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Abstract: We consider the Gauss—-Manin differential equations for hypergeometric integrals associated
with a family of weighted arrangements of hyperplanes moving parallel to themselves. We reduce
these equations modulo a prime integer p and construct polynomial solutions of the new differential
equations as p-analogs of the initial hypergeometric integrals. In some cases, we interpret the
p-analogs of the hypergeometric integrals as sums over points of hypersurfaces defined over the finite
field F. This interpretation is similar to the classical interpretation by Yu. I. Manin of the number
of points on an elliptic curve depending on a parameter as a solution of a Gauss hypergeometric
differential equation. We discuss the associated Bethe ansatz.
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1. Introduction

We consider an arrangement of affine hyperplanes (H;)7_; in CK. Let fj(t1, ..., t) be a first-degree
polynomial on C¥ whose kernel is H;j. Let (aj)]’-’zl, x be nonzero complex numbers. An associated

multidimensional hypergeometric integral is an integral of the form:

5
I:/WH;;lfj(tl,...,tk)xdtlA...Adtk

where 7 is a cycle in the complement to the union of the hyperplanes. We assume that the hyperplanes
depend on parameters z1,...,z, and move parallel to themselves when the parameters change.
Then the integral extends to a multivalued holomorphic function of the parameters. The holomorphic
function is called a multidimensional hypergeometric function and is associated with this family of
arrangements. The simplest example of such a function is the classical hypergeometric function.

The multidimensional hypergeometric functions can be combined into collections so that
the functions of a collection satisfy a system of first-order linear differential equations called the
Gauss—Manin differential equations.

If all polynomials ( ]‘j);?:l have integer coefficients and the numbers (;), « are integers, then the
Gauss—-Manin differential equations can be reduced modulo a prime integer p large enough. The goal
of this paper is to construct polynomial solutions of the Gauss—-Manin differential equations over
the field F, with p elements. Our solutions are p-analogs of the multidimensional hypergeometric
integrals. The construction of the solutions is motivated by the classical paper [1] by Yu. I. Manin
(cf. section “Manin’s Result: The Unity of Mathematics” in [2]; see also [3,4]).

The paper is organized as follows. In Section 2, we recall the basic notions associated with an affine
arrangement of hyperplanes in C¥. In Section 3, we consider a family of arrangements of hyperplanes
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in C* whose hyperplanes move parallel to themselves when the parameters of the family change.
We introduce the Gauss-Manin differential equations and multidimensional hypergeometric integrals.
We show that the multidimensional hypergeometric integrals satisfy the Gauss—-Manin differential
equations (see Theorem 3). In Section 4, we consider the reduction of this situation modulo p and
construct polynomial solutions of the Gauss-Manin differential equations over [, (see Theorem 5),
which is the main result of this paper. We interpret our solutions as integrals over ]FI;, under certain
conditions (see Theorem 6). Such integrals could be considered as p-analogs of the multidimensional
hypergeometric integrals. In Section 5, we consider examples. Under certain conditions, we interpret
our polynomial solutions as sums over points on some hypersurfaces over I, (see Theorem 10).
This statement is analogous to the interpretation in Manin’s paper [1] of the number of points on an
elliptic curve depending on a parameter as a solution of a Gauss hypergeometric differential equation.
In Section 6, we briefly discuss the associated Bethe ansatz. We introduce a system of the Bethe ansatz
equations and construct a common eigenvector to geometric Hamiltonians out of every solution of
the Bethe ansatz equations (see Theorem 11). We show that the Bethe eigenvectors corresponding
to distinct solutions are orthogonal with respect to the associated symmetric contravariant form
(see Corollary 3).

2. Arrangements

We recall some facts about hyperplane arrangements, Orlik-Solomon algebras and flag
complexes from [5].

2.1. An Affine Arrangement

Let k and 1 be positive integers, where k < n. Denote | = {1,...,n}.

Let C = (Hj)jcj, be an arrangement of 7 affine hyperplanes in Ck. Denote U = C* — UjesH; as the
complement. An edge X, C CF of the arrangement C is a nonempty intersection of some hyperplanes
of C. Denote by J, C | the subset of indices of all hyperplanes containing X,. Denote /, = codimx X,.

We always assume that the arrangement C is essential; that is, C has a vertex, an edge that is
a point.

An edge is called dense if the subarrangement of all hyperplanes containing it is irreducible:
the hyperplanes cannot be partitioned into nonempty sets, so that, after a change of coordinates,
hyperplanes in different sets are in different coordinates. In particular, each hyperplane of C is a
dense edge.

2.2. Flag Complex
For / =0,...,k let Flag’(C) denote the set of all flags:
Ck=10>1'>...of

where each L/ is an edge of C of codimension j. Let 7¢(C,Z) denote the quotient of the free abelian
group on Flagé (C) by the following relations. For every flag with a gap:

F=(">L'or ol 5...o00kF, i<k

We impose:
YropF =0 @

in F!(C,7), where the sum is over all flags F = (L > L' > ... SL!) € Flag’(C), such that L) = LJ for
all j # i. The abelian group F*(C,Z) is a free abelian group (see [5], Theorem 2.9.2).
There is an “extension of flags” differential d : 7¢(C,Z) — F'*1(C,Z) defined by:

Ao o oL =Y, (oL 5> oL oL
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where the sum is over all edges L*! of C of codimension ¢ + 1 contained in L. It follows from
Equation (1) that 4% = 0. Thus we have a complex, the flag complex, (F*(C,Z),d).

2.3. Orlik—=Solomon Algebra

Define abelian groups AZ(C,Z), ?=0,1,...,kas follows. For ¢ = 0, set AO(C,Z) =Z.For/? >0,
AY(C,7Z) is generated by (-tuples (Hj, ..., H;) of hyperplanes H; € C, subject to the relations:

(i) (Hi,...,Hy)=0if Hy,..., Hy are not in general position (i.e., if codim H; N --- N H; # /).

(i) (Ho1y,--- Hop)) = (-1)lel(Hy, ..., Hy) for every permutation o € ;.

(iii) For any ¢ + 1 hyperplanes Hy, ..., Hy 1 that have a non-empty intersection, Hy N --- N Hy 1 # @,
and that are not in general position:

1 ; 5
Zi:l (-1)"(Hy,...,H;,...,Hyy1) =0
where ﬁi denotes omission.

The abelian group A(C,Z) is a free abelian group, (see [6]; [5], Theorem 2.9.2).

The Orlik-Solomon algebra of the arrangement C is the direct sum A*(C,Z) = EB;:OAE (C,7)
endowed with the product given by (Hy, ..., H;) A (H],. ,H]’) = (Hy,...,H;,H],.. ,H]’) Itis a
graded skew-commutative algebra over Z.

2.4. Orlik=Solomon Algebra as an Algebra of Differential Forms

For each hyperplane H € C, pick a polynomial f of degree 1 on C¥ whose zero set is H; that is,
let f = 0 be an affine equation for H. Consider the logarithmic differential form:
((H) :=dlog fng = i}
fu
on C¥. We note that ((H) does not depend on the choice of f but only on H. Let A*(C,Z) be the
Z-algebra of differential forms generated by 1 and ((H), H € C. The assignment H — ((H) defines an

isomorphism A*(C,Z) = A*(C,Z) of graded algebras. Henceforth we shall not distinguish between
A and A.

2.5. Duality—See [5] (cf. [7], Section 2.5)

The vector spaces A‘(C,Z) and F(C,Z) are dual. The pairing A‘(C,Z) @ F!(C,Z) — Z is

defined as follows. For Hj, ..., Hj, in general position, set F(H;,, .., H;,) = (L° > --- © L) € F!(C, Z),

where 9 = CF and: " 4
L'=H;n---NH;,, i=1,...,¢
For any F = (L > .- > LY) e FYCZ), define ((H,... H;),F) = (1), if
F = F(Hj,, - Hj,, ) forsome o € Sy, and ((Hj, ..., Hj,), F) = 0 otherwise.

2.6. Flag and Orlik-Solomon Spaces over a Field IF
For any field Fand £ =0, ..., k, we define:
Flc,F) = F{C,z)o,F,  AYCF) =AY C,Z)®,F )

2.7. Weights

An arrangement C is weighted ifamap a : | — C*, j > aj, is given; a; is called the weight of H;.
For an edge X,, define its weight as a, = ):je Ta 4j-
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2.8. Contravariant Form and Map—See [5]

The weights determine a symmetric bilinear form $(*) on F*(C, C), given by:
S(a) (Pl,Fz) = 2{j1,--.,jp}C] Lljl ce Llj[ <(H]1, ey ng)'F1><(Hj1' e ,ng),P2>

where the sum is over all unordered /-element subsets. The form is called the contravariant form.
It defines a homomorphism:

s@: Flc,c)— Fl(c,C) =~ AC,C), (I°>--->L) = Y a;---a;, (H

AR

Hj,)
where the sum is taken over all /-tuples (H 17 H i [), such that:
1 /
HhDL, ...,H]‘[DL

Theorem 1 ([5], Theorem 3.7). For £ = 1,...,k, choose a basis of the free abelian group F*(C,Z). Then with
respect to that basis, the determinant of the contravariant form S\*) on F*(C,Z) equals the product of suitable
non-negative integer powers of the weights of all dense edges of C of codimension not greater than £.

Corollary 1. If the weights of all dense edges of C are nonzero, then the contravariant map S : F¢(C,C) —
AY(C, C) is an isomorphism for all £.

2.9. Aomoto Complex

Define:

via) =Y. 0i(H) € AY(C,C) 3)
Multiplication by v(a) defines a differential:
d? . A'C,C) » A, C),  x — xAv(a)

on A*(C,C), (d@)2 = 0. The complex (A*(C,C),d) is called the Aomoto complex. The master
function corresponding to the weighted arrangement (C, a) is the function:

© = e, = [ fif @)
where each fp; = 0is an affine equation for the hyperplane H;. Then v(a) =dd/®.

Theorem 2 ([5], Lemma 3.2.5; and [8], Lemma 5.1). The Shapovalov map is a homomorphism of complexes:
S (F(C,z),d) — (A*(C,Z),d™)
2.10. Singular Vectors
An element v € F¥(C,C) is called singular if (d(Y) A*~1(C,C),v) = 0. Denote by:
SingF¥(C,C) ¢ F¥(c,C)
the subspace of all singular vectors.

2.11. Arrangements with Normal Crossings Only

An essential arrangement C is with normal crossings only, if exactly k hyperplanes meet at every
vertex of C. Assume that C is an essential arrangement with normal crossings only.

Asubset {ji,...,j;} C Jis called independent if the hyperplanes Hj , ..., H;, intersect transversally.
A basis of A‘(C,C) is formed by (Hj,,..., H;,), where {j; < --- < j,} are independent (-element
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subsets of J. The dual basis of F/(C,C) is formed by the corresponding vectors F (Hj, ..., Hj,)-
These bases of A’(C,C) and F*(C,C) are called standard.
In F¢(C,C), we have:
F(Hj, ..., H;,) = (=1)IF(H; ..., Hy,,) ®)
for any permutation o € S, For an independent subset {ji,...,j;}, we have
SO0 (E(H o, Hy ), F(Hy o ) = ajay, and SO(E(Hy, o Hy), F(Hiyon ) = 0

for any distinct elements of the standard basis.

3. A Family of Parallelly Transported Hyperplanes
3.1. An Arrangement in C" x Ck

Recall that ] = {1,...,n}. Consider Ck with coordinates f1, . . ., tr, C" with coordinates z1, .. ., zy,
the projection C" x C* — C". Fix n nonzero linear functions on C¥, g = b}tl +- b}‘tk, j € J, where
b; € C. Define n linear functions on C" x Ck:

fi=zj+g =z +biti+ - +bt,  jE] (6)

In C" x CK, define the arrangement:

C={H|fi=0je]}

Denote (I = C" x C* — Uj/H;.
For every fixed z° = (z(lJ, ...,2%), the arrangement C induces an arrangement C(z°) in the fiber over
20 of the projection. We identify every fiber with C*. Then C(z°) consists of hyperplanes H;(z°),j € J,

defined in C by the same equations, fj = 0. Denote:
u(c(z%) = C* ~ UjesH;(2°) )

as the complement to the arrangement C(z°).

We assume that for any z°, the arrangement C(z°) has a vertex. This means that the span of ( Si)jer
is k-dimensional.

A point z° € C" is called good if C(z°) has normal crossings only. Good points form the
complement in C" to the union of suitable hyperplanes called the discriminant.

3.2. Discriminant

The collection (g;);c; induces a matroid structure Mc on J. A subset C = {iy,..., iy} C ]|
is a circuit in Mc if (g;)iec are linearly dependent but any proper subset of C gives linearly
independent g;’s.

For a circuit C = {iy,...,i;}, let (AL);cc be a nonzero collection of complex numbers such that
Yiec /\ic gi = 0. Such a collection is unique up to multiplication by a nonzero number.

For every circuit C, we fix such a collection and denote fc = Yiec AlLz;. The equation fc = 0
defines a hyperplane Hc in C". It is convenient to assume that Al = 0 fori € ] — C and write
fo = Yicj ALz

For any z° € C", the hyperplanes (H;(z°));cc in C¥ have a nonempty intersection if and only if
20 € He. If 20 € He, then the intersection has codimension r — 1 in Ck.

Denote by &¢ the set of all circuits in M¢. Denote A = Ucce. Hc. The arrangement C (z%) in CK
has normal crossings only, if and only if z0 € C" — A.
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3.3. Good Fibers

For any z!,22 € C" — A, the spaces F*(C(z!),C), F!(C(z?), C) are canonically identified. Namely,
a vector F(Hj, (zh,..., H;, (z1)) of the first space is identified with the vector F(Hj, (z%),..., H;, (z%))
of the second.

Assume that weights a = (a;)jc; are given. Then each arrangement C(z) is weighted.
The identification of spaces F*(C(z'), C), F(C(z?),C) for z!,z2 € C" — A identifies the corresponding
subspaces SingF*(C(z!),C) and Sing F¥(C(z2), C) and the corresponding contravariant forms.

For a point z € C" — A, denote V¢ = F¥(C(2°),C), SingVc = SingF*(C(z°),C). The triple
(Ve, SingVe, $1@) does not depend on 20 € C" — A under the above identification.

3.4. Geometric Hamiltonians (cf. [9,10])

For any circuit C = {iy, ..., i, }, we define a linear operator L¢ : Vo — V¢ in terms of the standard
basis of Vi (see Section 2.11).

Form = 1,...,r, denote C;y, = C — {in}. Let {j1 < .-+ < jx} C ] be an independent
ordered subset and F(Hj,,...,Hj ) be the corresponding element of the standard basis. Define
Lc: F(Hp, ..., Hy) = 0if [{ji,..., ik} NC| <7 =11 {j1,...,jx} N C = Cy, for some 1 < m < r, then
using the skew-symmetry property of Equation (5), we can write:

F(Hj,...,H;) = £F(H;,Hy,..., H;,,...,H,_H;, H,...,Hs,_,.)

with {s1,...,8k+1} = {j1,---,jx} — Cm. Define:

’Hi;n""’Hir’Hsl"“’HSk—r+1) —

(-1)"Y_ (-V)ayF(Hy, ..., Hy,...,H, Hs,...,H )

LC : F(Hl

ITARE

Lemma 1 ([9]). The operator L is symmetric with respect to the contravariant form.

Consider the logarithmic differential one-forms:

afj

. d
wi=P il we=" cee

fj fc
in variables ty, ..., t, z1,...,2y. For any circuit C = {i,...,i,}, we have:

wiy Ao Awi, =wc NY (D) rwy A NGy A A wy,

Lemma 2 ([9], Lemma 4.2; and [10], Lemma 5.4). We have:

2 independent (Z]Efa]w]> A CUjl JARERIAN CL)]'k X F(Hh, .. "ij) = (8)

{ih<-<jelc]
Z independent ZCGQ:C(UC AN (Ujl VARV CUjk (9 LCF(Hjl, . ,H]‘k)
(i <-<ierc]

Proof. The lemma is a direct corollary of the definition of the maps Lc. O

The identity in Equation (8) is called the key identity.
Recall that we = dfc/fc and fc = Ljqj /\Ezi. For i € J, we introduce the End¢ (V¢ )-valued
rational functions in zy, . . ., z; by the formula:
Ki<z> = ZC i Lc, ie] (9)
¢ fe(z)



Mathematics 2017, 5, 52 7 of 18

Then:
Ycce e @ Le =} i dz @ Ki(2) (10)

The functions K;(z) are called geometric Hamiltonians.
Corollary 2. The geometric Hamiltonians are symmetric with respect to the contravariant form,
S(“)(Ki(z)x,y) = S(”)(x, Ki(z)y) forie€ ], x,y € V.
3.5. Gauss—Manin Differential Equations

The Gauss-Manin differential equations with parameter x € C* are given by the following
system of differential equations on a V¢-valued function I(zy, ..., z,):

K@) =K(DIE), €] 1)

where K;(z) are the geometric Hamiltonians defined in Equation (9).
We introduce the master function:

d(z,t,a) = ]‘[].ijj(z, t)“i (12)

on U ¢ C" x Ck. The function D(z,t, a)l/ ¥ defines a rank-one local system L, on U, whose horizontal
sections over open subsets of U are univalued branches of ®(z, t,4)!/* multiplied by complex numbers.
For 20 € C" — A and an element (z°) € Hi(U(C(Z%)), Lxly(c(0))), we interpret the integration
map A*(C(z°),C) = V* = C, w fv(zo) ®(2%t,a)*w as an element of F¥(C(z°),C) = V.
The vector bundle:
Unoeen—a He(U(C(2)), Lely(eaoy) = C" = A

has a canonical flat Gauss—-Manin connection. A locally constant section v : z — 7(z) €
Hy(U(C(2)), Lxlu(c(z))) of the Gauss-Manin connection defines a V-valued function:

7 (z4,...,2n) = | dzd t (/Y(Z) @(z,t,a)l/xwh N Aw]-k) F(H;,..., H;,) (13)
1 epen en

{h<-<pxtct
The integrals:
() _ UKoy A ... .
Ijl,...,jk(zl"“’Z”> = L(Z)CD(Z' ta) wj A+ Awjy

are called the multidimensional hypergeometric integrals associated with the master function ®(z, t,a).

Theorem 3 ([10]). The function 1) takes values in SingV and gives solutions of the Gauss—Manin
differential equations.

The condition that the function I(7) takes values in SingV may be reformulated as the system
of equations:

(1) B . .
Yl =0 forjo...jc€] (14)

3.6. Proof of Theorem 3

We sketch the proof following [3,5]. The intermediate statements of this sketch are used further
when constructing solutions of the Gauss-Manin differential equations over a finite field ;. The proof
of Theorem 3 is based on the following cohomological relations, Equations (21) and (24).
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For any jq,..., jk € J, denote:

) di.
di o=dets,_(b1), W, (zt) = Lk (15)
1wk i1=1(j,) e (21 1) T £ (20
We have:
wj N ANwj = W]'ll-w]‘k (z,)dtp A+ Ndt + ... (16)

where the dots denote the terms having differentials dz;,, . .., dzj, . We note that the rational function
Wiy, (z,t) has the form:

Py @] i fiz )7 (17)
where P, ik (z,t) is a polynomial with integer coefficients in variable z1, ..., zy, t1, . . ., t; and bi, je],
i=1,...,n (see Equation (6)). For any jy, ..., jx € J, we write:

k —
Wiy N Nwj =Y W iz ) diy A NdE A N+ (18)

where the dots denote the terms having differentials dzj,, ..., dz;, and W; i are rational functions
in z, t of the form:

Pyt @ D i fi(z ) (19)

Here, P, (z,t) are polynomials with integer coefficients in variable z1, . ..,zy, t1, ..., t and b,

jeli=1, ] %/:‘;’jnk;l(see Equation (6)). The formula:
V(a)/\wjz/\"'/\wjk:Zje]ajwj/\wjz/\"'/\wjk (20)
implies the identity:
K dy (d)(z, ba) XY W, izt At A AR A .dtk) 1)

1
= Zje]ajq)(z’ t, Ll) /ij,jz,-~~,jk (Z, t) dty N Ndiby

where d; denotes the differential with respect to the variables .
Now we deduce a corollary of the key identity, Equation (8). Choose i € J. For any independent
{h < ... < jx} CJ, we write:

D(z, t,a)l/"wh A ANwj = D(z, f,a)l/KVle,m,]’k(Z, E)diy A+ ANdiy (22)

T dzi A (cD(z, La) XY K W izt At A AR A A dtk) T

where the dots denote the terms that contain dz; with j # i, and the coefficients W;, .., (z,t) are
rational functions in z, t of the form:

Py jiid (D) L fi(z )7 (23)

‘ Here, P;, i (z,t) are polynomials with integer coefficients in variable zq, ..., zy, t1, ..., t and
b;,j € J,i=1,...,n (see Equation (6)).
Equation (8) implies that for any i € ], we have:

d
KZ independent (ai ((D(Z, t, ﬂ)l/Klelm,jk (Z, t))dt] JARERIWAN dtk (24)
{in<-<iktc] i

+d; ((I)(Z, t, a)l/KZ;i:lel,m,jk;i’l(t,Z) Aty AN+ A Ef\l VANCEIWAN dtk>)F(H'

AR

ka)
= Ki(Z)Z independent CD(Z, t,a)l/KW]‘l,m,]‘k (Z, t) Aty N+ ANdby F(H]’l, ey, H]k)

{ih<-<iedc]
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where d; denotes the differential with respect to the variables .
Integrating both sides of Equations (21) and (24) over (z) and using Stokes’ theorem, we obtain
Equations (14) and (11) for the vector I (" (z) in Equation (13). Theorem 3 is proved.

3.7. Remarks

It is known from [5] that for generic x, all SingV-valued solutions of the Gauss—Manin
Equation (11) are given by Equation (13). Hence, we have the following statement.

Theorem 4 ([10]). The geometric Hamiltonians H;(z), i € | preserve SingV and commute on SingV¢,

namely, [H;(z°) |SingVC,H]'(ZO) |SingV@] =0foralli,j € Jandz® € C" — A.

4. Reduction Modulo p of a Family of Parallelly Transported Hyperplanes

4.1. An Arrangement in C" x CK over Z

Similarly to Section 3.1, we consider Ck with coordinates t1,...,tr, C" with coordinates z1, . .., zy,
the projection C" x Ck — C". Fix n nonzero linear functions on C¥, gji= b}tl 4+ -+ b;‘tk, j € ], with

integer coefficients b; € Z. Define n linear functions on C" x Ck:

fi=zj+8 =zj+bith+ - +bLy (25)

where j € |.

Recall the matroid structure M on J, the set €¢ of all circuits in M, and the linear functions
fc = YiejAczi labeled by C € €¢, where the functions are defined in Section 3.2. Each of these
functions is determined up to multiplication by a nonzero constant.

Definition 1. We fix the coefficients (AL-);c | to be integers such that the greatest common divisor of (AL);¢;
equals 1.

This is possible as all b are integers. This choice of the coefficients defines the function fc uniquely
up to multiplication by +1.

Let p be a prime integer and I}, be the field with p elements. Let [] : Z — I, be the natural
projection. We introduce the following linear functions in z, t with coefficients in [F:

gi: = Yo, Wit [flj=z+l, el (26)
fle: = Zie][)\é]zi/ Cecc

The collection ([g];)jej induces a matroid structure My, on J. A subset C = {iy,...,i;} C Jis
a circuit in Mg, if ([g];)icc are linearly dependent over I, but any proper subset of C gives linearly
independent [g];’s.

Definition 2. We say that a prime integer p is good with respect to the collection of linear functions (g;)je; if
all linear functions in Equation (26) are nonzero and the matroid structures Mc and M]pp on | are the same.

In the following, we always assume that p is good with respect to the collection of linear
functions (g;) e;-
We have logarithmic differential forms:

[wlj = d[[f];]]] JASHP [w]c = d[%]cc Cedy, =<¢
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in variables t4, ..., t, z1,. . ., 2, with coefficients in [F,. For any circuit C = {i1,...,ir}, we have:

[w]iy A Ay, = [wle AY (1) ]y A Alw]iy A A w)s

r

Assume that the nonzero integer weights @ = (a;);c; are given, where a; € Z, a; # 0.
The constructions of Section 3 give us the following:

(i) A vector space lep over [, with standard basis (F (Hh/ e
subsets {j; < --- < jx} of J.
(ii) A vector subspace SingV, C Vp, consisting of all linear combinations

Y independent 1j;,...j, F (Hh' e, ij) satisfying the equations:
{h<-<jtc)

,Hj)) indexed by all independent

Zje][aj]IjIjZI'“ljk =0, for jo,...,.jk €] (27)
(iii) A symmetric bilinear [F,-valued contravariant form [S (@) on Vg, defined by the formulas:
Y p » y

(5] (F(H;

AR

Hj,),F(H;

AR

H;)) = laj,] - - [a;]

for any independent {j; < --- < ji} and [S](“)(F(Hj
distinct elements of the standard basis.

’H]Z)r F(Hj,...,H;,)) = 0 for any

AR

For any circuit C = {ij, ..., i, }, we define a linear operator [L]¢ : V]Fp — V]Fp by the formula of
Section 3.4, in which the numbers a;, are replaced with [a; ]. We have the key identity:

3 intepentent (X [ai]lewy) A wlyy A=+ A (@), @ F(H, o Hy ) = (28)

{h<-<iedc]

Z independent ZCGQ‘F [(JJ}C A [w]h A A [w]]k & [L]CF(Hh, .. "ka)
{ir<-<jetc] 14

Fori € ], we define the Endp, (V, )-valued rational functions in zy, . . ., z, by the formula:

KI) = Toce,, oo llle, i€ @)

We call the functions [K];(z) the geometric Hamiltonians. The geometric Hamiltonians are
symmetric with respect to the contravariant form [S(]([K];(z)x,y) = [S])(x, [K];(z)y) fori € ],
X,y €V,

The Gauss-Manin differential equations over F, with parameter [x] € I, are given by the
following system of differential equations:

Ko@) = K@), i) 0)

The goal of this paper is to construct polynomial SingVy, -valued solutions of these
differential equations.

4.2. Polynomial Solutions

Let a prime integer p be good with respect to (gj)e- Let a = (a;);c; be nonzero integer weights
aj € Z,a; # 0.
Choose positive integers A = (A1, ..., Ay), such that:
[;]

[Aj] = T (31)
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in Fp,. Introduce the master polynomial:
D(z,t,A) He]f]Zt € Zlzi, .. zn b1, (32)

where f;(z, t) are defined in Equation (25). For any ji,...,jk, the function X; . (zt A) =

D(z,t, A)% is a polynomial in z,t with integer coefficients. For fixed g = (q1,...,qx) € ZF,
1=1/j;

consider the Taylor expansion:

Xj1,-..,jk (Z/ t,A) = Zil,_“,ik>0[]lllr ’]l]}: (Z q, ) (tl - ‘11)i1 s (tk - qk)ik (33)

nhere I]lll ,] (2,9.4) € Zlz1,. . 2] forany iy, .., . We denote by [Hﬁ;ﬁ (z,9, A) the projection of
1]111 ;,IE(Z q,A) toFp[zy,...,z,]. Denote:

(1] (2,9, A) (34)

i1,k

= Z independent [I] ik (Z q,A)F (Hh’ ey ij) € VFP ® FP [Zl, .. ,Zn]
(URSS/3S|
Theorem 5. Let a prime integer p be good with respect to (g;);cj. Then for any integers A = (A, ..., An)
satisfying Equation (31), any integers q = (q1, - . -, gk ), and any positive integerst = (I, ..., I ), the polynomial
function I(z) = [I|hP~=LkP=1(z,q, A) satisfies the algebraic equations in Equation (27) and the Gauss—Manin
differential equations in Equation (30).

The parameters A, g, lip —1,...,lxp — 1 of the solution I(z) are analogs of the locally constant
cycles 7(z) in Section 3.5.

We note that the space of polynomial solutions of Equations (27) and (30) is a module over the

. )
ring Fp[2F, ..., 2}, as azz =0.

Proof. To prove that I(z) satisfies Equations (27) and (30), consider the Taylor expansions at t = g of
both sides of Equations (21) and (24) divided by dt; A - - - A dt;. We note that the Taylor expansions
are well defined as a result of Equations (17), (19) and (23). We project the Taylor expansions to
Vr, ® Fy(z1,...,2zu). Then the terms coming from the d;-summands equal zero, as d(tﬁ"p )/dt; =

lipté"pfl =0 (mod p). O

4.3. Relation of Solutions to Integrals over IF’;

For a polynomial F(ty,...,t) € Fp[ty, ..., t] and a subset y C F*  we define the integral:

LF(tl,...,tk) dty A ANty = Z(tl,...,tk)evF(tlf coo )

We consider the vector of polynomials:

F(x,t,A) 5)
= ; A Wi ooy ‘
B indep;dent HJEI ([f]](x, t)) ]Hlle [f]]l (x, t) F(H]ll R HJk) = VFV ® ]Fp[tl’ tey tk]

{h<-<ixk}c]

Theorem 6. Let x = (x1,...,x,) € Fp. Let [I]P~1P~1(z,q, A) be the solution of Equations (27) and (30)
considered in Theorem 5 for (I1,...,Ix) = (1,...,1).



Mathematics 2017, 5, 52 12 of 18

(i) Ifdeg, F(x,t,A) <2p—2fori=1,... Kk, then:

[1)P=1p=N (x, g, A) = (—1)F /IF CF(x, b A)dty A~ Adty (36)
p
(ii) If the integers A = (A});cj are such that:
Aj4 -4 Ay —k< (k+1)(p—1) (37)
then Equation (36) holds.

Proof. Part 1 follows from the statement that for a positive integer i,

Z t equals —1 if (p — 1) |i and equals zero otherwise (38)
teF,
Part 2 also follows from Equation (38) by the following reason. The polynomial

) d. .

P =TTjes ([fi(x, t))A’ % isa product of Ay + - - - + A, — k linear functions in ¢. If Equation (37)
1=1U1j; \

holds, then (t; ... #)?~! is the only monomial ] ... £* of the Taylor expansion of that polynomial,

such that m; > 0and (p —1)|m; forl =1,...,k. O

The integral in Equation (36) is a p-analog of the hypergeometric integral of Equation (13) (see also
Section 5).

5. Examples

5.1. Case k = 1—See [3]

Let x, a = (ay,...,a,) be nonzero complex numbers. We consider the master function of
complex variables:
n .
O(ty, 21, 2n,a) = [ [i_ (b1 +2)" (39)
Let 2% = (£9,...,20) € C" be a vector with distinct coordinates. We consider the

n-vector IV (20) = (I;(2%), ..., 1,(z°)), where:

dt
1-:/ O, 20, 0 gty 40
] (20) (1 1 n ) tl—i-Z? ) ( )

The integrals are over a closed (Pochhammer) curve 7(z°) in C — {29,...,29} on which one fixes a
uni-valued branch of the master function to make the integral well-defined. Starting from such a curve
chosen for a given {zY,...,z'} C C, the vector I (7)(2%) can be analytically continued as a multivalued
holomorphic function of z to the complement in C" to the union of the diagonal hyperplanes z; = z;.
Theorem 7. The vector 1Y) (z) satisfies the algebraic equation:

a1h(z) 4+ +anly(z) =0 (41)

and the differential equations:

Q.
ngliz My i=1,...,n (42)

j# AT E
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where:
=

and all the remaining entries equal zero, (see [5]; [11], Section 1.1).

Example 1. Let k =2, n = 3,and ay = ay = az = —1. Then IV (z) = (I1(2), (), I3(z)), where:

) 1 dt
(R I e = e [

(43)

In this case, the curve y(z) may be thought of as a closed path on the elliptic curve:
V= (t+z)(t+22) (t+ 23)

Each of these integrals is an elliptic integral. Such an integral is a branch of an analytic continuation of a suitable
Euler hypergeometric function up to a change of variables.

Example 2. Let p > 3 be a prime integer. Let xk = 2,and ay = - - - = ay, = —1 (cf. Example 1). For such x
and aj, the algebraic Equation (41) and the differential Equation (42) are well-defined when reduced modulo p.
Choose the master polynomial:

Pt
®(ty,21,...,20) = | [, (h +2) (44)

Consider the Taylor expansion of the polynomial (see (35)):

Hm@:[ﬂJﬁ+m%% ! “qhi%):Zﬁ@ﬁ (45)

t+z1”

Let [1)'(z) be the projection of I'(z) to (Fp[z])". Then the vector 1(z) := [I|P~1(z) is a solution of the differential
Equation (42) over Fp(z] and I (z) + - - - + I (z) = 0O (see Theorem 5).
Ifn<4andx = (x1,...,%,) € IFZ, then:

Hﬂ:/FmJMh

Fp

by Theorem 6.
Let x = (x1,...,Xn) € IF’;,. Let T'(x) be the affine curve:

y2: (t1+x1)...(1 +xn) (46)
over Fy,. For a rational function h : T(x) — Iy, define the integral:
/
/r(x) h = ZPEF(x)h(P) (47)

as the sum over all points P € T (x), where h(P) is defined.
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Theorem 8. Let n equal 3 or 4. Let [I]P~1(x) ([I]lp_l(x), e, [I]ﬁ_l(x)) be the vector of polynomials

obtained from Equation (45). Then:

1 — _mr? .
/r(x)t1+xj - [I]j (x), j=1,...,n 48)

Remark 1. Theorems 5 and 8 say that the integrals fr(x1 are polynomials in x1,...,x, € Fy and

_1
JeXn) B +x;

1 1
(/1"(x1,...,x,,) t x0T /I"(xl,...,xn) t+ xn>

in these discrete variables satisfies the system of Gauss—Manin differential equations (cf. Example 1).

the tuple of polynomials:

Remark 2. In [1], Section 2 and in [2], an equation analogous to Equation (48) for n = 3 is considered, where
the left-hand side is the number of points on I'(x1, x2,x3) over I, and the right-hand side is the reduction
modulo p of a solution of a second-order Gauss hypergeometric differential equation. We note that the number of
points on T'(xq, x2, x3) is the discrete integral over I'(x1, x2, x3) of the constant function h = 1.

Proof of Theorem 8. The proof is analogous to the reasoning in [1], Section 2 and [2]. It is easy to
see that:

' 1 1 1 n p-1
—_— =  am— —_ t Xs) 2
~/F(x1,.-.,xn) t + X Zt1€Fp,t1 #xj t+ X + Zheﬂ“p t+ Xj Hs:l( 1+ s)

_ ; ; —1
= Ztle]F,,(tl + x;)P 24 ZtlelF,, Z[I]}(xl,. c X)) = —[I];’ (x1,---, %)
1
We note that }; ¢, Zi[I];-(xl, ce Xt = —[I]f_l(xl,. .., Xy), as for n = 3,4, the degree of the
left-hand side is less than 2p — 2 (see Theorem 6). O

See more examples with k = 1 in ([3], Section 1).

5.2. Counting on Two-Folded Covers

As in Section 4.1, we consider 1 nonzero linear functions on CF, 8= b}t1 4+ b}‘ ty, j € J, with

integer coefficients b;- € Z. Let a prime integer p > 3 be good with respect to (g;);c;-
Assume that all weights (a;);c; are equal to —1 and x = 2. Under these assumptions, consider the
algebraic Equation (27) and differential Equation (30). To construct a solution of these equations, choose

a master polynomial ®(z, t) = [I;¢; fi(z t) ’%1, and consider the Taylor expansion of the polynomial:

d: .
F(Z/ t) - independent (I)(Z, t) Jir-iJk F(H yoeeey H ) (49)
Z{h<_?<jk}ct] fi (z,1).. it (z,1) il Ji

att = 0, to obtain the solution:

[P (z2) = Y saependens (11177 (2) F(H

; ) 1seees Jirc s
{i<-<jrtcT Tk

Hj,) (50)

of the algebraic Equation (27) and differential Equation (30) by taking the coefficient of (f; ... ti )Pt of
the Taylor expansion (see Theorem 5).
Letx = (x1,...,xu) € F};. Let I'(x) be the affine hypersurface:

v =TT flix 1) (51)

over [F,. Recall that [f];(x,t) = [b}]tl +o [bﬂtk + xj, where [] : Z — ) is the natural projection.
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For a rational function /i : T'(x) — I}, define the integral:

/r(x) h= ZPGF(x)h(P) (52)

as the sum over all points P € I'(x) with well-defined h(P).

Theorem 9. Let:

-1
n"’z —k< (k+1)(p—1) (53)
Let [I)P~1+P=1(x) be the vector in Equation (50) at z = x. Then for any independent {j; < --- < ji} C

J, we have:

[djl,.‘.,jk} krpp—L...p—1
Al s — AL AL 54
/r(x) T ien - VI (54)

This theorem is a generalization of Theorem 8. Theorem 9 states that the integrals in the left-hand
side of Equation (48) are polynomials in x1, ..., x, € ) and satisfy the algebraic Equation (27) and
differential Equation (30).

Proof. It is easy to see the following cf. [1,2]:

[d]'lf---r]'k}
T Needkd 55
/F(x) ITi [fj (3 1) )
r—1

= K [d]l’i’]k h/—Jk] y b
an g Tl ZteFknl XRER (I A1)

Lemma 3. The first sum in the right-hand side of Equation (55) equals zero.

Proof. Because p is good and {jy, ..., ji} is independent, we have [d; ] # 0. Hence we may choose
S = [f]]-, (x,£),1=1,...,k, to be affine coordinates on F’}g. Then:

[dh ]k} Z . [dj1/~-~/jk]
selfs,
Hl 1[flj (% 8) slik’;&o 515k

X

ik 1[f

- ZSGF};‘; [d]j,...,jk] (51 . Sk)pr =0

O

Lemma 4. The second sum in the right-hand side of Equation (55) equals (—1)[I] Z L 0 P71 (x).

Proof. The inequality of Equation (37) takes the form of Equation (53). Now the lemma follows from
Theorem 6. O

Theorem 9 is proved. O

Remark 3. The inequality of Equation (53) holds if n < 2k + 2 independently of p.

5.3. Counting on x-Folded Covers

Let x > 2 be a positive integer. As in Sections 4.1 and 5.2, we consider n nonzero linear functions
on CF, g = b}tl +- 4 bj-‘tk, j € ], with integer coefficients b; € Z. Let a prime integer p be good with
respect to (gj)jej and «|(p — 1).

Assume that all weights (a;);c; are equal to —(x — 1). Under these assumptions, consider the
algebraic Equation (27) and differential Equation (30). To construct a solution of these equations, choose
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a master polynomial ®(z,t) = [Tj¢; f(z, t)("_l)pTil, and consider the Taylor expansion at ¢t = 0 of the
polynomial F(z, t) in Equation (49) to obtain the solution [I]P~1~+P~1(z) of the algebraic Equation (27)
and differential Equation (30) by taking the coefficient of (1 ...t)?~! of the Taylor expansion (see
Theorem 5 and Formula (50)).

Letx = (x1,...,x4) € F}. Let I'(x) be the affine hypersurface:

v =T g fli(x0) (56)

over I, (cf. Section 5.2).

Theorem 10. Let a prime integer p be good with respect to (g;)icy. Let k|(p—1)and x # p — 1. Let:
p—1 p—2
n(K—l)T—k<(k+1)(p—1), n(K—Z)T—k<k(p—1) (57)

Then for any independent {j; < --- < jx} C J we have:

M — -1 k I p—1,..,p—1 55
o Tt ey s ) (58)

This theorem is a generalization of [3], Example 1.7 and Theorem 9.

Proof. It is easy to see that:

jy,...ji] _ [)y,...5i]
ho e~ o ATl >

_]
Liei Loy P [fj (o t)

The first sum on the right-hand side equals zero by Lemma 3.

bt

(I, lxn) "

p—1

d =
Consider the Taylor expansion of the polynomial [“7”‘ (H]e jUflix, )) . Consider the

il 115, (
monomials of the form tlll(pfl) ...t]l(k(pfl), where [y,..., I are positive integers. If ¢ < x — 2, the

second inequality in Equation (57) implies that the coefficients of such monomials in the Taylor

o1
expansion are all equal to zero, and hence the sum }_, P % (H] orlflix, )) “ equals zero

for £ < x — 2. If { = x — 1, the first inequality in Equation (57) implies that among the monomials

of the form tlll(p D t;("(p 71), only t/ - t,’ffl may appear with a nonzero coefficient in the Taylor
expansion. Hence:

i R
ZtEFPI‘ﬁ]f]IJ(x,t)(H]eI[f] (x, t)) = (—1)k[1]ﬁml.,jk P ()

by Theorem 6. The theorem is proved. [

Remark 4. The inequalities of Equation (57) are implied by the system of inequalities:

(k1) > k>n (60)

independently of p. If k > x — 2, then the inequality X5 (k + 1) > n implies inequality, X5k > n, and is
enough for Theorem 10 to hold. In particular, if k > x — 2 then n = k + 2 is admissible.
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6. Bethe Ansatz

The goal of the Bethe ansatz is to construct mutual eigenvectors of the geometric Hamiltonians
([K]i(x))iej defined in Equation (29).

As in Sections 4.1, 5.2 and 5.3, we consider 7 nonzero linear functions on C¥, g = b]1 ti+---+
b;‘tk, j € ], with integer coefficients b; € Z. Let a prime integer p be good with respect to (g;)e;-
Let a = (a;)jcj be nonzero integer weights a; € Z, a; # 0.

Recall the functions [f]c(z) = Liej[AL]z with C € €. Assume that x = (x1,...,x,) € F} is
such that fc(x) # 0 for any C € €p,. Then ([K](x));c are well-defined linear operators on Vi, .

Introduce the system of the Bethe ansatz equations:

i [a;] .
Zjelbjm:o, i=1,...,k (61)

with respect to the unknown t = (ty,...,t;) € IB";,.

Theorem 11. If ¥ € ]FI;, is a solution of Equation (61), then the vector:

'
F x/to - independen S F H'/--.,
(6 8%) = Y migentens 70y 0y (M

satisfies Equation (27) and is an eigenvector of the geometric Hamiltonians:

H;,) (62)

[K];i(x)F(x, 1) = mi[(”ito)F(x, 9, i=1,...,n (63)

Proof. Equation (27) for F(x, t%) follows from Equations (20) and (21) reduced modulo p. Because
tY is a solution of Equation (61), the left-hand side of Equation (21) equals zero. Equation (63) is a
straightforward corollary of the key identity of Equation (28) (see the proof of [4], Theorem 2.1). O

Corollary 3. Let t° and t' be distinct solutions of the Bethe ansatz Equation (61); then
[S]@(F(x,1°), F(x,t')) = 0.

Proof. Because 10 # t!, there exists i such that [f];(x,t°) # [f];(x,t!). Hence [K];(x) has distinct
eigenvalues on F(x, %), F(x,t'), but [K;](x) is symmetric:

[S] ([K]i (x) F(x,1%), E(x, 1)) = [S]“ (F(x,1°), [K]i(x) F(x, 1))

O
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