y) = &pyk for every p. The price of anarchy of a distribution equilibrium cannot be higher than

émax # &max
= s pk’ (32)
Qmin t amin/P

where dypin = Miny dp, dpin = MiNp dp, Gmax = MAaXp dp, and dmay = Maxp dp.

Proposition 6.1 is proved in Appendix D.1. It highlights that symmetry of providers is crucial for
ensuring the efficiency of the cloud marketplace. The propasition implies that when all providers
are symmetric, the price of anarchy converges to one (asymptotic efficiency is achieved) as the
number of providers P grows large. Further, it highlights that when the number of providers is
large, the ratio of dedicated latency costs to shared latency costs, that is, dya/@min, also plays a
significant role in the efficiency of the marketplace.
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6.2 Bounds on the Price of Anarchy When the Number of Providers Is Large

In this subsection, we consider an alternative formulation of the model that allows us to attain
more general bounds on the price of anarchy of the cloud marketplace. In particular, we consider
a setting with a large number of small (non-atomic) providers. More specifically, when there are
a large number of small providers, it is reasonable to expect that providers cannot anticipate the
impacts of their prices on user flow, due to, for example, the lack of information or the limit of
computational capability. This assumption leads us to a “nan-atomic” pravider equilibrium concept
for this scenario, which we define below. Then, in this new model, we are able to obtain general
bounds on the price of anarchy under polynomial latency cost functions.

6.2.1  Non-atomic Formulation and Approximation. In this section, for the case of polynomial
latency functions, we define a price equilibrium among a continuum of providers (in the set [0, 1])
and show that the non-atomic provider equilibrium serves as a good approximation for its atomic
counterpart (cf. Definition 4.5) in a replica economy.

The providers are divided into P types, and for each p € [1, ..., F], there is g, > 0 fraction of
providers of type p. We will focus on symmetric equilibria where all providers of the same type
set the same price. As a result, all providers of the same type p must attract the same amount
of services, which is denoted by g, in this section. In this setting, the total amount of services
connected to type-p providers is g, gp, and we have 3, gpg, = 1. Before stating our equilibrium
concept, it is useful to specialize some results from previous sections about service equilibrium
prices. In particular, it follows from Proposition 4.4 that the service equilibrium prices are

@ = Bp = xply () = kdp ()"
which yields users of provider p an effective cost of
(xp) (ke + 1)t + Gpgl) + .

Using the above, we can define the non-atomic provider price equilibrium as follows.

Definition 6.2. Given a service distribution g, a provider price vector 7% = (ﬁfE, ceny gE) isa
non-atomic provider (price) equilibrium, if
BYE < argmax px (8, 55, p, (33)
P B0
where
x(f, p7F) =0, it p<p,
(34)
x(f, BEEYE ((k + a, + c%pg;f) =p—p otherwise.

Here, p is the user effective cost of an active service at the unique user equilibrivm induced by g
and ST (cf. Definition 4.1).

The above definition mimics the definition of a non-atomic service equilibrium in Definition 4.3.
Similarly, we have assumed that every provider p is infinitesimally small and therefore has no
influence on the user effective cost u. In Equation (33), x(f, 57F) is the user flow attracted by
the provider, if it sets the price as f#, and all the other providers set their prices according to the
equilibrium . The value of x(5, 57F) is determined by Equation (34). The price ﬁf:E maximizes
the provider’s profit provided that the other praviders set their prices according to the equilibrium.
[t is worth noting that the distribution of provider types (g1, - . ., gr) does not show up in the above
definition, because each provider’s profit depends only on its own price and its user flow, with the
latter determined by the service distribution g and the provider price vector f7.
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Given the non-atomic provider equilibrium defined above, we can define a corresponding dis-
tribution equilibrium that parallels Definition 4.7. The following proposition shows that on top of
the provider equilibrium defined in Definition 6.2, both existence and uniqueness of a distribution
equilibrium are guaranteed.

ProrosiTION 6.3. Suppose that latency functions are polynomial, that is, fp(x) = E‘ipxk and
fp(y) = &pyk, Jfor every p. There exists a unigue distribution equilibrium when a nonatomic provider
equilibrium Is considered.

The proof of this proposition is given in Appendix D.2. Note that the non-atomic provider equi-
librium can be rigorously interpreted as the limit of the original atomic provider game considered
to this point of the article. In particular, we justify the non-atomic provider equilibrium concept
by considering a replica economy, where there are in total P types of providers, and the number
of providers of each type scales with n as n — co. More formally, the sequence of finite models
defined as follows converges to the model with non-atomic providers we study in this section.

Definition 6.4 Consider a sequence of models G, n = 1,2, . ... For each Gp:

(1) The aggregate user flow is nA, and there is a continuum of services in [0, n].

2 ere are a total ot P tvpes of providers. The latency tunctions ot a type rovider are
Th l of P types of providers. The | y fi i f a type p provid
assumed to be linear, that is, £,(x} = dpx and £,(y) = 4.

3) For every p, the number of type-p providers is g2n, where lim,_.. ¢F = g,. We assume
F ry p, th ber of type-p providers is g n, where li qp = qp- Wi
that g, > 0, for every p.

As n increases to infinity, the following proposition shows that every provider’s profit is ap-
proximately maximized at a distribution equilibrium, as the scaler n (in Definition 6.4) increases
to infinity.

PropOSITION 6.5. In a sequence of games (G} |, a distribution equilibrium among non-atomic

providers (on top of the provider equilibrium defined in Definition 6.2) is an e"-equilibrium in the
atomic model Gy, with " decreasing to zero as n — oo,

The proof of this proposition is given in Appendix D.3.

6.2.2  Price of Anarchy Results. Given existence and uniqueness of a distribution equilibrium,
we abtain the following bound on the price of anarchy, which is proven in Appendix D.4.

THEOREM 6.6. Suppose that latency functions are polynomial, that is, fp(x) = iipxk and fp(y) =
E«:pyk, for every p. The price of anarchy of a distribution equilibrium using a non-atomic provider
equilibrium Is at mostk + 1.

In contrast to Proposition 6.1, the above theorem highlights that the price of anarchy will be
small in settings when there are a large number of providers. For example, the price of anarchy
is simply 2 in the case of linear latencies, and, more generally, the price of anarchy is &+ 1 if
congestion costs are polynomial with degree k. Interestingly, this is essentially the same price
of anarchy as when no market structure exists, that is, users directly choose providers based
on congestion costs (Roughgarden and Tardos 2002). Since the price of anarchy of the two-tier
maodel (users and SaaSs) converges to one in the limit as the number of services grows (Anselmi
et al. 2011}, Thearem 6.2.1 reveals that the addition of praviders into the marketplace “undoes”
the efficiency created by competition among services. Further, these results highlight that it is
crucial to find ways to incentivize participation of Taa5/PaaS providers in the cloud marketplace,
especially given the results in Section 5 which highlight that the profitability of providers
decreases quickly with increasing competition.
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7 CONCLUDING REMARKS

In this article, we develop a novel model for the cloud computing marketplace which, for the
first time includes (i) the three-tier structure of the marketplace (including users, services, and
providers) and (ii) the distinction between shared and dedicated latency in the cloud. The inclusion
of these factors leads to novel qualitative insights about market power, user performance (the price
of anarchy), and the differing impacts of shared and dedicated latencies.

We view this article as a first step towards a deeper understanding of the cloud marketplace.
As such, there are many extensions that are interesting to consider in future work. For example,
we have cansidered one popular price structure, “charge per flow,” but there are many other price
structures that are available today, including “charge per instance,” a fixed “membership” charge,
and so on. Additionally, there are many simplifications in the model considered here, for example,
that users and services are homogeneous and non-atomic and that there is no market friction pre-
venting services from switching providers. These assumptions are made to allow an analytic first
step toward understanding the impact of market structure and would of course be very interesting
to remove with future research. A particularly interesting (and challenging) extension to consider
waould be to study the role of capacity investment decisions of the infrastructure providers. The in-
corporation of capacity investment decisions into the three-tier model requires considerable new
analytic tools but could yield an interesting tradeoff between capacity investment and pricing
power.
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