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A new solution for the three-dimensional transient heat conduction from a homogeneous medium to a
non-homogeneous multi-layered composite material with temperature dependent thermal properties
using a mesh-free Monte-Carlo method is proposed. The novel contributions include a new algorithm
to account for the impact of thermal diffusivities from source to sink in the calculation of the particles’

step length (particles are represented as bundles of energy emitted from each source), and a derivation
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of the three-dimensional peripheral integration to account for the influefice of material properties around
the sink on its tempefature. Simulations developed using the proposed method are compared against
both experimental measurements and results from a finite element simulation.
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1. Introduction

The Monte-Carlo method (MCM) is prominent for its ability to
tackle complex simulation problems based on random number
generation. Numerical solutions based on finite difference and
finite element methods have been conventionally adopted for solv-
ing multi-dimensional heat conduction problems, although some
issues remain problematic with these approaches. For instance,
the stability criterion in the explicit finite difference method limits
the time step to the grid size. Implicit approaches [1] are used in
the majority of linear solvers and FEM packages due to their
numerical stability. Implicit applications convert the problem’s
geometry to a grid of small elements that lead to a matrix that
must be solved by inversion to obtain the result at each time incre-
ment. Complex geometries that require small grid size lead to large
matrices and therefore larger computational and memory require-
ments: inversion of large assembly matrices is time consuming.
This becomes a significant practical consideration in problems
with complex geometries and Multiphysics problems [2]. By con-
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trast, Monte-Carlo methods have significant advantages relative
to these methods [3]. First, there is no requirement to build an
assembly matrix and consequently no need for matrix inversion.
Second, the solution at a desired point in the domain can be
obtained independently from the solutions at other points within
the domain. These features lead to a significant reduction in simu-
lation time by solving for specific regions of interest, instead of
solving for the entire domain, which requires inversion of the
entire assembly matrix. Inverse heat conduction (the prediction
of surface temperature and heat flux using the time history of tem-
perature at internal points in the domain) is another important
problem that benefits from this feature [4]. Third, the Monte-
Carlo approach is stable and very well suited for parallel comput-
ing, which is particularly attractive with the advent of GPU engines
[2]. Apart from the aforementioned general advantages, using ran-
dom parameters in MCM makes it a powerful approach to model
problems with inherited random or stochastic behaviors or param-
eters. For instance porosity in porous media can be defined as a
random parameter [5-9], making MCM an excellent option for
simulation.

The Monte-Carlo method was first described in 1949 [10] by
Metropolis and Ulam as a statistical approach for solving integro-
differential equations. In heat conduction, Haji-Sheikh and
Sparrow [11] described the application of MCM to solve heat
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conduction problems with homogenous isotropic material proper-
ties for different types of boundary conditions. Other studies have
used [11] to develop methods to solve conduction heat transfer
problems where thermal properties are not isotropic, as in com-
posite layered materials. The fixed random walk MCM was modi-
fied [12,13] to solve transient heat conduction in anisotropic
media. The necessity of a grid to define the geometry is a disadvan-
tage of the fixed random walk method, compared to floating ran-
dom walk. Non-homogeneity of thermal properties in a heat
conduction domain has been shown in [14] by relating the impact
of the non-homogeneity on the temperature distribution in pro-
portion to the thermal diffusivity of source and sink. In cases with
abrupt changes in thermal diffusivity, such as at cryogenic temper-
atures or in composite layered materials, the aforementioned
approach of proportion leads to significant error. This paper pre-
sents a novel solution for transient heat conduction in anisotropic
materials with abrupt changes in thermal diffusivity based on
MCM.

2. Formulation

Heat transfer process describes the transmission of an energy
bundle (particle in this study) from source to sink. In a reverse
approach, one can use the known thermal properties of the sink
to estimate the sources that can transfer energy to the sink in a cor-
responding time span. The domain is filled with K uniformly gen-
erated points that represent sinks with known initial conditions
that define the temperature at each point. The solution process
starts by emitting J particles from each sink to find the location
of the sources, which could be anywhere within or beyond! the
boundaries of the domain. andmnot necessarily on the sink locations.
If the source location falls inside the domain,ithé temperature at
that location can be interpolated using the known temperatures
of neighboring points from.thesprevious time step. The scattered
interpolation uses four closest neighboring points. Otherwise, the
following boundary conditions apply for particles falling on or out-
side of boundaries at each time step. First, a fixed temperature
boundary condition: particles adopt the pre-assigned fixed tem-
perature of the boundary. Second: Insulation boundary condition:
particles adopt the temperature of the sink. Third: convection
boundary condition, has not been considered in this paper. Other
studies [15,16] have proposed methods for taking the convective
boundary condition into account. Three-dimensional conductive
heat transfer in a domain with homogeneous thermal diffusivity
(as described in [11]) presents the method to estimate source loca-
tions. From the three dimensional heat conduction relation in
spherical coordinates ([17,18]) one can find the temperature at
the sphere’s center as:

o

T(x,y.z,0) = /F:O /G . /TZOT(r,(p,&t—r)dFdeHG) (1)

Flp) =52 2

G(0) = %(1 — cos0) 3)

o () = 14230 (K1) "
=

Eq. (1) illustrates the integral form for the temperature at the
sphere’s center based on the known temperature of particles emit-
ted from its vicinity. Egs. (2) and (3) describe the probability func-
tions of angles 0 and ¢, respectively. The time step 7 and
steplength r of each floating random walk are related to the ther-

mal diffusivity o at each point by the probability function (4):
the higher the thermal diffusivity, the longer the step length (or
the shorter the required time step). The inverse functions for Egs.
(2)-(4) [19] are: Eq. (7) is obtained from a fit function on inverse
of Eq. (4).

¢ = 27(RNy) (5)
0 =cos '[1 — 2(RN,)] (6)

oaT
12 = D1+ Da(RNs) + Ds(RN3)? + D4(RN3)®> RN3 < 0.6

ot (7)
— = —0.10132in[0.5(1 — RN3)] RN3 > 0.6

"

RN in Egs. (5)-(7) denotes uniform random numbers generated
from a Halton sequence (uniformly distributed random numbers)
in three different sets. Table 1 shows the values of the D coefficients
in these equations [19].

Fig. 1 depicts the inverse of the probability function H®, where
the random number RN; from the Halton sequence is the abscissa
and the ordinate value is %. With the known thermal diffusivity of
sink o and time step 7, the steplength r can be calculated.

By calculating the angles and steplength as described above,
one can calculate the location of the source using Eq. (8). Once
the source location is defined, the temperature at that location is
allocated to the particle emitted from the respective source. The
sink’s temperature is simply the average of the temperature of par-
ticles as shown in Eq. (9), where j is the index for the particle num-
ber of J particles, t the time stepand the index for point number
out of a total of K points [11]:

Xp=Xj .1 SIn(0;) cas(¢;)

Y= i+ 15in(6)) sin(¢)) 8)
Zi =Zx + 1 Sil’l(@j)

1 J

t+1 t

T =7 Z:Tog.yp 9)
]:

Fig. 2 depicts J =20 particles emitted from the source and
absorbed by the sink at the center of the sphere. The location of
the sources is calculated using the aforementioned approach.

The above equations cover the solution of diffusion problems in
homogenous media. Tackling problems in non-homogenous media
needs further modifications. First, the thermal diffusivity of and
between the source and the sink are not equal; therefore, the ste-
plength calculated from the sink using its thermal diffusivity will
not be equal to the steplength calculated from the source using its dif-
fusivity. This affects the reversibility of the particle transport
described before: reversibility is not valid in non-homogenous media.

A new algorithm is needed that takes into account the change in
thermal diffusivity between source and sink. One approach is to
take very small time steps, leading to steplengths small enough
to approximate the thermal diffusivity of source and sink as equal.
This has some disadvantages: assuming equal thermal diffusivity
introduces error, and the approximation is not applicable close to
the boundaries in composite layered materials, where thermal dif-
fusivity experiences an abrupt change. Also, acquiring results for
desired times requires more iterations due to the smaller time
steps, which increases simulation time.

Knowing the thermal diffusivity function enables methods to
address the aforementioned issue for non-homogenous media
[20,21]; however this may lead to error in case of sharp changes
in diffusivity due to the use of derivatives. Refs. [22] shows the
required modifications to the two-dimensional Monte-Carlo tran-
sient heat conduction equations in cylindrical coordinates that lead
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Table 1
Coefficients of the inverse probability function.
RN; D; D, D3 D4
0.0-0.1 0.079578 0.079621 0.058919 0.048997
0.1-03 0.079515 0.081077 0.048261 0.074542
0.3-0.6 0.070722 0.150740 -0.13699 0.240830
1 T
0.8 ................i ................. é ................. ; ................. % ............... A
07 |
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Fig. 2. Variables affecting T¢, before modification of Eq. (9).

to a method that works for non-homogenous and multilayered
composite domains. This paper presents the required modifica-
tions for the three-dimensional case in spherical coordinates. The
inverse of the probability distribution function H® can be obtained
from Egs. (5)-(7) and expressed as C:

== C (10)
The steplength r can then be calculated as:

ot
r= 'z?— (1 1)

In the proposed algorithm, the steplength r is divided in M smaller
steplengths, and the thermal diffusivity is updated at each new
location:

=S =30, /2
= m =
! m=1 m=1 CM2

where index 1 < m < M denotes the location of the jth particle after
passing each sub-steplength:

(12)

Xmy1 = Xm + T'm SIN(6;) COS(;)
Ymi1 =Ym +Tm Sin(gj) Sin((/)j)
Zim41 = Zm + I'm €OS(0;)

(13)

At the beginning of the process, the location of the kth point is:
m=1, x; =X, ¥; =Y, and z; = z. In the next step, the jth particle
is emitted from point k along the direction generated by angles 0;
and ¢; with sub-steplength r; calculated from Eq. (12). New loca-
tions x,, ¥, and z, are calculated using Eq. (13) and the thermal dif-
fusivity at the new location is used to calculate the next sub-
steplength - this process is repeated for M iterations. M can be
adjusted for each part of the domain separately; it can be larger
for regions with larger variations in thermal diffusivity (or with thin
layers of composite materials) or can be smaller for regions with
smooth changes in thermal diffusivity within one material. The
adjustability of M enables adjusting the solution within the domain
to achieve a desired accuracy in reasonable simulation time. This
modification not only corrects the size of the steplength but also
provides information for the nextemodification: the calculation of
temperature atseach*point using peripheral integration.

A modified Bessel function method*relates the time step and
steplength,in a transient solution, and gives the particles’ temper-
ature, location and thermal diffusivity at each sub-steplength
around each point in the solution. This information is then used
to find the temperature at each point. The next modification
requires derivation of the steady state heat conduction equation
in spherical coordinates to define the temperature at the center
of the sphere based on the temperature of the particles in its vicin-
ity forming a spherical region. The steady state heat diffusion in
spherical coordinates is:

8’I‘(r7 07 (p)
o0

1 19}
— [ k(r, 0,
r2sin’(0) 3(/’( r:0.9)

1 0] . aT(r,0, )
+ Tsin(0) 90 (k(r, 0, p)sin(0) T)

10 LOT(,0,0)) _
+ 2o (k(n 0, p)r ar =0

(14)

By integration of (14) with respect to ¢ from 0 to 27, the first
expression becomes zero due to having the same conditions at
the beginning and end of the traverse:

/Ozn 1 i(k(r, 0.0) aT(r, H,(p))d(p

r2sin’(0) ¢ op
1 oT(r,0,27) aT(r,0, 0)>
=————(k(r,0,2m) —22" — k(r,0,0)—-—"-2| =0
r25in2(0)( ( 7% 0.0
(15)

Multiplying both sides of the remaining terms of Eq. (14) by sin(0)
and integrating from O to 7 with respect to 0 makes the second term
in Eq. (14) equal to zero as well, since:

n . aT(r, 7, ) . OT(r,0,¢) _
/0 (k(mt, ) sm(n)Tf k(r,m, (p)Sln(O)T> dp=0

(16)
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From this it follows:

/2"/ sin(6 ( r0(p)2W)d0d‘P:0 (17)

Finally, integration with respect to r from 0 to r yields
21 T
/ / sin(0)r2k(r, 0, q))wwdq) -0 (18)
0 0

Burmeister [23] presented a similar derivation in two-
dimensional cylindrical coordinates for the steady state condition
- consequently, after integration, r results to be a constant. In
our derivation (Eq. (18)) r? is not considered constant even though
the derivation is for steady-state. Time and steplength in the pre-
vious modification are obtained from the modified Bessel function
solution, so each particle has a different steplength, r. Hence, it
cannot come out in the integration of (18). The following coordi-
nate transformation is proposed:

jO k(r' 0, 2 0)
n= & (19)
fO kr’l)zpr25m (0)
fo d()’
f f fo k(' o' (p rzsm 0) (20)
0
fo k(' 0" (/; r2 sin(0)
P do'd
I Je IX T —
Ko T
g _ 0 o r/; )résin(6) (2.1)

f27T f do'de’
o Jo (R dr’
0 k(r' .0/ ' )rsin(0)

This transformation aims at defining T(r, 0, ¢) in terms of T(#,f, g).
Therefore, it satisfies the total differential relationship:

dT(r,0,¢) =dI(n,f,8) =
aT(r,0, ) aI(r, 0, @) ar(r,0,¢) ,
o Uty Wk, o= (22)
aT(n.f.8) aT(n.f.8) aT(n.f.8)
on dn + of df + og dg
This implies:
oT(r,0,¢) aT(n.f.8) 4
r dr = on dn (23)

Using Eq. (19), dn can be expressed as shown below, where A and
IrA are defined to simplify its representation in the next steps:

k(r,0 (pl)irzsm(()) A
d = "0 (24)
Jo R
0 Kk(r,0, (p)r251n (0)

The term 229 jn Eq. (18) can be written as:

or(r,0,¢) aT(n,f 8 A
o on LA (25)

The remaining terms in Eq. (18

) can be defined as:
R#
ﬁ)k(lq?)‘ﬂz(n) B
fom (26)

_L
=do= B df

f do'de
0
ﬁ) k' o/ ;)rzsmw) E Ian
Edq) =dp = E

f fo % Irn
o mr

0, rp’ r2 sin(0)

dg = dg (27)

Substituting Eqgs. (25)-(27) in Eq. (18) yields:

27 9T(1.f.g) A 1B IsE
/ R T e g = 0 (28)

Note that sin(0)rk(r, 0, @) =1, IgA =1, I.B = E, I,E = Constant. Eq.
(18) can then be written after the proposed transformation as:

/ / 6T’7fg ) dfdg = (29)

To define the temperature at the center in terms of the specified
peripheral temperatures, integration with respect to # from 0 to
the outer radius of each particle is performed. T, represents the
temperature at the center (17 = 0) and T the specified peripheral
temperatures for n = 1:

o1 1
/ / (Tr — Tc)dfdg =0 (30)
0 0

Substituting df and dg in Eq. (30) using the thermal diffusivity, «,
instead of the thermal conductivity, k, the center temperature for
the transient case is:

fozn (;-[ S|n(0r TRO(p)de(p

T _ Ozr'w 3.1
¢ IZn fn r2sin(0) dOdQD ( )

R dr'

0 ' 0.9)

For each particle at angles 6 and ¢, the radius r is a known constant
value and can come out of the most internal integration. Eq. (31)
and its variables are represented in Fig. 4. Comparison with Fig. 2
shows the effect of the proposed modifications on the calculation
of each point’s temperature. Fig. 3 shows each particles’ steplength
divided in M sub-steplengths using Eq. (12) with M = 4. Eq. (12) is
applied to all particles’ steplength in Fig. 4, but for clarity, sub-
steplengths are shown for one steplength only. Compared to Eq.
(9), Eq. (31) is suitable for multilayered composite structures with
temperature dependent thermal properties. However, it is general
form and if material properties are constant in whole domain, Eq.
(31) can be simplified to Eq. (9).

Fig. 4 shows the spherical geometry around point k made by the
total number of particles J = 20. Clearly, having more particles
allows finer representation of the volume around the sink, leading
to a more accurate simulation of the temperature distribution. The

TR T
Particle j © ) p
T4
a(dry,0,9)
rsin(g) d¢;
drs
a(drs,0,¢)
dry
a(dr,,8,¢)
dr;
0¥ 9 aw@n,0,0)
Point k .

Fig. 3. Variables participating in T after proposed modification, Eq. (31
only for one particle.

), shown
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Fig. 4. Variables participating in T after proposed modification, Eq. (31).

square pyramidal shapes shown in Figs. 3 and 4 are not represent-
ing grid elements as known in methods such as FEM - they are just
a schematic representation of the variables in Eq. (31).

3. Performance comparison with FEM

Fig. 5 shows a composite structure consisting of three cubic
blocks made of copper, G10 composite and stainless steel SS304.
One side of the structure is kept at a fixed temperature (350 K) while
the initial and the temperature at the other side is set at 300 K. All
other wall have insulation boundary condition in both FEM and
MCM simulations. Each cube has a side length equal to 0.01 m.

The temperature-dependent material properties shown in Fig. 6
are entered to both a finite element package (ANSYS) and used in

TOP VIEW

0.01m

350K

Fig. 5. Composite structure made of three materials.

the Monte-Carlo solver described in this paper. A transient heat
conduction analysis with a time step equal to 0.02 s was done for
a total time of 2 s. The number of nodes used in the FEM model
was equal to the number of points in the Monte-Carlo simulation
to make the comparison meaningful.

Fig. 7 shows the location of sources for two different sinks, each
on the interface of two different materials in the composite struc-
ture. The sink on the interface between copper and G10 receives
particles from farther distance in the copper, compared to the

1072 :
—Cu
.-.G10
— $S304
10
w
[9Y]
E
2 105k )
Z 10
I CooLooooooooA
£
a
105} 3
107 -
250 300 350

Temperature (K)

Fig. 6. Thermal diffusivity of materials used in the composite structure shown in
Fig. 5 as function of temperature.
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Fig. 7. Distribution of sources for two sinks located on interfaces of composite structure.
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Fig. 8. Comparison of temperature distribution via MCM vs. FEM simulation, for three dimensional transient temperature propagation.
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Fig. 10. Convergence of MCM and FEM for different numbers of particles at the
middle point of the top of the copper block.

G10 side. This illustrates how the modified Eqs. (12) and (13) take
thermal diffusivity of the path into account. The other sink, located
on the interface between SS304 and G10 does not show substantial
difference in steplengths as in the previous case - this reflects
more similar values of thermal diffusivity for SS304 and G10 com-
pared to the difference between Cu and G10.

Fig. 8 compares simulation results for MCM versus FEM at dif-
ferent times. There is good agreement between both methods,
but the proposed MCM method is very well suited for paralleliza-
tion and GPU computing, where transient analysis in FEM is not.
The number of points used in the MCM simulation is equal to num-
ber of nodes in FEM (K = 107k, number of particles ] = 100, and
path length is divided by M = 10 substep lengths).

Fig. 9 shows the three dimensional temperature distribution in
the composite structure at t=2 s.

For a quantitative comparison between FEM and MCM in the
above example, two points at the middle of the top surface
were chosen (in m): ki = (0.005,0.005,0.01) and
k, = (0.025,0.005,0.01), located at the copper and SS304 blocks,
respectively. Fig. 10 shows the temperature at point k; and its con-
vergence against number of particles in MCM compared to FEM.
Fig. 11 shows the impact of number of particles in convergence
for point k,, located on the top surface of the stainless steel block
(SS304). The number of points in MCM is equal to number of nodes

ey

Thermocoupleaccess

Insulator cubes (HDPE)

Fig. 12. Test article.

1
HDPE Block L
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Copper rods A —
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Fig. 13. Main component of the test article for 3D conductive heat transfer
measurements.
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DAQ System

Fig. 14. Test setup and data acquisition system for experimental verification of MCM simulations.
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Fig. 15. Thermal diffusivity of materials used in the experimental verification, as
function of temperature.

200 mm-long stainless steel rod of 5 mm diameter (SS304) is
passed through three blocks of high-density polyethylene (HDPE).
Both ends of the rod are attached to lugs filled with solder to
ensure excellent electrical contact between rod and lugs. The mid-

dle block is the main component, where temperature measure-
ments are acquired using embedded copper rods. Fig. 13 shows
the layout of the main component. Three copper rods of 2 mm
diameter are tightly embedded in the material through holes in
the HDPE block to ensure excellent thermal contact. The axial dis-
tances from the center of each copper rod to the center of the stain-
less steel rod are 4.5 mm, 5.5 mm and 7.5 mm, as shown in Fig. 13.
The cross section of the main component is a square of 20 mm
length, and the height of the bock is 40 mm. Two HDPE blocks on
either side of the main component act as thermal insulation to
minimize the convective effect on the measurements.

Fig. 14 shows the complete experimental set up. Both insulator
blocks are compressed against the main component to provide a
tight .contact. A DC power supply provides 70 A of DC current to
the steel rod. A data acquisition system, NI 9214 set to its highest
resolution (16-bit, or 0.15% error) is used to record the measured
temperatures at a sample rate of 1 sample/s. Three thermocouples
are used to read the temperatures of the copper rods, and one is
used for the temperature of the stainless steel rod, as is heated
up by the current provided by the power supply. All measured
temperatures are recorded to a file using LabVIEW. A finite element
model is implemented in ANSYS to compare with the results of the
MCM simulation. Fig. 15 shows the material properties used in
both the FEM and MCM simulations.

The measured temperature of the stainless steel rod is fed to the
transient temperature profile of the rod in the middle of the main

360
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Fig. 16. Simulation results using the proposed Monte-Carlo method (MCM) for transient conductive heat transfer in composite materials with temperature dependent

properties, compared with experimental measurements and FEM simulation.
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block for both FEM and MCM simulations. The number of nodes in
the FEM model is set equal to the number of points in the MCM
simulation to provide comparable conditions. The transient simu-
lations are done for t = 80 s. All external walls of the HDPE blocks
are considered insulated in both FEM and MCM simulations, and
the time step for both simulations is set as t = 0.05 s. The results
of both simulations are shown in Fig. 16. The proposed Monte-
Carlo approach leads to predictions of the transient temperature
profiles that agree with both the measurements and FEM results.
As time passes, a small divergence between measurements and
both numerical methods is found, due to convective heat transfer
affecting the measurements. The divergence is larger in the copper
rods closer to the surface of the HDPE block, since the convective
effect is more significant on them.

5. Conclusion

A novel three-dimensional Monte-Carlo method for the simula-
tion of the transient conductive heat transfer in composite materi-
als with temperature- dependent properties has been presented.
The proposed method combines a transient Bessel function solu-
tion with a steady state peripheral integral method to simulate
the transient heat conduction in composite materials with temper-
ature dependent material properties. The proposed method is
mesh-free, which makes it well suited for modeling complex
geometries and multi-scale problems, where conventional FEM
tools may lead to large number of elements and hence prohibitive
simulation times. The proposed method converges to correct
results, as verified by both experimental measurements and FEM
simulations, with a relatively small number of required particles.
This fact, along with its suitability for parallelization, makes it a
very promising approach for the simulation of complex problems
such as the multi-physics analysis of quench in superconducting
magnets. Both first and second kinds of boundary conditions were
developed and verified against FEM and measurements. The exten-
sion of the proposed approach to the third kind of boundary condi-
tion (convection) suggests a promising step for future
development.
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