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Abstract— This paper presents a new modeling method to 

determine the harmonic eddy-current (EC) field induced in a 

non-ferrous metal and its corresponding magnetic flux density 

(MFD) by an EC-based sensing system for geometrical 

measurements, which accounts for the boundary effects of the 

object. Modeled using a distributed current source (DCS) method 

in state-space representation, the EC field is formulated as a 

two-step constrained least-square (CLS) problem to solve for its 

real and imaginary parts. Two practical techniques to improve 

the efficiency and accuracy of the EC solutions are illustrated; the 

first refines the DCS distribution based on the skin-depth effects, 

and the second takes advantages of commercial mesh-generation 

software to facilitate the modeling of EC induced in complex 

shaped objects. The DCS-based EC models are verified 

numerically by comparing computed results with 2D analytical 

axisymmetric solutions and commercial finite-element analysis 

(FEA), and evaluated experimentally with an EC sensor that 

measures the MFD generated by the induced EC in different 

materials and geometrical configurations.  

Index Terms—Eddy-current, displacement sensor, thickness 

measurement, modeling, skin depth 

I. INTRODUCTION 

igh performance measurement systems are increasingly in 

demand in modern manufacturing [1] where both 

geometrical precision and surface quality specifications of 

the workpiece must be met. As a non-contact sensing device 

capable of measuring various properties of the non-ferrous 

metal objects both statically and dynamically, eddy-current 

(EC) sensors are widely used in many applications due to their 

fast response, high sensitivity and harsh-environment 

workability. In manufacturing, EC devices have been employed 

in rapid mold surface heating [2], vibration suppression [3], and 

measurements of displacement [4][5], thickness [6][7][8], and 

electrical conductivity [8][9] that depends on temperature and 

is related to residual stress [10]. With few exceptions ([1] [6]), 

most existing eddy-current sensors rely on high-frequency 

excitation and base principles on single-output induction 

measurements. High-precision magnetic sensors with 

advantages of small size, fast response and low power 

consumption, which can fulfill measurement requirements at 

both high and low frequencies while ensuring compact 

structure integrity of the EC sensor, are now widely available at 

low cost.  However, the potentials of EC sensors capable of 

multi-target measurements [1] are underexploited for 

intelligent manufacturing because the relationships between 

the geometrical/material parameters and measured magnetic 

fields are highly coupled and spatially nonlinear. For this 

reason, this paper presents an efficient, physically intuitive 

method for designing EC-based multi-target sensors and 

analyzing the effects of the geometrical/material properties 

being measured on the induced EC and its corresponding 

magnetic field.  

Dodd et al. [10] derived an analytical model to calculate the 

eddy current induced by an annular coil in a plane. Recently, an 

analytical model to study the induced current and power loss of 

a thin conducting nonmagnetic plate of finite size was 

developed [12]. Jeng [13] numerically calculated the eddy 

current distribution of a 2D axisymmetric conducting slab with 

a flaw by separating the conductor to many rings. Theodoros et 

al. [14][15] proposed a truncated region eigenfunction 

expansion method to replace integral expressions for the 

axisymmetric electromagnetic field and impedance of the eddy 

current coil. In general, axisymmetric solutions assume 

idealized shapes to simplify derivations to obtain tractable 

solutions. Driven by the needs to simulate the induced eddy 

currents in biological tissues, the impedance method (IM) 

which subdivides the object into a number of cells was 

developed for transcranial magnetic stimulation (TMS); each 

cell is replaced by an equivalent impedance for calculation of 

power deposition by the eddy currents.  This method was later 

extended to the independent impedance method (IIM) [16][17] 

to improve the conditionality and speed up the numerical 

convergences. The IM and IIM methods [18][19] account for 

the boundary effects but neglect mutual inductances because of 

the low electrical conductivity of biological tissues. 

The analysis of EC devices often requires handling complex 

geometry in 3D space, which are solved numerically using 

methods such as finite-element analysis (FEA), boundary 

element method and mesh-free methods, offer an accurate (but 

a computationally demanding) means to predict the magnetic 

fields and induced eddy current from simple static to dynamic 

problems. To increase the size of the largest solvable problems 

for computing eddy currents in complicated electromagnetic 

systems, a hierarchical matrix with adaptive cross 

approximation for the boundary element methods based on 

stream functions was proposed in [20].  Besides these methods, 

a distributed multipole model (DMP) method was proposed in 

[21] to characterize the MFD fields of a permanent magnet 

(PM) or electromagnet (EM), and its extension equivalent-PM 

[22]. More recently, a similar but more general approach 

referred to here as a distributed current source (DCS) method 

was developed in [23], which derives closed-form solutions to 

model the magnetic and electric fields of an EM component.  
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A. Flexible grid division based on equal current 

Without loss of generality, an axisymmetric configuration is 

used as an example in Fig. 3 to illustrate a grid refinement 

method that takes into account the skin-depth effect on the ECD 

solutions. The method resizes the divisions such that all the 

elements have equalized current density as compared in Figs. 

3(a) and 3(d), which show the initially uniform and refined 

grids respectively. The method is illustrated in Figs. 3(b) and 

3(c), where the probability density function (PDF) is defined as 

the summation of the ECDs along the depth for a specific radius 

or the radius for a pre-determined depth; and the cumulative 

distribution function (CDF) is the accumulated PDF in 

corresponding direction.  Fig. 3(b) plots the PDF and its 

corresponding CDF of the ECD magnitude normalized to its 

maximum magnitude (|J|/JMax) in the radial direction.  Similarly, 

Fig. 3(c) plots the PDF and CDF but in the Z direction.  The 

refined (R, Z) grid lines on the conductor (Fig. 3d) represent an 

even distribution of the ECD magnitudes along the (R,Z) 

directions, which can be obtained through the projection of the 

equalized divided current-densities on the CDF(R) and CDF(Z) 

as illustrated in Figs. 3(b) and 3(c).  
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Fig. 3 Grid refinement method. (a) Uniform grids. (b) PDF(R), 

CDF(R). (c) PDF(Z), CDF(Z). (d) Refined grids. 

To help visualization, Figs. 4(a~c) show the effects of the 

normalized skin-depth Δ and the plate-to-coil width aspect ratio 

Rp(=rp/ao) on CDF(Z) and CDF(R). Smaller skin depth (Δ) and 
larger RP causes that the ECD distribution is more non-uniform 

in Z and R directions. Smaller Δ leads to the ECDs more 

concentrate near the surface, and larger Rp makes the ECDs 

concentrate near the EM and sparse on the edge.  

As shown in Figs. 4(a) where Rp=2, the ECD concentrates 

more on the surface with smaller Δ, and is relatively insensitive 

to Δ in the R direction.  On the other hand, Rp has a significant 

influence on the CDF(R) but negligible effects on CDF(Z) as 

compared in Fig. 4(b) for a given =1; thus, the ECD 

distributes more uniformly with a smaller Rp but abruptly 

changes near the EM when Rp >5.  The above parametric effects 

on the grid divisions can be visually seen in Fig. 4(c) where the 

horizontal axis R is graphed in log10 scale for clarity, and starts 

from 0+ to avoid taking log10 of R=0.  Fig. 4(c) shows that the 

ECD concentrates near the coil edge (R=1) in the R direction, 

and denser grids in the (ZZp) direction are needed near the 

surface with smaller Δ. The case (Δ=0.2, Rp=2) requires finer 

grids near the surface while uniform grids are sufficient for 

(Δ=1, Rp=2).  Similarly, the case (Δ=1, Rp=20) requires finer 

grids below the EM but uniform along Z direction, whereas the 

case (Δ=0.2, Rp=20) requires both a much denser grids directly 

below the EM and near the surface.  
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Fig. 4 Parametric effects of grid divisions (Hp=2.5, Zp=3.25). (a) Effect 

of normalized skin-depth  on CDF (Rp=2). (b) Effect of the 

plate-to-coil aspect ratio on CDF (=1). (c) Effect of skin-depth 

plate-to-coil aspect ratio on grid divisions. 

A general method that takes advantages of commercial CAD 

and mesh generation software to model the EC field induced in 

a geometrically complex object is outlined in Appendix B and 

will be illustrated experimentally in Section IV.       

B. Axisymmetric ECD distribution and boundary effects  

Figure 5(a) shows the real and imaginary parts of the ECD 

fields induced in the circular plate (characterized by thickness 

Hp=2.5 and located at Zp = 2.75 below the EM), which were 

numerically computed using (19) and (20) along the R direction 

at Z = 5.  Figs. 5(b, c) graph the real and imaginary parts of the 

tangential ECD at different R and Z locations. The parametric 





1083-4435 (c) 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TMECH.2017.2771763, IEEE/ASME

Transactions on Mechatronics

 7 

time and accuracy. Based on several n (= 2×2, 5×5, 10×10, 

20×20, 30×30, and 40×40) elements, the computational time of 

the DCS modeling method is proportional to n2.53.  As a rule of 

thumb, the calculations with a PC (Intel Core i7-3630QM, 

2.40GHz CPU, 16GB RAM, 64 bits OS) take about 14.1 

seconds for a 2020-element DCS model and 1 minutes for a 

3030-element DCS model. 

IV. EXPERIMENTAL RESULTS AND DISCUSSIONS 

Three experiments were conducted to validate the DCS 

models and evaluate the MFD-based eddy-current (EC) sensor 

system [6] using the experimental setup as shown Fig. 7(a). The 

first experimentally validates the axisymmetric DCS model by 

comparing with the measured magnitude/phase of the MFD 

generated by the induced ECD in a 24mm-diameter 

5.38mm-thick annular copper that has an electrical conductivity 

σ=58.4 MSiemens/m (or MS/m).  The second investigates the 

boundary effects on the measured MFDs as the ECD sensor 

horizontally scans across an edge of an Aluminum plate.  The 

third demonstrates the DCS method for modeling an ECD and 

measuring its MFD.  
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Fig. 7 Experimental setup. (a) Experimental testbed. (b) Measurement 

setup. (c) Eddy-current sensor. (d) Copper sample. (e) Sensor 

dynamics. 

As shown in Figs. 7(a, b), the EC sensor is positioned by a 

three degree-of-freedom (DOF) precision translation stage with 

a laser-sensor above the test-sample.  The test-sample relative 

to the magnetic sensor can be fine-tuned by three micrometers 

and the laser-sensor so that it is parallel to the sensor xy-plane. 

A pair of commercial (HMC1051) anisotropic magnetic 

resistance (AMR) sensors S housed in the EM was used to 

measure the z-MFD from which the contribution of the 

pre-calibrated EM was subtracted from the measurements.  As 

shown in Fig. 7(c), the AMR sensors are symmetrically placed 

near the outer radius of the coil where its z-MFD is minimum to 

avoid sensor saturation.  Fig. 7(e) schematically illustrates the 

overall system dynamics, where the EM/conductive-plate 

system dynamics can be determined by the DCS model in terms 

of the parameters (Δ, zp, hp). The sensor dynamics (contributed 

by the signal processing amplifiers and associated circuits) are 

accounted for the transfer function ( ) ( ) ( )s s sG j G j G j     

in the 2nd block. The sensor system dynamics were determined 

to be 1.33 and 0.014 using a least-square (LS) method 

described in Appendix C.  The parametric values of the EM, 

test samples and AMR sensor specifications, along with the 

operating frequencies, are detailed in Table II.  The results for 

the three experiments are summarized in Figs. 8, 9 and 10. 

A. Harmonic analysis of the 2D axisymmetric DCS model  

Figure 8 shows the effects of the normalized skin-depth Δ 
defined in (17) and the normalized EM-plate distance Zp on the 

ECD-generated MFD computed using a 2D axis-symmetrical 

DCS model with two different types of grid divisions; uniform 

grids and refined grids based on equal current density. To 

provide quantitative comparisons, the computed results are 

compared with experimentally measured magnitudes and 

phases of the copper sample shown in Fig. 7(d).  As shown in 

Fig. 8, the magnitudes (left plot) depend on both Δ and Zp but 

the phases are insensitive to Zp.  The % mean-squared-errors 

(MSEs) of the magnitudes computed using uniform and refined 

grids (relative to measurements) are 1.11×10-4 and 1.62×10-7 

respectively. The corresponding MSEs of the phases are 0.0012 

and 4.1712×10-4.  The discrepancies in the uniform DCS grids 

primarily occur at small , where the refined grid method plays 

an important role to improve the computational effectiveness.  

TABLE II. PARAMETRIC VALUES OF EXPERIMENTAL SETUP 

EM Coil (Nw = 60, dw = 0.35 mm) 

 (ai, ao, a) = (3.75, 6, 2) mm 

 Io=1A, Bo= 16.67 T 

AMR Sensor (HMC1051ZL) 

Size: 6.5×1.7×2.0 mm 

S (xs, ys, zs): (±6, 0, 4.5) mm 

Sensor system dynamics: Gs (j   ∠Gs (j =  

Copper (Cu) 

σ = 58.4 MS/m  

h = 5.38 mm 

Titanium (Ti) 

σ = 0.59 MS/m, 

h=5.013 mm 

Aluminum (Al) 

 =35.5 MS/m  

h = 1 mm; dh = 6, 12, 15 mm 
f  = 1 kHz 

zp=6.5 mm 

f=100Hz – 25kHz  f=10 – 25 kHz  

zp=6.5, 7.5, 8.5, 9.5 mm 

Edge scan wp = 48 mm 

Number of elements: 576 

Hole scan wp = 72 mm 

Number of elements: 769, 670, 689 
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Fig 8. Experimental verification of the DCS model (single AMR)  

Validated with experiments conducted on the two materials 

(copper and titanium alloy), the results confirm that the 

EC-induced and its corresponding MFD depends only on the 
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