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ABSTRACT

This paper introduces a new discrete time continuous wavelet transform (DTCWT)-based algorithm,
which can be implemented in real time to quantify and compensate periodic error for constant and non-
constant velocity motion in heterodyne displacement measuring interferometry. It identifies the periodic
error by measuring the phase and amplitude information at different orders (the periodic error is modeled
as a summation of pure sine signals), reconstructs the periodic error by combining the magnitudes for all
orders, and compensates the periodic error by subtracting the reconstructed error from the displacement
signal measured by the interferometer. The algorithm is validated by comparing the compensated results
with a traditional frequency domain approach for constant velocity motion. The algorithm demonstrates
successful reduction of the first order periodic error amplitude from 4 nm to 0.24 nm (a 94% decrease) and
areduction of the second order periodic error from 2.5 nm to 0.3 nm (an 88% decrease). The algorithm also
reduces periodic errors for non-constant velocity motion overcoming limitations of existing methods.

Wavelet transform

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Displacement measuring interferometry provides high resolu-
tion and accuracy for dimensional metrology and is used in a
number of applications including semiconductor fabrication and
linear stage calibration. Heterodyne (two-frequency) Michelson-
type are often selected. The interference between the reference
and measurement signals is observed at a photodetector, where
current is generated proportional to the optical interference signal.
The current is processed and converted to voltage and the phase
between the reference signal and the signal after displacement is
determined by phase-measuring electronics. The measured phase
change is nominally linearly proportional to the displacement of
the measurement target. However, errors and defects in the optical
system components cause frequency mixing between the polarized
reference and measurement arms. This frequency mixing causes
periodic error to be superimposed on the measured displacement
signal. For heterodyne interferometers, both first and second order
periodic errors can occur, which correspond to one and two periods
per displacement fringe. The periodic error can limit the accuracy of
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the heterodyne interferometer to the nanometer level (or higher)
depending on the optical setup.

Previous research has demonstrated a frequency domain
approach to periodic error identification [1-3], where the peri-
odic error is measured by calculating the Fourier transform of the
time domain data collected during constant velocity target motion.
The periodic errors are then determined from the relative ampli-
tudes of the peaks in the frequency spectrum. For an accelerating or
decelerating motion, however, the Doppler frequency varies with
velocity. In this case, the frequency domain approach is not well-
suited because the Fourier transform assumes stationary signals. To
overcome this limitation, a wavelet-based analysis is applied here
to measure and compensate periodic error.

A continuous wavelet transform (CWT) of a time domain signal
provides information in both the temporal and frequency domains
[4]. For example, calculating the Morlet CWT enables the frequency
content of a signal to be observed at different times [5-7]. The CWT
can be more informative than the Fourier transform because the
CWT shows the relationship between frequency content and sig-
nal based on the wavelet scale and the time period. This enables
the frequency and time information of the signal to be determined
simultaneously by applying an appropriate wavelet. When applied
to non-stationary signals, the CWT can supply accurate frequency
information continuously.
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Fig. 1. Schematic of heterodyne interferometer setup. Optical components include:
retroreflectors (RR), polarizing beam splitter (PBS), polarizers, half wave plate
(HWP), and photodetectors.

In this work, a wavelet-based approach is used to capture both
the temporal and spectral components of periodic error to allow
for non-constant velocity error compensation. This paper discusses
periodic error, the CWT in its general form, and introduces a
new wavelet-based approach to measure and compensate periodic
error for both constant and non-constant velocity target motions.
The effectiveness of the wavelet-based approach to detecting and
compensating periodic error is compared to the traditional Fourier-
based approach for constant velocity motion. The effectiveness of
the wavelet-based approach is also tested for non-constant velocity
motion to demonstrate that utilizing wavelets allows for periodic
error compensation for time-varying and frequency-varying errors.

2. Background
2.1. Periodic error

Heterodyne Michelson interferometers (Fig. 1) use a two-
frequency laser source and separate the two optical frequencies
into one fixed length and one variable length path via polarization.
Ideally these two beams are linearly polarized and orthogonal so
that only one frequency is directed toward each path. An inter-
ference signal is obtained by recombining the light from the two
paths; this results in a measurement signal at the heterodyne (split)
frequency of the laser source. This measurement signal is com-
pared to the optical reference signal. Motion in the measurement
arm causes a Doppler shift of the heterodyne frequency which is
measured as a continuous phase shift that is proportional to dis-
placement. In practice, due to misalignment of optical components,
component imperfections, and elliptical polarization, undesirable
frequency mixing occurs which yields periodic errors.

Fedotova [8], Quenelle [9], and Sutton [10] first investigated
periodic error in heterodyne Michelson interferometers. Subse-
quent studies of periodic error and its reduction have been reported
in the literature [8-38]. Researchers have analyzed and applied
different methods to measure and compensate periodic error,
including the frequency domain approach [1-3] and several time
domain measure-and-compensate algorithms [39-43].

2.2. Continuous wavelet transform

A wavelet function of time, 1/(t), is a finite energy function with
an average of zero and is usually normalized to a unit value [44],
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Fig. 2. Translation and dilation of the mother wavelet. (a) Shifting a wavelet in time
is translation. (b) Stretching or squeezing a wavelet is dilation.

A wavelet family can be generated from a “mother” wavelet by
translating it via the shift parmeter, u € % and dilating the wavelet
via the scale parameter, s >0 (Fig. 2). This series of wavelets can be
expressed as

Yus(t) = %w (t - ”) : (2.3)

N

In this research, a continuous wavelet transform (CWT) is used
to analyze the displacement signal, x(t), which is measured by the
heterodyne interferometer, with a wavelet function (t). For this
one-dimensional signal, x(t), the CWT result W is defined as the
convolution of x(t) with a scaled and translated variation of the
mother wavelet ¥(t) via

Wi(u, 5) = +oox(t)1/f* (t)dt = +ch(t)11/f* U ar, (2.4)
,S)= . u,s = - % (T) ’ .

where * indicates the complex conjugate. One property of CWT is
its linearity,

N N
WZO[,»X,- (u,s) = Zai[Wxi(u, s)], (2.5)
i=1 i=1

which can be used to analyze a multi-component signal x =
ZLO(,X,-, where ;(i=1...N) are constants. This property will be
used in the algorithm to obtain periodic error amplitudes.

There are many types of wavelet functions available depend-
ing on the detection approach. Commonly used wavelets are the
Haar, Daubechies, Meyer, Mexican Hat, and Morlet. Wavelets are
selected based on the signal characteristic that can be extracted by
the particular wavelet. For phase evaluation (i.e., for a sinusoidal
model of periodic error, amplitude and phase are to be determined),
the complex Morlet wavelet is suitable because it enables localiza-
tion in both the time and frequency domains [45]. The frequency of
the periodic error signal is located at the scale with the maximum
wavelet coefficient and the phase information can be extracted
based on the real and imaginary parts of this coefficient.

The complex Morlet wavelet is composed of a complex expo-
nential multiplied by a Gaussian window (Fig. 3),

v (%) — e dei2mh 5t o H(5E) (2.6)
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Fig. 3. The mother wavelet of the complex Morlet wavelet.
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Fig. 4. (a) Simulated linear displacement at 50 mm/min and periodic error with
magnitudes of 4 nm and 2.5 nm for first and second order, respectively. (b) Periodic
error amplitudes in the frequency domain.

where fy is the central frequency of the mother wavelet.
3. Algorithm

This section introduces the novel wavelet-based periodic error
compensation algorithm in real-time, including all the calculation
steps from receiving a new data point to outputting a compensated
data point. In this research, only the periodic error is considered.
For a motion of a moving retroreflector in a single pass interfer-
ometer, for example, Fig. 4 displays a simulated displacement of
this motion from 25 pm to 30 wm with a velocity of 50 mm/min in
0.006 s, and superimposed periodic error with a first order magni-
tude of 4 nm and second order magnitude of 2.5 nm. The nominal
constant velocity motion is extracted to reveal only the remaining
periodic error component.

Each order of the periodic error is modeled as a pure sine wave,
Asinf(t), where t is the time, A is the amplitude, and 6 is the phase.
For example, first and second order periodic errors can be expressed
as Aqsinfq(t)+A,sinf,(t). Fig. 5 shows first and second order peri-
odic errors in both the time and spatial (polar coordinate) domains.
The frequency, f1, of the first order periodic error is half of the sec-
ond order error frequency, f>. Thus, the phase, 81, of first order
periodic error is half of the second order phase, 8,.In general, for kth
order periodic error, the frequency, fi = kf, and the phase ), = k0.
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D\ //H'
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Fig. 5. First and second order periodic error in time and spatial domain.
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Fig. 6. The edge effect is depicted at the end of the signal.

Measured displacement data is collected at every sample inter-
val, which means the data is discrete, such that the continuous form
of CWTin Eq. (2.4) cannot be directly used in the algorithm. Instead,
the discrete time continuous wavelet transform (DTCWT) is used

Wx(n, s) = ZM: (x(n/)ﬁw* (%) At) , (3.1)

n'=1

where x(n) is the nth discrete data point, ¥* is the mother wavelet,
M is the number of total data points in the signal, and At is the
sampling time.

When the algorithm is implemented to post-process a measured
displacement signal, the entire signal can be directly analyzed with
the DTCWT since it is already known. However, when applying the
algorithm in real-time (that is, a new displacement data point is
received at each sampling time), only the present and previous data
points are known. The DTCWT coefficient of one data point is calcu-
lated with its neighboring points. When calculating the DTCWT at
the last point of the signal, half of the wavelet is outside the signal
as shown in Fig. 6. Therefore, the DTCWT at the edges of the sig-
nal is not proportional to the DTCWT when the wavelet is almost
entirely in the signal; this results in an “edge effect”. There is no
known method to eliminate this effect. However, a padding method
(adding predicted points at the end of the signal) can partially
resolve the issue. Zero-padding is commonly realized by adding
zeroes at the end of the signal and it is used in the real-time DTCWT-
based periodic error compensation algorithm proposed here. The
real-time processing algorithm is described in the following para-
graphs.

The algorithm starts with storing the latest N data points in a
memory array, X[1...N], which is used as the signal to conduct
the DTCWT. First, detrending X[1 ... N] is required to eliminate the
main displacement component (subtracting the line connecting the
beginning and ending points of the signal). This step is required
because the magnitude of the periodic error is typically on the
nanometer level while the overall displacement is usually on the
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Fig. 7. DTCWT coefficients calculation at n=N and scale s[1...M].

micrometer level or larger. A new array X’[1...N] is obtained after
detrending the measured data X[1...N].

The DTCWT (Eq. (3.1)) is applied to the signal X'[1...N] using
the following five steps:

(1) substitute the data points in X'[1...N] for x in Eq. (3.1),

(2) select the mother wavelet to be the complex Morlet wavelet to
produce child wavelets at various scales,

(3) set the shift parameter n to N (for the last point of the array),

(4) buildascalearrays|[1...M]toproduce the child wavelets where
M is the total integer number of scales used in the DTCWT
calculation,

(5) using Eq. (3.1) calculate the wavelet coefficient of the Nth data
point in the array.

Because the complex Morlet wavelet has complex values the
resulting coefficients from the DTCWT calculation in Eq. (3.1) will
also be complex. Therefore, after applying the complex Morlet
wavelet to the signal, the resulting wavelet transform is a complex
array along the scale direction (see Fig. 7).

The modulus and the phase for each complex coefficient can be
calculated as:

abs(n, s) = |Wx(n,s)‘ and (3.2)

@(n, s) = arctan (Im(w"(”v S))) ,

Re(Wx(n, s)) (33)

where Im and Re represent the imaginary and real parts of the
DTCWT coefficient, respectively. For the modulus abs(N, s) at X'[N]
along the scale array, the maximum value of the DTCWT coeffi-
cient or “ridge” can be extracted. The ridge is defined as the location
where the modulus reaches its local maximum at scale S;qge [46].
When the modulus is maximal at the ridge, the frequency of the
wavelet scaled by sjgge Shows the greatest match with the con-
volved periodic error signal [47].

This syjgge €quals s1, which corresponds to the frequency of first
order periodic error. Therefore, the phase ¢(N, sS;qge) is the first
order periodic error phase at X'[N]. A phase array ¢[1...N] is used
to store this phase. A new point is added by completing two steps:
(1) remove ¢[1] and shift ¢[2...N] forward to ¢[1...N—1] and
(2) set @[N]=@(N, siigge ). Subsequently, the array ¢[1...N] has the
first order periodic error phase information for the latest N data
points. Based on the periodic error model defined at the beginning
of this section, with the phase array ¢[1...N] and an assumed unit
amplitude, the kth order periodic error is Agsin(6)=sin(kp). It is
located at the scale s, =s1/k since its frequency is f, =kf; and the

scale is inversely related to the frequency. The kth order periodic
error for the latest N points is

1 [1...N] = {sin(kg(1)), sin(kp(2)), ..., sin(kep(N))}, (34)

which is called the “reference periodic error”.

The next step is to determine the amplitude of different peri-
odic error orders. The entire periodic error e[1...N] is a linear
combination of m order periodic errors, which can be expressed
as

e[1...N] = ZAjrj[l. ..N], (3.5)
j=1

where A;(j=1...m)is the periodic error amplitude on the jth order,
which is to be quantified.

Assuming that the detrended array, X'[1...N], is exactly the
periodic error,! the assumed sinusoidal combination of periodic
errorse[1...N] can be said to be equivalent to X'[1...N] according
to Eq. (3.5) to obtain

X'[1...N] = ZAjrj[L ..N]. (3.6)
j=1

The discrete form of the CWT in Eq. (3.1) can then be used on
both sides of Eq. (3.6). Eq. (3.6) is effectively substituting the actual
periodic error for x on one side of the equation and substituting
the periodic error model on the other side of the equation. Once
the values are substituted the complex Morlet wavelet can be used
to calculate the coefficients by setting the location to be n=N, and
using scaless[1...M].Thelinearity property of the CWT introduced
in Eq. (2.5) can then be used to construct the following result:

WX'[1...NI(N, s[1...M1) = > AWr[1...NIN,s[1..MD)], (3.7)
j=1

where WX'[1...N|(N, s[1...M]) has already been calculated. For
m order reference periodic errors, another m DTCWT calcula-
tions about Wrj[1...N](N, s) (j=1...m) are required. Amplitudes
Aj(j=1...m) include m unknowns, which require at least m
equations to be solved. Recall that the frequency of jth order peri-
odic error is related to the scale sj=s1/j, so the DTCWT results
WX'[1...N|(N, s;) and Wrj[1...N](N, s;) at scale s; are extracted
for use (i, j=1...m). Let ¢;=WX'[1...NI(N, s;), djj=Wrj[1...N](N,
si),1,j=1...m.The following set of equations can then be obtained
from Eq. (3.7):

c1 =Aydy +Axdi + -+ Amdin Aq
Ccy =A1dy1 +Axdyy + -+ Amdom Ay
=
cm =A1dm1 +Axdma + - + Andmm Am
-1
dyy diz - dim 1
dyp dyp - dop 2
- . (3.8)
dm dm2 -+ dmm Cm

1 If there is a difference between the detrended signal and the actual periodic
error due to imperfect detrending, this causes an error in the algorithm results.
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Fig. 8. Calculations to implement the periodic error compensation algorithm.

The amplitudes A;j(j=1...m) can be determined and then the
magnitude M of the periodic error at the latest sampling time is
calculated using

M= ZAi sin(ig(N)), (3.9)

i=1

where A;sin(i@(N)) is ith order reconstructed periodic error at n=N.
Finally, the magnitude M is subtracted from the original displace-
ment data to determine the compensated displacement data point.
Fig. 8 displays the sequence of calculations required for com-
pensating one displacement data point in the DTCWT algorithm.

4. Simulations and experiments

Simulated and experimental displacement data with periodic
errors were used to assess the validity of the wavelet-based com-
pensation. Only the first and second order periodic errors were
considered. The experimental parameters were: (1) He-Ne laser
wavelength of A =633 nm; (2) a fold factor of FF= 2, which describes
the number of light passes through the interferometer (the first
order error completes a full cycle in 633/2=316.5 nm, while the
second order error requires 633/4=158.3nm); and (3) a sampling
frequency was 62.5 kHz. The size N of the array X[1...N]was 200 in
the simulations. In other words, at every sampling time, the latest
200 data points were used in the DTCWT compensation calculation.
The choice of this size is based on the sampling rate and the fre-
quency of periodic error, because the array needs to include several
cycles of periodic error (at least 8-10 cycles), in order to identify
the error with high accuracy. If the sampling frequency is too high
or the frequency of periodic error is too low, the array needs to be
enlarged to accommodate enough periodic error cycles for calcula-
tion to achieve high accuracy in periodic error compensation.

The following sections discuss the results of: (1) constant veloc-
ityridge detection, amplitude detection, and a comparison between
the DTCWT and frequency domain approaches; and (2) non-
constant velocity ridge detection, amplitude detection and periodic
error compensation results.

4.1. Ridge detection

Identifying periodic error frequency components first requires
ridge detection using Eq. (3.2). The performance of the ridge detec-
tion portion of the algorithm was evaluated using a simulated
displacement signal where first and second order periodic errors

192
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Fig. 9. The measured CWT ridge for the error signal.

g s : :

& St

= CWT 1

T 4 :

£ 35} FFT 1%

Q.

g 37 CWT 2

< 25 C A A A A A A A A A, A, A, A A A A Al
3 ol ol ol o ol oo il i ol o
5 FFT 2"

B 15

[ 1 { | | | |
2003 0031 0032 0033 003 0035 0036

Time [s]

Fig. 10. The measured amplitudes for the FFT and DTCWT approaches.

(amplitudes 4nm and 2.5 nm, respectively) were superimposed
during a constant velocity (50 mm/min) displacement as shown in
Fig. 4.

The real-time (point-by-point) algorithm shown in Fig. 8 was
applied to this signal. The measured DTCWT ridge for this signal
is displayed in Fig. 9 along with the result of the same algorithm
implemented offline (no edge effects). The ridge detected from the
real-time algorithm is at the integer scale 190 £ 1, while that from
the off-line algorithm is consistently at scale 190. This demon-
strates that periodic uncertainty in the real-time algorithm caused
by the edge effect can cause the calculated scale to differ from the
actual value. However, the accuracy is still sufficient for real-time
error compensation.

4.2. Amplitude measurement

In the following tests, a simulated constant velocity motion
(50 mm/min) with a first order periodic error amplitude of 4 nm
and second order periodic error amplitude of 2.5nm was used
just as in Section 4.1. To identify the periodic error amplitudes
under this constant velocity condition, two methods were com-
pared at every sampling instant. The first method was a fast Fourier
transform (FFT) method similar to [1-3]. The FFT of the error was
computed after detrending the nominal displacement stored in
the displacement array X[1...N] and applying a Hanning window.
The second method was the DTCWT-based algorithm. This algo-
rithm was applied to calculate first and second order periodic error
amplitudes (Eq. (3.8), where m=2 because only first and second
order periodic errors exist) after obtaining the modulus and phase
information (Egs. (3.2) and (3.3)) and determining the reference
periodic errors (Eq. (3.4)). The measured amplitudes are displayed
in Fig. 10. The frequency domain approach result is smoother since
windowing reduces the spectral leakage. The FFT assumes that the
data is infinite and stationary. However, the signal used in the
algorithm is finite (200 points, which is the same amount used
in the DTCWT algorithm) and shifts forward by one data point
each sampling interval. It actually measures the average amplitude
over the signal. For first order periodic error, the true value of its
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Fig. 11. The result of periodic error compensation (both DTCWT and FFT
approaches) in the time domain is displayed.

amplitude is 4nm. The average value from the FFT approach is
3.92nm; the amplitude measured by the DTCWT approach is
4.25 nm. For second order periodic error, the true value is 2.5 nm.
The amplitudes measured by the FFT and DTCWT approaches are
2.34nm and 2.31 nm, respectively. The two approaches show good
agreement for amplitude measurement.
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Fig. 12. (a) The result of periodic error compensation in the frequency domain is
presented. (b) Zoomed view of the compensation result for first order periodic error,
and (c) for second order periodic error are demonstrated.
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Fig. 13. (a) Experimental displacement for a 50 mm/min? constant acceleration and
periodic error, and the result of periodic error compensation are demonstrated. (b)
Zoomed view of the displacement and periodic error compensation result.

4.3. Constant velocity

In these tests, the performance of the entire DTCWT algorithm
(from receiving a new data point to providing a compensated data
point) was examined. Again, the simulated 50 mm/min constant
velocity motion with superimposed periodic errors was used. The
time domain periodic error compensation result is displayed in
Fig. 11. The root-mean-square (RMS) error is reduced from 3.32 nm
to 0.49 nm for both two methods. Fig. 12 displays the compensation
resultin the frequency domain. After compensation, the amplitudes
of the first and second order periodic errors are reduced from 4 nm
t00.24nm (0.27 nm for the FFT method) and from 2.5 nm to 0.30 nm
(0.27 nm for the FFT method), respectively.

These similar results indicate that the DTCWT algorithm has the
capability to accurately compensate the periodic error.

4.4. Non-constant velocity

One major advantage of the novel wavelet-based approach is
that it can compensate periodic error during non-constant veloc-
ity motion. Not only did the wavelet-based approach demonstrate
better results for constant velocity motions but the traditional
frequency domain approach cannot be applied to non-constant
motion profiles. This is because the FFT based approach to mea-
suring periodic error amplitude assumes stationary signals during
the period covered by the measurement array. However, for non-
constant velocity motion, the periodic error time period and
frequency is not constant although the spatial period is con-
stant [42]. To demonstrate the effectiveness of the wavelet based
approach, experimental data of a small stage was collected for a
displacement of 300 wm with parabolic velocity profile (due to
constant acceleration of 50 mm/min?). Fig. 13a shows the dis-
placement and periodic error, which was isolated by subtracting a
least squares fit polynomial from the displacement signal. The low
frequency drift is caused by an imperfect polynomial fit or non-
constant acceleration. The source of this low frequency content
may also generically result from vibration or refractive index vari-
ation, for example. Fig. 13b also displays the compensated periodic
error for 3um of motion. The DTCWT algorithm only removes the
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reconstructed periodic errors from the displacement. Other errors
are not compensated and remain as residuals. These errors are
implicitly included in the compensation calculation, as they cannot
be eliminated with a low-order polynomial fit. This leads to spikes
at some locations in the compensated result. Overall, the compen-
sated result is results in significant periodic error compensation
and reduces the RMS error by approximately 75.2%.

5. Conclusions

A new wavelet-based periodic error measurement and compen-
sation method that can be used to compensate periodic errors for
both constant and non-constant velocity profiles was presented.
The performance of this approach was compared to the tradi-
tional frequency domain approach [1-3] under constant velocity
conditions and demonstrated accurate compensation results. The
algorithm was also used to compensate periodic error from non-
constant velocity motions. It was shown that it is possible to
continuously identify periodic error under non-constant velocities
and reconstruct the error in real-time reducing the RMS errors in
experimental data by approximately 75%. The algorithms presented
in this work were designed to be executed on parallel hardware
offering the potential application for real-time compensation of
periodic error in heterodyne interferometers.
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