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High-Power Radiation at 1 THz in Silicon: A Fully
Scalable Array Using a Multi-Functional

Radiating Mesh Structure
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Abstract— We introduce a highly scalable architecture of
coherent harmonic oscillator array for high-power and narrow-
beamwidth radiation in the mid-terahertz (THz) band. The
array consists of horizontal and vertical slotlines (i.e., slot
mesh) located at the boundaries between oscillator elements.
Through such a structure, the following operations are achieved
simultaneously: 1) maximum oscillation power at fundamental
frequency f0; 2) precise synchronization of the oscillation phase
among elements; 3) cancellation of the radiation at f0, 2 f0,
and 3 f0; and 4) efficient radiation and power combining at 4 f0.
The resultant compact design fits into the optimal radiator pitch
of λ4 f0/2 (half wavelength) for the suppression of sidelobes,
hence enabling implementation of high-density THz arrays.
In particular, an array prototype of 42 coherent radiators (with
91 resonant antennas) at 1 THz is presented using the IHP S13G2
130-nm SiGe process. The chip occupies only 1-mm2 area and
consumes 1.1 W of dc power. The measured total radiated power
and the effective isotropically radiated power are 80 µW and
13 dBm, respectively.

Index Terms— Harmonic oscillator, multi-functional circuit,
scalable radiating array, SiGe, silicon, terahertz (THz) source.

I. INTRODUCTION

TERAHERTZ (THz) spectrum, commonly defined to be
between 0.3 and 3 THz, possesses properties that are

critical to chip-based sensing applications; particularly, in the
mid-THz range (around 1 THz), important applications
include, but are not limited to, high-resolution THz imag-
ing [1], vibrational spectroscopy of large bio-molecules
(e.g., DNA) [2], rotational spectroscopy for trace gas analy-
sis [3], [4], and sub-µm-precision vibrometry based on
Doppler effect [5]. However, since the frequency lies well
beyond fmax of all silicon-based transistors, generating high-
power radiation in this band is very challenging. This has been
clearly reflected in previous publications (see Fig. 1). In [6]
and [7], using active multipliers based on SiGe heterojunction
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Fig. 1. Comparison of output power and architectures of sub- and mid-THz
radiators in silicon (see [7]–[10], [12]–[16]).

bipolar transistors (HBTs), waves at 0.82 and 1 THz are
generated, respectively, with an effective isotropically radiated
power (EIRP) of −37 and −17 dBm, respectively. In [8]
and [9], using frequency multipliers based on MOS varactors,
waves at 0.73 and 1.33 THz are generated with an EIRP
of −22 and −13 dBm, and a total radiated power (Prad) of
−21 and −23 dBm, respectively. In [10], an active multiplier
with a non-linear feedback loop generates 0.92-THz radiation
with an EIRP of −10 dBm and Prad of −17 dBm. In [11],
using an ultra-fast pulse generator, a circuit generates a broad-
band comb spectrum, in which the radiation near 1 THz has
an EIRP of ∼−70 dBm.
To further increase the radiated power, a multi-antenna/

element source with free-space power combining is preferred.
Moreover, according to antenna array theories [17], to mini-
mize grating lobes in the radiation pattern, spacing between
antennas should be half wavelength (λ/2) in both axes of
the array. Therefore, in a given chip area, a large number of
radiators can be implemented when the operation frequency
is high, hence a very narrow output beam [17]. As shown in
Fig. 2, the radiator density at 1 THz should ideally reach about
100/mm2 and enable radiation beamwidth of only a few degree
with a practical chip size [18]. These properties effectively
compensate the high-frequency path loss and enhance the spa-
tial resolution in imaging and material-probing applications.
However, large-scale radiator arrays in mid-THz range were

not reported previously (illustrated in Fig. 1). The sources
in [9] and [10] have two antennas fed by a single input with a
power splitter; such a solution, although offering higher EIRP,
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Fig. 2. Estimation of the number of coherent radiators integrated on a
10-mm2 chip area and the corresponding beamwidth across the RF-to-optical
spectrum. In the calculation of the wavelength, a dielectric environment with
an equivalent relative dielectric constant of 2 is assumed. Works shown
are [12], [13], [20], and [21].

does not increase the total radiated power. In [7], four antennas
are placed at the chip center and fed by four multiplier chains
at the periphery of the chip. It is noteworthy that all of
these configurations are not scalable due to their centralized
nature: for a large-size array, the complexity and loss of
the signal-distribution network increase exponentially. Even if
these multiplier arrays are realized, the much larger required
input power at low-THz frequency will be inaccessible on chip.
In comparison, a coupled coherent harmonic oscillator array

is more effective and has been extensively used in sub-THz
radiators [12], [13], [16], [19]. Due to its self-sustaining nature
and synchronization mechanism through inter-unit mutual cou-
pling (hence a decentralized scheme), it is expected to have
better scalability. There are, however, two critical challenges
that have hindered the implementation of large-scale coupled
radiator array previously.

A. Size of Radiator Unit
Due to the short wavelength at 1 THz in the inter-metal-

layer dielectrics of standard chip processes, the available area
for a radiating unit is merely 100 × 100 µm2 (λ fout/2 ≈
100 µm). Meanwhile, within such a limited space, each unit
should contain several non-trivial components as follows.
1) A harmonic oscillator running at a fraction of the output

frequency ( f0 = fout ÷ N , N = 2, 3, . . .), which
requires a large fundamental resonator with a size of
about N · λ fout /4. Since fmax of mainstream silicon
transistors is below 0.5 THz [22], N is 4 or greater in
practice.

2) A resonant antenna, which is typically λ fout/2 in length
(e.g., dipole or slot antenna). Other antennas, such as
patch antenna, occupy even larger 2-D area, leaving very
little space for other components [16].

3) Filters to suppress undesired radiation of low-order
harmonics and to recycle their power for up-conversion
to N · f0. Prior works utilize multi-phase interference at
the central power-combining node [see Fig. 3(a)], but it
requires N sub-oscillators (hence large area) and leads

Fig. 3. (a) Conventional fourth-harmonic oscillator and (b) compact fourth-
harmonic oscillator presented in this paper using a multi-functional EM
structure.

to long [λ fout in Fig. 3(a)] and lossy path for the output
signal.

4) Four frequency/phase couplers to synchronize with
neighboring units in all four directions. Previous
schemes in THz circuits are based on linear cou-
pling [14] and ring coupling [13], which are unable to
scale to large 2-D arrays.

B. Phase Mismatch in 2-D Coupling
The coupling among oscillators is based on injection

locking. However, process–voltage–temperature (PVT) varia-
tions of these oscillators lead to non-zero phase difference of
their waveforms in a steady state. For a simplified system of
two coupled oscillators with free-running oscillation frequen-
cies of ω0 and ω0 + �ω, the phase shift �θ as the result of
mutual injection locking is governed by Adler’s equation at
the steady state (dθ/dt = 0) [23]

�θ = arcsin

(
Q

ω0
· Iosc

Iinj
· �ω0

)
(1)

where Q is the quality factor of the resonators, and Iosc and
Iinj are the ac currents in the resonator, respectively, from the
oscillator itself and the injection of another oscillator. Suppose
Q = 10, ω0 = 250 GHz, and Iosc/Iinj = 3, even a small
frequency mismatch �ω of 1 GHz causes large �θ of 7°,
which corresponds to a phase mismatch �θ4 f0 of 28° for the
fourth-harmonic output. Since PVT variations in a large array
usually follow gradient patterns [24], the above phase shift
could potentially be distributed across the array and cause
severe tilting of the combined output beam. An ultra-strong
coupling approach is, therefore, indispensable.
This paper presents a new architecture applicable for a

large-size coupled array in the mid-THz band. In particular,
such an architecture is enabled by a highly compact, multi-
functional radiator structure [see Fig. 3(b)] that addresses all
the aforementioned challenges. A 1-THz 2-D radiating array
consisting of 6 × 7 coherent units and 91 resonant antennas
is prototyped using the IHP 130-nm SiGe HBT process. The
measured total radiated power and the EIRP of the chip are
80 µW and 13 dBm (20 mW), respectively.
This paper provides the detailed descriptions of the 1-THz

chip originally reported in [25], with an additional
quantitative analysis on inter-element oscillator coupling.
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Fig. 4. 3 × 3 element array. (a) Basic conceptual block diagram. (b) Physical implementation, including the dc bias connections.

Moreover, extensive discussions on radiation cancellation/
combining, dc bias, and array boundaries are also pre-
sented. The remainder of this paper is organized as follows.
In Section II, we give an overview of the array. In Section III,
we introduce the design of a single element. In Section IV,
we explain how to form the array using the elements, and
how coupling and radiation take effect with the presence of
multiple elements. In Section V, we show the experimental
results and compare this paper with other state of the arts.
Finally, a conclusion is given in Section VI.

II. OVERVIEW OF THE ARRAY ARCHITECTURE

In this section, we present the architecture of the array,
which is based on a square slotline mesh structure. In Fig. 4,
a 3 × 3 element array (expandable in both horizontal and
vertical directions) is shown. Each mesh element consists of
two radiating units, and each unit has a square slot ring
implemented in the top metal layer of the chip. At the
horizontal center of the mesh element, the two radiating units
share two slotlines, which are driven by a 250-GHz oscillator.
As is described in detail in Sections III and IV, once the
oscillation starts, these slotlines guide the generated waves
to the upper and lower units within each array element, and
simultaneously perform the following functions:
1) optimization for the fundamental oscillation at

250 GHz ( f0) and harmonic generation at 4 f0;
2) coupling and synchronization for the oscillation among

neighboring mesh elements;
3) cancellation of the undesired radiation at f0, 2 f0,

and 3 f0;
4) backside radiation1 at 4 f0 (1 THz) through all horizontal

slots of the mesh.
For strong inter-element coupling, the array elements are

placed like tiles (see Section IV). In particular, the two

1Although front-side radiation has advantages in terms of packaging, we use
backside in this design. With backside radiation, we are able to reduce the
footprint of antennas (compared with patch antennas) in the limited area. Also,
as will be seen later, slot antennas are an integral part of branched resonators,
which makes each element multi-functional.

top/bottom horizontal slots of vertically adjacent elements
even merge and form a single slot. As a result, although
three horizontal slot pairs are shown in the mesh element
in Fig. 4(a), there are, in fact, two radiating slot pairs per
element on average in the actual implemented array structure,
as shown in Fig. 4(b).
Last, it is also important to note that each radiator unit has

a size of about λ/2 × λ/2 at 1 THz [see Fig. 4(a)]. Therefore,
the pitch of the horizontal radiating slot pairs (acting as dipole
slot antennas, see Section IV) is the optimal value (λ fout /2)
in both horizontal and vertical directions, meeting one of the
stringent requirements of large-scale active arrays outlined in
Section I.

III. RADIATING MESH ELEMENT: DESIGN AND

OPERATIONS AT THE FUNDAMENTAL FREQUENCY

In this section, part of a circuit-electromagnetic (EM)
co-design approach for the radiating mesh element is shown,
with the major focus on the principles of fundamental oscil-
lation at 250 GHz ( f0). Although an individual element
effectively radiates 1-THz wave regardless of being inside an
array or not, most of the operations at 2 f0 to 4 f0 benefit from
the interactions of adjacent elements inside an array config-
uration. Details related to those are, therefore, presented in
Section IV, where inter-element coupling and array formation
are introduced.
The EM structure of a single mesh element is shown

in Fig. 5(a). To understand its operations, we point out that, our
circuit widely adopts highly distributed slot structures, where
the enclosed electromotive force is non-zero due to the time-
varying magnetic flux; therefore, the concept of “ground” can
only be defined locally for each individual distributed structure
(e.g., transmission line). In fact, even if two “local grounds”
are physically associated with one piece of metal, they should
not be considered to be electrically connected. For that reason,
some slots are illustrated as two-conductor transmission lines
(with explicit local ground).
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Fig. 5. (a) Structure of a single element. The inset on the left shows the 1-THz oscillator, and the inset on the right shows the branched resonator. The
signal trace of the self-feeding microstrip lines, in the actual layout, is implemented using stacked Metal 2-4. The structure on the left inset is a flipped
representation for visual clarity. (b) Equivalent circuit of the array element at 250 GHz.

Fig. 6. Transformation of the half-circuit equivalent of Fig. 5(b) to a standard
self-feeding oscillator topology [13] (in which Z B = ∞).

Based on such principles, the equivalent circuit schematic
of the array element is shown in Fig. 5(b), which con-
sists of a differential oscillator core and a pair of branched
resonators.

A. 250-GHz Oscillator Core
The oscillator core is located at the lower radiating unit

of each element [see Fig. 5(a)]. It can be regarded as two
identical oscillators coupled together [see Fig. 5(b)], with each
one composed of: 1) an HBT transistor and a short vertical
slotline (TL1) connecting to the emitter and 2) a microstrip
line (TL2) connecting TL1 with the transistor base.
First, for differential-mode oscillation, note that due to

symmetry, all electrical-field vectors in the oscillator structure
is normal to a central perpendicular plane [see Fig. 5(b)].
This plane is thus a virtual perfect conductor plane [perfect
electrical conductor (PEC)]. Accordingly, the oscillator can
then be analyzed through its half-circuit equivalent, as shown
in Fig. 6. The PEC and one conductor plane of TL1 form
a new slotline TL1’ that connects Nodes a and b.2 Since
the field distribution of this TL1’ is identical to half of
that in TL1 [shown in Fig. 5(a)], the relationships of their
impedances and electrical lengths are ZTL1′ = 0.5ZTL1 and
ϕTL1′ = ϕTL1, respectively. Next, the triangle opening in the

2Although a PEC does not have resistance, these two nodes are still not
directly connected. Instead, this PEC should be considered as a conductor of
a transmission line.

lower metal plane, essentially a tapered slot resonator, provides
a broadband open-circuit termination [26]. Its role is to enclose
the slot TL1 while not affecting the wave propagation inside
TL1; meanwhile, the oscillation frequency is only determined
by the branched resonators, not this broadband opening. In
Fig. 6, half of the large impedance (Z�/2) of the triangle
opening is connected to the equivalent self-feeding oscillator.
As shown in Fig. 6, a feedback path at f0 is created from

the collector to the base through TL1’ and TL2. In practice,
ϕTL1 is very short, and ZTL1/2 equals to ZTL2. This is then a
self-feeding oscillator originally presented in [13], where the
feedback loop greatly destabilizes the transistor, and enables
strong oscillation.3 Previous works [27], [28] have shown that
to maximize the oscillation power of a transistor, the complex
voltage gain A of the transistor should have a phase of

� A = � − (
y21 + y∗

12

)
(2)

where yi j is the element of the transistor Y -parameter matrix.
This condition compensates the THz signal delay inside the
transistor, which is caused by the finite transit time and a base-
to-collector feedforward current through Cµ [13]. To meet the
requirement in (2), the total length ϕTL1 + ϕTL2 of the self-
feeding transmission line should follow [13]:

ϕTL1 + ϕTL2 = arcsin

(
Im(A)

ZTL2 · Re(y11 + A · y12)

)
. (3)

Once the relative length ϕTL1 + ϕTL2 (in degree) is obtained,
the absolute physical length can be then derived with the
oscillation frequency determined by the branched resonator
(see Section III-B). Note that a complete self-feeding topology
also contains a reactive termination at the base (Z B in Fig. 6),
which does not exist in our oscillator. Fortunately, Z B can
normally be eliminated by choosing a proper ZTL − ϕTL
combination. After iterations between this linear theory and

3An alternative simplistic way to understand the self-feeding topology is to
view it as a “high-frequency version” of the three-point Colpitts oscillator [27],
where the inductor (lumped) is replaced with a transmission line (distributed).
However, note that the focus of self-feeding oscillator is the complex voltage
gain from base to collector, which is typically not considered in a Colpitts
oscillator design.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

HU et al.: HIGH-POWER RADIATION AT 1 THz IN SILICON: A FULLY SCALABLE ARRAY 5

large-signal simulation, we choose |A| = 2.2, ZTL2 = 40 �,
and ϕTL2 = 34°.
By symmetry, an in-phase oscillation may also exist. Fortu-

nately, this undesired mode is effectively suppressed. Because
the TM wave associated with this excitation mode inside TL1
is not supported at 250 GHz, as shown by the HFSS simulation
in Fig. 5(a).
Given that the collector voltages of the two HBTs at

2 f0 and 4 f0 are also in-phase, these harmonic waves are then
blocked by the slotline TL2 for the same reason. So they
do not travel back to the lossy bases of transistors through
the oscillation feedback loop. In other words, the generation
efficiency of harmonic signals is improved.

B. Branched Resonator
A pair of branched resonators shown in Fig. 5(a) are used

for regulating the oscillation frequency at 250 GHz. Each
resonator is a partially shunt combination of two quarter-
wave slot transmission lines with an impedance of Z0 and
short terminations at their far ends [see Fig. 5(b)]. When the
two branches of the resonator are combined at the central
T-junction, the signal current does not change, but the voltage
is doubled; as a result, the impedance of the shunt section
of the resonator is designed to be 2Z0, in order to avoid
internal wave reflections. In Section IV, we will show how
this special resonator geometry assists the inter-coupling and
radiation interference among multiple elements.
In our design, the slot width of the branched section of the

resonator is 4 µm, which gives an impedance Z0 of 61 �.
The top inset of Fig. 7 shows the simulated impedance when
a differential excitation is applied to the collector-source
ports of HBTs (and without the presence of TL2), which is
approximately

Z R,total ≈ (Z R,left + Z R,right)//Z� = 2Z R//Z� (4)

where Z R and Z� are defined in Fig. 6.4 The approximation
is based on the fact that the vertical slot TL2 between Z R and
Z� is very short. For the 250-GHz resonance, the simulated
quality factor of the resonator is ∼17.

C. Simulation Results of the Fundamental Oscillation
Using the design parameters provided in this section,

the simulated dc power consumption of the oscillator is
25.2 mW from a 1.8-V supply.5 Meanwhile, the simulated
power injected into the branched resonator from the transistors,
at 4 f0 (∼1 THz), is 3.4 µW. Here, the impedance of the
resonator pair at 4 f0, under in-phase excitation from the two
HBTs, is simulated (31 + j · 23 �, shown in the bottom inset
of Fig. 7) and matched to the transistors. In Section IV, we will
show how the 1-THz signal is radiated from the branched
resonators.
4Z R,left and Z R,right share the same current path, and their ports are con-

nected with the differential outputs of the oscillator pair, so their impedances
are in series. Z� is also connected to the output of the oscillator pair, but
its current path is independent of the current path of the branched resonators,
so its impedance is in shunt with (Z R,left + Z R,right).
5The power supply voltage is slightly higher than the 1.7-V BVCEO of the

HBTs. However, since the HBT bases in the circuit are not open-terminated,
the actual breakdown voltage is higher than 1.8 V.

Fig. 7. EM simulation of the resonator impedance with out-of-phase
excitation (for signals at f0 and 3 f0) and in-phase excitation for signals at
2 f0 and 4 f0).

IV. LARGE-SCALE ARRAY: A RADIATING SLOT MESH

In this section, we discuss the multi-fold functions of the
branched resonators when forming a large-scale array.

A. Inter-Element Frequency/Phase Synchronization

The details of the evolution from a single element
(see Fig. 5) to a radiating mesh are shown in Fig. 8. Next,
we discuss how the inter-element coupling is achieved for fre-
quency/phase synchronization, which happens via the slotlines
on all four boundaries of each element.6

1) Horizontal Coupling: For two horizontally adjacent ele-
ments, their branched resonator slots share the same outer
metal plane, which eventually evolves to a narrow metal strip.
Meanwhile, a metal bridge is used to enforce the equal-
potential condition for the other two metal planes of the two
slots. In this way, the two vertical sections of the branched res-
onators form a standard co-planar waveguide (CPW), in which
the electrical fields of the two slots are oriented to opposite
directions. Note that only standing waves exist, and at steady
state, the collector voltages (see Fig. 8) of the two oscillators
satisfy V1 = −V2 = −V3 = V4. We also note that the CPW
interface (for horizontal coupling) has the same voltage as the
associated slot in a single element, but twice of the current.
Hence, its characteristic impedance is designed to be half of Z0
in Fig. 5. Such an adjustment keeps the operations introduced
in Section III unchanged.

2) Vertical Coupling: For two vertically adjacent elements,
their horizontal slots on the top/bottom boundaries are directly
merged into a single slot (see Fig. 8). As explained in Fig. 5(b),
only quasi-TE mode is supported in the merged slot so that
the two elements are only allowed to be coupled with a mode,
where electrical fields associated with the original horizontal
slots of these two elements are oriented to the same direction.
Therefore, the following relationship holds: V ′

1 = −V ′
2 =

V ′
3 = −V ′

4, which is in contrast with the horizontal coupling
scheme introduced previously. In Section IV-C, we show

6When the phase/frequency of signals at f0 from different elements are
synchronized, the phase/frequency at other harmonics are synchronized as
well. Therefore, the following discussion focuses on synchronizations at f0.
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Fig. 8. Array forming from a single element. Field distributions at f0 are shown in 1 × 1, 1 × 2, 2 × 1, and 2 × 2 cases to illustrate the coupling among
the horizontal and vertical elements.

Fig. 9. Simulated waveforms of two coupled oscillating elements.
(a) V1 and V3 and (b) V ′

1 and V ′
4 in Fig. 8.

that this choice leads to a multi-harmonic interference that
selectively facilitates the radiation at 4 f0.
Although by symmetry, the out-of-phase coupling mode

of the oscillators also exists, it is completely suppressed in
practice, because in this undesired mode, the merged slot,
which is unable to support the associated central-symmetric
TM wave, presents an open-circuit termination. In this case,
each branched resonator becomes a 67.5° open stub and
presents a 26-fF capacitance to the collector of each oscillator.
The oscillation with this mode is, therefore, unable to start.
Last, note that the merged slot has the same current as that in
the slot of a single element, but twice of the voltage. Therefore,
the characteristic impedance of the merged slot is designed to
be 2Z0 (i.e., larger slot width).
As a result of the above-mentioned coupling schemes, in our

EM simulations for multiple coupled elements inside the mesh,
the left/right boundaries are set as perfect magnetic conductors,
whereas the top/bottom boundaries are set as PECs. The
generated S-parameters are used in the circuit simulations
of horizontal/vertical coupling between oscillators, and the
resultant waveforms are shown in Fig. 9. Note that the phase
relationships match our previous analysis in this section.

B. Phase Mismatch in Coupling: A Quantitative Analysis

Up to this point, all analyses and simulations are based on
the assumption that no mismatch between oscillators exists.
Next, we derive a model to study the strength of injection
locking and the resultant phase mismatch with the variation
of free-running oscillation frequencies in the array elements.
First, for the case of horizontal coupling, the model is based

on the schematic shown in Fig. 10(a): two oscillators are
coupled by a network consisting of two 90°-long transmission
lines (i.e., branched resonators) with a shunt connection at an
electrical length of ϕ away from the oscillator cores.
We assume that the tanks of the two oscillators have

resonance frequencies of ω1 and ω2 (�ω = |ω1 −ω2| � ω1),
quality factors of Q1 and Q2 (Q1 ≈ Q2 = Q), and shunt
resistances of Rtank,1 and Rtank,2 (Rtank,1 ≈ Rtank,2 = Rtank).
Meanwhile, the voltages across the two tanks, in the synchro-
nized steady state with a common oscillation frequency of ω0,
are expressed as

{
v1(t) = (A0 + �A) · e j (ω0t+�θ)

v2(t) = (A0 − �A) · e j (ω0t−�θ)
(5)

where the amplitude mismatch �A and the phase mismatch
�θ are assumed to be small. Following the derivations in
the Appendix, which decompose the circuit operation into
common-mode and differential components [see Fig. 10(a)],
we are able to get the phase difference between v1(t) and v2(t)
(when d�θ/dt = 0):

2�θ = 2 arctan

(
ω1 − ω2

ω0
· Q · Z2

0 tan
2 ϕ

R2
tank

)
. (6)

We note that, the phase difference 2�θ only manifests
itself inside the two stubs (Z0, ϕ) between the oscillators
and the short-circuit connection; it decreases from 2�θ at the
oscillator core to 0° at the short-circuit connection. Beyond
the short-circuit connection, no phase difference exists in the
remaining 90°-ϕ section of the branched resonators. For the
coupling in the horizontal direction, the parameter ϕ in (6) is



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

HU et al.: HIGH-POWER RADIATION AT 1 THz IN SILICON: A FULLY SCALABLE ARRAY 7

Fig. 10. Models and schematic decompositions for (a) horizontal coupling and (b) vertical coupling.

Fig. 11. Calculated and simulated results of �θ and �A/A0 for two cou-
pled 250-GHz self-feeding oscillators using the branched resonator network.
(a) �ω = 1.5 GHz and ϕ = π/8. (b) Z0 = 60 � and ϕ = π/8.

close to π /8.7 To verify the model, we perform circuit simula-
tions, where two 250-GHz self-feeding oscillators are coupled
via the branched resonator network. As shown in Fig. 11,
the phase/amplitude mismatch predicted by our model well
matches the simulation results.
A similar model and an analytical approach also apply to

the vertical coupling. Here, although the two oscillators are
coupled in-phase, the voltages presented at the two resonator
slots are out-of-phase (see Fig. 8). For this desired coupling
mode, each oscillator shows a quarter-wavelength transmission
line [see Fig. 10(b)]. But for the undesired common-mode
coupling, each oscillator shows an open-circuit stub with a
length of ϕ. Therefore, the only correction needed to be made
to the previous model is that the injected current in (15)
becomes

i ′
inj,i = ∓�v/(− j Z0 cot ϕ) (i = 1, 2) (7)

where �v is now the amplitude difference of the two
differential oscillator voltages, i.e., �v = (v1 + v2)/2.

7The two vertical slot transmission lines at ϕ = π /8 to 3π /8 are tightly
coupled, with an even-mode characteristic impedance of Zeven (for the desired
CPW coupling) much higher than that of the characteristic impedance Zodd
in the undesired odd-coupling mode. In our case, Zeven is made close to
Z0 to minimize reflections of common-mode signals, while Zodd is only
about Z0/5. For out-of-phase coupling, the differential impedance looking
into the resonator at ϕ = π /8 (i.e., j Zodd) is, therefore, very small. Although
the metal bridge is physically located near ϕ = 3π /8, the ultra-tight coupling
makes equivalent ϕ to be close to π /8.

The phase mismatch in the vertical direction is then

2�θ ′ = 2 arctan

(
ω1 − ω2

ω0
· Q · Z2

0 cot
2 ϕ

R2
tank

)
. (8)

For the vertical coupling in our case, ϕ is 3π /8. Interest-
ingly, since tan(π/8) = cot(3π/8), (6) and (8) give the same
result, and Fig. 11(b) can be used for the phase and amplitude
mismatch in both the horizontal and vertical directions.
It can be seen from (6) and (8) that by decreasing Z0 and

increasing Rtank, we are able to decrease �θ and �θ ′ and thus
achieve strong coupling.

C. Selective Radiation at 4 f0 Using Near-Field Interference

Selective radiation using slot structures can be traced back
to [29]. The input signal may excite either radiative or non-
radiative mode depending on the phase relationship of standing
waves in the different sections of a slot antenna. This property
was further exploited in [14] to radiate only the second-
harmonic (2 f0) signal of an oscillator. Nevertheless, there has
not been a selective antenna for radiation at 4 f0.
The geometry and dimension of the branched resonator

pair in our 1-THz radiator design are designed to provide
the following function: it has a radiative mode and a non-
radiative mode and the radiative mode is only excited at 4 f0.
Details on this operation are explained using the electrical-
field distribution of standing waves at f0 to 4 f0, as shown in
Fig. 12. First, Fig. 12 (a)–(d) shows that, at all frequencies,
next to each vertical slotline, there is another vertical slotline
from the horizontally adjacent element. As discussed before,
these two slotlines carry out-of-phase fields, and thus, they do
not radiate. Due to this reason, in the remainder of this section,
only the radiation properties of the horizontal slotlines are dis-
cussed. The following analyses are based on the polyharmonic
standing-wave patterns in slotline Ai Bi Ci Di (i = 1, 2, 3, 4),
of which the lengths are close to (1/4)λ, (1/2)λ, (3/4)λ, and
λ at f0, 2 f0, 3 f0, and 4 f0, respectively.

At f0 [see Fig. 12(a)], due to the differential oscillation,
waves injected into the left and right branched resonators
are out-of-phase; we denote it as the odd mode of the
branched resonator pair. In the odd mode, for each of the
following slotline pairs—(A1B1, A2B2), (D1C1, D2C2), and
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Fig. 12. Theoretical electrical-field distributions in branched resonator at
different harmonics. (a) f0. (b) 2 f0. (c) 3 f0. (d) 4 f0. Darker arrow color
means higher field intensity.

(D3C3, D4C4), the standing wave formed inside one slotline
is a 180°-rotated (out-of-phase) replica of that inside the other
slotline. Therefore, radiation at f0 from all horizontal slotlines
in an element is canceled.
At 2 f0 [see Fig. 12(b)], the waves injected into the left

and right branched resonators are in-phase. We denote it as
the even mode of the resonator pair. In contrast with the
odd mode, in the even mode, standing waves inside each of
the following slotline pairs— (A1B1, A2B2), (D1C1, D2C2),
and (D3C3, D4C4)—are in-phase. As a result, the unde-
sired radiation is not canceled within each horizontal slotline
pairs. On the other hand, however, thanks to the folded
geometry of the resonators, vertically flipped replica pairs
of standing waves are formed in the following slotline

pairs: (A1B1, D1C1), (A1B1, D3C3), (A2B2, D2C2), and
(A2B2, D4C4). Therefore, the radiation from (A1B1, A2B2)
is canceled by the top half (D1C1, D2C2) and the bottom half
of (D3C3, D4C4). By “half,” we mean that, each Di Ci (i =
1, 2, 3, 4) slotline on the boundary is shared by two elements,
so on average half of its radiation is contributed to each
element8 In summary, the far-field radiation in all horizontal
slotlines is canceled.
The case at 3 f0 [see Fig. 12(c)] resembles that at f0: an odd

mode is excited, and radiations in all horizontal slotlines are
canceled.
At 4 f0 [see Fig. 12(d)], an even mode is excited, and

similar to the case at 2 f0, the slotline pairs (A1B1, A2B2),
(D1C1, D2C2), and (D3C3, D4C4) are radiative in their own
right. However, there is a critical difference between the 4 f0
case and the 2 f0 case: because of the phase inversion at each
midpoint of Bi Ci (i = 1, 2, 3, 4), standing waves formed in all
the horizontal slotline pairs—(A1B1, A2B2), (D1C1, D2C2)
and (D3C3, D4C4)—are in-phase. Therefore, in the far field,
the radiation from (A1B1, A2B2) interferes constructively with
the radiation from the top half of (D1C1, D2C2) and the
bottom half of (D3C3, D4C4). In other words, there are on
average two coherent dipole slot antennas at 4 f0 in each
element. We note again that inside the array of these elements,
the horizontal and vertical spacing of all these antennas is the
optimal value of λ4 f0/2.
Fig. 13 shows the simulated electrical-field distributions in

the branched resonator slots at different harmonics, which
agree with those in Fig. 12. In the structure for EM simulation
and the actual layout, on the upper metal plate of the element,
there is a “dummy” triangular opening with the same shape as
its lower counterpart. Its existence leads to a more symmetric
field distribution. Fig. 14 shows the simulated antenna patterns
and gains of one element and a 6 × 7 array at different
harmonics. We see that only at 4 f0 are the element and
array radiative. Due to the presence of the silicon substrate,
the radiation propagates toward the back side of the chip. In the
simulation, a semi-infinite high-resistivity silicon medium is
applied at the chip back, which is emulated by a hemispheric
silicon lens in reality. The simulated radiation directivity
and efficiency of the array at 4 f0 are 23.6 dBi and 63%,
respectively. The simulated frequency response of one antenna
is given in Fig. 15.

D. Routing of DC Biases
Each oscillator pair requires the following dc biases:

VCC, VB , and VEE for the collectors, bases, and emitters of
the transistors. Since the base current IB is only 0.3 mA per
element, Metal 1, which is 6 µm below Top-Metal 1, is used
for VB . In contrast, the collector current IC is ∼14 mA per
element, the top-metal layers, with much larger maximum
allowed current density, are used to feed VCC and VEE [see
Fig. 4(b)]. Inside each element, slotline pair (A1B1, A2B2)
divides the Top-Metal 1 plane into two dc-isolated halves:

8Alternatively, the radiation cancellation can also be considered to be only
between (A1B1, A2B2) and (D1C1, D2C2), as shown in Fig. 12(b). The
radiation from (D3C3, D4C4) is then canceled by the element above the
current one.
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Fig. 13. HFSS simulation of magnitude and phase of electrical-field vectors
in the slots at different harmonics. (a) f0. (b) 2 f0. (c) 3 f0. (d) 4 f0. Input
power at all frequencies is normalized to be the same.

the upper half is dc-connected to VCC and the lower half is
connected to VEE. At the left/right boundary of the element,
a metal bridge using Top-Metal 2 connects the metal plates so
that the relevant dc power supply is fed horizontally. Last, it is
also noteworthy that, on the boundary of two vertically adja-
cent elements, an ac short circuit for the branched resonator
[see Fig. 12] is needed. To avoid directly connecting the VCC
plate of one element with the VEE plate of the other, we use
two 300-fF MIM capacitors to provide the ac short, as shown
in Fig. 16. The self-resonance frequency of the MIM capacitor
simulated by HFSS is 416 GHz. Beyond the self-resonance
frequency, the capacitor impedance remains low (∼2.3 � at
1 THz) and serves as a good ac short.

E. Boundaries of the Array

The radiator elements at the array boundaries are lack of
horizontally and/or vertically adjacent counterparts. Therefore,
proper boundary conditions should be provided so as to
confine the oscillation and harmonic waves within the array.
As described in Section IV-A, for the horizontal boundaries of
the elements, an electrical-short condition (i.e., electrical field
is perpendicular to the boundary) is required; for the verti-
cal boundaries of the elements, an electrical-open condition
(i.e., electrical field is in parallel with the boundary) is
required.
To provide the electrical-short condition at the top/bottom

boundaries, a thick metal “wall” implemented by a Metal 1 to

Top-Metal 2 stack is used, so that all electrical-field vectors
are perpendicularly terminated at the metal wall.
At the left/right boundaries, dc power supplies should be

provided from two columns of pads, but potential signal
leakage at f0 and 4 f0 through these paths should be prevented,
so that the oscillation and radiation are not affected. To this
end, a notch filter connected to each boundary metal bridge is
designed. Fig. 17 shows the structure of the filters and other
neighboring components at the array boundary. All filters are
identical, and they present high impedances near f0 and 4 f0.
Each is implemented by three sections of microstrip lines:
AB, DB , and C B , of which the lengths are (1/2)λ4 f0 ,
(1/4)λ4 f0 , and (1/4)λ4 f0 , respectively. Node A is short-circuit
terminated, whereas Node D is open-circuit terminated. It can
be inferred from the Smith chart in Fig. 18(a) that at both
f0 and 4 f0 impedances presented at Node C are high. The
simulated impedances are shown in Fig. 18(b).

V. CHIP PROTOTYPE AND EXPERIMENTAL RESULTS

The chip is fabricated in the IHP 130-nm SiGe BiCMOS
process featuring an HBT fmax of 450 GHz [30]. There are
in total 6 × 7 elements and 91 dipole slot antennas9 on the
1 × 1 mm2 chip area. The micrographs of the chip and a
single element are shown in Fig. 19(a). A hemispheric, high-
resistivity silicon lens is attached on the chip back for the
radiation coupling to the free space, as shown in Fig. 19(b).
The dimensions of the wafer between silicon lens and the
chip substrate are 2 cm× 2 cm× 500 µm, and the resistivity
is 20 k� · cm. We found that when the dimension of the
inserted wafer is much larger than the diameter of the silicon
lens (Dlens = 1 cm), the radiation efficiency is nearly not
affected. The dc power consumption when the chip reaches
the maximum output power is Pdc = VCC · IC + VB · IB =
1.8 V × 0.6 A + 1.15 V × 12 mA = 1.1 W.

A. Measurement of the Oscillation/Output Frequencies
Previously, the spectrum in the mid-THz range was mea-

sured using a Fourier transform infrared spectrometer [9].
Some sub-harmonic mixers [31] are able to detect 1-THz
signal. However, they require high-power LO signal with
frequency beyond 300 GHz.
Due to the inaccessibility of a heterodyne receiver to

directly down-convert the 1-THz signal for frequency mea-
surement, we use an indirect approach, which is based on the
down-conversion of the leaked radiation at the fundamental
frequency to measure f0; the output frequency of 4 f0 can
then be inferred. In our simulation, the total oscillation power
that the transistors generate at f0 (flowing from collectors
to bases) is as high as 400 mW. Device mismatch across
the array (hence imperfect radiation cancellation) should then
cause detectable signal leakage at f0. Fig. 20 shows the
measurement setup. The radiation leakage is received by a
WR-3.4 diagonal horn antenna placed near the silicon lens
and is then fed into a 16th-harmonic WR-3.4 mixer from
Virginia Diode Inc. (VDI). Meanwhile, a 10-dBm LO signal at

9The radiator elements on the top and bottom of the array do not share
antennas. The total number of antennas is, therefore, 6 × 7 × 2 + 7 = 91.
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Fig. 14. HFSS simulation of antenna gain at (a) f0, (b) 2 f0, (c) 3 f0, and (d) 4 f0 ( f0 = 250 GHz) of a single element (left) and a 6× 7 array (right). Note
that the antenna gain at 4 f0 is 20∼75 dB higher than that in the other cases. At f0 and 2 f0, antenna gain increases by only ∼10 dB from single element
to array due to the close spacing (relative to wavelength) between antennas. At 3 f0, antenna gain increases by only ∼8 dB, because the peak gain of single
element is not in the perpendicular direction. At 4 f0, there is ∼15 dB gain increase, which matches the theoretical prediction: 10 log10(42) = 16 dB.

Fig. 15. Simulated return loss of the dipole slot antenna in a single element
with even-mode excitation.

Fig. 16. AC-coupling structure using two MIM capacitors.

around 15.8 GHz is applied. The output IF spectrum from the
even-harmonic mixer (EHM), amplified by an amplifier chain
and measured by a spectrum analyzer, is shown in Fig. 21(a).
Only one peak is obtained, indicating that the fundamental
oscillations of all elements are synchronized. The value of
oscillation frequency f0 can be calculated as

f0 = 16 fLO ± fIF (9)

where the factor of 16 is verified by slightly increasing
fLO and measuring the resultant change of fIF (|� fIF| =
16|� fLO|). The sign of “±” is the opposite of that of |� fLO|.

Fig. 17. Structure of the top-left boundary of the entire array, including the
notch filters. The structure is repeated for each row, except that the dc pads
are connected to different biases.

Fig. 18. (a) Synthesis of high impedances at f0 and 4 f0 using the notch
filter at array boundaries. (b) Simulated magnitude of the filter impedances.

According to (9), the fundamental oscillation frequencies at
various HBT base bias voltages VB are shown in Fig. 21(b).
When increasing VB from 1.05 to 1.2 V, f0 decreases from
254 to 252.8 GHz (due to larger Cπ of each HBT). The actual
tuning range may be larger than this, but it is not characterized
due to the small SNR in Fig. 21(a). The degradation of the
received power when base bias is too high or too low is mainly
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Fig. 19. (a) Die photograph of the chip and a zoomed-in image of a single
element. (b) Diagram and photograph of the chip assembly for backside
radiation.

Fig. 20. Setup of measuring fundamental frequency f0 using an EHM.

due to a departure from the optimal oscillation condition and
high-Q frequency response of the branched resonators. The
values of f0 for 5 chip samples are measured, which range
from 249 to 254 GHz at the optimum bias point, showing
small process variation.
The output radiation at 4 f0 should then change from

1011.2 to 1016 GHz. Last, Fig. 21(b) also shows the measured
IF power (normalized) at various VB , which we use to evaluate
the oscillation activity. It peaks at VB = 1.15 V, corresponding
to f0 = 253.2 GHz (4 f0 = 1.013 THz).

B. Characterizations of the 1-THz Radiation

The total radiated power of the 1-THz signal is measured
using a WR-1.0 diagonal antenna (directivity = 25 dBi)
cascaded with a VDI WR-1.0 zero-bias diode (ZBD) detector.
The detector has a calibrated responsivity of 1.1 kV/W and an
noise-equivalent power of 57 pW/

√
Hz at 1 THz (calibration

data specific to individual product are provided by VDI). The
testing setup is shown in Fig. 22. The chip and the diagonal

Fig. 21. Measurement results of the leaked radiation at f0. (a) IF spectrum
down-converted by an EHM. (b) Frequency and relative power at different
VB biases.

Fig. 22. Setup for the 1-THz radiation pattern and power measurements
using a WR-1.0 ZBD detector. Note that the lock-in amplifier measures the
root-mean-square voltage of the fundamental sinusoidal component of the
detector output signal; therefore, an additional multiplication factor of π/

√
2

(or 2.22 times) is used [32] when calculating the peak-to-peak voltage of the
output square wave (hence the radiated power).

antenna are separated with a distance of 3 cm. According to
the result presented in Fig. 23, 3 cm is already in the far-
field range. First, the radiation is electronically modulated by
connecting VB of the chip to an 18-Hz square wave with 50%
duty cycle and 1.15-V peak voltage. This is to facilitate the
lock-in amplifier for narrow-band noise suppression and to
ensure that the slow-varying heat radiation is not included in
the measured power result. From the reading of the lock-in
amplifier, the power received by the ZBD PRX is calculated
to be 4 µW. Using the Friis equation [17]

EIRP = PTX · DTX = PRX ·
(
4πd

λ

)2

/DRX (10)

where DRX = 25 dBi, d = 3 cm, and λ = 300 µm, and the
EIRP of the chip is determined to be 13.1 dBm (or 20.4 mW).
Next, the chip is rotated with different azimuthal (θ ) and

polar (ϕ) angles. Fig. 24 shows the measured and simulated
1-THz radiation patterns in the E-plane and H -plane, respec-
tively. Note that our array is a planar array with narrow
radiation beam, which enables the calculation of the peak
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Fig. 23. Measured received power of the 1-THz signal at varying distance.

Fig. 24. Measured radiation pattern of 1-THz signal. (a) E-plane.
(b) H -plane. Shaded regions represent the angular range where the measured
response is below noise floor, which could be due to the blocking of radiation
by the metal fixture for the silicon lens.

directivity using the following equation [33]:

D0 = 32400

θh · ϕh
. (11)

Here, θh and ϕh (in degrees) are half-power beamwidth in
the E-plane and H -plane, respectively. For our case, θh =
11° and ϕh = 11°, and thus, we have D0 = 24 dBi. This,
along with the aforementioned 13.1 dBm of measured EIRP,
gives an integrated radiation power (over the measurable angle
range in Fig. 24) of −10.9 dBm (or 80 µW). According to
the comparison between the simulated and measured radiation
patterns in Fig. 24, some sidelobes are not measured due to the
blocking of radiations by the silicon lens fixture. Therefore,
the actual total radiated power is higher than 80 µW, although
the discrepancy should be small due to the low intensity of
these unmeasured sidelobes.
Notably, the supported frequency band of the WR-1.0

waveguide used in our setup ranges from 750 to 1100 GHz.
As a result, any leakage at 253 and 506 GHz is completely
excluded from our power measurement results. Although the
third-harmonic leakage at 759 GHz cannot be filtered out by
the waveguide, we believe its impact is negligible, because
the differential field distribution at 3 f0 should suppress the

Fig. 25. Setup of measuring total radiated RF power using TK photo-acoustic
power meter.

Fig. 26. Measured total radiated RF power when chip is power ON, then
power OFF, and finally power ON again.

leakage by 10 − (−28) = 38 dB (see Fig. 14), compared
with the radiation at 4 f0. This is also verified by the good
consistency between the simulated and measured radiation
patterns in Fig. 24.
Last, the total radiated power is also measured using a

photo-acoustic Thomas Keating (TK) absolute power meter
(see Fig. 25), which has a large input window to capture
radiation from most of the directions including sidelobes
(although the majority of the received power is still attributed
to the main lobe). Similar to the setup in Fig. 22, the power
meter also uses a lock-in function to minimize the impact
of the thermal radiation. The measured results are shown in
Fig. 26. During the time period presented here, the SiGe
chip is first turned on (i.e., VB is connected to a 30-Hz
50% duty cycle 1.15-Vpp square wave), then off (i.e., VB is
grounded), and finally on again. The measured radiated power
is ∼100 µW (−10 dBm). The 0.9-dB difference between that
and the radiated power measured by the ZBD is believed to
be caused by the leaked radiation at f0, as well as the limited
instrumental accuracy. The measurement results from the TK
power meter mainly serve as a sanity check for the ZBD
measurement. With a grating filter centered at 1 THz, more
accurate power value may be obtained from the TK power
meter.

VI. CONCLUSION

This paper presents a scalable array architecture suitable
for generating coherent high-power radiation in the mid-THz
band. The highlight of the work is a multi-functional branched
resonator structure in each element, ensuring structural com-
pactness and high efficiency which are necessary for this
band. A chip prototype has proven that the architecture is
able to integrate at least 42 oscillators and 91 antennas, which
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TABLE I

COMPARISON OF MID-THz COHERENT RADIATORS IN SILICON

coherently radiate 80 µW of 1-THz signal with a high direc-
tivity of 24 dBi. The measured chip performance is compared
with other mid-THz coherent radiators in silicon in Table I.
To the best of our knowledge, the chip has demonstrated
the highest total radiated power and highest EIRP among all
radiators at above 0.6 THz.
Since this array technology mainly lies at the EM level,

it is also applicable for other solid-state devices with higher
speed/power performance, such as InP HBT/HEMT and GaN
HEMT. Output power level at 1 mW and above should be
feasible.

APPENDIX

PHASE MISMATCH IN COUPLED OSCILLATORS

In our analysis for the coupled system shown in Fig. 10(a),
each free-running self-feeding oscillator is modeled as an
oscillating parallel RLC tank sustained by a negative resis-
tance provided by transistors [see Fig. 27(a)]: −Rtank,1 ≈
−Rtank,2 = −Rtank. The coupled two-oscillator system,
at steady state, can be decomposed into a common-mode
component, which is the desired mode, and a differential-
mode component, which is a result of the oscillation frequency
mismatch �ω and the cause for injection current in each oscil-
lator. Accordingly, following the expressions of the oscillator
voltages v1(t) and v2(t) given in (5), we define their common-
mode voltage v0 as:

v0 = v1 + v2

2
= e jω0t · (A0 cos�θ + j�A sin�θ)

≈ A0 cos�θ · e jω0t (12)

and differential-mode voltage �v as

�v = v1 − v2

2
= e jω0t · (�A cos�θ + j A0 sin�θ)

= A0 sin�θ

√
1 +

(
�A

A0 tan�θ

)2

· e
j
(
ω0t+arctan

(
A0 tan�θ

�A

))
.

(13)

Next, we note that the coupled network in Fig. 10(a) resem-
bles a Wheatstone bridge, and has the following properties.

Fig. 27. Graphical explanation of the current injection caused by �v .

1) For v0 in each oscillator, the short connection at ϕ of
the transmission lines is “invisible,” and thus, this mode
only shows a π /2-long resonator pair.

2) For ±�v in each oscillator, the short connection at ϕ
of the lines is “visible” and a virtual ground is formed
there.

Hence, the main oscillation current of each oscillator is

iosc,i = (v0 ± �v)/Rtank ≈ v0/Rtank (i = 1, 2) (14)

and the injected current for each oscillator is

iinj,i = ∓�v/( j Z0 tan ϕ) (i = 1, 2). (15)

These definitions are consistent with Adler’s model in [23]
and [34]. Also, suppose the loss of the branched resonator is
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low [see Fig. 7(a)], we show in Fig. 27(a) the current decom-
position details of Oscillator 1. (For Oscillator 2, the only
difference is that current is injected in the reverse direction.)
Next, we derive the relationship between �θ and �A. This

can be done by using energy conservation. The power injected
into Oscillator 1 is

Pinj,1 = 1

2
Re

(
(v0 + �v) ·

( −�v

j Z0 tan ϕ

)∗)

= Im(v0�v∗)
2Z0 tan ϕ

≈ A2
0 cos�θ sin�θ

2Z0 tan ϕ
. (16)

For the time being, we assume �θ > 0; then, (16) is
positive, meaning that Oscillator 1 receives power from Oscil-
lator 2 via the two connected transmission-line stubs. By com-
paring (12) and (13), we see that the imaginary part of �v is
perpendicular to v0, which is �v⊥v0 = j A0 sin�θ · e jω0t .
Substituting this part into (15), a current in-phase with v0
is generated, which is the cause of the positive power flow
injected into Oscillator 1. A qualitative phasor diagram is given
in Fig. 27(c).
Next, since the real part of �v is in parallel with the v0

vector and is expressed as �v‖v0 = �A cos�θ ·e jω0t , the extra
power of Oscillator 1, �Posc,1, presented on Rtank is

�Posc,1 = ||v0 + �v‖v0 ||2 − ||v0||2
2Rtank

≈ A0�A cos�θ

Rtank
(17)

which is the result of the injection through coupling, so

�Posc,1 = Pinj,1. (18)

Use (16)–(18) and let k(ϕ) = ((Rtank)/(Z0 tan ϕ)), then we
have

sin�θ ≈ tan�θ = 2Z0 tan ϕ

Rtank
· �A

A0
= k(ϕ)−1 · �A

A0
(19)

which can be then substituted into (13) and give

�v = A0 sin�θ
√
1 + k(ϕ)2 · e j (ω0t+arctan(k(ϕ)−1))

≈ A0k(ϕ) sin�θ · e j ( jω0t+ j k(ϕ)−1). (20)

Note that k(ϕ) 
 1, i.e., Rtank 
 Z0 tan ϕ, is used in the
above approximation.10 Finally, we apply Adler’s equation in
the case of modulated sinusoid injection [34], i.e.,

dθosc

dt
= ωi − ω0 − ωi

2Q
· |iinj|
|iosc| · sin(θosc − θinj) (21)

where ωi is the resonance frequency of the tank of Oscil-
lator 1 or 2. Using (12), (14), (15), and (20), we have
|iinj,i |/|iosc,i | ≈ k(ϕ)2 · tan�θ , θosc = � v0 = (�A/A0) ·
tan�θ ≈ 0, θinj,1 = k(ϕ)−1 + π/2 ≈ π/2, and θinj,2 =
k(ϕ)−1 − π/2 ≈ −π/2. Therefore, we have the following
equations for Oscillators 1 and 2:

0 = ω1 − ω0 − ω1

2Q
· k(ϕ)2 tan�θ · sin(0 + π/2) (22)

0 = ω2 − ω0 − ω2

2Q
· k(ϕ)2 tan�θ · sin(0 − π/2). (23)

10As a side note, k(ϕ) 
 1 also indicates that the amount of injected current
used to tune frequency is much larger than that for power injection.

Adding (22) and (23), we get

ω0 = ω1 + ω2

2
− ω1 − ω2

2Q
· k(ϕ)2 tan�θ ≈ ω1 + ω2

2
(24)

with the approximation that

ω1 
 �ω

Q
· k(ϕ)2 tan�θ ⇔ �ω · L1

Z0 tan ϕ
· �A

A0
� 1 (25)

which is readily satisfied. Meanwhile, by subtracting (23)
from (22) and using ω1 + ω2 ≈ 2ω0, we have

ω1 − ω2 = ω0

Q
· k(ϕ)2 tan�θ (26)

which gives the phase difference between v1(t) and v2(t)

2�θ = 2 arctan

(
ω1 − ω2

ω0
· Q · Z2

0 tan
2 ϕ

R2
tank

)
. (27)
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