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Wepresentacombinedexperimentalandtheoreticalstudyoftheprimaryandsecondary
instabilitiesinaKolmogorov-likeflow.Theexperimentuseselectromagneticforcingwith
anapproximatelysinusoidalspatialprofiletodriveaquasi-two-dimensional(Q2D)shear
flowinathinlayerofelectrolytesuspendedonathinlubricatinglayerofadielectricfluid.
Theoreticalanalysisisbasedona2Dmodel(Surietal.2014),derivedfromfirstprinciples
bydepth-averagingthefullthree-dimensionalNavier-Stokesequations.Asthestrengthof
theforcingisincreased,theQ2Dflowintheexperimentundergoesaseriesofbifurcations,
whichiscomparedwithresultsfromdirectnumericalsimulationsofthe2Dmodel.The
effectsofconfinementandtheforcingprofilearestudiedbyperformingsimulationsthat
assumespatialperiodicityandstrictlysinusoidalforcing,aswellassimulationswith
realisticno-slipboundaryconditionsandanexperimentallyvalidatedforcingprofile.
Wefindthatonlythesimulationsubjecttophysicalno-slipboundaryconditionsanda
realisticforcingprofileprovidesclose,quantitativeagreementwiththeexperiment.Our
analysisoffersadditionalvalidationofthe2Dmodelaswellasademonstrationofthe
importanceofproperlymodellingtheforcingandboundaryconditions.

1.Introduction

Fluidflowsintwospatialdimensionshavebeenthesubjectofsubstantialresearch
effortsinrecentdecades.Forthegreaterpartofthetwentiethcentury,itwasgenerally
consideredthattwo-dimensional(2D)flowsweremerelyatheoreticalidealizationwith
limitedpracticalrelevance.Thisconceptionhaschangeddrasticallysincethe1980s,when
experimentsinthinelectrolytelayers(Bondarenkoetal.1979),soapfilms(Couder1984),
andliquidmetals(Sommeria& Moreau1982)demonstratedthatnearly2Dflowscan
indeedberealizedinthelaboratory.Today,experimentalapproximationsof2Dflowsare
widelyemployedasmodelsofatmosphericandoceanicflows(Dolzhansky2013;Boffetta
&Ecke2012).Beingtheoreticallyandexperimentallymoreamenablethantheirthree-
dimensional(3D)counterparts,2Dflowshavealsoservedasplatformsforstudyingnew
phenomenasuchasturbulentcascades(Sommeria1986;Tabelingetal.1991),coherent
structures(Sommeriaetal.1988),andmixing(Haller&Yuan2000).
Perhapsoneofthebestknownexamplesof2DflowsistheoneintroducedbyAndrey
Kolmogorovin1959asamathematicalproblemforstudyinghydrodynamicstability
(Arnold& Meshalkin1960).TheKolmogorovflowrepresentsthemotionofaviscous
fluidintwodimensions(wewillrefertotheseasxandy)drivenbyaforcingthat
pointsalongthex-directionandvariessinusoidallyinthey-direction.Thefluidflowis
consideredincompressible,∇·u=0,andisgovernedbythe2DNavier-Stokesequation,

∂tu+u·∇u=−
1

ρ
∇p+ν∇2u+f. (1.1)
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Here,u=(ux,uy)isthevelocityfield,pisthe2Dpressurefield,andf=Asin(κy)̂x
representsthedrivingforcewithamplitudeAandwavenumberκ.Theparametersρ
andνarethedensityandthekinematicviscosityofthefluid,respectively.Kolmogorov
flowhasservedasaconvenientmodelforunderstandingawidevarietyofhydrodynamic
phenomenain2D,suchasfluidinstabilities(Meshalkin&Sinai1961;Iudovich1965;Kli-
atskin1972;Nepomniashchii1976),2Dturbulence(Green1974),andcoherentstructures
(Armbrusteretal.1992;Smaoui2001;Chandler&Kerswell2013).

Practicallyrealizableflows,however,areneverstrictly2D.Experimentalapproxima-
tionsofKolmogorovflowhaveoftenbeencarriedoutineithershallowlayersofelec-
trolytes(Bondarenkoetal.1979)orinsoapfilms(Burgessetal.1999),whereingeometric
confinementsuppressesthecomponentofvelocityalongoneofthespatialdirections(z).
Theremainingtwovelocitycomponents,however,generallydependonbothextended
andconfinedcoordinates,makingtheflow“quasi-two-dimensional”(Q2D).Toaccount
forthedependenceontheconfinedcoordinate,Q2Dflowsinshallowlayershaveoften
beenmodelledbyaddingalinearfrictiontermtothe2DNavier-Stokesequation(1.1):

∂tu+u·∇u=−
1

ρ
∇p+ν∇2u−αu+f, (1.2)

whereαisaconstant.Here,ucorrespondstothevelocityfieldattheelectrolyte-air
interface.TheadditionofthistermwasfirstsuggestedbyBondarenkoetal.(1979)to
modelaQ2Dflowgeneratedinahomogeneousshallowelectrolytelayer.Insuchaflow,
thebottomofthefluidlayerisconstrainedtobeatrestbecauseitisincontactwiththe
solidsurfaceofthecontainerholdingthefluid.Thisno-slipconstraintatthebottomofthe
fluidlayercausesagradientinthemagnitudeofthehorizontalvelocityalongtheconfined
directionz.Bondarenkoetal.(1979)rationalizedthatthedissipationduetothisshear,
forsufficientlyshallowfluidlayers,iscapturedbythelinearfrictionterm.Inthecontext
ofQ2Dflowsinelectrolytelayers,thistermhascometobeknownas“Rayleighfriction.”
Experimentalflowsinthinlayers,andtheir2Dapproximationsemployingequation(1.2),
arenowcommonlyreferredtoas“Kolmogorov-like”whentheforcingprofileisnearly
sinusoidal.Notethatlinearfrictionmodels,similartothatinequation(1.2),havealso
beenemployedtodescribeQ2Dflowsinliquidmetals(Sommeria1986)andsoapfilms
(Couderetal.1989;Burgessetal.1999).Themotivationbehindtheadditionofthe
frictionterminthesemodelsisdifferentfromthatinequation(1.2).Inthisarticlewe
areonlyconcernedwithflowsinshallowelectrolytelayers.

ExperimentalrealizationsofQ2Dflowsinrecentyearshaveemployedtwo-fluid-layer
setups:eitherasetupwithmiscible layerscomprisedofaheavyelectrolytefluid(salt
water)beneathalighternonconductingfluid(purewater)(Marteauetal.1995;Paret
&Tabeling1997;Kelley&Ouellette2011),orasetupwithimmisciblelayerscomprised
ofaheavydielectricfluidbeneathalighterelectrolyte(Rivera&Ecke2005;Akkermans
etal.2008,2010).Therationalebehindthese modificationswasthatinadditionto
confinement,densitystratificationandimmiscibilityshouldenhancetwo-dimensionality
inthetoplayer.Theoretical modelsofQ2Dexperimentalflowsrealizedinstratified
layersoffluids,however,havenotaccuratelymodelledtheeffectofinhomogeneityinfluid
propertiesaswellasthegradientinthemagnitudeofhorizontalvelocityu(x,y)along
theconfineddirectionz.Consequently,experimentswerecomparedwithsimulations
basedonthe2Dmodel(1.2)withempiricallyestimatedparameters(J̈uttneretal.1997;
Boffetta&Ecke2012).

Toaddressthisdeficiency,Surietal.(2014)haveinvestigatedthevariationinthehor-
izontalvelocityv(x,y,z,t)alongtheconfineddirectionzforastratifiedtwo-immiscible-
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layersetup.FollowingDovzhenkoetal.(1981),theQ2Dvelocitywasapproximatedas

v(x,y,z,t)=P(z)u(x,y,t)=P(z)[ux(x,y,t)̂x+uy(x,y,t)̂y], (1.3)

whereu(x,y,t)correspondstothe2Dvelocityfieldattheelectrolyte-airinterfaceand
P(z)modelsthevariationofthehorizontalvelocityalongz.Bysubstitutingtheformof
velocityinequation(1.3)intothe3DNavier-Stokesequationandintegratingalongthe
z-direction,thefollowingmodifiedversionofequation(1.2)wasderived:

∂tu+βu·∇u=−
1

ρ̄
∇p+ν∇2u−αu+f. (1.4)

Intheaboveequationfisthedepth-averagedforcedensityandtheparametersβ,ρ̄,ν,
andαaregivenby:

β=

h

0
ρP2dz
h

0
ρPdz

, ρ̄=

h

0
ρPdz

h
, ν=

h

0
µPdz
h

0
ρPdz

, α=
µ dP

dz z=0
h

0
ρPdz

, (1.5)

wherehisthetotalthicknessofthetwofluidlayers.TheverticalprofileP(z)isvery
weaklydependentonthehorizontalflowprofileu(x,y,t).TheprofileP(z)thatcorre-
spondstoasinusoidalhorizontalflow(describedasthestraightflowbelow)wascomputed
andvalidatedagainstexperimentalmeasurementsinSurietal.(2014).
Theprefactorβreflectsthechangeinthemeaninertiaofthefluidlayerduetothe

variationP(z)ofthehorizontalvelocityintheverticaldirection.SinceP(z)=1in
experiments,β=1,whichdistinguishesequation(1.4)fromallprevious2Dmodelsof
flowsinshallowelectrolytelayers.Formulti-layersetups,thecoefficientsβ,ρ̄,ν,andα
accountforboththeinhomogeneityinfluidpropertiesaswelltheverticalprofileP(z),
assuggestedbyequation(1.5).Equations(1.1)and(1.2)canbetreatedasspecialcases
ofequation(1.4)withsuitablechoicesoftheparametersαandβ.Furthermore,equation
(1.2)canalsobeobtainedfromequation(1.4)byrescalingthevariables(cf.Appendix
A).
InthisarticlewestudyinstabilitiesofaQ2DKolmogorov-likeflowrealizedinasetup
withtwoimmisciblefluidlayersandcompareexperimentalresultswithdirectnumerical
simulations(DNS)ofequation(1.4).MostpreviousstudiesofKolmogorov-likeflowthat
comparedexperimentswiththeoreticalpredictionsassumedaperfectlysinusoidalshear
flowonanunboundedorperiodicdomain(Bondarenkoetal.1979;Dovzhenkoetal.1984;
Batchaev&Ponomarev1989;Krymov1989;Thess1992;Dolzhanskiietal.1992). While
someofthesestudiesreportedquantitativeagreementbetweentheoryandexperiment
inregardstotheprimaryinstability,nonewereabletomatchsimultaneouslyboththe
criticalReynoldsnumberandthecriticalwavenumber.Evenmatchingoneofthesere-
quiredtreatingtheRayleighfrictioncoefficientαasanadjustableparameter.Toaddress
theseshortcomings,wehaveperformedasystematicinvestigationoftheeffectsoflateral
confinementusingnumericalsimulationswiththreedifferentsetsofboundaryconditions.
Furthermore,weinvestigatehowtheobservedflowpatternsandtheirstabilityareaf-
fectedbythedeviationsintheforcingprofilefromperfectperiodicityintheextended
directionsandbythevariationoftheforcingprofileintheconfineddirection.Finally,
wecomparetheresultsofnumericalsimulationswiththeexperimentalobservationsfor
thesecondaryinstability,whichintroducestime-dependenceintotheflow.
GiventhatnoneofthepreviousmodelsofQ2Dflowswerequantitativelyaccurate,the
availabilityofanexperimentalsetupandamatching2Dmodelthatareinquantitative
agreementisquiteimportantforanumberofreasons.Inparticular,thisallowsustomake
substantialprogress(Surietal.2017)inunderstandingtheroleofcoherentstructuresin
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turbulentflows(Hussain1986;Kawaharaetal.2012;Gallet&Young2013;Chandler&
Kerswell2013;Haller2015).Recentadvancesintransitionalflowsandweakturbulence
relyonadeterministic,geometricaldescriptionwheretheevolutionoftheflowisguided
bynonchaotic,unstablesolutionsoftheNavier-Stokesequation,oftenreferredtoasexact
coherentstructures(ECS)(Nagata1997; Waleffe1998;Kerswell2005;Eckhardtetal.
2007;Gibsonetal.2009).ThebulkofnumericalstudieshaveexploredtheroleofECSin
3Dflowssimulatedonperiodicdomainswithsimplegeometries,suchaspipeflow,plane
Couetteflow,andplanePoiseuilleflow.
However,experimentalevidencefortheroleofECSin3Dflowshasbeenscarce(Hof
etal.2004;deLozaretal.2012;Dennis&Sogaro2014),inpartduetotechnicallimita-
tionsinobtainingspatiallyandtemporallyresolved3Dvelocityfields.Q2Dflows,onthe
otherhand,canbequantifiedusing2Dplanarvelocityfieldswhicharerelativelyeasyto
measure.Recently,Chandler&Kerswell(2013)andLucas&Kerswell(2014,2015)have
identifieddozensofECSinnumericalsimulationsofaweaklyturbulent2DKolmogorov
flow,governedbyequation(1.1)withperiodicboundaryconditionswhich,however,do
notdescribeflowsthatcanberealizedinexperiments(Bondarenkoetal.1979;Dolzhan-
skiietal.1992;Surietal.2014).Hence,theanalysispresentedhereinshouldprovidethe
muchneededfoundationforfurtherstudiesof2Dturbulencewhichfocusonexperimental
validationoftheoreticalpredictions,buildingontheresultsofSurietal.(2017).
Thisarticleisorganizedasfollows.In§2,wedescribetheexperimentalsetupemployed
togenerateaQ2DKolmogorov-likeflow.In§3,weintroducearealisticmodelofthe
forcingintheexperimentanddiscussdifferenttypesoflateralboundaryconditionswhich
areusedtostudytheeffectsofconfinementtheoretically.In§4,wecomparetheflowfields
obtainedfromexperimentalmeasurementswiththosefromthenumericalsimulationsfor
differentflowregimesandcharacterizethebifurcationsassociatedwithincreasingthe
forcingstrength.In§5,wediscusshowthenatureoftheprimaryinstabilitydependson
thelateralboundaryconditions.Conclusionsarepresentedin§6.

2. ExperimentalSetup

WegenerateaQ2DKolmogorov-likeflowintheexperimentusingastratifiedsetup
withtwoimmisciblefluidlayers,firstintroducedbyRivera&Ecke(2005).Inthiscon-
figuration,alighterelectrolyteissuspendedontopofadenserdielectric,whichserves
asalubricantbetweentheelectrolytelayerandthesolidsurfaceatthebottomofthe
containerwhichholdsthefluids.ThefluidlayersaresetinmotionusingLorentzforces
resultingfromtheinteractionofadirectcurrentpassingthroughtheelectrolyteanda
spatiallyvaryingmagneticfield.
Weuseamagnetarrayconsistingof14NdFeBmagnets(GradeN42)togeneratea
magneticfieldthatvariesroughlysinusoidallyalongonedirection,approximatingthe
forcingintheKolmogorovflow.Eachmagnetinthearrayis15.24cmlongand1.27cm
wide,withathicknessof0.32±0.01cm.Themagnetizationisparalleltothethickness
dimension,withasurfacefieldstrengthofabout0.2T.Themagnetsarepositionedside-
by-sidealongtheirwidthtoforma15.24cm×(14×1.27cm)×0.32cmarraysuchthat
theadjacentmagnetshavefieldspointinginoppositedirections,normaltotheplaneof
thearray.Thismagnetarrayisplacedonaflataluminumplateofdimensions30.5cm
×30.5cm×1.0cm,andrectangularpiecesofaluminumwiththesamethicknessasthe
magnets(0.32±0.02cm)areplacedbesidethemagnetarraytocreatealevelsurface.
Manufacturingimperfectionsintheindividualmagnetsandthealuminumsidingresult
inasurfacewhichisnotadequatelysmooth.Hence,athinglassplatemeasuring25.4
cm×25.4cminareawithathicknessof0.079±0.005cmisplacedatopthemagnets
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Figure 1: A schematic diagram of the two-immiscible-layer experimental setup for gen-
erating Kolmogorov-like flow viewed (a) from above and (b) from the side. The vectors
J,B,andFdenote, respectively, the directions of the electric current, magnetic field,
and the resulting Lorentz force. The flow is bounded by two end walls, two side walls
(electrodes), and a no-slip bottom surface, while the top surface is a free electrolyte-air in-
terface. This container is mounted on an aluminum plate which is levelled and submerged
in a water bath that is temperature-regulated such that the electrolyte is maintained at
23.0±0.2◦C.

and siding to provide a uniform surface. A thin layer of black, adhesive contact paper
(with approximate thickness 0.005 cm) is placed on top of the glass plate to serve as
a dark background for imaging. The surface of the contact paper serves as the bottom
boundary for the fluids. We place the origin of our coordinate system at this height and
the lateral centre of the magnet array, with thex-coordinate aligned with the magnets’
longest side, they-coordinate pointing in the direction of the magnet array periodicity,
and thez-coordinate in the vertical direction. A schematic diagram is shown in figure 1.

Rectangular bars of acrylic are affixed directly onto the contact paper to create the
lateral boundaries of the container that will hold the fluids. Parallel to they-direction,
two bars are placed at a distance of 17.8 cm apart, centred about the origin. These solid
boundaries for the fluid are henceforth referred to as the “end walls.” Similarly, running
parallel to thex-direction, two electrodes mounted on rectangular bars of acrylic are
placed at a distance of 22.9 cm, symmetrically relative to the origin. These boundaries
are henceforth referred to as the “side walls” and are used to drive the current through
the electrolyte. The placement of the end walls and side walls leaves a buffer region of
dx=1.3cmanddy=2.5 cm, respectively, between the edge of the magnet array and
these solid boundaries.

The aluminum plate upon which the magnets are mounted is supported by three
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screws,whichareadjustedtolevelthesystem.Theinteriorofthecontainerisfilledwith
122±4mLofadielectricfluidand122±2mLofanelectrolytetoformtwoimmiscible
layersthatare0.30±0.01cmand0.30±0.005cmthick,respectively.Thedielectric
fluidusedisperfluorooctane,whichhasaviscosityofµd=1.30mPa·sandadensityof
ρd=1769kg/m

3at23.0◦C.Theelectrolytefluidisasolutionconsistingof60%1 M
coppersulfatesolutionand40%glycerolbyweight.Theelectrolyte’sviscosityisµc=5.85
mPa·sandthedensityisρc=1192kg/m

3at23.0◦C.Notethatalargeviscosityratio
µc/µd=4.5hasbeenchosentoenhancethetwo-dimensionalityoftheelectrolyte,as
describedbySurietal.(2014).Asmallamountofviscosity-matchedsurfactantisadded
totheelectrolytetolowerthesurfacetension,andaglasslidisplacedontopofthe
containertolimitevaporation.

Adirectcurrent,whichservesasthecontrolparameter,isthenpassedthroughthe
electrolyte;theresultingcurrentdensityJrangesfromabout10to40A/m2acrossthe
differentruns.Theinteractionofthiscurrentwiththespatiallyalternatingmagnetic
fieldBresultsinaspatiallyalternatingLorentzforceFwhichdrivestheelectrolyte
(cf.figure1(a)).Theviscouscouplingbetweentheelectrolyteandthedielectricfluids
setsthedielectricfluidinmotionaswell.Sincepassingacurrentthrougharesistive
conductor(theelectrolyte)resultsinJouleheating,acalibratedthermistorisplacedin
thecornerofthefluiddomaintomonitorthefluidtemperature,andthealuminumplate
isimmersedinatemperature-controlledwaterbath.Thewaterbathisregulatedsuch
thatthetemperatureoftheelectrolyteismaintainedto23.0±0.2◦C.Bylimitingthe
temperaturefluctuations,theassociatedchangeinviscosityofthefluidsiskepttoa
minimum.

Forflowvisualization,weaddhollowglassmicrospheres(GlassBubblesK15)man-
ufacturedby3M,sievedtoobtainparticleswithmeanradius24.5±2µmandmean
density150kg/m3.Beinglighterthantheelectrolyte,themicrospheresstayafloatatthe
electrolyte-airinterfaceforthedurationoftheexperiment.Themicrospheresareillumi-
natedwithwhitelightemittingdiodesplacedneartheendwalls,outsidethecontainer
holdingthefluids.Theflowisimagedat15HzwithaDMK31BU03cameramanufac-
turedbyTheImagingSource,placeddirectlyabovethesetup.ThiscamerahasaCCD
sensorwitharesolutionof1024×768pixels,whichresultsinanadequateresolutionof
about53pixelspermagnetwidth.TheflowvelocitiesarecalculatedusingthePRANA
particleimagevelocimetry(PIV)package(Eckstein&Vlachos2009;Drewetal.2013).
ThissoftwareemploysamultigridPIValgorithmthatdeformsimagestobetterresolve
flowswithhighshear.Thevelocityfieldisresolvedona169×126grid,withabout9
pointspermagnetwidth.

Fortheexperimentalmeasurementslistedabove,weobtainthefollowingdepth-averaged
valuesfortheparametersinequation(1.4):α=0.064s−1,β=0.83,ν=3.26×10−6

m2/s,andρ̄=976kg/m3.Theseparameterswerecomputedusingtheverticalprofile
P(z)thatcorrespondstothestrictlysinusoidalflow(Surietal.2014).Thecomplexityof
theflowinboththeexperimentandsimulationischaracterizedbytheReynoldsnumber,
whichwedefineas:

Re=
Uw

ν
(2.1)

wherew=1.27cmisthewidthofonemagnetandU= u·u isthemeasuredroot-
mean-square(rms)velocity,where ·denotesspatialaveragingoverasub-regionwith
dimensions10.16cm×10.16cmatthecentreofthemagnetarray.Notethatfromthis
pointon,unlessnotedotherwise,thecharacteristiclengthscalew,velocityscaleU,and
timescalew/Uwillbeusedfornondimensionalization.



BifurcationsinaQ2DKolmogorov-LikeFlow 7

3. Numerical Modelling

Inthissectionwepresentamodelofthemagneticfieldgeneratedbythefinitearray
ofpermanentmagnetsintheexperiment. Wethenintroducethreetypesofboundary
conditionsusedinournumericalsimulationsoftheflow.

3.1.ModellingtheMagneticField

Inthediscussionsofar,wehavenotaddressedanimportantquestionofhowthe2Dforc-
ingfunctionfinequation(1.4)relatestothe3DforcingFintheexperiment.Fora2D
Kolmogorovflow,theforcingfissinusoidal,bydefinition.However,forKolmogorov-like
flowsrealizedinelectromagneticallydrivenshallowlayersofelectrolyte,fneedstobe
computedfromthe3DLorentzforceFarisingfromtheinteractionofthemagneticfield
BproducedbyafinitemagnetarraywithacurrentdensityJ(Surietal.2014).The
currentdensityiseasilycalculatedfromgeometricalconsiderations,butthemagnetic
fieldgeneratedbythearrayofpermanentmagnetsisquitecomplicated.ForJ=Ĵy,
theLorentzforcedensityatanylocation(x,y,z)withintheelectrolytelayerisgivenby
F=J×B=JBẑx−JBx̂z.Here,BxandBzarethex-andz-componentsofthemag-
neticfield,respectively,whichvaryalongallthreecoordinatesx,y,andz.Experimental
measurementsshowthatthetypicalvalueofBxislessthan3%ofthevalueofBzatany
givenlocationwithintheelectrolyte.Furthermore,theverticalcomponentoftheLorentz
forcealongwiththegravitationalforcewillbebalancedbytheverticalgradientofthe
pressure.Hence,theLorenzforcedensityforallpracticalpurposescanbeapproximated
asF≈JBẑx.Onecanthencomputefusingtheexpression:

f=
1

ρ̄

hd+he

hd

JBz(x,y,z)dz

hd+he
x̂, (3.1)

whereheandhdarethethicknessesoftheelectrolyteanddielectriclayers,respectively.
Theblacksymbolsinfigure2(a)showtheexperimentalmeasurementsofBzalongthe

linex=0,passingabovethecentreofthemagnetarrayattwodifferentheights.Clearly,
themagneticfieldprofiledeviatessignificantlyfromthatofapuresinusoid.Furthermore,
onecannotignorethefringefieldsneartheedgesofthearray.Toobtainamagnetic
fieldprofilethatcloselyresemblestheoneintheexperiment,onecouldmeasurethe
z-componentofthemagneticfield(Bz)acrosstheentireflowdomainatvariousheights
abovethemagnetarray.Usingthemeasuredfield,onecouldthencomputethedepth-
averagedforcingprofileusingequation(3.1)(Surietal.2014).However,sincemeasuring
Bzona3Dgridisanextremelytediousprocess,wecircumventthelabourbynumerically
modellingthemagnetarrayasdescribedbelow.
Themagnetsinthearrayarearrangedsuchthatadjacentoneshavemagnetization

pointinginoppositedirections,along±̂z.Toobtainamagneticfieldthatcloselyresem-
blestheoneduetothisarray,wemodeleachmagnetasauniformlymagnetizedmedium,
i.e.,asa3Dcubiclatticeofidenticaldipoles,eachwithamomentm̂z.Changingthesign
ofmacrossadjacentmagnetsaccountsforthealternatingdirectionofmagnetization.
Themagneticfieldatanylocation(x,y,z)abovethearrayisthenapproximatedusing
thelinearsuperpositionofthefieldcontributionfromallofthedipolesmodellingthe
array.Hence,werefertothismodelasthe“dipolesummation.”Sincethestrengthof
thedipolemcannotbemeasuredexperimentally,asinglescalingparameteriscalculated
fromaleast-squaresfitwiththeexperimentalmeasurements,takenattwoheights.The
rescaleddipolesummationmagneticfieldisshowninfigure2(a)(redlines),alongwith
theexperimentalmeasurementsofBz(blacksymbols),correspondingtothelinex=0
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Figure2: The z-componentofthe magneticfield,Bz,(a)atthelongitudinal
centreofthedomain(x = 0)and(b)alongthe magnetcentrelinesat y =
±{0.5,1.5,2.5,3.5,4.5,5.5,6.5}.In(a),theexperimentalmeasurementsataheightz=
0.265(justabovethedielectric-electrolyteinterface)andatz=0.438(justbelowthe
electrolytefreesurface)areshown,respectively,asopensquaresandfilledcircles.In(b),
theblacksymbolsindicatetheexperimentalmeasurementsataheightz=0.438along
themagnetcentrelines.Aleast-squaresfithasbeenperformedusingthedatain(a)
todeterminethescalingfactorforthedipolesummation;thescaleddipolesummation
magneticfieldisshownastheredlines.Theexperimentaluncertaintiesarethesizeof
thesymbolsorsmaller.

atheightsz=0.265andz=0.438.Figure2(b)showsthemagneticfieldcomparisonat
z=0.438alongthemagnetcentrelines.Notethattheelectrolytelayerintheexperiment
isboundedbytheplanesz=0.236andz=0.472.Hence,wecomputethemagnetic
fieldBz(x,y,z)usingthedipolesummationatvariousheights,instepsof0.0197,inthe
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region0.236<z<0.472anddepth-averageitusingadiscreteversionoftheexpression
(3.1).

3.2.BoundaryConditionsforDirectNumericalSimulations

IntheexperimentalKolmogorov-likeflow,verticalsolidwallsserveasthelateralbound-
aries,resultinginano-slipboundaryconditionforthevelocity.However,forreasons
ofanalyticalandcomputationalfeasibility,Kolmogorovflowhasbeenstudiedalmost
exclusivelyusingunboundedorperiodicdomains.Neitheraninfinitelateralextentnor
periodicityofferarealisticrepresentationoftheeffectofboundaryconditionsintheex-
periment,asfarastheflow’sstructureanditsstabilityareconcerned.Toexplorethe
roleofboundaries,wecomparetheexperimenttonumericalsimulationsusingcomputa-
tionaldomainswithincreasingdegreesofconfinement.Thethreedifferentcomputational
domainswestudyaredescribedbelow.

•Doubly-PeriodicDomain:Thiscomputationaldomainischosentocoincidewiththe
central8w×8wregionoftheexperimentaldomain(|x|≤4and|y|≤4innondimensional
units).Thesimulatedflowisconstrainedtobeperiodicinboththelongitudinaland
transversedirections,i.e.,u(x=−4,y)=u(x=4,y)andu(x,y=−4)=u(x,y=4).
Alongthetransversedirectionitspansawidthequalingthatof8magnets.The2D
forcingprofilef= fx(y)̂xoverthisdoubly-periodicdomainisconstructedfromthe
depth-averaged magneticfieldpresentedin§3.1byretainingonlythetwodominant
Fouriermodes,sin(κy)andsin(3κy),alongthey-direction,whereκ=πindimensionless
units.Alongthex-directiontheprofileisuniform:fx(y)=1.05sin(κy)+0.05sin(3κy).
•Singly-PeriodicDomain:Thiscomputationaldomaincoincideswiththeregion|x|≤7
and|y|≤4.Thelongitudinaldimensionisthesameasthatoftheexperiment,while
thetransverseonespansawidthequalingthatof8magnets,likeinthedoubly-periodic
domain.No-slipboundaryconditionsareimposedattheendwalls,i.e.,u(x=±7,y)=
0,whileperiodicboundaryconditionsareimposedalongthetransversedirection,i.e.,
u(x,y=4)=u(x,y=−4).The2Dforcingprofilef=fx(x,y)̂xoverthissingly-periodic
domainisconstructedasaproductoftwoone-dimensionalprofilesfx(x,y)=χ(x)ψ(y).
Alongthey-directiontheprofileisonceagainconstructedbyretainingonlytwodominant
Fouriermodesofthedepth-averagedmagneticfield,ψ(y)=1.05sin(κy)+0.05sin(3κy).
Alongthex-directiontheprofileχ(x)ischosentobethedepth-averagedmagneticfield
profilefromthedipolesummationalongthemagnetcentreliney=0.5. Wenotethatthe
effectoftransverseconfinementhasbeenstudiedbyThess(1992),andthereforeisnot
investigatedhereseparately.
•Non-PeriodicDomain:Thiscomputationaldomainisidenticaltotheexperimentalone
inbothlateraldimensions,i.e.,|x|≤7and|y|≤9,withno-slipboundaryconditions
imposedatboththeendwallsandsidewalls,i.e.,u(x=±7,y)=0andu(x,y=±9)=0.
Asmentionedin§3.1,theforcingoverthisdomainiscomputedbydepth-averagingthe
dipolesummation.

Tocomparetheexperimentalobservationswiththosepredictedbyequation(1.4)with
thethreetypesofboundaryconditionsdescribedabove,wehaveperformeddirectnumer-
icalsimulations.Theflowoverthedoubly-periodicdomainissimulatedusingapseudo-
spectralmethodinthevorticity-streamfunctionformulation,asdescribedin Mitchell
(2013).Thissimulationishenceforthreferredtoasthe“doubly-periodicsimulation,”
abbreviatedDPS.Forthesingly-periodicandthenon-periodicdomains,numericalsim-
ulationshavebeenperformedusingafinite-differencescheme,describedinArmfield&
Street(1999).Thesesimulationsarehereafterreferredtoasthe“singly-periodicsim-
ulation”(SPS)andthe“non-periodicsimulation”(NPS),respectively.Detailsofthe
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spatiotemporaldiscretizationandtheintegrationschemesemployedinallthenumerical
simulationscanbefoundinAppendixB.

4. ComparisonofExperimentandSimulations

Inthissectionwepresenttheresultsofourcomparisonbetweentheexperimentand
thenumericalsimulationsonthethreedomainsdescribedabove.First,wediscussthe
straightuniformflowfoundatlowerReynoldsnumbers,withaspecialemphasison
theeffectofboundaries. Wethenperformlinearstabilityanalysistodemonstratethat
equation(1.4)describestheprimaryinstabilitymoreaccuratelythanequation(1.2)on
anunboundeddomain,butstillsubstantiallyunderpredictstheexperimentallyobserved
criticalReynoldsnumber.Next,wedescribeandcomparethesteadyflowstatesfound
intheexperimentsandsimulationsabovetheprimaryinstability.Finally,wediscussthe
secondaryinstabilitywhichgivesrisetoatime-periodicflow.

4.1.StraightFlow

Forweakdriving,theflowmimicstheforcingclosely,withspatiallyalternatingbands
offluidflowalongthe±x-directions,ascanbeseeninfigure3forRe=8.1.Inthis
figure,blackvectorsrepresentthevelocityfielduandthecolourindicatesthevorticity
ω=(∇×u)·̂z.Fortheexperiment(figure3(d)),they-componentofthevelocity
measuredinthecentralregionofthedomainisclosetozero.However,thereareregions
ofstrongrecirculationneartheendwalls,characterizedbyanonzeroy-componentof
velocity.Acloserinspectionoftheflowshowsaslighttiltinthealignmentoftheflow
bands.Thistiltisduetotheglobalcirculation,resultingfromconfinementandthefluid
flowinginoppositedirectionsovertheendmagnetsaty=±6.5.Figures3(a)and(b)
showthestraightflowsfoundintheDPSandSPS.Itcanbeseenthatflowfieldsinthe
DPSandSPSreproducetheexperimentalflowqualitativelyawayfromthelateralwalls.
Futhermore,theSPScapturestheturnaroundflowneartheendwalls.However,neither
theSPSnortheDPSdisplaysthetiltoftheflowbandsobservedintheexperimentsince
theperiodicflowsaredevoidofglobalcirculation.Incontrast,theNPSgeneratesaflow
fieldthatlooksindistinguishablefromtheexperimentalone(cf.figure3(c)).
Foraquantitativedescriptionofthestraightflowprofile,wehaveplottedinfigure4(a)
thelongitudinalcomponentuexpx ofthevelocityalongthelinex=0intheexperiment.
Thelocationofthiscrosssectionisindicatedbytheverticaldashedlineinfigure3
(d).Thedifferenceinuxbetweentheexperimentandthenumericalsimulationsalong
thislineisshowninfigure4(b).Ascanbeseen,theDPSandSPS,whichareonly
definedfor|y|≤4,showsystematicdeviationfromtheexperimentashighas18%since
theydonotcaptureglobalcirculation.Incomparison,theNPSagreestowithinabout
5%overthesameregion,withnoclearsystematicdeviation.Thedisagreementbetween
theexperimentandNPSinthisregion,webelieve,isaresultofthedipolesummation
notaccountingforthevariationinthestrengthofeachindividualmagnet.Closerto
theboundaries,aty≈7andy≈−6,thelargestdifferencebetweentheNPSandthe
experimentisaround12%.Theoriginforthiserrorisquitesubtleandweshalldeferits
analysistoAppendixC.
Theexperimentallongitudinalvelocitycomponentuexpx aty=−0.5(alongacentral
magnetcentreline)isshowninfigure4(c).Theveryslightasymmetryinthelongitudinal
velocityisaresultoftheglobalcirculation.Incontrast,theflowintheDPSisperfectly
uniformandthusdoesnotcapturethisasymmetry,ascanbeseenfromtheplotofits
differencewiththeexperimentalprofileinfigure4(d).TheSPS,whichisdefinedallthe
waytotheendwalls,alsodoesnotcapturethisasymmetryduetothelackofglobal
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Figure3: StraightflowfieldsatRe=8.1withα=0.064s−1,β=0.83,andν=
3.26×10−6m2/sforthe(a)DPS,(b)SPS,(c)NPS,and(d)experiment.Thedashed
linesin(d)indicatethelocationsofvelocityprofilesintheexperimentthatarecompared
tothesimulations.Thevorticitycolourscaleplottedfor(a)alsoappliesto(b-d).The
velocityvectorsaredownsampledineachdirectionbyafactorof8forthesimulations
and4fortheexperiment.

circulation.TheNPSproducestheclosestagreement:thecorrespondingflowdisplays
theasymmetryobservedintheexperiment,withnosignificantsystematicdeviation.In
summary,theNPSsucceedsincapturingtheeffectsofconfinementintheexperiment
withgoodaccuracy,whiletheDPSandSPSshowsignificantsystematicdeviations.

4.2.LinearStabilityAnalysisoftheStraightFlow

Asthestrengthoftheforcingincreases,theflowintheexperimentundergoesaqualitative
changeatRec=11.07±0.05,withuniformflowbands(cf.figure4(c))developing
modulationthateventuallygivesrisetodistinctstationaryvortices.Hence,weshall
refertothisflowasthe“modulatedflow.”Severalpreviousexperimentalstudieshave
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Figure4: Profilesofthelongitudinalvelocityandlongitudinalvelocitydifferencesat
Re=8.1withα=0.064s−1,β=0.83,andν=3.26×10−6m2/s.(a)uexpx asafunction
ofyatthelongitudinalcentre(x=0),(b)thedifferencebetweenthelongitudinal
velocityinthesimulationsandtheexperiment,usimx −uexpx ,asafunctionofyatthe
longitudinalcentre(x=0);notethatthecurvescorrespondingtotheDPSandSPS
arevirtuallyindistinguishable,(c)uexpx asafunctionofxatthecentrelineofamiddle
magnet(y= −0.5),and(d)thedifferencebetweenthelongitudinalvelocityofthe
simulationsandtheexperiment,usimx −uexpx ,asafunctionofxatthecentrelineofa
middlemagnet(y=−0.5);notethatthecurvescorrespondingtotheDPSandSPS
arevirtuallyindistinguishableintheregion−4<x<4,wheretheDPSisdefined.
Experimentaluncertaintiesarethesizeofthesymbolsorsmaller.

reportedthistransitionandhavecharacterizeditusingthecriticalReynoldsnumber
(Reexpc )andwavenumber(k

exp
c )ofthemodulation(Bondarenkoetal.1979;Obukhov

1983;Batchaev&Dowzhenko1983).Inourexperiments,thewavenumberjustabove
thistransitionwasmeasuredtobekexpc =0.50κ,whereκisthewavenumberassociated
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withtheforcing.Invirtuallyallpreviousstudies,theoreticalestimatesforthesecritical
parametershavebeenobtainedbyusingequation(1.2)andmodellingthestraightflow
inexperimentasastrictsinusoidus∝sin(κy);theflowstabilityisthenanalyzedwith
respecttoperturbationsδu(y)eikxinthetransversecomponentofthevelocity.Inthis
section,werevisitthisanalyticalapproachforequation(1.4)toprovideestimatesfor
thecriticalparameters. Manypreviousstudiesusedadifferentnondimensionalization,
whichcorrespondstosettingthenondimensionalforcingwavenumberκtounity.Tomake
comparisoneasier,wewillintroduceascaledwavenumberq=k/κwhichcorrespondsto
theconventionusedinthosestudies.

Thestrictlysinusoidalstraightflowgovernedbyequation(1.4)onanunboundeddo-
mainbecomesunstablewithrespecttoperturbationswithwavenumber qabovethe
ReynoldsnumberRe=Ren(q),whichtoaverygoodaccuracyisgivenby:

Ren(q)=
π

β

1

q

(1+q2)

(1−q2)
q2+

α

νκ2
1+q2+

α

νκ2
. (4.1)

Thisexpressionwascomputedbylinearizingequation(1.4)aroundusandcalculating
itsstabilitywithrespecttoperturbationsincludingthreedominantmodes,

δu(y)eikx=
n=−1,0,1

ne
iκ(ny+qx). (4.2)

Adetaileddiscussionofthestabilityanalysisandtheanalyticalexpressionfortheneu-
tralstabilitycurve,similarinformtothatinequation(4.1),canbefoundinAppendix
BofDolzhansky(2013).ThecriticalReynoldsnumberRec=minqRen(q)andthecor-
respondingcriticalwavenumberkc=κqccomputedusingtheexpression(4.1)canbe
comparedwithexperimentalobservations.Itisworthnotingthatthislinearstability
analysisisbasedonapurelysinusoidalforcingprofilewhichdoesnotcontainanyhar-
monics.Hence,thisisonesourceofdiscrepancybetweentheseanalyticalresultsandthe
experiment/simulationsdiscussedbelow,whoseforcingprofilesaremorecomplicated.

Theneutralstabilitycurve(bluedashedline)whichcorrespondstotheexperimental
valuesofparametersα,β,andνisshowninfigure5.Theminimumofthisneutral
stabilitycurveyieldsacriticalReynoldsnumberRec=9.16andanassociatedcritical
wavenumberqc=0.465.TheblackdotontheplotindicatesthecriticalvaluesRe

exp
c =

11.07andqexpc =0.50,correspondingtotheinstabilityweobserveintheexperiment.
Therelativedifference(Reexpc −Rec)/Re

exp
c betweenthetheoreticalestimateforthe

criticalReynoldsnumberandthatmeasuredinexperimentisabout17%.Thecritical
wavenumber,however,isinbetteragreementwiththeexperimentallymeasuredone,
witha7%relativeerror.

WhilethecriticalReynoldsnumberobtainedfromthelinearstabilityanalysisclearly
disagreeswiththeexperimentallyobservedone,itisstillasignificantimprovementover
analyticalestimatesforaflowmodelledusingequation(1.2),whichcorrespondstosetting
β=1inequation(1.4).Thecorrespondingneutralstabilitycurveisindicatedbythe
greendot-dashedlineinfigure5.Fromequation(4.1)itcanbeseenthattheentireneutral
stabilitycurvescalesas1/β.Thisimpliesthatthecriticalwavenumber(qc=0.465)is
independentofβ,whilethepredictedcriticalReynoldsnumberforβ=1isRec=7.60.
Thisisa31%discrepancywiththeexperimentalvalue,whichiscomparabletothe30%
discrepancyreportedbyBondarenkoetal.(1979)inastudybasedonequation(1.2).

Aswediscussedpreviously,theparameterβdescribestheeffectoftheverticalvariation
inthemagnitudeofthehorizontalvelocityontheeffectiveinertiaandnonlinearityofthe
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Figure5: Neutralstabilitycurves(4.1)describingtheprimaryinstability.Theblue
dashedlinecorrespondstoα=0.064s−1andβ=0.83,whilethegreendot-dashedline
correspondstoα=0.064s−1andβ=1.0.Themeasurementfromtheexperiment(NPS)
isplottedasablackdot(redsquare);notethattheuncertaintiesinRecaresmallerthan
thesizeofthesymbols.Inallthecases,ν=3.26×10−6m2/sisheldconstant.

flow.Equation(1.2)doesnotaccountforthiseffect,soitisnaturalthatitspredictions
aresubstantiallylessaccurate.

4.3.ModulatedFlow

Figure6(a-d)showsthemodulatedflowfieldscorrespondingtotheDPS,SPS,NPS,and
experiment,respectively,atRe=14.AtthisReynoldsnumber,themodulatedflowis
welldevelopedandisvisuallyquitedistinctfromthestraightflow.Thecounterclockwise
globalcirculationintheexperimentstronglyaffectsthealignmentofthevortices(see
figure6(d))ascanbeseenbycomparingthemodulatedflowsintheDPSandSPSwith
therelevantregionsoftheexperimentalflow.UnliketheDPSandSPS,theflowfieldin
theNPScapturesthefeaturesobservedintheexperimentremarkablywell.Thisunam-
biguouslydemonstratestheimportanceofproperlymodellingtheconfinementeffectsin
boththelongitudinalandthetransversedirectiontoreproducethefeaturesoftheflow
intheexperiment.

Theonsetofthemodulatedflowischaracterizedbytheappearanceofthetransverse
componentuyofthevelocitythroughouttheflowdomain.Asthedrivingisincreased,
themagnitudeofuyalsoincreases.Abifurcationdiagramcharacterizingthetransition
fromthestraighttothemodulatedflowisshowninfigure7(a). Weusethespatial
meansquaretransversevelocity, u2y,astheorderparameterandplotitasafunction
ofRe.Thespatialaverageiscomputedoverthecentralregion|x|≤4and|y|≤4forall
simulationsandexperiment.IncomparisontotheexperimentalvalueofReexpc =11.07,
theprimaryinstabilityintheDPSandSPSoccursatmuchlowerReynoldsnumbers
Rec=9.39andRec=9.53,respectively.Incontrast,byimposingthecorrect(no-
slip)boundaryconditionsinboththelongitudinalandtransversedirections,inaddition
tousingarealisticmodelofthemagneticfield,thetransitioncanbepredictedquite
accurately.ThestraighttomodulatedtransitionintheNPSoccursatRec=10.49(red
squareinfigure5.),whichiswithin5.2%ofReexpc .Finally,wenotethatsettingβ=1
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Figure6: ModulatedflowfieldsatRe=14withα=0.064s−1,β=0.83,andν=
3.26×10−6m2/sforthe(a)DPS,(b)SPS,(c)NPS,and(d)experiment.Thevorticity
colourscaleplottedfor(a)alsoappliesto(b-d).Thevelocityvectorsaredownsampled
ineachdirectionbyafactorof8forthesimulationsandafactorof4fortheexperiment.

resultsinapoorpredictionRec=8.71evenintheNPS,whichcorrespondstoa21%
error.

Giventhatthepatternofvorticesobservedintheexperimentlacksperfectperiodicity,
wecomputetheaveragelongitudinalwavelengthλ̄xusingthespatialaverageofthe
separationbetweenadjacentvortexcentresinthecentralregion|y|≤4;thevortex
centresareidentifiedbylocatinglocalminimainthevelocitymagnitude.Justabove
onset,thevorticesintheexperimentformalatticewithafairlyuniformseparation,
λ̄expx ≈4.0(qexpc =0.50).Astheforcingisincreased,the meanseparationbetween
thevorticesincreases,ascanbeseenfromtheplotofλ̄xversusRe−Recshownin
figure7(b).Additionally,thevortexlatticebecomesspatiallyirregular,ascanbeseen
infigure6(d).Thisspatialvariationisquantifiedintheplotinfigure7(b)whereinthe
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Figure7:Primaryinstabilityforα=0.064s−1,β=0.83,andν=3.26×10−6m2/s.(a)
Abifurcationdiagramand(b)theaveragewavelengthofthepattern,λ̄x,asafunction
ofReforthemodulatedflowregime.AteachRe,wavelengthmeasurementsaremade
inthecentralregion|y|≤4thenaveraged;theuncertaintybarsindicateonestandard
deviationinthespatialmeasurements.

uncertaintybarsindicateonestandarddeviationinthespatialvariationoftheseparation
betweenadjacentvortices.Notethatimmediatelyaboveonset,accurateidentificationof
thevortexcentresintheexperimentisnotpossiblebecauseoftheveryweakmodulation;
hence,experimentalmeasurementsareonlyplottedforRe−Rec≥1.
Forcomparison,figure7(b)alsoshowstheaveragewavelengthoftheflowpattern
intheDPS,SPS,andNPS.Finerspatialresolutioninthesimulation,comparedto
thatinexperiment,facilitatesmeasuringλ̄xclosertoonsetwithgreateraccuracy.In
theDPS,thesizeofthedomainalongxwaschosenaposterioritobecommensurate
withthecriticalwavelengthatonsetintheexperiment.Despitethis,neitherthespatial
variationofthewavelengthnoritsvariationwithRe−Recobservedintheexperiment
arecaptured.TheSPS,however,showsaqualitativelysimilartrendforthedependence
of̄λxonRe−Rec.Theperiodicityinthetransversedirectionresultsinauniformvortex
patternwithsmallerspatialvariationintheseparationbetweenvorticescomparedtothe
experiment.Incontrast,theNPScapturesboththespatialvariationofthewavelength
andthedistortionofthelatticewithincreasingforcingquitesatisfactorily.
AtRe−Rec≈1,thediscrepancyismuchsmallerthantheuncertaintybars,butfor
Re−Rec 1.5,theNPSoverestimatesthewavelengthcomparedtowhatisobserved
intheexperiment.Thelargestdiscrepancy,whichis0.46(a10%relativeerror),occurs
aroundRe−Rec=3.7.ThedifferenceintheflowpatternsintheNPSandtheexperiment
isduetothedeviationofthelatterfrombeingperfectlyQ2D.TheanalysisinAppendixC
showsthatthewavelengthofthepatternsensitivelydependsonrelativelyminorchanges
intheforcingprofile,whichisresponsiblefortheobserveddiscrepancybetweenthe
numericsandexperiment.
WhiletheNPSprovidesareasonablyaccuratedescriptionofthetransitionfromthe
straighttothemodulatedflowintheexperiment,aswementionedpreviously,itsome-
whatunderestimatesthecriticalReynoldsnumber.Toresolvethisdiscrepancy,wetested
thesensitivityofthetransitionintheNPStochangesintheforcingprofileaswellas
variationsinparametersβ,ν,andα.Inparticular,wefoundthatRecisfairlyinsensitive
tospatialvariationinthestrengthofthemagnetsinthearray.Consequently,weturned
ourattentiontostudyingthesensitivityofRectothevaluesoftheparametersβ,ν,
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Figure8:Theeffectofthevariationinmodelparameters.(a)Abifurcationdiagramand
(b)theaveragewavelengthofthepatterninthemodulatedflowregime.Thenumerical
resultscorrespondtoeithera7%increaseinν,a22%increaseinα,ora6%decreaseinβ
comparedwiththedepth-averagedvaluesforthestraightflow(α=0.064s−1,β=0.83,
andν=3.26×10−6m2/s).Theuncertaintybarsin(b)areonlyshownforeveryother
datapointforclarity.Inallcases,Reisdefinedusingν=3.26×10−6m2/s.

andα.InordertomatchRecintheNPSandexperiment,wehadtoeitherdecrease
βby6%,increaseνby7%,orincreaseαby22%.Figures8(a)and(b)showthatthe
variationofparametershasafairlyweakeffectonboththeamplitudeofthemodulation
andthewavelengthofthepattern,whichsuggeststhatthedisagreementbetweenthe
simulationandexperimentisprimarilyduetothedeviationoftheflowand/orforcing
fromquasi-two-dimensionality,whichisdiscussedinAppendixC.
NotethattheReynoldsnumberRe=Uw/νisdefinedusingthemeasuredrmsvelocity
Uandparameterνwhichcannotbemeasured,buthastobecomputed. Whileinthe
simulationthevalueofνiswell-defined(itisoneoftheparametersofthemodel),in
theexperimentitisnot,sothecorrespondingRedependsonthechoiceofν.Hence,to
enableapropercomparisonofexperimentwithnumerics,wedefinedReinbothcases
usingtheanalyticallycomputeddepth-averagedvalueν=3.26×10−6m2/s(Surietal.
2014),regardlessoftheactualvalueofνusedinthesimulation.MatchingReusingthis
conventioniseffectivelyequivalenttomatchingthermsvelocityU.

4.4.SecondaryInstability

Asweincreasetheforcingfurther,themodulatedflowintheexperimentbecomesun-
stablegivingwaytoatime-periodicflowwithaperiodTp=42.8±0.4(120±1sin
dimensionalunits)atonset,whichcorrespondstoRep=17.6±0.1.Themodulatedstate
intheNPS,withthedepth-averaged(α=0.064s−1,β=0.83,andν=3.26×10−6

m2/s)aswellastheadjustedparameters,undergoesaHopfbifurcationastheforcing
isincreased.Table1comparesRepandTpintheexperimentwiththosefromtheNPS
forthedifferentparametersets.Avideocomparingthetime-periodicflowintheNPS
(withdepth-averagedparameters)andexperimentisincludedasonlinesupplementary
material.
RepandTpinthesimulationarewithin15%oftheexperimentalmeasurementsfor
thedepth-averagedvaluesofparameterscomputedusingtheverticalprofileP(z)that
correspondstothestraightflow.However,thevaluesofν,α,andβshouldvaryslowly
withRe,sinceP(z)isweaklydependentonthehorizontalflowprofile.Hence,adifferent
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Rep Tp

Experiment 17.6±0.1 42.8(120±1s)

NPS(Depth-Averaged) 15.6 43.2(137s)

NPS(ν:+7%) 16.4 43.2(130s)

NPS(α:+22%) 17.1 48.1(139s)

NPS(β:−6%) 16.5 45.8(137s)

Table1:Criticaltransitionparameterscharacterizingthestableperiodicregimeforthe
experimentandtheNPSwithdifferentsetsofparameters.

setofparametersisrequiredtodescribethetwoinstabilitiesand,moregenerally,there
isnouniversalsetofparametersβ,ν,andαthatcorrectlydescribestheexperimental
flowatallRe.Fromtable1weseethatRepandTpshowverydifferentsensitivityto
changesineachoftheparameters.Hence,whileseparatelymodifyingν,α,andβshows
someimprovementinmatchingeitherReporTp,itshouldbepossibletoobtaineven
betteragreementbymodifyingallthemodelparameterssimultaneously,eachbyonlya
fewpercent.
Thenecessityformodifyingparametersacrossdifferentdynamicalregimesalsoraises
thequestionofhowrobustα,β,andνaretochangesinthe(local)wavenumberofthe
flow.Totestthis,wehaverecomputedtheparametersusingthewavenumberk≈ 5/4κ
associatedwiththemodulatedflow. Wefoundthatβandνchangebylessthan1%,and
αbyabout3.5%,comparedtothosecomputedusingk=κ.Thisrobustnesssuggests
that,onceadjustedtomatchtheexperiment,the2Dmodelshouldprovideareasonably
accuratedescriptionofthedynamicsevenintheweaklyturbulentregimewherethe
wavenumbermayvaryinspaceandtime(Surietal.2017).

5. NatureofthePrimaryInstability

Animportantconsequenceofconfiningtheflowinthelongitudinalortransversedirec-
tionsisthatwerestrictthesetofcoordinatetransformations(symmetries)thatleavethe
governingequation(1.4)equivariant.Thesymmetriesofthegoverningequation,inturn,
determinethenumberof,andtherelationbetween,distinctmodulatedflowsolutions
createdasaresultoftheprimarybifurcation.Belowwediscusseachofthedifferentflow
domains,intheorderofdecreasingsymmetry.

5.1.DPS

Onanunboundedoradoubly-periodicdomain,equation(1.4)isequivariantunderthe
followingsymmetryoperations(Chandler&Kerswell2013):
(a)Continuousshiftbyδxinx:Tδxx (x,y)→(x+δx,y).
(b)Reflectioninxcombinedwithadiscreteshiftofhalfaperiodiny:RxT

w
y(x,y)→

(−x,y+w).
(c)Reflectionsinbothxandy:RxRy(x,y)→(−x,−y).
NotethatthedoublereflectionRxRyisequivalenttoarotationbyangleπaboutthe
z-axis,whilethesquareofthesymmetryoperationRxT

w
y correspondstoadiscreteshift

T2wy inthey-direction,i.e.,(RxT
w
y)
2=T2wy .FortheDPS,thecorrespondingsymmetry

groupisthesemidirectproductDn SO(2)(Armbrusteretal.1996),wherenisthe
numberofmagnets(here,n=8).
Theabovetransformationsthatleavethegoverningequationequivariant,however,
neednotleavetheflowfieldsinvariant. Whenaflowfielddoesnotshareacertain
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Figure9:Aschematicshowingthebifurcationscorrespondingtotheprimaryinstability:
(a)circlepitchforkintheDPS,(b)sequenceofpitchforkbifurcationsintheSPS,(c)
imperfectpitchforkbifurcationintheNPS.Solid(dashed)linesindicatestable(unstable)
solutionbranches.Theverticalandout-of-planeaxescorrespondtodeviationsoftheflow
fromstraightthatareinvariantunderRxRyandRxT

w
y,respectively.

symmetryofthegoverningequation,onecangenerate–byapplyingthecorresponding
coordinatetransformation–adynamicallyequivalentsymmetry-relatedcopyoftheflow.
Thestraightflowinfigure3(a)remainsunchangedwhenanarbitrarytranslationδx∈
[0,Lx]isappliedalongthex-direction,sothereisauniquesolutionus.However,sincethe
primaryinstabilitybreaksthetranslationalsymmetry,thereisacontinuumofdistinct
modulatedflowsolutionsum relatedbytranslationsinthexdirection.Thisinstability
thereforecorrespondstoacirclepitchforkbifurcation(cf.figure9(a)).
TheequivarianceofthegoverningequationunderTδxx witharbitraryδxmakesthe

choiceofthecoordinateoriginx=0foramodulatedflowarbitrary.Wefixitbyrequiring
thatu1m =RxRyu

1
m foraparticularmodulatedflowsolutionu

1
m.Sinceboththediscrete

symmetriesRxRyandRxT
w
y includereflectionoftheflowaboutthelinex=0,thechoice

oftheorigindetermineswhetheraparticularsolutionremainsinvariantundereitherof
thesediscretesymmetries.Figure10showsthefourdistinctsolutionsrelatedbydiscrete
translationsTδxx withδx=Lx/8:

u3m =T
δx
x u

1
m, u

2
m =T

δx
x u

3
m, u

4
m =T

δx
x u

2
m, u1m =T

δx
x u

4
m. (5.1)

EachofthesefoursolutionsisinvariantunderT2wy andeitherRxRyorRxT
w
y.Inpar-

ticular,u1m andu
2
m areinvariantunderRxRy,whileu

3
m andu

4
m areinvariantunder

RxT
w
y.Furthermore,thestatesu

1
m andu

2
m arerelatedtoeachotherviaRxT

w
y,i.e.,u

1
m

=RxT
w
yu

2
m.Similarly,u

3
m andu

4
m arerelatedviaRxRy,i.e.,u

3
m =RxRyu

4
m.Notethat

theoperatorRxT
w
y containsasinglereflectionwhichcausesthesignofthevorticityto

change.Insummary,byvirtueofthecontinuoustranslationalsymmetryofthegovern-
ingequation,thelaminarflowintheDPSundergoesacirclepitchforkbifurcationwith
aninfinitenumberoftranslation-relatedcopiesofamodulatedflow.Onlyfourofthese
copies,however,remaininvariantunderthediscretesymmetriesinvolvingthereflection
Rx.

5.2.SPS

Theno-slipboundaryconditionatx=±Lx/2intheSPSdestroystheequivariance
undertranslationTδxx ,reducingthesymmetrygrouptoDn.Thegoverningequation,
however,stillremainsequivariantundereachofthediscretetransformationsRxT

w
y and

RxRy.ThelossofequivarianceunderT
δx
x ,whichconnectedthestatesu

1
m,u

2
m with

u3m,u
4
m intheDPS,implieseitherofRxRyorRxT

w
y isbrokeninthestraightto

modulatedtransitionintheSPS.Breakingeitherofthediscretesymmetries,RxT
w
y or
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Figure10: Modulatedflowfields(a)u1m,(b)u
3
m,(c)u

2
m,and(d)u

4
m atRe=14inthe

DPS.Thevorticitycolourscaleisthesameasthatinfigure6.

RxRyshouldgenerate(only)twobranches,i.e,shouldresultinapitchforkbifurcation,
sincethemodulatedflowstatesintheSPSshouldremainsymmetricwithrespectto
T2wy ,whichisnotaffectedbyconfinementinx.Consequently,oftheinfinitenumberof
modulatedstatesinDPSonlyfour,thecounterpartsofthoseshowninfigure10,will
surviveintheSPS,andshouldbeformedviatwodistinctpitchforks.
Thisisindeedwhatweobserveinthesimulations,whereintwopairsofdistinctso-
lutions,showninfigure11,areformedviatwodistinctpitchforkbifurcationsofthe
straightflow.JustasintheDPS,u1m andu

2
m areinvariantunderRxRy,whileu

3
m and

u4m areinvariantunderRxT
w
y.Infigure9(b)theu

3
m andu

4
m branchesareplottedto

lieinaplaneperpendiculartothatcontainingu1m andu
2
m.Sincethebifurcationsbreak

eitherRxRyorRxT
w
y,eachpairofbranchesisrelatedviathebrokensymmetry,i.e.,

u1m =RxT
w
yu

2
m andu

3
m =RxRyu

4
m.

UnliketheDPSwhereTδxx relatesallthedistinctsolutionscorrespondingtothemod-
ulatedflow(cf.equation(5.1)),thereisnocoordinatetransformationthatmapsu1m
andu2m tou

3
m andu

4
m.Onaninfinitedomain,allfourbranchesofthemodulatedflow

arecreatedatexactlythesameRe(asintheDPS),however,onafinitedomain,the
pitchforkbifurcationsthatproducethetwopairsofsolutionswouldgenerallyhappenat
differentRe(cf.figure9(b))thatdependontheconfinementinthex-direction,i.e.,on
Lx.ForLx=14,chosenfromexperimentalconsiderations,thebifurcationwhichgives
risetou3m andu

4
m occursatahigherRethanthebifurcationwhichgivesrisetou

1
m and

u2m.ForotherchoicesofLx,thesequencemayreverse.Notethatthetwomodulatedflow
branches(u3m andu

4
m)thatareformedfromthesecondpitchforkareinitiallyunstable,

becausetheybifurcateoffoftheunstablestraightflowsolution.
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Figure11: Modulatedflowfields(a)u1m,(b)u
3
m,(c)u

2
m,and(d)u

4
m atRe=14inthe

SPS.Verticalblacklinesindicatethecentralregionwhichisanalogoustotheflowfields
showninfigure10.Thevorticitycolourscaleisthesameasthatoffigure6.

5.3.NPS

IntheNPS,theadditionalno-slipboundaryconditionaty=±Ly/2breakstheequivari-
anceoftheproblemunderRxT

w
y,leavingthegoverningequationequivariantonlyunder

RxRy.Thepitchforkbifurcationthatgivesrisetotherotationallyinvariantsolutionsu
1
m

andu2m intheSPSisassociatedwithbreakingoftheRxT
w
y symmetry.Thissymmetry

isonlyapproximateintheNPSforallRe,soonefindsanimperfectpitchforkbifurcation
instead,asshowninfigure9(c).Thestraightflowu1satlowerResmoothlytransitions
tothemodulatedflowu1m athigherRewithoutaninstabilitytakingplace,i.e.,thereal
partoftheleadingeigenvalueofthestraightflowdoesnotchangesignasweincreaseRe
intheNPS.TheshapesofthebifurcationcurvesclosetoRec(figure7(a))showcasethe
differenceinthenatureoftheprimaryinstabilitybetweentheNPSandthetwoperiodic
simulations.
IntheNPS,theu2m branchandthehigher-Rebranchofthestraightflowu

2
sare

createdinasaddle-nodebifurcationatRe=10.72.Thestatesu1m andu
2
m,bothof

whicharesymmetricwithrespecttoRxRy,areshowninfigure12. WhileRxT
w
y is

notanexactsymmetryintheNPS,giventhelargetransverseextentofthedomain
comparedwiththeperiodoftheforcing(Ly/2w=9),nearthecenterofthedomainthis
approximatesymmetryholdsandconsequentlyu2m ≈RxT

w
yu

1
m.However,unlikeu

1
m,

whichremainsstableuptoRe=15.4intheNPS,u2m isunstableovertheentirerange
ofRewhereitexists(Re≥10.72).Thisexplainswhyournumericalsimulationsstarting
fromrandomizedinitialconditionshavealwaysconvergedtothemodulatedflowu1m and
whyu2m wasneverfoundinthenumericalsimulationsorobservedintheexperiment.
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Figure12: ModulatedflowfieldsatRe=11.6intheNPSbeyondtheimperfectpitchfork
bifurcationshowninfigure9(c).Theflowfieldsshownhereare(a)u1m whichemerges
smoothlyfromthestraightflowand(b)u2m whichisformedthroughasaddle-node
bifurcation.

Thepitchforkbifurcationwhichgaverisetothebranchesu3m andu
4
m intheSPSalso

doesnotcarryoverintotheNPS.Insteadu2sundergoesaHopfbifurcationatRe=12.6.
Thischangeinthenatureofthebifurcationislikelycausedbytransverseconfinement,
whichhasamoreprominenteffectonu3m andu

4
m:thesestatesareinvariantunderthe

RxT
w
y symmetryintheSPS,butthissymmetryisbrokenintheNPS. Whilewefailto

observeu3mandu
4
mintheNPS,theanaloguesofthesesolutionsmayappearforadifferent

setofmodelparameters,forcingprofile,and/ordegreeofconfinement.Detailsregarding
thecomputationoftheunstablebranchesassociatedwiththevariousbifurcationsare
includedinAppendixB.3.

6. Conclusions

Inthisarticle,wehavepresentedacombinedexperimentalandnumericalstudyof
bifurcationsinaQ2DKolmogorov-likeflow.Thisflowisrealizedinthelaboratoryby
electromagneticallydrivingastratifiedlayerofelectrolyteaboveanimmisciblelayerof
dielectric.ThisQ2Dflowisdescribedusinga2Dmodel(1.4)derivedfromfirstprinciples
bydepth-averagingthe3DNavier-Stokesequation.Incontrast,virtuallyallprevious
studieshavemodelledQ2Dflowsusingequation(1.2),asemi-empiricalvariationofthe
2DNavier-Stokesequationwiththeadditionofalinearfriction.Alsounlikeprevious
studiesofKolmogorov-likeflowswhichhaveassumedaperfectlysinusoidalforcingprofile,
wehaveintroducedarealisticmodeloftheforcingwhichhasbeenvalidatedagainst3D
experimentalmeasurements.
Totesttheimportanceoflateralconfinement,wehavecomparedexperimentalmea-
surementswithnumericalsimulationsusingdifferentboundaryconditions.Wehavefound
thatbyincorporatingrealistic,no-slipboundaryconditionsatalllateralboundariesand
arealisticforcingprofile,quantitativeagreementbetweentheexperimentandsimulation
canbeachievedwithnoadjustableparameters.Inparticular,theReynoldsnumberRec
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fortheprimaryinstabilitycanbepredictedtowithinabout5%andthecriticalwavenum-
berkccanbepredictedtoanaccuracyhigherthanthemeasurementaccuracy.These
aresignificantimprovementscomparedwithpreviousstudies,noneofwhichwereableto
predictbothRecandkcwiththislevelofaccuracy,despiteusingadjustableparameters.
Wehavealsoperformedasystematicstudyofhowlateralconfinementaffectsthe
natureofthebifurcationdescribingthetransitionfromthestraightflowtothemodulated
flow.Previousstudieshavecharacterizedthistransitionintheexperimentasapitchfork
bifurcation,usinganalyticalcomputationsonaperiodicdomain. Wehaveshownthat
becauseofconfinementanimperfectpitchforkbifurcationisfoundinstead. Wehavealso
numericallycomputedthetwounstablebranchesoftheimperfectpitchforkbifurcation
describingflowsthatarenotobservedineitherexperimentorsimulationsundernormal
conditions.
Furthermore,wehavedemonstratedthatthemodelreasonablyaccuratelypredictsthe
modulatedflowpattern(boththewavenumberandtheamplitude)beyondtheonsetof
theprimaryinstability.Moreover,thisisthefirststudy,experimentalortheoretical,to
provideaquantitativeanalysisofthesecondaryinstabilityofaKolmogorov-likeflow
whichgeneratesatime-dependentpatternofvortices.Evenforthesecondaryinstability
thenumericalpredictionsofthecriticalReynoldsnumberRepandthecriticalperiodTp
areingeneralagreementwiththeexperiment,althoughtheaccuracyofthenumerical
predictionsdecreaseswithincreasingRe.
Thediscrepancybetweenthenumericalpredictionsandexperimentshasbeentraced
backtothevariationoftheforcingprofilewithheight.Thispointstothelimitationsof
a2Dmodelofwhatinrealityisa3Dflow,albeitwithastronglysuppressedvertical
componentofthevelocity.Nonetheless,foraselectrangeofRetheexperimentalflowcan
bereproducedwithextremelygoodquantitativeaccuracybymakingfairlysmalladjust-
mentstothemodelparameters,comparedwiththeirdepth-averagedvaluescomputed
forthesimplestraightflow.Theabilityofthemodeltocloselyreproducetheexperi-
mentalflowiscrucialfortheutilityofQ2Dflowsfortestingthegeometricaldescription
ofweaklyturbulentflowsandstudyingthedynamicalroleofexactcoherentstructures
(Surietal.2017).Suchtestswillbethemainfocusoffollowupstudies.
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AppendixA.ScalingandNondimensionalization

Thegoverningequation(1.4)waspresentedindimensionalformtohighlightthede-
pendenceofparametersα,β,andνonthepropertiesofthefluidlayers.Thedimensional
formalsomakesiteasiertoexplorethesensitivityofthedynamicstochangesinthese
parameters.Tosimplifycomparisonofourresultswithotherstudiesitishelpfulto
nondimensionalizethisequation.Choosingthewidthofamagnetwasthelengthscale,
thermsvelocitycomputedoverthecentralregion|x|≤4w,|y|≤4wasthevelocity
scaleU,andtheratioofthesetwoscalesasthetimescale,oneobtainsthefollowing
nondimensionalequation:

∂u

∂t
+βu·∇u=−∇p0+

1

Re
∇2u−γu +f0, (A1)
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whereγ=αw2/νdescribestherelativestrengthoftheRayleighfrictionandviscous
termsin(1.4).Finally,p0=wp/(U

2ρ̄)isthenondimensionalpressureandf0=wf/U
2

isthenondimensionalforcingprofile.
Itispossibletoeliminatetheparameterβfromequation(A1)bymakingthelength,
time,andvelocityscalesindependent.Ifweagainchoosethewidthofamagnetwasthe
lengthscale,thermsvelocityasthevelocityscaleU,andw/(βU)asthetimescale,we
insteadobtainthefollowingnondimensionalequation:

∂u

∂t
+u·∇u=−∇p1+

1

Re
∇2u−γu +f1, (A2)

whereRe =Re/β,p1=wβp/(U
2ρ̄)isthenondimensionalpressure,andf1=wβf/U

2is
thenondimensionalforcingprofile.Althoughequation(A2)doesnotcontainβexplicitly,
theReynoldsnumberisrescaledbyβ.Hence,thenondimensionalequations(A1)and
(A2)aswellasthedimensionalequations(1.2)and(1.4)predictanidenticalsequenceof
bifurcations.However,thecriticalvaluesofRescaleas1/β,aswehavefoundexplicitly
inequation(4.1).

AppendixB. Numerical Methods

InthisAppendix,wepresentthedetailsofdiscretizationmethodsandnumericalin-
tegrationschemesemployedintheNPS,SPS,andDPS.Additionally,wealsodetail
thecomputationoftheunstablebranchesassociatedwiththepitchforkbifurcationthat
cannotbeobtainedfromsimplenumericalintegration.

B.1.Non-PeriodicSimulation(NPS)andSingly-PeriodicSimulation(SPS)

SincetheNPS,aswellastheSPS,requireprescribingno-slip(e.g.,Dirichlet)boundary
conditionsonthevelocityfieldu,numericalsimulationsareperformedusingtheprim-
itivevariable(ux,uy,andp)formulationbyemployingasemi-implicitfractional-step
methoddetailedinArmfield&Street(1999).Temporaldiscretizationofequation(1.4)
isperformedusingthefollowingdifferencescheme:

un+1−un
∆t

+
3

2
Nun−

1

2
Nun−1=−

1

ρ̄
∇pn+1+

1

2
L(un+1+un)+f. (B1)

Intheaboveequationunandpn+1arethevelocityandpressurefields,withthesubscript
nindicatingadiscretetimeinstanttn=n∆t,where∆tisthetimestepfortheupdate.For
purposesofbrevitywehaveusedthenotationNun=βun·∇unandLun=∇

2un−αun
torepresentthenonlinearandlinearterms,respectively.Theabovediscretizationisa
semi-implicitapproximationofequation(1.4),wherethelineartermsintheupdateare
treatedimplicitlyusingtheCrank-Nicolsonscheme,whilethenonlineartermishandled
explicitlyusingtheAdams-Bashforthscheme.Thevelocityfieldun+1ateveryinstant
satisfiestheincompressibilitycondition:

∇·un+1=0, (B2)

whichisenforcedoneachupdatethroughthethree-fractional-stepP2(pressurecorrec-
tion)projectionmethoddiscussedinArmfield&Street(1999).
Spatialdiscretizationofthevelocityandpressurefieldsiscarriedoutusingthestandard
markerandcell(MAC)staggeredgrid(Harlow& Welch1965).Thespatialderivatives
inequation(B1)areapproximatedusingfinitecentraldifferences;the2DLaplacian
operator(∇2)usesafive-pointstencilformulaandthenonlineartermusesthethree-
pointcentraldifferenceformula.
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ForboththeNPSandtheSPS,wehavechosen20cellsper magnetwidthwto
discretizethevelocityandpressurefields.SincethedimensionsoftheNPSareidentical
tothelateraldimensionsoftheexperiment,i.e.,14w×18w,atotalof280×360cells
wereusedtosampletheflowdomain.TheSPS,however,correspondstoadomainof
dimensions14w×8w,whichmapstoaregionincludingthecentraleightmagnetsinthe
experiment.Hence,atotalof280×160cellswereusedtodiscretizetheSPSdomain.
ForboththeSPSandNPS,atimestepof∆t=1/40swasusedforallthenumerical
simulations.
Totesttheadequacyofthespatialresolution,thevelocityfieldcorrespondingtothe
modulatedflowatRe≈15.5wasrecomputedbydoublingtheresolution,i.e.,using40
cellspermagnetwidth.Tocomparethisvelocityfield(u40)withthetheonecomputed
onthe20-cellgrid(u20),weinterpolatedu40ontothe20-cellgridtoobtainuinterp(in-
terpolationwasrequiredduetothestaggerednatureofthegrid).Thedifferencebetween
uinterpandu20,computedas(uinterp−u20)/u20,was1.2%.Sincetheinterpolation
introduceserror,itcanbeconcludedthattheactualerrorshouldbelessthan1.2%.
Wefindthatglobalmeasures,suchas Reoru2y (usedtocharacterizetheprimaryin-
stability),computeddirectlyusingu40andu20differedbylessthan0.2%.Thesetests
confirmthataresolutionof20cellspermagnetwidthissufficienttosimulatetheflow
andcharacterizethebifurcationsaccurately.

B.2.Doubly-PeriodicSimulation(DPS)

Simulationsonthedoubly-periodicdomaincanbespedupsignificantlyusingaspectral
method(Canutoetal.1988).SincesolvinglinearequationsinvolvingtheLaplacianis
verycheapinthespectralmethod,itisconvenienttousethevorticity-streamfunction
formulationinsteadofthevelocity-pressureformulation.Takingthecurlofequation
(1.4),weobtainthefollowingequationforthez-componentofvorticityω=(∇×u)·̂z:

∂tω+βu·∇ω=ν∇
2ω−αω+W, (B3)

whereW =(∇×f)·̂z.Thehorizontalcomponentsofthevelocityfieldux=∂ψ/∂yand
uy=−∂ψ/∂xcanbecomputedusingthestreamfunctionψ,whichsatisfiesthePoisson
equation∇2ψ=−ω.
ThevorticityfieldωisdiscretizedintheFourierspaceusing128modesalongeachof

thex-andy-directions.Sincethelateraldimensionsoftheperiodicdomainare8w×8w
units,thespatialresolutionassociatedwiththeFouriergridcorrespondsto16gridpoints
permagnetwidthw.TakingtheFouriertransformofequation(B3),weobtain:

∂tΩ=−βF[u·∇ω]+ν∇
2Ω−αΩ+F[W], (B4)

whereF[·]representstheFouriertransformandΩ=F[ω].
Equation(B4)issteppedforwardintime(t→t+∆t)usinga3-substepsemi-implicit

Strang-Marchuksplittingalgorithm(Ascheretal.1995;Mitchell2013)wherethefirstand
lastsubstepsadvancethevorticityfieldusingthenonlineartermbymeansofasecond-
orderexplicitRunge-Kuttascheme(usingatimestep ∆t/2),whiletheintermediate
substepadvancesthevorticityfieldusingtheCrank-Nicolsonscheme(usingatimestep
∆t). Wehaveusedthetimestep∆t=1/32s.

B.3.Computingunstablebranchesinthepitchforkbifurcation

Theschematicdepictingthepitchforkbifurcationinfigure9wasconstructedfollowing
thecomputationofallthestableandunstablestatesusingthe matrix-freeNewton-
Krylovsolver(Kelley2003).Guessesforthestablestates,toinitializetheNewtonsolver,
canbeeasilyobtainedusingnumericalintegration.However,thosefortheunstablestates
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shouldbeconstructedusingcontinuationorusingtheeigenmodethatgoesunstableat
thebifurcation.
Tobeginwith,initialguessesfortheunstablestraightflowbranchesintheSPS
andNPSsimulationswereconstructedbyextrapolatingthestablestraightsolutions
inReynoldsnumberRe,i.e.,

u2s(Rec+ )≈u
1
s(Rec)+

∂u1s
∂Re Rec

, (B5)

wherethederivative ∂u1s/∂Rewasapproximatedusingfinitedifferences,

∂u1s
∂Re Re

≈
u1s(Re)−u

1
s(Re−∆Re)

∆Re
. (B6)

Thismethodprovedparticularlyusefulinobtainingagoodinitialguessfortheunstable
straightflowu2sintheNPS,sinceitisdisconnectedfromu

1
s,asshowninfigure9(c).

IntheNPS,Rec≈10.5isnotestimatedbyidentifyingtheinstabilityofu
1
s,sincethere

existsnone.Instead,itiscomputedusingtheinterceptofalinearfitoftheamplitude
u2y versusRe,showninfigure7,closetotheonsetofmodulation.Theinitialguessat
Re≈10.75wasconstructedbyextrapolatingu1sfromRe≈10.25bychoosing =0.5in
equation(B5).
FortheunstablemodulatedbranchesemergingfromthesecondpitchforkintheSPS,a
goodinitialguessforu3m (u

4
m)isconstructedusingu

3
m ≈u

2
s±p̂e2.Herêe2isthesecond

unstableeigenvectorofthestraightflowwhichhasthesymmetryRxT
w
y.Sinceamplitude

pisnotknownapriori,convergencetou3m istestedbyincrementingp.IntheNPS,the
initialguessfortheunstablebranchu2m wassimilarlyconstructed,u

2
m ≈u

2
s−p̂e1,

usingtheeigenvectorê1withtheRxRysymmetry.However,pintheNPScasecanbe
estimatedusingp= ê1|u

1
m −u

2
s,sincethestablemodulatedflowu

1
m isknownfrom

numericalintegrationandu2siscomputedfromextrapolation.

AppendixC.InherentThree-DimensionalityoftheForcinginthe
Experiment

In§4.3wecomparedmeasurementsoftheaveragelongitudinalwavelengthλ̄xofthe
modulatedflowintheexperimentandnumericalsimulations.Thecomparisonbetween
theexperimentandtheNPS(cf.figures7and8)showedsystematicdifferencesin̄λxfor
boththedepth-averagedandmodifiedparameters,withthemaximumdifferencebeing
about10%atRe−Rec=3.7(cf.figures7).Hereweshowthatthisdeviationislikely
duetotheinherentthree-dimensionalityoftheexperiment,notcapturedbyastrictly
2Dmodel,ratherthanthechoiceofthemodelparameters.
Aswediscussedin§3.1,theLorentzforcedensityduetothespecificarrangement

ofmagnetsemployedintheexperimentistoaverygoodapproximationgivenbyF=
JBẑx,whereJisthemagnitudeofcurrentdensityandBz(x,y,z)isthez-component
ofthemagneticfieldatanygivenlocationwithintheelectrolyte.Inderivingequation
(1.4)itwasassumed(Surietal.2014)thatBzcanbedecomposedastheproductofa
2DhorizontalprofileB2D(x,y),whichdependsexclusivelyontheextendedcoordinates
(x,y),anda1DverticalprofileD(z),whichcapturesthevariationofthe magnetic
fieldabovethemagnetarray,i.e.,Bz(x,y,z)=D(z)B2D(x,y).Thisimpliesthat,when
normalized,theplanarmagneticfieldprofilesatvariousheightszwithintheelectrolyte
areidentical.Suchamagneticfield,whichwecall“Q2D,”facilitatesthedecomposition
oftheplane-parallelQ2Dvelocityfield(1.3)whichunderpinsthestrictly2Dmodel(1.4).
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AmagneticfieldthatistrulyQ2D,however,cannotbecreatedusingamagnetarray
withfinitedimensions,i.e.,theshapeofthemagneticfieldprofilegeneratedbypermanent
magnetsinthelaboratoryalwayschangeswiththeverticalheightztosomeextent.
Experimentalmeasurementsofthemagneticfieldfrompreviousstudieshaveshownsuch
changesintheshapeofthefieldprofileasafunctionofz(Dovzhenkoetal.1984;Suri
etal.2014).Thisisverymuchthecaseinourexperimentaswell,ascanbeseenfromthe
magneticfieldprofilesshowninfigure2(a).Forinstance,ifonerescalesthetransverse
magneticfieldprofilesatheightsz=0.438andz=0.265suchthattheymatchnearthe
centreofthearray,weseethattheseprofileswouldnotmatchneartheendmagnets.
Thisismostapparentbycomparingtherelativeheightsofthepeaksaty=−6.5and
y=−4.5forthetwoprofilesinfigure2(a).Aquantitativeestimateofthedeviation
fromquasi-two-dimensionalitycanbeobtainedbycomparingthemagneticfieldprofiles
computedusingthedipolesummationatthebottomBb=Bz(x,y,z=0.236)andthe
topoftheelectrolytelayerBt=Bz(x,y,z=0.472).NormalizingBbandBtseparately,
usingtheirrespectivespatialrmsvaluescomputedovertheentirelateralextentofthe
domain,weestimatethelargestdifferencebetweentheprofilestobeapproximately12%.
Thisdifferenceisfairlylocalisedtowardstheendsofthemagnetarrayandislikelythe
reasonbehindthelargerdiscrepancyinlongitundinalvelocitymeasurementsoverthe
endmagnets(cf.figure4(b)).
Todemonstratetheimpactofthez-dependenceoftheforcingprofileontheflow,we
haverecomputedthestraightandmodulatedflowfieldsintheNPSusingB2D =Bb
andB2D =Bt,inadditiontothedepth-averagedmagneticfieldBda.Thevalueofα
wasincreasedby22%relativetothedepth-averagedvaluetoreducetheinfluenceof
theuncertaintyinthemodelparametersontheflowpattern.Thischoicealsoyieldsthe
bestagreementbetweentheaveragewavelengthsoftheflowpatterninthesimulation
andexperimentforRec<Re<Rep(seefigure8(b)).Asfigure13(a)shows,the
forcingprofilestronglyaffectsbothRecandtheamplitudeofthemodulationofthe
flowforRe>Rec.ItalsoshowsthatBdaproducessubstantiallybetteragreementwith
experimentthateitherBborBt.Similarly,wefindthattheforcingprofilestrongly
influencesthemodulationwavelength.Asfigure13(b)shows,forbothBborBdathe
averagewavelengthagreesreasonablewellwithexperiment,whileBtproducesavery
pooragreement.Similarresults(notshown)areobtainedif,insteadofα,eitherβorν
ismodifiedtomatchRec.
Theaboveanalysisshowsthat,althoughtheNPSwiththedepth-averagedmagnetic
fieldprofilecapturesthesalientfeaturesofthedynamicsfairlywell,theflowpattern
dependsfairlysensitivelyonthedetailsoftheforcing.Hence,oneshouldexpectsys-
tematicdeviationsbetweenthe2DmodelderivedforaQ2Dflowandtheexperiment
wherequasi-two-dimensionalityisbrokenbytheforcing.Itshouldbementionedthatthe
wavelengthofthemodulatedflowmeasuredbyeitherseedingthedielectric-electrolyte
interfaceorthetopsurfaceoftheelectrolytearevirtuallyidentical.Thisimpliesthat
viscouscouplingacrossthefluidlayersproducesaQ2Dflowdespitethefactthatthe
forcingprofiledrivingtheflowisnotperfectlyQ2D.
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