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Abstract—Massive multi-user(MU) multiple-input multiple-
output(MIMO)promisessignificantgainsinspectralefficiency
comparedtotraditional,small-scale MIMOtechnology.Linear
equalizationalgorithms,suchaszeroforcing(ZF)orminimum
mean-squareerror(MMSE)-based methods,typicallyrelyon
centralizedprocessingatthebasestation(BS),whichresults
in(i)excessivelyhighinterconnectandchipinput/outputdata
rates,and(ii)highcomputationalcomplexity.Inthispaper,
weinvestigatetheachievableratesofdecentralizedequalization
that mitigatesbothoftheseissues. Weconsidertwodistinct
BSarchitecturesthatpartitiontheantennaarrayintoclusters,
eachassociatedwithindependentradio-frequencychainsand
signalprocessinghardware,andtheresultsofeachcluster
arefusedinafeedforwardnetwork.Forbotharchitectures,
weconsiderZF, MMSE,andanovel,non-linearequalization
algorithmthatbuildsuponapproximatemessagepassing(AMP),
andwetheoreticallyanalyzetheachievableratesofthesemethods.
Ourresultsdemonstratethatdecentralizedequalizationwithour
AMP-basedmethodsincursnooronlyanegligiblelossinterms
ofachievableratescomparedtothatofcentralizedsolutions.

I.INTRODUCTION

MassiveMU-MIMOiswidelybelievedtobeakeytechnol-
ogyfornext-generationwirelesssystems[1].Byequippingthe
BSwithhundredsorthousandsofantennasandservingtensor
hundredsofuserssimultaneouslyinthesametime-frequency
resource,massive MU-MIMOenablesorders-of-magnitude
improvementsinspectralefficiencycomparedtotraditional,
small-scaleMIMO[2].However,thepresenceofhundredsor
thousandsofantennaelementsattheBScausessignificant
implementationchallengesofthistechnology.
Oneofthemostcriticalimplementationchallengesisthe
excessivelyhighamountofdatathatmustbetransferred
betweentheBSantennaarrayandthebasebandprocessing
unit.Forexample,therawbasebanddatarates(fromorto
theRFchains)exceed200Gbit/sfora MU-MIMOsystem
with128BSantennaseachusingtwo10bitanalog-to-digital
convertersoperatingwith40MHzbandwidth.Suchhighdata
ratescannotbesustainedbyexistinginterconnecttechnology
andchipinput/output(I/O)interfaces.Furthermore,existing
conventionallinearequalizationalgorithms,suchasZFand
MMSE-basedmethods,relyoncentralizedprocessingand
requireexcessivelyhighcomputationalcomplexity[3].Hence,
existingmassiveMU-MIMOtestbedseitherdistributebaseband
processinginthefrequencydomain[4],i.e.,performparallel
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Fig.1. AchievableratesforQPSKinthelarge-systemlimitforβ 1=
B/U=6.FullydecentralizedLAMAandL-MMSEwithC=3clustersonly
sufferaminimalratelosscomparedtothefundamentalAWGNperformance
limit.MRC,whichisdecentralizedbynature,performspoorlyathigherrates.

computationspersubcarrier,orusemaximumratiocombining
(MRC)[5],whichenablesfullydistributedprocessingatthe
antennaelements.Frequencydistribution,however,requires
thateachfrequencyclusterneedsaccesstoalltheBSantennas,
whichpreventsascalingtothousandsofantennas.MRCis
knowntoresultinpoorspectralefficiencyforrealisticantenna
configurations[6].Consequently,apracticaldeploymentof
massiveMU-MIMOnecessitatesnovelequalizationmethods
thatreducetheinterconnectbandwidthandbasebandprocessing
complexitywhilemaximizingthespectralefficiency.

A.Contributions

WeproposetwodecentralizedBSarchitectures,namely
partiallydecentralized(PD)andfullydecentralized(FD)equal-
ization,whichmitigatetheinterconnect,I/O,andcomputation
bottlenecks.Forbothofthesearchitectures,weinvestigatethe
performanceofZF,linearMMSE(L-MMSE),andanovel,non-
lineardecentralizedequalizationmethodthatbuildsuponour
recentlyproposedlargeMIMOapproximatemessagepassing
(LAMA)algorithm[7]. Wedevelopastate-evolution(SE)
frameworkthatenablesapreciseanalysisoftheachievable
ratesanderror-rateperformanceofdecentralizedequalization
inthelarge-systemlimit,andweshowsimulationresultsfor
realistic,finite-dimensionalsystemsthatagreewithourtheory.
Fig.1demonstratesthatFDequalizationwithC=3antenna
clustersincombinationwithLAMAachievesratesthatare
closetothatofaninterference-freeAWGNchannelevenfor
moderateBS-to-user-antennaratios.FDequalizationachieves
significantlyhigherratesthanPDequalizationwithalowerBS-
to-user-antennaratio,whichdemonstratesthathigherspectral
efficiencycanbeachievedthroughdecentralizedarchitectures
thatreducetheinterconnectandchipI/Obandwidths.
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B.Relevantpriorart

Architecturesthatperformdecentralizedprocessinginthe
spatialdomainhavebeenproposedin[3],[8].1Theideais
topartitiontheBSantennaarrayinto independentclusters,
eachassociatedwithlocalcomputinghardware.Equalization
andbeamformingisthencarriedoutinaniterativefashionby
exchangingconsensusinformationamongtheclusters.While
theseiterativemethodssignificantlyreducetherawbaseband
dataratesandthecomputationbottlenecks,theirperformance
hasnotbeenanalyzedandthethroughputsuffersfrom
interconnectlatency.Incontrast,wefocusondecentralized
feedforwardarchitectureswhoseperformancecanbeanalyzed
theoreticallyandislesssusceptibletointerconnectlatency.
Oneoftheproposeddecentralizedequalizationalgorithmsin

thispaperbuildsuponAMP[11],[12].Centralizedequalization
viaAMPwasshowntoachievenearindividually-optimal(IO)
performanceforrealisticmassive MU-MIMOsystems[7],
[13].AdistributedversionofAMPwasproposedrecently
in[14].Thekeydifferencestothismethodareasfollows:
(i)weconsiderfeedforwardarchitectures,whicharekeyfor
low-latencyprocessingasrequiredbynext-generationmassive
MU-MIMOsystems[2],and(ii)weanalyzetheachievablerates
anderror-rateperformanceinmassiveMU-MIMOsystems.

C.Notation

Lowercaseanduppercaseboldfacelettersdesignatevectors
andmatrices,respectively;uppercasecalligraphiclettersdenote
sets.Thetransposeand Hermitianofthe matrix are
representedby Tand H. Wedefine .
Themultivariatecomplex-valuedGaussianprobabilitydensity
function(pdf)withmean andcovariance isdenotedby

. and representthemeanandvariance
withrespecttotherandomvariable ,respectively.

II.DECENTRALIZEDEQUALIZATIONARCHITECTURES

Westartbyproposingtwofeedforwardarchitecturesdepicted
inFig.2thatenabledecentralizedequalizationandachieve
(oftensignificantly)higherspectralefficiencythanMRC-based
architecturesthatnaturallyenabledistributedprocessing[2].

A.Systemmodelfordecentralizedequalization

Wemodeltheinput-outputrelationofamassiveMU-MIMO
uplinksystemby .Here, isthereceive
vectorand denotesthenumberofBSantennas,
istheknownMIMOsystemmatrixwhereeachelementof
isdistributed and denotesthenumber
ofusers, containsthetransmitsymbolsforeach
user, istheconstellationset(e.g.,QPSK),and
isi.i.d.circularlysymmetriccomplexGaussiannoisewith
variance percomplexentry. Weassumeani.i.d.prior

andeachsymbolisdistributedas:

(1)

1Distributedprocessingisalsoakeycomponentofcoordinatedmultipoint
(CoMP)[9]andcloudradioaccessnetworks(CRANs)[10]formulti-cell
transmission.Thedecentralizedarchitecturesandalgorithmsin[3],[8]are
specificallydesignedformassiveMU-MIMOsystemsinwhichthecomputing
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(a)Partiallydecentralized(PD)equalization.

(b)Fullydecentralized(FD)equalization.

Fig.2.Partiallydecentralized(PD)andfullydecentralized(FD)equalization
architecturesforthemassive MU-MIMOuplinkwith clusters.(a)PD
performsdecentralizedchannelestimation(CHEST)andpreprocessing;
equalizationisperformedinacentralizedfashionandoperatesonlow-
dimensionaldata.(b)FDperformsCHEST,preprocessing,andequalizationin
adecentralizedmanner.The operatorin(a)denotesmatrix/vector-additions
and in(b)denotesaweightedvectoraddition(seeSectionIVforthedetails).

where isthecardinalityof and istheDiracdelta
function.Theaveragesymbolenergyis .
Asin[3],[8],wepartitionthe BSantennasinto
independentantennaclusters.Thethclusterisassociated
with BSantennassothat and

.Eachclustercontainslocalradio-frequency(RF)
componentsandonlyrequiresaccesstolocalchannelstate
information(CSI).Hence,thereceivevectorforclustercanbe
writtenas with , ,and

.Withoutlossofgenerality,weassumethefollowing
partitioning: T T Tand T T T.

B.Partiallydecentralized(PD)equalizationarchitecture

Thepartiallydecentralized(PD)equalizationarchitecture
isillustratedinFig.2(a)for clusters.Eachcluster
independentlypreprocessesthepartialreceivedvector and
channelmatrix bycomputingthepartial MRCvector
MRC H andthepartialGrammatrix H .A
feedforwardaddertreeisusedtocomputethecompleteMRC
vectorandGrammatrix,i.e.,computes MRC MRC

and .Sincethe MRCoutputisasufficient
statisticforthetransmitsignal[15],weperform(linearornon-
linear)equalizationinacentralizedmannerandcomputeasoft
symbol andvariance vector,whichcanbe
usedtoeithercomputehard-outputestimatesorsoftinformation
(e.g.,intheformoflog-likelihoodratios)ofthetransmitted
bits[16].InSectionIII,wewillanalyzetheperformanceof
PDequalizationforZF,L-MMSE,andanovelLAMA-based
equalizationalgorithmallofwhichdirectlyoperateonthe
combinedMRCvector MRC andGrammatrix .



C.Fullydecentralized(FD)equalization

ThePDarchitecturerequiresasummationofboththepartial
MRCvectorandthepartialGrammatrices,whichinvolvesthe
transferandprocessingoflargeamountsofdataintheadder
tree.Thefullydecentralized(FD)equalizationarchitecture
illustratedinFig.2(b)oftensignificantlyreducestheoverhead
ofdatafusionatthecostoflowerperformance.Specifically,
eachcluster independentlyperformsCHEST,preprocessing,
andequalization,anddirectlycomputesasoftsymbol

andvariance vector.Thefusiontreeoptimally
combinestheresultingsoftsymbols andvariance vectors
inordertogeneratethefinaloutputtuple usedfor
hard-orsoft-outputdetection;seeSectionIVforthedetails.

III.PARTIALLYDECENTRALIZED(PD)EQUALIZATION

WestartbypresentingadecentralizedLAMAalgorithm
suitableforthePDarchitectureandtheassociatedSEframe-
work. Wethenadaptthewell-knownTse-Hanlyequations[17]
tocharacterizetheperformanceofPDequalizationwithlinear
equalizationalgorithms,suchas MRC,ZF,andL-MMSE.

A.LAMAforPDequalization

TheLAMAalgorithm[7]operatesontheconventional
input-outputrelation . Wenextproposeanovel
variantthatdirectlyoperatesonthe MRCoutput MRC and
the Gram matrix ,i.e.,theoutputsofthefusiontreeof
thePDarchitectureshowninFig.2(a).Notethatsincethe
antennaconfigurationinmassive MU-MIMOsystemstypically
satisfies ,theLAMA-PDalgorithmsummarizednext
operatesonalower-dimensionalproblem whiledelivering
exactlythesameresultsastheoriginalalgorithmin[7].

Algorithm1. Initialize for ,
,and .Then,foreveryalgorithmiteration

computethefollowingsteps:

MRC (2)

Thefunctions and correspondtothemessage
meanandvariance,respectively,andarecomputedasfollows:

d (3)

d

Here, istheposteriorpdf
with , isgivenin(1),and isa
normalizationconstant.

ToanalyzetheperformanceofLAMA-PDusingtheSE
framework,weneedthefollowingdefinition.

Definition1(Large-systemlimit).ForaMIMOsystemwith
userantennasand BSantennas,wedefinethelarge-system
limitbyfixingthesystemratio andletting .

WealsoneedthefollowingdecouplingpropertyofLAMA.
Inthelarge-systemlimitandforeveryiteration ,(2)is

distributedaccordingto [7];thisshowsthat
LAMAdecouplesthe MIMOsysteminto paralleland
independent AWGNchannelseach withnoisevariance .
TheSEframeworkinTheorem1withproofin[12]allowsus
totrackthedecouplednoisevariance ineachiteration.

Theorem1. Fixthesystemratio andthesignal
priorin(1).Inthelarge-systemlimit,thedecouplednoise
variance ofLAMAatiteration isgivenbytherecursion:

(4)

Here,themean-squared(MSE)functionisdefinedby

(5)

where isgivenin(3), asin(1), ,
and isinitializedby .

For ,therecursion(4)convergestothefixed-point
equation PD PD.Ifthereare multiplefixed
points,thenweselectthelargest PD,whichis,ingeneral,a
sub-optimalsolution[18].Sinceinthelarge-systemlimitthe
MIMOsystemisdecoupledintoAWGNchannelswithnoise
variance PDforeachuser,wewillusethisfixed-pointequation
toanalyzetheachievableratesanderror-rateperformanceof
decentralizedequalizationinSectionV.

B.LinearalgorithmsforPDequalization

AsfortheLAMA-PDalgorithm,lineardatadetectorsare
alsoabletooperatedirectlywiththe MRCoutputandthe
Grammatrix.For MRCequalization,wecandirectlyusethe
MRCoutput MRC.ForZFandL-MMSEequalization,wefirst
computea filtermatrix ,where
issetto and forZFandL-MMSE,respectively.The
finallinearestimate isthencomputedby MRC.

Inthelarge-systemlimit,theoutputof MRC,ZF,and
L-MMSE-basedequalizationisalsodecoupledintoAWGN
channels[17]withnoisevariance PDforeachuser .Closed-
formexpressionforthenoisevariancehavebeendeveloped
byTseandHanlyin[17],andareasfollows.

Theorem2.Fixthesystemratio .Inthelarge-system
limit,thedecouplednoisevariance PD for MRC,ZF,andL-
MMSEisafixed-pointsolutionto PD PD ,where

equalsto , ,and for MRC,ZF,
andL-MMSEequalization,respectively.

IV.FULLYDECENTRALIZED(FD)EQUALIZATION

WenowdiscussthealgorithmaspectsoftheFDarchitecture
showninFig.2(b)andthenanalyzeitsperformance.

A.AlgorithmprocedureforFDarchitecture

RecallfromSection II-Cthateachcluster intheFD
architectureindependentlycomputesthevectors and .
Onceequalizationforall clustersiscompleted,thenthe
vectors and mustbefusedtocomputetheoutput .
Sincetheinput-outputrelationfromeachclusterisdecoupled
intoanAWGNsystemwithi.i.d.noiseinthelarge-system
limit,optimalfusioncorrespondstocomputingaweightedsum
of thatminimizestheoutputnoisevariance FD.



B.EqualizationperformanceinFDarchitecture

ThefollowingresultcharacterizestheperformanceofFD
foreachcluster;theproofisgiveninAppendixA-A.

Theorem3.Letcluster haveasystemratioof
.Inthelarge-systemlimit,theinput-outputrelationis

decoupledintoAWGNchannelswithnoisevariance given
byasolutiontothefixed-pointequation .

Here, isthe MSEfunctionoftheequalizerincluster.

Duetothedecouplingpropertyinthelarge-systemlimit
(cf.SectionIII),cluster isdecoupledintoAWGNchannels
withnoisevariance foreachuser.Hence,fusionrelieson

and forall clustersandcomputesaweightedsumthat
minimizesthefinalnoisevariance FD.Lemma4summarizes
theoptimalfusionrule;theproofisgiveninAppendixA-B.

Lemma4. Assumethelarge-systemlimit.Let bethenoise
varianceforeachcluster .Then,theinput-
outputrelationoftheFDarchitectureisdecoupledintoAWGN
channels,wheretheoptimalfusionruleisgivenby

FD (6)

with foreach .

WealsohavethefollowingintuitiveresultthatFDcannotout-
performPDequalization;theproofisgiveninAppendixA-C.

Lemma5.Let .Inthelarge-systemlimit,thedecoupled
noisevariancesforthe FDand PDarchitecturessatisfy

FD PD.Equalityholdsfor orif MRCisused.

V. NUMERICALRESULTS

Wenowinvestigatetheperformanceofdecentralizedequal-
ization. Wewilluseaninterference-freeAWGNchannelas
thebaselineandcomparetheperformanceloss(intermsof
achievablerates)ofFDandPDequalizationwith MRC,ZF,
L-MMSE,andLAMAcomparedtothisbaseline. Wedefine
thesignal-to-noiseratio(SNR)asSNR andthe
SNRlossastheadditional thatisrequiredbythese
equalizerstoachievethesameperformanceasthatgivenby
theinterference-freeAWGNsystem. WewillassumeQPSK
modulationand clusterswith , .

A.Achievablerate

Fig.1hasshowntheachievableratesfor forLAMA
andL-MMSEforbothPDandFDarchitectures.LAMA-FD
andL-MMSE-FDsufferonlyaminimalratelosscomparedto
thePDcounterparts,whereas MRCsufferssignificantlossin
thehigh-rateregime.Also,LAMA-FDfor achieves
significantlyhigherratesthanthatgivenbyLAMA-PDfor

,whichreflectsthebenefitsofdatafusion.
WenowcomputetheminimumSNRrequiredtoachievea

targetrateof offullrate(2bits/user/channelusefor
QPSK)foranAWGNchannel. WecomparetheSNRloss
fortheotherequalizerstoachievethesameachievablerate
fordifferentvaluesof .Fig.3(a)showstheresultsforthe
differentequalizationalgorithmsanddecentralizedarchitec-
tures.Asexpected,LAMA-PDsignificantlyoutperformslinear

algorithmsthatusePDequalization.FortheFDarchitecture
withanSNRlossof2dB,LAMA-FDachievesthetargetrate
forany .LAMA-FDoutperformsL-MMSE-FDand
suffersonlyaminimallosscomparedtoL-MMSE-PD,which
requires and ,respectively.Thisobservation
impliesthatLAMA-FDachievesasimilarperformanceas
linearequalizersthatusethePDarchitecturewhilerequiring
reducedinterconnectandchipI/Obandwidth.

B. MinimumrequiredBS-to-userratio

WefixtheSNRlossto2dBandplottheminimumBS-to-
userratio forvaryingachievablerates.Inthelow-rate
regime, MRCperformssimilartoallotherequalizers,which
confirmsthewell-knownfactthatMRCissufficientformassive
MU-MIMOinthelarge-antennalimit[2].Inthehigh-rate
regime,however, MRCrequiressignificantlyhigherBS-to-user
ratioscomparedtoL-MMSEorLAMA-basedequalization.
Itisinterestingtoseethatthe minimum decreasesfor
LAMA-FDandLAMA-PDathighrates;thisisduetothe
factthatLAMAinoverloadedsystemsisparticularlyrobust
atlowandhighvaluesofSNR(see[7]formoredetails).

C.Symbolerror-rate(SER):analysisvs.simulations

Wesimulateanuncoded massive MIMOsystemand
plotthesymbolerror-rateperformance(SER)ofLAMAand
L-MMSEforthePDandFDarchitectureswith clusters.
Weobservethatthenumericalerror-ratesimulations(shown
withsolidlines)closely matchtheasymptoticpredictions
(shownwithdashedlinesforthecorrespondingcolor). Wealso
simulateLAMA-PDforanuncoded MIMOsystem
asabaselineforcomparisonwiththeproposedarchitectures.

WeseethatLAMA-FDoutperformsL-MMSE-FDandper-
formscloseto MMSE-PD.Furthermore,LAMA-FDperforms
within1dBofLAMA-PD,whichachievesindividually-optimal
performanceinthelarge-systemlimit[7].Inaddition,LAMA-
FDwith inthe systemexhibitssignificant
performanceimprovementsoverLAMA-PDinthe
system,whichshowcasesthebenefitofthefusionoperationin
finite-dimensionalsystems.Insummary,LAMA-FDdelivers
near-optimalperformancewhilereducingtheinterconnectand
chipI/Obottlenecks,whichdemonstratestheefficacyofLAMA
andtheproposedfeedforwardequalizationarchitectures.

APPENDIXA
PROOFS

A.ProofofTheorem3

Aseachentryofthepartialmatrixchannel isdistributed
as , wefirstnormalizethesystemby ,
whichamplifiesthenoisevarianceby .Theresultfollows
fromTheorems1and2forLAMAandlinearequalization.

B.ProofofLemma4

Sinceinthelarge-systemlimit,eachinput-outputrelation
forthclusterisstatisticallyequivalenttoAWGNwithnoise
varianceof ,theoutputoffusionwillalsobeAWGN.Ifwe
definethefusionstagetoperform ,wehave

FD
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where(a)followsfrom
C
c=1νc=1andnc∼CN(0,IU)

areindependentforallc=1,...,C.Here,wehavethat
σ2FD=

C
c=1ν

2
c̄σ
2
candn̄∼CN(0,IU).

Weminimizethenoisevarianceσ2FDsubjecttotheconstraint
C
c=1νc =1,whichgivesνc =

1
σ̄2c

C
c=11/̄σ

2
c
−1
for

allc=1,...,C.Obtainingthefirstexpressionin(6)is
straightforward;thesecondexpressionisobtainedasfollows:

β
C
c=1νcΨ(̄σ

2
c)=

C
c=1

1
σ̄2c

−1
C
c=1

βΨ(̄σ2c)
σ̄2c

=
C
c=1

1
σ̄2c

−1
C
c=1 wc−

N0
σ̄2c
=

C
c=1

1
σ̄2c

−1

−N0.

C.ProofofLemma5

Wefirstshowwhenequalityholds.Thecaseforβ→0is
trivialbecausēσ2c=σ

2
FD=σ

2
PD=N0.ForMRC,wehave

σ2FD=N0+β
C
c=1νcVarS[S]=N0+βVarS[S]=σ

2
PD.

Letusnowassumethatβ>0.Weshow̄σ2c>σ
2
PDbyre-

writingthefixed-pointsolutionsas[19]:σ̄2c=sup{σ
2:N0+

βΨ(σ2)≥wcσ
2}andσ2PD=sup{σ

2:N0+βΨ(σ
2)≥σ2}.

NotethatN0>0,soboth̄σ
2
candσ

2
PDarestrictlypositive.It

iseasytoseethatσ2PD=̄σ
2
cbecauseσ

2
PD=N0+βΨ(σ

2
PD)>

wcσ
2
PD.SinceΨ(σ

2)→ VarS[S]asσ
2→ ∞ andΨ(σ2)is

continuous[20],thereexistsaσ̄2c>σ
2
PDthatsatisfiesN0+

βΨ(̄σ2c)=wc̄σ
2
cbytheintermediatevaluetheorem.

Finally,weuse[20,Prop.9]toseethatΨ(σ2)isstrictly
increasingforσ2>0forLAMA.ForZFandMMSE,this
alsoholdsbycomputingdΨ(σ2)/dσ2>0.Thus,theresult
σ2FD>σ

2
PDfollowsdirectlyfromLemma4since

σ2FD=N0+β
C

c=1

νcΨ(̄σ
2
c)>N0+β

C

c=1

νcΨ(σ
2
PD)=σ

2
PD.
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