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Abstract— There are driving applications for large popu-
lations of tiny robots in robotics, biology, and chemistry.
These robots often lack onboard computation, actuation, and
communication. Instead, these “robots” are particles carrying
some payload and the particle swarm is controlled by a shared
control input such as a uniform magnetic gradient or electric
field. In previous works, we showed that the 2D position of
each particle in such a swarm is controllable if the workspace
contains a single obstacle the size of one particle.
Requiring a small, rigid obstacle suspended in the middle

of the workspace is a strong constraint, especially in 3D. This
paper relaxes that constraint, and provides position control
algorithms that only require non-slip wall contact in 2D. Both
in vivo and artificial environments often have such boundaries.
We assume that particles in contact with the boundaries have
zero velocity if the shared control input pushes the particle
into the wall. This paper provides a shortest-path algorithm
for positioning a two-particle swarm, and a generalization to
positioning ann-particle swarm. Results are validated with
simulations and a hardware demonstration.

I. INTRODUCTION

Particle swarms propelled by a uniform field, where each
particle receives the same control input, are common in
applied mathematics, biology, and computer graphics. As a
current example, micro- and nano-robots can be manufac-
tured in large numbers, see [1]–[7]. Someday large swarms
of robots will be remotely guided to assemble structures in
parallel and through the human body to cure disease, heal
tissue, and prevent infection. For each task, large numbers
of micro robots are required to deliver sufficient payloads,
but the small size of these robots makes it difficult to
perform onboard computation. Instead, these robots are often
controlled by a broadcast signal. The tiny robots themselves
are often just rigid bodies, and it may be more accurate
to define thesystem, consisting of particles, a uniform
control field, and sensing, as the robot. Such systems are
severely underactuated, having 2 degrees of freedom in the
shared control input, but2ndegrees of freedom for the
particle swarm. Techniques are needed that can handle this
underactuation. In previous work, we showed that the 2D
position of each particle in such a swarm is controllable if the
workspace contains a single obstacle the size of one particle.
Positioning is a foundational capability for a robotic
system, e.g. placement of brachytherapy seeds. However,
requiring a single, small, rigid obstacle suspended in the
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Fig. 1. Positioning particles that receive the same control inputs, but
cannot move while a control input pushes them into a boundary. Top row
shows the output of a best-first-search algorithm that finds the shortest path
for two particles. Top left shows the initial position and goal position of the
particles. The shortest path consists of moving at angle 50◦until the blue
robot contacts the top wall, then moving the magenta robot at angle 165◦

until the particles reach the desired relative spacing, then moving−60◦

to the goal positions. The two bottom pictures shown-particle positioning
using shared control inputs and boundary interaction.

middle of the workspace is often an unreasonable constraint,
especially in 3D. This paper relaxes that constraint, and
provides position control algorithms that only require non-
slip wall contacts. We assume that particles in contact with
the boundaries have zero velocity if the uniform control input
pushes the particle into the wall.

The paper is arranged as follows. After a review of recent
related work in Sec. II, Sec. III introduces a model for
boundary interaction. We provide a shortest-path algorithm
to arbitrarily position two robots in Sec. IV, and Sec. V
extends this to prove a rectangular workspace with non-
slip boundaries can position a swarm ofnrobots arbitrarily
within a subset of the workspace. Sec. VI describes im-

2017 IEEE/RSJ International Conference on Intelligent Robots and Systems (IROS)
September 24–28, 2017, Vancouver, BC, Canada

978-1-5386-2682-5/17/$31.00 ©2017 IEEE 4304



eenaiono heaorih iniuaionandSec.
decriehardaree erien,a honin i.. eend
ihdirecion oruurereearchinSec. .

. AT

onroin heshape,orreaiveoiion,oa ar
o roo i ake aii oraraneo a icaion.
orre ondin ,iha een udiedro aconroheoreic
er eciveinohcenraiedanddecenraieda roache.
orea e o each, ee hecenraiedvirua ead
erin ,andhe radien aeddecenraiedconroer
uin conro aunov uncionin . oever, hee
a roacheaueaeveo ineienceandauono
inindividuaroo haeceed hecaaiiieo an
e ,incudin curren icroandnanoroo. urren
icroandnanoroo,ucha hoein , , ack
onoardco uaion.
nead,hi aerocueoncenraiedechniue ha

a heaeconroinu oeach e ero he ar.
reciionconroreuire reakin he ercaued
heunior inu.S er can e rokenuinaen
hareonddieren oheunior conro ina,eiher
hrouhaenaenreacion,ee ork odein iooica
ar ,orenineeredinhooenei , , .

Thi orkaue aunior conro ihhooenou
aen,ain .Theechniueinhi aerarein ired
aricia orce ed.
ArtificialForce-fields:Muchreearchha ocuedonen

erainnonunior aricia orce ed hacan eued
orearraneaiveco onen.A icaionhaveincuded
echniue odeinhearorce orenore aniuaion
oaineoec . deonraedacoeciono
orce ed eneraed idereeo reedo viraion

inu oariid ae.Theeorce ed,incudin hear
orce,coudeuedaaeo riiiveor oionconro
o eerheoraiono uieoec. oeverunike
heunior conro odeinhi aer,heirconro a
ui odaandoiiondeenden.

.T

UsingBoundaries:FrictionandBoundaryLayers
nhea enceoo aceunior inu ovea ar

idenica.Shaeconroreuire reakin hi er.
The ooin ecioneaineuin non i oundar
conac o reakhe ercaued unior inu.

heih ariceha oiionxitandveoci xit,e
aueheooin e ode

xit ut F xit,ut ,i∈ ,n.

Fxit,ut






−ut
xit∈ oundar and

N oundar xit ·ut≤

ee

ereN oundar xit i henora o he oundar
a oiionxit,andFxit,ut i hericiona orce
rovided he oundar.

Thee e dnaicrereen arice ar ino
enodnu erenvironen, herevicoi doinae
ineria orce and oveoci i rooriona oinu
orce .nhi reie,heinu orceco andut
conro heveoci o heroo.Theae odecan e
eneraiedoarice oved uid o herehevecor
direciono uid o utconro heveoci o arice,
orora ar oroo ha oveaaconan eedina
direcion ecied aunior inuut .Ainour
ode,uid oininaieha eroveoci aon he
oundar.Siiar echanica e eia arercae,
e..a u er o aco inaionook oveunior
une o ruced ano ace. urconro roe i o
deinheconroinu ut o akean ariceachieve
aak.

. ST T T B TS S

B A T A T

A . ue non i conac ih a oarirari
oiion oroo inarecanuar ork ace.i. ho
aMaheaicai eenaionoheaorih,andiueu
aaviuareerenceorheooindecriion.
A ue oroo areiniiaieda r1 andr2 ih
corre ondin oadeinaiong1andg2.Theouioni
ae r earchaorih ha ainainaio oie
ah moves,oredaccordin oanadiieheuriic
on ahenh.Theaorih ork e andin he ah
ihhehore eiaedenh. andinaah ean
eiher ovin direc ohe oa,oruhin oneroo o
a a andaduin hereaiveoiionoheoherroo.
A oona he oaireached,heaorih reurn hi
hore ah.
enoehecurren oiiono heroo r1andr2.aue

.xand.ydenoehexandycoordinae,i.e.,r1.xandr1.y
denoehexandyocaionor1.Theaorih ain
aunior conroinuaever inance.The oai o
eroheerrorin ohcoordinae, e e.x, e.y
g− r g2−g1 − r2−r1 uinaharedconro
inu.Theaecaeoccur hen e , .nhi ae
cae,hehore ahia raih inee eenhecurren
oiionoeachroo oi oa oiion,a honin i.
a. e , ,eco uehe o overeachaee
eneraed r i oiiinone arice conacin
he aandhenreoiionin heecondarice.Thereare
ourreachaee,a honin i..Thehoriona and
vericareachaee areeuivaeninhe con uraion
ace,o ecan aninhi aceandchooeoi oiie
he aricecoe oa a.achnon i ovechane
he con uraion ace,a honin i..

he oacon uraioncanereachedinhree ove,
henm1 akeonearicehia a,m2adu hereaive
acinerror eoero,andm3 ake he arice oheir
na oiion,a honin i. .m2canno ehorened,
ooiiaiondeendonchooin heocaion herehe
roohi he a.Sincehehore diancee een o
oin ia raih ine,reecin heoa oiionacro he
oundar a and oina raih ineive heoia

4305



Start

a)

r1

g1

r2

g2

Move 1

If(Δe.x,Δe.y)=(0,0), only one move is needed

⏐
⏐
⏐
⏐
⏐
⏐
⏐
⏐
⏐
⏐
⏐
⏐
⏐
⏐

L

Start

b)

r1
g1

r2
g2

Move 1 Move 2 Move 3

Three move sequence
m3

m2

m1

Move 1

c)

r1

g1

r2

g2
Move 2 Move 3 Move 4 Move 5

Move 1d)

r1

g1

r2

g2
Move 2 Move 3 Move 4 Move 5

Move 1e)

r1,g2 r2,g1

Move 2 Move 3 Move 4 Move 5

Move 1

f)

r1,g2

r2,g1

Move 2 Move 3 Move 4 Move 5

worst case
path length

(
√
2+2)L

Fig. 2. Frames from an implementation of Alg. 1: two robot positioning using walls with non-slip contacts. Robot start positions are shown by a square,
and goal positions by a circle. Dashed lines show the shortest route if robots could be controlled independently. Solid arrows show path given by Alg. 1.
Online demonstration and source code at [20].
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Fig. 3. Boundary interaction is used to change the relative positions of
the robots. Each robot gets the same control input. (left) If robot 2 hits
the bottom wall before robot 1 reaches a wall, robot 2 can reach anywhere
along the green line, and robot 1 can move to anywhere in the shaded area.
(right) Similarly, if robot 2 hits the right wall before robot 1 reaches a wall,
robot 2 can reach anywhere along the green line, and robot 1 can move to
anywhere in the shaded area.

hit location, as shown in Fig. 5. That point is selected when
possible, but if this point would causem2to push the moving
robot out of the workspace, the hit point is translated until
the moving robot will not leave the workspace. Ifm2causes
the two particles to overlap, we add or subtract tom2.xto
avoid collisions. This is shown in Fig. 6 with three different
values.
IfΔgis not in the reachable set, we choose the nearest

reachableΔxandΔytoΔg.
Alg. 1 uses an admissible heuristic that adds the current

path length to the greatest distance from each robot to
their goal. This heuristic directs exploration by expanding
favorable routes first.

h(moves,r1,r2,g1,g2)=

|moves|

i=1

movesi (2)

+ max(g1−r1 ,g2−r2)

We exploit symmetry in the solution by labeling the
leftmost (or, if they have the samexcoordinate, the topmost)
robotr1.Ifr1is not also the topmost robot, we mirror the
coordinate frame about the right boundary. As an example,
consider the two starting positions,r1 =(0.2,0.2)and
r2 =(0.8,0.8). Because the leftmost robot is not the
topmost robot, we mirror the coordinate frame about the right
boundary givingr1=(0.2,0.8)andr2=(0.8,0.2). After
the path is found, we undo the mirroring to the output path.
Similarly, we exploit rotational symmetry and assume the
command pushes a robot to hit the top wall. If a different
wall is selected, we rotate the coordinate frame by 90◦, 180◦,
or 270◦counterclockwise and then push the robot to hit the
top wall. After the path is found, we undo the rotation. This
symmetry allows us to use a single function, Alg. 2, for
collisions with all four walls.

V. POSITIONCONTROL OFnROBOTSUSINGBOUNDARY
INTERACTION

The ideas from Alg. 1 can be extended to control the
position ofnparticles using walls with non-slip contact.
The solution is complete, but not optimal, and requires the

Algorithm 1 2-PARTICLEPAT HFINDER(r1,r2,g1,g2,L)

Require:knowledge of current(r1,r2)and goal(g1,g2)
positions of two robots.(0,0)is bottom corner,Lis
length of the walls.PathListcontains all the paths sorted
by their path length plus an admissible heuristic.

1:PathList←{}
2:P←{h({},r1,r2,g1,g2),{},r1,r2}
Pcontains the admissible heuristic, the move sequence,
and the current robot positions

3:whileP.r1=g1andP.r2=g2do
4: forθ∈{0◦,90◦,180◦,270◦}do
5: (r1,r2,g1,g2)← ROTATE(P.r1,P.r2,g1,g2,θ)
6: {d,moves,r1,r2}←

PLANMOVEUP(r1,r2,g1,g2,L,P.moves)
7: (moves,r1,r2)← ROTATE(moves,r1,r2,−θ)
8: PUSH{d,moves,r1,r2}ontoPathList
9: end for
10: SORT(PathList) sort by admissible heuristic
11: P← POPfirst element ofPathList
12:end while
13:returnmoves

Re
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Fig. 5. If the goal configuration can be reached in three moves, the first
move makes one particle hit a wall, the second move adjusts the relative
spacing errorΔeto zero, and the third move takes the particles to their final
positions. The second move cannot be shortened, so optimization depends
on choosing the location where the robot hits the wall. Since the shortest
distance between two points is a straight line, reflecting the goal position
across the boundary wall and plotting a straight line gives the optimal hit
location.

starting and final configurations of particles to be disjoint.
The solution described here is an iterative procedure with
nloops. Thekthloop moves thekthrobot from astaging
zoneto the desired position in abuild zone. All robots move
according to the uniform input, but due to non-slip wall
contacts, at the end of thekthloop, robots 1 throughkare in
their desired final configuration in the build zone, and robots
k+1tonare in the staging zone. See Fig. 8 for a schematic
of the build and staging zones.

Assume an open workspace with four axis-aligned walls
with non-slip contact. The axis-aligned build zone of di-
mension (wb,hb)containing the final configuration ofn
robots must be disjoint from the axis-aligned staging zone
of dimension(ws,hs)containing the starting configuration
ofnrobots. Without loss of generality, assume the build
zone is above the staging zone. Letdbe the diameter of the
particles. Furthermore, there must be at least space above
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Fig. 4. Workspace andΔconfiguration space for three sets of robot configurations with the same final goal. The red square represents the startingΔx
andΔyand the green circle represents the goalΔxandΔy. The green rectangle illustrates reachableΔxandΔywhen one particle is in contact with a
horizontal wall and the blue rectangle illustrates the reachable region when in contact with a vertical wall.

=0.001 =0.05 =0.1

Fig. 6. Changing the minimum spacing changes the path. is the minimum spacing between two robots and the minimum separation from the boundaries.

Fig. 7. Starting positions of robots1and2and goal position of robot2are fixed, and =0.001. The top row of contour plots show the distance if
robot1’s goal position is varied inxandy. The bottom row shows the number of moves required for the same configurations.
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Algorithm 2PLANMOVEUP(r1,r2,g1,g2,L,moves)

Require:knowledge of current(r1,r2)and goal(g1,g2)
positions of two robots.(0,0)is bottom corner,Lis
length of the walls. The arraymovesis the current
sequence of moves up to the current position. Assume
r1.x <r2.xandr1.y≥ r2.y. If not, mirror the
coordinate frame and swap the robots, then undo the
mirroring before returning. is a small, nonzero, user-
specified value.

Ensure:(g1,g2),(r1,r2)all at least distance from walls
the goals and starting points have at leastdistance from
each other.m1is the first move toward the wall or goal.
m2is the second move adjustingΔe.

1:Δe←(g2−g1)−(r2−r1)
2:ifΔe=(0,0)then base case
3: m1←g2−r2
4: moves←{moves,m1}
5: (r1,r2)←APPLYMOVE(m1,r1,r2)
6: return{h(moves,r1,r2,g1,g2),moves,r1,r2}
7:end if
8:ifr2.x−r1.x−1+2≤Δg.x≤1andr2.y−r1.y≤
Δg.y≤0then Δg∈reachable region

9: m1←
1−r1.y

2−g1.y−r1.y
(g1.x−r1.x),1−r1.y

10: ifr2.x+m1.x>Lthen
11: m1.x←1−r2.x
12: else ifr2.x+m1.x <0then
13: m1.x←−r2.x
14: end if
15:else
16: m1=(0,1−r1.y)
17: Δg← closest reachable(Δx,Δy).
18:end if
19:moves←{moves,m1}
20:(r1,r2)←APPLYMOVE(m1,r1,r2)
21:m2←Δg−(r2−r1)
22:ifrobots on each otheroron the wallthen
23: Add± tom2.xto avoid collision
24:end if
25:moves←{moves,m2}
26:(r1,r2)←APPLYMOVE(m2,r1,r2)
27:return{h(moves,r1,r2,g1,g2),moves,r1,r2}

the build zone, below the staging zone, and +dto the
left of the build and staging zone. The minimum workspace
is then(+d+ max(wb,ws),2+hs,hb).

Thenrobots position control algorithm relies on a
DRIFTMOVE(α, β, , θ)control input, described in Alg. 4
and shown in Fig. 9. Forθ = 0◦, a drift move
consists of repeating a triangular movement sequence
{(β/2,−),(β/2,),(−α,0)}. Any particle touching a top
wall moves rightβunits, while every particle not touching
the top moves rightβ−α.

Let(0,0)be the lower left corner of the workspace,pkthe
x, yposition of thekthrobot, andfkthe finalx, yposition
of thekthrobot. Label the robots in the staging zone from

Fig. 8. Illustration of Alg. 3,nrobot position control using walls with
non-slip contact.

Fig. 9. A DRIFTMOVE(α, β, ,0◦)repeats a triangular movement
sequence{(β/2,−),(β/2,),(−α,0)}. At the sequence end, robotA
has movedβunits right, and robotBhas movedβ−αunits right.

left-to-right and bottom-to-top, and thefkconfigurations top-
to-bottom and right-to-left as shown in Fig. 10.

Alg. 3 proceeds as follows: First, the robots are moved
left away from the right wall, and down so all robots in
kthrow touch the bottom wall. Second, a set ofDriftMoves
are executed that move all robots inkthrow left untilk
touches the left wall, with no net movement of the other
robots. Third, a set ofDriftMoves are executed that move
only robotkto its target height and return the other robots
to their initial heights. Fourth, all robots except robotkare
pushed left until robotkis in the correct relativexposition
compared to robots 1 tok−1. Finally, all robots are moved
right until robotkis in the desired target position. Running
time isO(n(w+h)).

The hardware platform depicted in Fig. 10 is an assembled
practical setup that assumes that =1cm. The workspace
is a7×7cm grid space. All particles are 3D-printed plastic
whose top is a 1cm diameter cylinder with a narrower base
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Algorithm 3PositionControlnRobots(k)

1:Move(−, d/2−pky)
2:while pkx>d/2do
3: DRIFTMOVE(,min(pkx−d/2,),,180

◦)
4:end while
5:m←ceil(

fky−d/2)

6:β←
fky−d/2
m

7:α←β−
d/2−pky−

m
8:formiterationsdo
9: DRIFTMOVE(α, β, ,90◦)
10:end for
11:Move (d/2+ −fkx,0)
12:Move (fkx−d/2,0)

Algorithm 4DRIFTMOVE(α, β, , θ)

particles touching the wall moveβunits, while particles not
touching the wall moveβ−αunits.

1:R=
cos(θ) −sin(θ)
sin(θ) cos(θ)

2:MOVE(R·[β/2,−])
3:MOVE(R·[β/2,])
4:MOVE(R·[−α,0])

that encapsulates a steel bearing ball. Non-slip wall contact
is generated by a toothed wall design to keep particles from
moving out of place while implementing the drift move. The
workspace boundary is mounted on top of a white sheet of
cardboard. Underneath the cardboard, a grid of 3mm diame-
ter magnets glued with 1 cm spacing to a thin board generates
the uniform control input. A video attachment shows the
algorithm at work. This discretized setup requires several
modifications to Alg. 3. In this demonstration, all moves
are 1 cm in length. All drift moves are a counterclockwise
squaremove of size 1 cm×1 cm. Once thekthparticle gets
to its designated location in each loop, a correction step is
implemented. This correction step increases by two the total
number of moves required per particle. Fig. 8 shows there are
only 6 stages per particle involved in Alg. 3. The fixed step
algorithm requires 8 stages per particle as shown in Fig. 10.
A significant difference between Alg. 3 and the fixed move

implementation of it is that Alg. 3 enables placing particles
at arbitrary, non-overlapping locations, while the fixed move
implementation requires goal locations at the center of grid
cells.

VI. SIMULATION

Two simulations were implemented using non-slip contact
walls for position control. The first controls the position of
two robots, the second controls the position ofnrobots.

A. Position Control of Two Robots

Algorithm 1 was implemented in Mathematica using point
robots (radius =0). Fig. 2 shows an implementation of this
algorithm with robot initial positions represented by hollow
squares and final positions by circles. Dashed lines show the
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Fig. 10. Illustration of Alg. 3, discretizednrobot position control using
walls that enforce non-slip contact.

shortest route if robots could be controlled independently,
while solid lines show the optimal shortest path using uni-
form inputs.
The contour plots in Fig. 7 top row show the length of

the shortest path for givens1,s2,g1withg2ranging over all
the workspace. This plot clearly shows the nonlinear nature
of the path planning, with multiple isolated islands showing
regions that are difficult to reach. If the length of each side
of the square workspace isL, the worst case path length is
(
√
2+2)L.
The contour plots in Fig. 7 bottom row show the same
configurations, but plot the required number of moves. There
is never more than oneg2position reachable in one move.
Ifg2results in a contraction of(δx, δy), there are many
three move sequences. Four and five moves are sometimes
required.

B. Position Control ofnRobots

Alg. 3 was simulated in MAT L A B using square block
robots with unity width. Simulation results are shown in
Fig. 11 for arrangements with an increasing number of
robots,n= [8, 46, 130, 390, 862]. The distance moved grows
quadratically with the number of robotsn. A best-fit line
210n2+ 1200n−10,000is overlaid by the data.
In Fig. 11, the amount of clearance is =1. Control

performance is sensitive to the desired clearance. As in-
creases, the total distance decreases asymptotically, as shown
in Fig. 12, because the robots have more room to maneuver
and fewerDriftMoves are required.

VII. DEMONSTRATION

Hardware Demonstration: Position Control of n Robots
A hardware setup with a bounded platform, magnetic sliders,
and a magnetic guide board was used to implement Alg. 3.
The pink boundary is toothed with a white free space, as
shown in Fig 10. Only discrete, 1 cm moves in thexandy
directions are used. The goal configuration highlighted in the
top right corner represents a ‘U’ made of seven particles. The
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