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Abstract—Analysis of signals defined over graphs has been of
interest in the recent years. In this regard, many concepts from the
classical signal processing theory have been extended to the graph
case, including uncertainty principles that study the concentration
of a signal on a graph and in its graph Fourier basis (GFB). This
paper advances a new way to formulate the uncertainty principle
for signals defined over graphs, by using a nonlocal measure based
on the notion of sparsity. To be specific, the total number of nonzero
elements of a graph signal and its corresponding graph Fourier
transform (GFT) is considered. A theoretical lower bound for this
total number is derived, and it is shown that a nonzero graph signal
and its GFT cannot be arbitrarily sparse simultaneously. When the
graph has repeated eigenvalues, the GFB is not unique. Since the
derived lower bound depends on the selected GFB, a method that
constructs a GFB with the minimal uncertainty bound is provided.
In order to find signals that achieve the derived lower bound (i.e.,
the most compact on the graph and in the GFB), sparse eigenvectors
of the graph are investigated. It is shown that a connected graph has
a 2-sparse eigenvector (of the graph Laplacian) when there exist
two nodes with the same neighbors. In this case, the uncertainty
bound is very low, tight, and independent of the global structure of
the graph. For several examples of classical and real-world graphs,
it is shown that 2-sparse eigenvectors, in fact, exist.

Index Terms—Graph signals, graph Fourier basis, sparsity, un-
certainty principles, sparse eigenvectors.

I. INTRODUCTION

IGNALS defined over a graph are useful to express high-
S dimensional data where the graph models the underlying
dependency structure between the data sources. In this frame-
work a graph signal is considered as a set of data points indexed
according to vertices of the graph. This type of signal struc-
ture is not limited to electrical engineering and can be found
in a variety of different contexts such as social, economic, and
biological networks, among others [1].
In some of the recent developments, processing of graph sig-
nals has been based on the so-called “graph operator.”” However,
the definition of this operator is not fixed. Motivated by spectral
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graph theory, the study in [2] selects the graph operator to be the
(normalized) graph Laplacian, whereas studies in [3], [4] focus
on the adjacency matrix. There are other proposals as well [5],
[6]. Once the graph operator has been selected, its eigenvectors
are used to define the graph Fourier basis (GFB). Representation
of a signal in the selected graph Fourier basis is then used to
define the graph Fourier transform (GFT) of the signal. Inspired
by the constructions in [2]-[4], sampling, reconstruction and
multirate processing of graph signals are studied in [7]-[14].

An essential concept in signal analysis is the uncertainty prin-
ciple, which states that a signal cannot be arbitrarily localized
in both time and frequency simultaneously [15]. In classical
signal processing, the uncertainty principle is useful to design
filters that are maximally localized in time, for a given frequency
spread, or vice versa. Due to its importance, some authors ex-
tended this principle to signals defined on graphs [16]-[19].
Details of these approaches are elaborated in Section I-C.

Similar to [16]-[19], this paper studies the concept of uncer-
tainty for graph signals. However, unlike earlier methods, and
motivated by [20]-[22], we introduce a non-local measure for
uncertainty, based on the notion of sparsity of the signal in the
graph domain and frequency domain. We show that a nonzero
graph signal and its corresponding GFT cannot be arbitrarily
sparse simultaneously, and we provide a lower bound for the to-
tal number of nonzero elements. We further provide the optimal
selection of the GFB (that minimizes the uncertainty bound)
when the graph operator has repeated eigenvalues. In order to
find signals that achieve the derived lower bound, we consider
sparse eigenvectors of the graph operator. A detailed outline and
the contributions of this paper are given below.

A. Outline and Contributions

Broadly speaking, results presented here can be divided into
three main parts. In the first part (Sections II and III), we pro-
pose discrete and non-local uncertainty principles that depend
on the max-norm of the graph Fourier basis. These results follow
from more general theory of sparse representations studied in
[20]-[22]. We consider the identity matrix and the GFB as a pair
of bases to represent a graph signal and interpret the methodolo-
gies in [22] in the context of graph signal processing. Similarly
and independently, the study in [19] has obtained very simi-
lar interpretations based on the same theory. Apart from the
overlapping results [19] generalizes these results to the case of
frames. Then, it focuses on local uncertainty principles where
bounds depend on a particular portion of the graph. More de-
tailed comparison with [19] is provided in Section I-C.
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Our main contributions are presented in the remaining sec-
tions: in the second part of our results (Section IV) we discuss
that given a graph, max-norm of the graph Fourier basis is not
unique in the presence of the repeated eigenvalues of the se-
lected graph operator. Since this non-uniqueness greatly affects
the interpretation of the relations between the graph structure
and the uncertainty, we formulate a problem to select eigenvec-
tors (GFB) such that the max-norm of the graph Fourier basis is
maximized (or, equivalently the uncertainty bounds considered
in Section II are minimized). We solve this problem analytically
(Theorem 6) and provide an algorithmic routine to obtain a set of
eigenvectors that gives a graph Fourier basis with the maximum
possible max-norm.

In the third part of our results (Section V) we focus on the
sparse eigenvectors of graphs in order to find signals that achieve
the proposed uncertainty bounds. We study the relation between
sparsity of eigenvectors and graph topology, and their effects
on the max-norm of the GFB. We provide the necessary and
sufficient conditions for the existence of 1-sparse and 2-sparse
eigenvectors of the graph Laplacian (Theorems 7 and 8). We
then show that existence of a 2-sparse eigenvector implies very
low and attainable uncertainty bounds (Theorem 9). Finally in
Section VI we apply our results to real world graph examples.
Interestingly, uncertainty bounds for these graphs are very low.
We precisely explain why this is the case, and find the signals
that achieve these bounds. Portions and some extensions of these
results have been presented in [23], [24].

B. Graph Signal Processing and Notation

Let & € CV be a graph signal on a graph of size N (i.e.,
N nodes or vertices) whose adjacency matrix is denoted as
A € RN We assume the graph does not have self loops, i.e.
a; ; = 0. The weight of the edge from the ;" node to the i*"
node is denoted by the (i, j)" element of A. This definition of
the adjacency matrix follows from [3], [4] and is the reverse of
the usual definition in graph theory. Unless it is specified, we
consider the general case of directed graphs (i.e., ai ;j # a;).
For the restricted case of undirected graphs with non-negative
edge weights (a; ; = a;,; = 0), the graph Laplacian is defined
as L = D — A where D is the diagonal degree matrix given
as (D);,i = )_; ai,;. Normalized graph Laplacian is defined as
L= D"'?LD"/? We will use V to denote the graph Fourier
basis (GFB) of interest. Here the definition of V is not fixed.
Eigenvectors of either the graph Laplacian or the adjacency ma-
trix itself can be set to be the graph Fourier domain. We will
use V4 and V7, to explicitly denote the eigenvectors of the adja-
cency matrix and the graph Laplacian, respectively. Assuming
A is diagonalizable, we precisely have:

A=Vy Ay V1, L=V, ALV (D)

where A4 and Ay are diagonal eigenvalue matrices. We will
always assume that eigenvectors are normalized to have a unit
£y-norm. When the graph is undirected V, and V; can be
selected to be unitary. For the selected graph Fourier basis V,
graph Fourier transform (GFT) of asignal z is givenbyZ = F
where F =V,

5407

In the following, the ¢, pseudo-norm ||z||; denotes the num-
ber of nonzero elements in the signal . The £, norm of a vector
will be denoted by ||x||,. The spectral norm (largest singular
value) of the matrix A will be denoted by || A|2. We will use
[|Al|max to denote the maximum absolute value of elements in
the matrix A. Precisely, we have:

|Alle = max ||Az|s /[|z]l2,  [|Allmax = max]a; ;] (2)
z#0 i,J

Notice that || A||,ax is equivalent to the mutual coherence be-

tween the matrix A and the identity matrix [22].

For a matrix A and two index sets S and K, As denotes
the matrix with columns of A indexed by S and Ak s denotes
the matrix with columns indexed by S and rows indexed by K.
For a vector x, elements of x indexed by S will be denoted by
x 5. The index set S is definedas S = {1,..., N} \ S, where \
stands for the set difference operator. We will use ®@ to denote
Kronecker product of matrices. Dimension of the right null
space of a matrix A is denoted by nullity(A).

C. Related Work

To the best to our knowledge, there are mainly four studies that
consider uncertainty principles for signals defined over graphs
[16]-[19]. The main theme in these studies (including this one)
is to define a “measure” of the signal in the vertex domain
and the graph Fourier domain. In particular, the study in [16]
considers the following for unweighted graphs:

H p2
" P, x

Az (x)=
s () = g

. Al(x)= 3)

[T
where A2 , (x) is referred to as the vertex spread (with P,
being the diagonal distance matrix with respect to the node wy),
and A2(z) is referred to as the spectral spread of the signal
x. This approach is extended to weighted graphs in [25]. The
study in [17] works on an alternative definition and focuses on
the following:

a=|Dsx|z / |zll, B=I|Brzl2/|zl2, &

where o’ and /3 represent the amount of energy confined in
the vertex set S and the frequency set F' (with Dg and By be-
ing corresponding projection matrices), respectively. The study
in [18], [26] considers the smoothness of the signal in both
domains: using the difference operator on the graph, D,, the
interplay between || D, z|2 and || D, Z||2 is studied.

The main observation of these studies is that measures in both
domains cannot be arbitrarily small simultaneously: a signal
“limited” in one domain cannot be “limited” in the other domain.
These trade-offs are then considered as uncertainty principles.
Depending on their corresponding definitions, they characterize
these uncertainty curves theoretically and study the signals that
achieve them with equality.

More recently, the study in [19] takes a non-local perspective
where vertex and spectral measures are defined with £, norms.
Using the fact that the identity matrix and the GFB form a pair
of bases to represent graph signals, [19] proposes some uncer-
tainty principles where the results are based on theory of sparse
representations studied in [20]-[22], [27]. These results show
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that the “graph Fourier coherence” is a fundamental quantity
for the uncertainty principles of interest. Notice that we specif-
ically consider the case of £y and ¢; in this study and obtain
very similar results where we use the term “max-norm of GFB”
instead of coherence. This overlap is a direct consequence of the
influence of the sparse representation theory in [20]-[22]. In the
rest, [19] focuses on the representation of graph signals using
frames and proposes some uncertainty results based on these
representations. It later considers local uncertainty principles
where bounds depend on a region of the graph.

In order to find signals that achieve the proposed uncertainty
bounds we consider sparse eigenvectors (2-sparse in particular)
of the graph Laplacian. In this context, the study in [28] re-
veals a specific graph structure (referred to as motif-doubling)
that results in sparse eigenvectors of both the adjacency matrix
and the graph Laplacian. The structure of motif-doubling gives
rise to sparse eigenvectors with even number of non-zero en-
tries. However, this structure is only sufficient to have sparse
eigenvectors, whereas our condition on 2-sparse eigenvectors is
necessary and sufficient. A detailed comparison with [28] will
be provided in Section V-B.

II. DISCRETE NON-LOCAL SPREADS

Inspired by [20]-[22], we will study the concept of uncer-
tainty from a discrefe and non-local perspective. We will con-
sider graph spread of a signal as the total number of nonzero
elements in the signal. Similarly, spectral spread of a signal will
be defined as the number of nonzero elements in the GFT of the
signal. Hence, we have the following definitions:

Definition 1 (€y-based spread on vertex domain): Given a
nonzero signal x on a graph with GFT F, the “spread” of the
signal on vertex domain is defined as ||x||o. &

Definition 2 (€y-based spread on Fourier domain): Given a
nonzero signal x on a graph with GFT F', the “spread” of the
signal in the Fourier domain is defined as || F'z||p. &

The definition of the spectral spread depends on the selected
GFT F'. Whether it is based on the adjacency matrix, the graph
Laplacian, or something else, for a given graph, the GFB V,
hence F = V', may not be unique. This is due to the fact
that the selected graph operator may have repeated eigenvalues.
In such a case, one can select different bases to span the cor-
responding eigenspaces resulting in different GFB matrices. In
order to avoid this ambiguity we assume that, not just the graph
itself, but also the associated GFT is given in Definition 2. It
should be noted that in the case of repeated eigenvalues selec-
tion of the GFB is not a simple task and it requires attention.
We will address this problem in Sections IV and V, where we
discuss optimal selection of the GFB in order to minimize the
spectral spread of signals.

For a nonzero graph signal notice that its vertex domain spread
and spectral spread have to be at least 1, however, they may not
achieve this bound simultaneously. As a simple motivational
example, consider the directed cyclic graph of N vertices, whose
graph Fourier Transform corresponds to DFT of size N [4]. If
the signal = is an impulse, then ||z||p = 1, but ||Fz|p = N.
On the contrary, if the signal is a constant, then ||z||o = N, but
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||[Fz||p = 1. Asaresult we ask the following question: Given the
GFT F, what is the minimum total number of nonzero elements
in a graph signal and its corresponding Fourier Transform?
For this purpose, we consider the following two definitions of
uncertainty:

so(@)=(llzllo + IFz[o)/2, po(x) =V/lz[o | Fz]o, (5)

where sy (x) and py () are referred to as additive and multiplica-
tive uncertainty of the signal x, respectively. The definitions in
(5) have the following two important properties: 1) They are
scale invariant, that is sp(a®) = so(x) and pp(ax) = po(x)
for all & # 0. This is a useful property since uncertainty of a
signal is expected to be scale-invariant. 2) Both can take only
a discrete, finite set of values, namely, so () takes half integer
values (i.e., k /2 for integer k) and p, () takes values in the form
of pg(x) = v/k for some integer k > 1. As a final remark, notice
that the AM-GM inequality dictates the following relation:
so(z) > po(x), Vezeclh, (6)

with equality if and only if ||z|o = || F'z||o.

The main purpose of this section is to find the lowest value
that so () can attain. More precisely the following problem will
be considered:

* — : ?
so = min so(x), 7

where s is called as the uncertainty bound since a signal and
its corresponding graph Fourier Transform cannot be arbitrarily
sparse simultaneously, that is, so(xz) > s Va # 0.

Due to the combinatoric nature of the problem in (7), no
closed form solution for sj is available for an arbitrary F'. Nev-
ertheless, the theory of sparse representations provides useful
bounds for the problem. Motivated by Theorem 2.1 in [22], the
following theorem provides a lower bound for py(x):

Theorem 1 (Multiplicative uncertainty principle): For a
graph with GFT F', the multiplicative uncertainty of a nonzero
signal x is lower bounded as follows:

-1
po(@) > (IF "z I llmax) ®)

where || - ||2 and || - || max are defined in (2). &

Proof: First notice that z = Efil z; e; where e; is the i*"
vector of the canonical basis, and z; is the ' element of x. Let
ff denote the j** row of F. For the j*" element of the GFT of
x we have

1zl = |f] 2| =

doxifi e

ie8

; ©

where S denotes the support (set of nonzero indices) of the

signal x. Notice that |S| = ||z||o. We can upper bound |} | as
Tl =Y wi e < |m e, 10)
ies ics
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using the triangular inequality. Using Cauchy-Schwarz inequal-
ity, this can be further bounded as

Bl < (Sieslkul) " (Sicsiffer)”, an

1/2 1/2
< lizlls (11 1F ) =llllz 205 1| Fllmax, (12)

where we use the fact that ff e; is the (j,7)'" element of F
whose magnitude is upper bounded by || F'||max. Now consider
the {5 norm of T = Fx:

=2 ~ 12 = 2 2
1213 =D 12 < 1Zllo Il Zllo [1F|7ax
JEK

(13)

where K denotes the support of Z, ||Z||p = |K]. Hence we have,

1 EIR%
- — 7T )
I1Zllo [[llo ( I
Notice that maxg || |2 /| Z||2 =maxy | Fyll2/|lyll2= | F 2.
Therefore,

1 EIRY ?
(||F||m—) < (||F||m ||F—‘||z) a1s)

M= =l S —~
1Zlo lIzllo 12l

-1
which implics \/T2lo [Fallo = (|2 || Fllmex) - M

Corollary 1 (Additive uncertainty principle): For a graph
with GFT F, the additive uncertainty of a nonzero signal =
is lower bounded as follows:

-1
s0@) 2 (IF ™ ll2 | Fllmax) (16)

where || - ||2 and || - || max are defined in (2). &
Proof: From (6) we have syp(x) > po(x). Therefore, any
lower bound for py () is also a lower bound for sq(x). |
When the GFT of interest is unitary, Theorem 1 and Corol-
lary 1 reduce to the following corollaries:
Corollary 2 (Weak €y uncertainty): For any graph with uni-
tary graph Fourier basis V',

po() 2 [V lmax-

(14)

(17

¢
Proof: Let V be unitary in Theorem 1. Then we
have F =V# hence ||F|lmax = ||V |lmax. Furthermore,
IVila = |IF |2 =1. ul
This corollary is important since for undirected graphs, the
adjacency matrix and the graph Laplacian are symmetric which
result in a unitary graph Fourier basis. The corollary also implies
the following (from AM-GM inequality).
Corollary 3 (Strong £y uncertainty): For any graph with uni-
tary graph Fourier basis V',

so(x) = ||V |0}

max”

(18)
¢

In Section VI, we will provide graph examples on which the
inequality in (18) is satisfied with equality.

Even though (18) is a lower bound for the uncertainty, it does
not say anything about the signal that achieves the bound. Fur-
thermore, it does not say whether there is a signal that achieves
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the lower bound or not. In order to understand the existence of
such signals, we provide the following result.

Theorem 2 (Existence of signals): Let V be a unitary
Fourier basis of the graph. There exists a signal @ on the graph
that achieves the strong £, uncertainty bound (satisfies (18)
with equality) if and only if there exist index sets K and S
with |K| = |S| = ||V || 5L« such that nulh‘ty((Vg‘g)H) > 0.
Furthermore, a signal that achieves the bound is given as

zs € null ((VS‘,;,)H), x5 =0. (19)
¢
Proof: Assume that & achieves the strong ¢, bound, that is,
sow) = 12Ty o)

Then we have sg(x) = po(x), which implies
Izllo = I Fzllo = |V llzax; @n

since sy(x) = po(x) if and only if ||z||p = || F'x||o due to AM-
GM inequality. Let S denote the support of = and K denote
the support of . Then Fx = Fgxg. Since T is zero out-
side of its support we have F'z g xs = 0, which means that
nullity(Fg 5) = nullity((V g g )) > 0 for some S and K
with |S] = [K| = | V[|yk.

Conversely, assume that nullity((V s ) > 0 for some
S and K with |S|=|K|=||V|g.,. Then select xs as
xs € null((Vg)") and xz to be 0. Hence, ||z[|o = |S].
Since S is the support of =, we have F'g xg = Fx. Further-
more,

[Fsxslo=Frszsllo+ |Fgszslo=IK], (22

since x5 € null(Fg ). As aresult, so(x) = ||V phy- |

It should be noted that ||V||,}, may not be an integer in
general. In this case, we cannot find index sets of size || V|| L,
since the size of an index set is an integer. In this case, Theorem 2
tells us that there is no signal that achieves the bound in (18)
with equality.

As an immediate example, the normalized inverse DFT ma-
trix is a unitary graph Fourier basis for circulant graphs [29],
[30]. Notice that the normalized DFT matrix of size N has
|V ||;L,. = v/N. Thus, circulant graphs have the following two
results. 1) From Corollary 2, we have py(z) > +/N. This is
a well-known uncertainty result given in [20], and the bound
is known to be tight for all N. 2) From Corollary 3, we have
so(x) > v/N.When N is a perfect square “picket fence” signal
is known to achieve this bound [22]. Details of these results will
be elaborated in Section VI-A1.

Even though Theorem 2 is useful to characterize signals that
achieve the bound in (18), it has a major drawback in terms of
practical usability. Finding the index sets requires a combinato-
rial search over all possible sets of size || V||, which is not
computationally efficient.

ITI. UNCERTAINTY BASED ON #; NORM

In the previous section, we defined the spread of a signal as the
total number of nonzero elements in the signal. (see Definitions 1
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and 2.) In this section we will consider a “smoother” measure
by replacing the ¢ with £; norm.

Imitating (5), we can define an ¢; based additive uncertainty
as si(x) = (||z||; + || Fz|1)/2. With this definition we have
si(ax) = |a|si(x), that is, s;(x) is not scale invariant. The
problem is that a nonzero signal can have arbitrarily small un-
certainty, which is an undesired property. One way to impose
the scale invariance is to use a normalization as follows:

[zl + [|Fz|)

23
2zl )

51 (.’I.’) =
For any nonzero p, sij(x) in (23) has the property of
s1(ax) = s1(x) for e # 0, hence it can be used as an uncer-
tainty measure. However, it should be noted that characteristics
of s;(x) depend on the selected £, norm. In the following, we
will consider the case of p = 2, and define the ¢; based uncer-
tainty measures as follows:

z|l1 + || Fz: Vil || Fell:
() = LZMTITEI -y = VT 1P 2 oy
1(z) 212k pi(z) R (24)

where s () and p; (x) are referred to as ¢; based additive and
multiplicative uncertainty of the signal x, respectively.

The main reason for considering the case of p = 2 is that
such a selection has strong connections with the £, based un-
certainty measures discussed in Section II. These relations will
be elaborated at the end of this section (see Theorem 4).

As done in Section II, motivated by Theorem 2.1 in [22], a
lower bound for p; (x) can be obtained as follows:

Theorem 3: Fora graph with GFT F', ¢; -based multiplicative
uncertainty of a nonzero signal x is lower bounded as follows:

-1
p@) = (IF )2 IFIE)

where || - |$2 and || - ||max are defined in (2).
The reader should carefully notice the presence of the square

root in (25), which was not there in (8).
Proof: Notice that F' is an invertible matrix, therefore
|Z||2/||||2 is lower and upper bounded as follows

(25)

F—] —2 < ||E||g < F 2 26
IF-1)32 < < ||F|3. (26)
I3
Therefore we have:
IF 2 |z)3 < |23 =27 Fz =) % Fijz;,  (27)
i?j
< EF ] < 1T F a2l (28)
i,j i,j
= [|1Z[l1 l|2(l1 |F |lmax» (29)

where we use the fact that |F; ;| < || F'||max forall (z, j) in (28).
Notice that taking square-root of both sides and re-arranging the

terms in (29) give the result in (25). |
When the GFT of interest is unitary Theorem 3 reduces to the
following corollary.
Corollary 4 (Weak ¢; uncertainty): For any graph with uni-
tary Fourier basis V,

pi() 2 [V 3k

max

(30)
%
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Proof: In Theorem 3, when V is unitary, we have
|[V]2=|F'|,=1. Furthermore, F =V*  hence
I F lmax = IV || max- u

We can finally provide a lower bound for the £, -based additive
uncertainty as follows.

s1(2) 2 ||V |lmss

max ?

(3D

where the inequality follows from s;(x) > pi(z) (AM-GM
inequality). Hence, any lower bound for p; () (Corollary 4) is
a lower bound for s (x).

It is quite interesting to observe that the term || V|| max appears
in the lower bound for both £;-based and ¢; -based uncertainty
definitions. It should be noted that 1/ VN < [[V||max < 1 for
any matrix V' since V is assumed to have columns with unit £»
norm. Therefore, |V |1, > ||1f’||,;};:(2 always holds true. This
shows that the lower bound given by (31) is always less than the
bound in (18). In fact, not just the bounds but ¢y and ¢; based
uncertainties are also related with each other. The following
theorem establishes this relation.

Theorem 4: Assume that graph of interest has a unitary GFB
V. Then, we have the following inequality

(@) > (pi())

for all signals defined on the graph. &
Proof: We start with the following change of variables,

2 _ =zl | Fzll:
m (:1:)) = 1zl 17T
( |13
where we define & = x/||x||2.
Given any two vectors & and y with ||z|]2 = ||y|l2 = 1, we
have the following relation (page 20 of [22])

Izl 1yl < Vlllo l[Yllo-

Notice that we have ||Z||2 = 1. Since we have assumed that
the GFB is unitary, we further have | F'Z||s = 1. Then (34) gives
the following

2
; (32)

=zl IFzl,  (33)

(34)

Izl [[FZ]l < /[1Z]o [|FZ|o- (35

Notice that left-hand-side of (35) is equal to (p;(x))? due
to (33). Remember that py(x) is scale-invariant. As a result
we have \/||Z||o ||FZ|o = v/||x||o | Fx|jo, which shows that
right-hand-side of (35) is equal py (). Hence, we conclude that
(p1())? < po(e). a

Combining the result of Theorem 4, Corollary 4 and (6),
we have the following relations between the aforementioned
uncertainty definitions

w0(@) = p(@) > (m(@) > [VIiks

for a unitary graph Fourier basis. It should be noted that ;-
based additive uncertainty has the strongest result. Namely,
if a signal achieves the £)-based additive uncertainty bound
(so(x) = ||V||zL,). then the signal also achieves the bounds
given in Corollaries 2 and 4. (This is due to (36).) However, the
converse is not true. For this reason, in the rest of the paper, we
will focus on s () as the uncertainty measure.

(36)
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IV. CASE OF REPEATED EIGENVALUES

Definitions 1 and 2 are generic in the sense that one can choose
any suitable graph Fourier basis. Most common selections are
eigenvectors of the adjacency matrix [4], the graph Laplacian
and normalized Laplacian [2]. Even after one decides on which
of these should be used, there still is a significant point that
requires attention: the possibility of repeated eigenvalues. This
is mostly the case for unweighted graphs or graphs with integer
edge weights (see Section VI). The relation between eigenvalue
multiplicity of a graph and the topology of the graph is an
interesting problem. Interested reader may refer to [31] for some
results. More on this topic can be found in [32]-[35].

In the following we will use eigenvectors of the graph Lapla-
cian as the graph Fourier basis. However, the discussion is also
valid for the adjacency matrix and the normalized graph Lapla-
cian. Further, we assume that the graph Laplacian, the adja-
cency matrix and the normalized graph Laplacian are diago-
nalizable matrices. Hence, geometric and algebraic multiplicity
of an eigenvalue are the same. This justifies the use of the term
“multiplicity” without specifying which one.

Let A; be an eigenvalue of the graph Laplacian with multi-
plicity N;. The corresponding eigenspace S; is then defined as
Si = null(L — A I), where S; is an N; dimensional sub-space
of CV. When ); is a repeated eigenvalue (N; > 1), any vector
in §; is an eigenvector with eigenvalue );. Therefore, by se-
lecting different set of eigenvectors, one can come up with a
different graph Fourier basis. Hence, the graph Fourier basis
Jor the graph Laplacian is not unique.

Selection of the graph Fourier basis may affect the proposed
uncertainty principles significantly. For example, consider the
complete graph of N nodes. It is possible to select V' such that
either ||V |;L, = /N/(N-1), or |V|;L, = V/N. The former
decreases with NV and approaches unity for large V, whereas the
latter increases with NV unboundedly. Therefore, interpretations
of the proposed uncertainty bounds differ greatly depending on
the selected basis. It should be noted that the complete graph
of size N is an extreme example since it has an N — 1 dimen-
sional eigenspace corresponding to eigenvalue V. Nevertheless
it shows the importance of the selection of the graph Fourier
basis.

Since our definition of uncertainty depends on the selected
graph Fourier basis, in the following, we will mainly discuss
two different approaches for the selection of the eigenvectors.
This section (Section IV) will study the first approach where we
select the GFB in a way that the lower bound in Corollary 3 is
minimized. In the next section (Section V), we will consider the
second approach where we look for the sparsest eigenvectors.
We will also relate these two approaches in Section V.

A. Minimizing the Lower Bound

In Corollary 3, we showed that the average number of nonzero
elements in a graph signal and its graph Fourier transform is
lower bounded by ||V'|| .1, where V' is assumed to be unitary.
When the graph of interest has repeated eigenvalues, one can
select different set of eigenvectors which results in different
values for ||V ||;,L,. In this section, our purpose is to select
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eigenvectors of the given graph Laplacian L such that lower
bound in Corollary 3 is minimized (or equivalently ||V||max 1S
maximized). We precisely define this problem as follows:

max |Vmax st L=V Ay v, (37)
where A is a diagonal matrix of eigenvalues of L.

As a result of the graph Laplacian being a symmetric ma-
trix, eigenspaces, S;, of L are orthogonal to each other. Hence,
(37) is a decoupled problem in the sense that we can focus on
individual eigenspaces rather than finding all eigenvectors of
L. To be more precise, assume that the graph Laplacian has K
distinct eigenvalues with the corresponding eigenspaces S; for
1 <7 < K. Then, we can write V' as follows

V=[ViVy . Vg] (38)

where each V'; has the dimension V; € CV*Vi (IV; is the mul-
tiplicity of the corresponding eigenvalue), spans the eigenspace
S;, and it is unitary VIV, =TIy for 1 <i < K. We also
have V'V ; = 0 for i # j (orthogonality of eigenspaces), and
[V ||max = max ||V i||max. Hence, we can write (37) as

S; = null(L — 1),
span(V;) = S,
VAV, =1Iy,.

max

Vi L.
1<i<K H‘lfa:x ” 1||max S

(39)

where ); is the i'" distinct eigenvalue of L.

It is important to notice that inner maximization in (39) can
be solved independently for each eigenspace. For this purpose,
we have the following definition:

Definition 3 (Max-max norm of a subspace): Let S be an
M -dimensional subspace of CV. The max-max norm of S,
m(S), is defined as:

m(S) = max_ ||U|lmax st span(U)=S, UU=I.

U eCN=M

That is, m(S) is the maximum of max-norm of matrices with
orthonormal columns that span the given sub-space S. &

Notice that any element of any unitary basis that spans S is
always less than (or equal to) m(S) in absolute sense. In the
following theorem, we will provide a closed form solution for
the max-max norm of a sub-space.

Theorem 5: Let S be a M -dimensional subspace of CV. Let
U e CN*M be any matrix with span(U) = S,and U? U =1I.
Then max-max norm of sub-space S is

m(S) = max (U UH) (40)
1<j=N 3.3
where (-); ; denotes the ;" diagonal entry. &

Proof: Let U and @ be two matrices with orthonormal
columns such that span(U) = span(Q) = S. Since both span
the same sub-space, we can write @ = U X for some unitary
matrix X of size M. Then we can write m(S) as:

_ Hy _
m(S) = max IUX||pax st XFX=1I, (41
where U is an arbitrary matrix with orthonormal columns that

span S. Let x; be the i*" column of X, and uf be the j* row
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of U. Then we can write (41) as:

_ H H _
m(S) = max |u] :1:;-| st. zfz; =6 ; (42)
1<i<M
T
_ H _
= max_|u] m1| st [zl =1 (43)
T
= max |[uff 2 = max ,/(UU") (44)
1<j<N 1<j=N 3.

where we assume (w.l.o.g.) in (42) that x; is the vector that
achieves the maximum. Furthermore, other x;’s will have the
additional constraint of being orthonormal to x;. As a result,
x;’s for 2 < i < M cannot produce a larger inner product. Fur-
ther, once the optimal x; is selected, the remaining x;’s can
be selected arbitrarily as long as they are orthonormal to each
other. This can be done via Gram-Schmidt process. In (43) we
use the fact that inner product is maximized when the vectors
are aligned with each other. Equality in (44) follows from the
fact that £5-norm-square of a row is the corresponding diagonal
entry of the outer product. |

Finally, we state the maximized objective function value in
(37) in the following theorem.

Theorem 6 (Maximum Max-Norm of GFB): Assume  the
graph Laplacian, L, has K distinct eigenvalues. Let N; denote
the multiplicity, and S; denote the eigenspace of the eigenvalue
Ai for 1<i< K. Let U; € C"*N¢ be any matrix with
UP U, = I and span(U;) = S;. Then we have the following:

max ([ (UUF) =max |Vimax st L=VAV,

1<i<K

where Ay, is a diagonal matrix of eigenvalues of L. &
Proof: Follows from equivalence between (37) and (39),

Definition 3 and Theorem 5. |

Theorem 6 only provides the value of the maximized objective
function in (37), which is useful to find the minimum lower
bound given by Corollary 3. In fact, we can explicitly construct
the set of eigenvectors that result in the maximum max-norm.
For this purpose, consider again the proof of Theorem 5. Notice
that it is a constructive proof, which can be translated into an
algorithm as follows. Given the graph Laplacian, one can take
the eigenvalue decomposition and obtain L = VA, V¥ witha
proper ordering of eigenvectors suchthat V. = [V} - - - Vi ] and
columns of each V; € C¥*Vi belong to the same eigenspace.
Then, we utilize the following three steps for each V;:
1) Letv}; denote the j*" row of V;, and let j* be such that
j* = argmaxi<j<n [[vf |2

2) Let X; = [xiqn @ip x; n,] € CNoNi and select
T;1 = Vi j+ [||Vi + ||2. Remaining columns of X; can be
selected arbitrarily such that X X; = I'y, holds true.

3) Compute Vi =V; X,.

Then, the set of eigenvectors that has the maximum max-norm
can be constructed as V* = [V7] Vil

Notice that V; is just a different unitary basis for
the eigenspace spanned by V;. However, unlike ||V;|max,
[[VF|lmax is guaranteed to achieve the max-max norm of the
corresponding eigenspace (Theorem 5). As a result, V* is a
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solution to (37) since it has the largest max-norm among all
possible selections of the eigenvector matrices.

B. Numerical Problems

Even though Theorem 6 provides an efficient way to select the
eigenvectors such that lower bound in Corollary 3, ||V || L. is
minimized, there is an important numerical issue. In order to uti-
lize Theorem 6, we need to group the eigenvectors that belong to
the same eigenspace, which requires an equality check between
the corresponding eigenvalues. However, it is not possible to dis-
tinguish two values if they are closer than the precision of the nu-
merical system. As a particular example consider a (undirected,
unweighted) path graph of size N. Eigenvalues of the adjacency
matrix of this graph are given as Ay = 2cos(nk/(N + 1)) for
1 < k < N [36]. One can show that |A;-A2| < €, when the size
of the graphis N > V37 e /% Hence, for any numerical preci-
sion €, there exists a graph of size N such that A; and A2 cannot
be distinguished from each other. Study in [37] has observed
similar numerical problems as well.

V. SPARSE EIGENVECTORS OF GRAPHS

After the definition of additive uncertainty given in (5), the
ultimate purpose of this study is to find a solution to (7) in order
to find signals that are sparse both in the vertex domain and the
Fourier domain of a given graph. Unfortunately, solution to (7)
is not straightforward due to its combinatorial nature. We have
provided lower bounds for the solution to (7) in Corollaries 1
and 3. In Section IV we studied the optimal selection of the
graph Fourier basis in order to minimize the lower bound given
by Corollary 3. However, these approaches have two downsides
1) Even though there are examples where the bound given by
Corollary 3 is tight (see Section VI), it may not be the case
for an arbitrary graph. 2) Even if the solution to (7) is known,
aforementioned results are unable to find the signals that achieve
the minima (except for Theorem 2, which requires an exhaustive
search to find a bound achieving signal). In this section, in
order to overcome these downsides, we will consider additive
uncertainty of graph Fourier basis elements.

Without losing any generality we will use orthogonal eigen-
vectors of the graph Laplacian as the graph Fourier basis. That
is, V is the GFB where L = VA; V7 . Then, assuming a pre-
defined ordering of eigenvectors, the i*" column of V', denoted
by v;, will be the it" element of GFB. Since GFT is defined as
F =V ! wehave | Fv;||o = 1. Then, the additive uncertainty
of a graph signal that is an element of GFB is given as

so(vi) = (|lvillo +1)/2.

Notice that quantity in (45) is directly related to the sparsity
of the GFB element. If v; itself is a sparse vector, then we have
a direct evidence of a signal that is sparse in the vertex domain
and graph Fourier domain simultaneously. Furthermore, addi-
tive uncertainty of sparse eigenvectors may achieve (or, come
close to) the bound given in Corollary 3. Therefore, our aim
in this section, is to find sparse eigenvectors of graphs. How-
ever, it should be noted that a signal that achieves the minima
of the additive uncertainty may not be an element of the GFB.

(45)
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Therefore, if the GFB elements, v;, are dense, we cannot reach
any conclusion using (45). In Section VI-A2 we will provide
examples in this regard.

A. Sparse Vectors in an Eigenspace

When the graph Laplacian has repeated eigenvalues, eigen-
vectors are not unique and they form a sub-space. In
Section IV-A, we discussed how eigenvectors can be selected
so that the lower bound for sy(x) is minimized. In this sec-
tion we will try to select eigenvectors such that sy(v;) in
(45) is minimized. To be more precise, assume that L has K
(K < N) distinct eigenvalues with corresponding eigenspaces
&; for 1 <4 < K. Then we consider the following problem:

min [[vo st veS;, [vf.=1. (46)

for each eigenspace of L.

The problem in (46) is precisely defined as “The Null Space
Problem” in [38], and shown to be NP-Hard. Interested reader is
referred to [39]-[41] for computational approaches to solution
of (46). Apart from these, the study in [42] proposes an iterative
algorithm in order to find an approximate solution to (46) via £;
relaxation.

Unlike the case of minimizing the lower bound in Corol-
lary 3 (see Theorem 6), selection of the sparsest eigenvector is
not computationally tractable due to NP completeness of the
problem in (46). However, it is quite interesting that the max-
max norm of a subspace (given in Definition 3) provides a lower
bound for the problem in (46). In the following we will precisely
establish this relation.

Letx € CV beavector with unit £ norm, ||z = 1. Then the
infinity norm of = can be bounded as 1 > ||z > 1/VN. In
fact, if we further know that = has L nonzero elements (L < N),
we can improve the lower bound as |||, > 1/+/L. Therefore,
we have the following inequality:

lzllo > flzlle v st [lzllz =1, (47)
where equality is achieved when |z;| = 1/+/L for all i’s in the
support of .

Using the inequality in (47) we can obtain a lower bound for
(46) as follows:
-2
. . -2
min |[zllo 2 min |z = ( max II:BIIoo) , (48)
lzllz=1 lzllz=1 =1

where we use the fact that || x| is strictly positive, finite, and
bounded away from zero so that ||z||7! is finite.

In the following we will show that the maximization problem
in the right hand side of (48) is equivalent to definition of max-
max norm of the subspace S. Remember from Definition 3 that
max-max norm is defined as

m(S)= max_||U|lmax st span(U)=S, UPU=1. (49)
U =M

Assume that U* = [u] - - - u}, ] is a solution to the problem
in (49). Then we have m(S) = ||U*||max = max; || U} .
Further, wu} €S, and ||uf|[o=1. Hence we have
m(S) < maxg [[Z]o, © €S, |2 = 1.
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Now assume that x* is a solution to right hand side of
(48). Then consider the matrix U = [z* ug ---uy| by se-
lecting u;’s such that U? U = I and span(U) = S. Hence
U is in the feasible set of the problem in (49). Therefore,
m(S) > |Ullmax > [|2* |l =maxg 2], T € S, [|z[2=1.

As a result, we conclude that maximization on the right-hand
side of (48) is equivalent to m(S), and provide the following

lower bound for the solution of the problem in (46)
-2
(m(S)) <min|z]y st €S, [zla=1. (50

The two main points of this section can be summarized as
follows:

1) The search for a sparse eigenvector in a specific eigenspace
is an inherently difficult problem. Even though numerical tech-
niques that approximate the solution exist [42], closed form
solutions are not available in general. In this aspect, computa-
tion of sparse eigenvectors differs from the max-norm approach
discussed in Section IV, where we provided closed form solu-
tions by focusing on individual eigenspaces.

2) Although we do not have a closed form solution for the
sparsest vector in a given eigenspace, we can provide a lower
bound for the total number of nonzero elements as in (50).
The inequality in (50) is especially useful when we want to
show that an eigenspace does not have sparse vectors. We will
use this inequality in Section VI-A2 to formally show that an
undirected cycle graph does not have sparse eigenvectors.

B. Algebraic Characterization of Sparse Eigenvectors

In the previous section we mentioned that finding the sparsest
vector in an eigenspace is a difficult problem. Therefore, when
looking for sparse eigenvectors, we should consider the graph
(Laplacian) as a whole rather than focusing on each eigenspace
individually. Furthermore, in Section IV-B we mentioned that
characterization of eigenspaces of graphs suffers from numerical
precision when the graph is large (relative to the numerical
precision of the system). This is a significant problem especially
when a large-scale real-world data is of interest. Therefore, we
need a way to characterize the sparse eigenvectors of graphs
without using numerical techniques. The purpose of this section
is to find these sparse eigenvectors algebraically.

In the case of disconnected graphs we have a straightforward
result. Assume that the graph is undirected but non-negatively
weighted and consists of D) disconnected components with sizes
C;. Then the adjacency matrix and the graph Laplacian can be
written in the following form

Ay L,
A=

Ap

G

where A; € MY and L; € M are the adjacency matrix and
the graph Laplacian of the i’ component, respectively. Due
to block-diagonal form of A and L, corresponding eigenvec-
tors can be selected to be block sparse. Therefore, there exists

an eigenvector that has at most C; nonzero elements for each
1 <4 < D.Itis important to note that the converse of this result
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is not true: if a graph has a sparse eigenvector, it does not imply
that the graph is disconnected. As a counter example consider
Theorem 8, which proves that a connected graph can have a
sparse eigenvector. Examples of such graphs will be provided
at the end of this section. However, 1-sparse eigenvectors are
exemption in this regard. That is, a graph has a 1-sparse eigen-
vector if and only if it has an isolated node. This result is stated
as follows.

Theorem 7 (Isolated nodes of a graph): Assume that the
graph of interest is undirected but non-negatively weighted.
Then, the following statements are equivalent:

1) The graph has an isolated node.

2) The graph Laplacian has a 1-sparse eigenvector.

3) The GFB can be selected such that there exists a nonzero
signal that achieves so(x) = 1,ie., ||z|o = ||Fz|o=1. <©

Proof: We prove (1) implies (2): Assume that the graph
has an isolated node. According to (51), there exists a 1-sparse
eigenvector of the graph Laplacian.

We now prove that (2) implies (1): Let v be the 1-
sparse eigenvector. Without loss of generality assume that the
first index is nonzero v; = 1 and the rest is zero. There-
fore Lv is equivalent to the first column of L. That is,
Lv=[d; -al,]"=A]1 07]", where a,; € R"™ is the vec-
tor that denotes the adjacency of node 1,and d; = ||, ; ||; is the
degree of node 1. Therefore we have a,; = 0, hence d; = 0.
Since edge weights are non-negative, node 1 is an isolated node.

Next we will prove that (2) implies (3): Let v be a 1-sparse
eigenvector of the graph Laplacian. Then, v can be selected
to be an element of the GFT. In this case, ||v|[o=||Fv|o=1,
hence sp(v)=1.

Finally, we prove (3) implies (2): Let so(x) = 1 for some
x # 0. Since ||z||p > 1 for any nonzero signal, we must have
|zl = ||Fz|y =1. |[Fz|, =1 implies that = is an eigen-
vector of the graph Laplacian and ||xz|p =1 implies that
x is 1-sparse. Hence the graph Laplacian has a 1-sparse
eigenvector. |

Now we provide the characterization theorem for 2-sparse
eigenvectors of graphs. Recall that a graph is said to be con-
nected if there is a path between any pair of nodes.

Theorem 8 (2-sparse eigenvectors of a connected graph):
Let A denote the adjacency matrix of an undirected and con-
nected graph with a; ; > 0 being the weight of the edge
between nodes i and j. Then, there exist nodes 7 and 5 such that

if and only if the graph Laplacian, L, has a 2-sparse eigenvec-
tor with nonzero eigenvalue A = d; + a; ;. When the graph is
unweighted, (52) can be stated as

N@O\A{s} =NG)\ i

where N (2) is the set of nodes that are adjacent to node z.
Note that a 2-sparse eigenvector can be assumed to have
values 1 and —1 on the nodes with the property (52). (See the
proof below.) This result is especially useful for Theorem 9.
Proof: Assume that the graph Laplacian of a connected graph
has a two-sparse eigenvector v with nonzero eigenvalue. Due to
permutation invariance of the node labels, without loss of any

Qi g = Qj .k

(33)
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generality assume that the first two indices are nonzero, that is,
v; # 0and vg # 0, but v; = 0 fori > 3.

For a connected graph, notice that the all-1 vector is the
only eigenvector of the graph Laplacian with the zero eigen-
value. Since the graph Laplacian is a symmetric matrix the
eigenspaces are orthogonal to each other. Therefore the 2-sparse
eigenvector (with nonzero eigenvalue) v is orthogonal to the all-
1 vector, which implies that v; + v = 0. Then, we can select
v1 = —vg = 1 without loss of any generality.

Let A denote the adjacency matrix of the graph. We have

T T
0 a2 ay, d  —ay —al,
T T
A=|a1 0 a,s| L=|-a, do —Qy5 |,
Ar1  Gr2 A-r —Qr1 —arp2 L.,.
(54)

where A, € MY~2 and L, € M"~2 are the partitions of
the adjacency matrix and the graph Laplacian, respectively.
a,1 € RN-? is the vector that denotes the adjacency of
node 1 except node 2. a, 2 is the same for node 2. Notice that
di =as1 +||ar1|1 and do = a1 5 + ||ar 2[|1. Then, consider
the following

di + a2 1
Lv= —(ag‘l + dg) =Av=A|-1
—Qr 1+ 0Qr2 0

Therefore we have a,; = a2, which in particular implies that
dy = ds since a1 2 = az; (graph is undirected). Furthermore
the corresponding eigenvalue is A = d; + a1 2. Since the graph
is connected d; > 0, A is nonzero. Notice that the condition
Q1 = @, is the same as the condition in (52).

Conversely, assume that there exist two nodes with the prop-
erty in (52). Without loss of generality, assume = 1 and j = 2,
and let v be a 2-sparse vector with vy = —wv, = 1. Then partition
the graph Laplacian as in (54). Due to (52), wehave a, ; = a2,
and d = d;. Then we have Lv = Av with A =d; +a,1.
Therefore, v is a 2-sparse eigenvector of L. Further, the graph
is connected d; > 0, hence A > 0. [ |

Similar to Theorem 8, the study in [28] also reveals a spe-
cific graph structure that results in sparse eigenvectors of both
the adjacency matrix and the graph Laplacian. In particular, it
considers the case when a graph has two copies of the same sub-
graph (referred to as “motif doubling” in [28]). That is, there are
two disjoint subsets (of size K) of nodes, S; and Ss, such that
the induced sub-graphs on S; and S, are the same, there is no
edge between S; and S;, and S is connected to the rest of the
graph in the same way S; is. In this case the adjacency matrix
(and the graph Laplacian) can be shown to have (2K)-sparse
eigenvectors (Theorem 2.2 of [28]). In the case of K = 1 (each
subset has only one node), this motif doubling property reduces
to the condition in (53) with a; ; = 0.

However, it is important to note that the condition in The-
orem 8 is more general than the one in [28] due to the fol-
lowing two reasons: 1) the construction in [28] provides only
a sufficient condition, whereas Theorem 8 gives the necessary
and sufficient condition to have a 2-sparse eigenvector. 2) The
motif doubling idea in [28] specifically considers the case when
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a; ; = 0, whereas Theorem 8 is applicable to the case of a; ; # 0
as well. In the general case of K, it is straightforward to find
sufficient conditions for a K -sparse eigenvector to exist: the
motif doubling in [28] and “the same neighborhood structure”
in [24] are two such examples. On the other hand, it is difficult
to reveal the necessary conditions for K -sparse eigenvectors to
exist.

As discussed in Section II, the additive uncertainty of a signal
@ in (5) can take only half integer values for nonzero signals,
that is so(x) € {1, 3/2, 2, ---, N}. It should be noted that
Theorem 7 precisely characterizes the case when s (x) takes
its possible minimum value. A nonzero signal has sy(z) = 1 if
and only if the graph has an isolated node. This result is espe-
cially useful to conclude that a nonzero signal on a connected
graph, which does not have any isolated node, cannot achieve
so(x) = 1. Therefore, we consider the next attainable case for
connected graphs, that is, sy (x) = 3/2. This happens under two
circumstances

1) ||z]jo =1, || Fx|o = 2: the signal x is an impulse on the

vertex domain, and it has a 2-sparse GFT.

2) ||z]jo =2, ||Fz|lo = 1: the signal x is a 2-sparse eigen-

vector of the graph Laplacian.

We note that Theorem 8 precisely characterizes the second
case. Therefore, given a connected graph, existence of a pair of
nodes that satisfy (52) implies that sy (x) > 3/2 for all nonzero
signals on the graph. Furthermore, the bound is tight, and the
signal that achieves the bound is known. This result is formally
stated as follows.

Theorem 9 (Uncertainty bound for connected graphs): For
an undirected, connected, and non-negatively weighted graph,
assume that there exist nodes 7 and j satisfying the condition in
(52). Then, the GFB with respect to the graph Laplacian can be
selected such that

so(xz) >3/2 Vo #0. (55)

Furthermore, the signal achieving this bound, sy (z*) = 3/2, is
given as =7 = —z = 1 and zero everywhere else.

Proof: For a simple and connected graph, Theorem 7 says
that there is no signal such that sp () = 1. Since s (x) can take
only halfintegersin [1, N, sq(x) # 1implies that sp(x) > 3/2
for any nonzero signal x.

Furthermore, if there is a pair of nodes satisfying (52), The-
orem 8 says that the graph Laplacian has a 2-sparse eigenvec-
tor. Let v denote this eigenvector. Then we have v; = —v; =1
and zero everywhere else. Notice that GFB with respect to the
graph Laplacian can be selected such that v is an element of
GFB. In this case we have ||v|p =2 and ||Fv||p = 1, hence
sp(v) = 3/2. This shows that the lower bound in (55) is tight
and attainable. a

There are four remarks regarding Theorem 9.

1) The tightness of the bound given in (55) does not depend
on the size and the global structure of the graph. Existence of a
pair of nodes with (52) directly implies this result.

2) The signal that achieves the bound is localized on the graph.
Notice that if two nodes have the property in (52), they must
have at least one common neighbor. (This follows from the fact
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Fig. 1. (a) Ks. complete graph of size 8, (b) So, star graph of size 9, (c) Cs,
cycle graph of size of 8.

that the graph is connected.) As a result, nonzero elements of
the signal that achieves the bound in (55) are at most 2 hops
away from each other. However, localization property is unique
to 2-sparse eigenvectors. An eigenvector with an arbitrary level
of sparsity may not be localized on the graph. Details of these
are discussed in [24].

3) Due to Corollary 3, the inequality sq(z) > ||V || Ly is
always true. When 3/2 is the smallest attainable value for
so(x), we have 3/2 > ||V|| .. Therefore, existence of a pair
of nodes with (52) proves that there exists a GFB V such that
[[V |lmax = 2/3. In fact, using Corollary 2 this result can be
slightly improved to ||V ||max > 1/V/2.

4) In the case of repeated eigenvalues of the graph Laplacian,
the GFB is not unique. However, uncertainty bounds depend on
the selection of the GFB. When there are repeated eigenvalues
GFB should be selected properly (sparse eigenvector should be
an element of GFB) in order to have (55). This point will be
numerically demonstrated in Section VI-A3.

In the following we will provide three classical graph exam-
ples that satisfy, or do not satisfy, the condition in (53). Notice
that these graphs are simple (undirected, unweighted, free from
self-loops) and connected.

1) Complete Graph, Ky : A complete graph of N nodes has
an edge between any two nodes. Figure 1(a) provides a visual
representation of Kg. Let ¢ and j be two arbitrary nodes of a
complete graph. Then we have N (i) = {1,--- ,N}\ {i}, and
N(3)={1,--- ,N}\ {j}. Therefore, we have

NG =N\t =N (@) = {1, , N}\{i, 5},
which shows that a complete graph of an arbitrary size has a
2-sparse eigenvector.

2) Star Graph, Sy: A star graph of size N has a center
node that is connected to any other node, and all the nodes are
connected only to the center node. Figure 1(b) provides a visual
representation of Sg. Assume that the center node is labeled

as 1. Let ¢z and j be two nodes other than the center node. Then
we have V(i) = N'(j) = {1}. Therefore,

N@O\{G} =N\ {e} = {1},
which shows that a star graph of an arbitrary size has a 2-sparse
eigenvector.

3) Cycle Graph, Cy: A cycle graph of size N contains a
single cycle through all nodes. Figure 1(c) provides a visual rep-
resentation of Cs. Notice that Cy = K, C3 = K3, Cy = Kj o,
hence they have 2-sparse eigenvectors as shown above. For

(36)

7
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N =5, Cy does not have a pair of nodes that satisfy (53).
Therefore, a cycle graph for N > 5 does not have a 2-sparse
eigenvector. In fact, an eigenvector of a cycle graph of size N
has at least N/2 nonzero values (see Section VI-A2).

Above examples are carefully selected to point out an impor-
tant observation: sparsity of the graph and existence of sparse
eigenvectors do not imply each other. This follows from the
following three facts: 1) A complete graph is dense, yet it has
a sparse eigenvector. 2) A cycle graph is sparse, yet it does not
have a sparse eigenvector. 3) A star graph is sparse, and it has a
sparse eigenvector.

One can also use Theorem 8 to find a sparse GFB of a given
graph. Existence of a pair of nodes that satisfy (53) guarantees
the existence of a 2-sparse eigenvector. When there is more than
one pair, it is possible to find various 2-sparse eigenvectors. Even
though those eigenvectors may not be orthonormal to each other
they provide a sparse GFB. In fact, N—1 eigenvectors of the
graph Laplacian of a complete graph of size N can be selected
to be 2-sparse. These eigenvectors will be linearly independent,
but not orthonormal. In this case, GFB has only 3N —2 nonzero
entries. Details of these will not be elaborated here, and deserve
an independent study.

It is important to notice that the condition in (52) is purely al-
gebraic, and does not require any numerical computation. There-
fore, Theorems 8 and 9 are not subject to the problems discussed
in Section IV-B. In order to find a pair of nodes with the property
in (52), one can check every pair in a brute-force manner, which
results in (‘g ) tests in total. Therefore, complexity of verifying
that a graph has a pair of nodes with the property (52) is at
most O(N?). However, there may exist more efficient search
algorithms for this purpose.

VI. EXAMPLES OF UNCERTAINTY BOUNDS

A. Standard Examples from Graph Theory

1) Circulant Graphs: A graph is said to be circulant when its
adjacency matrix is a circulant matrix under suitable permuta-
tion of the node numbering [29]. This is a broad family including
cyclic graphs (directed or undirected), complete graphs, com-
plete bi-partite graphs and more. The directed cyclic graph of
size N, whose adjacency matrix is given as

1
1
Cy =

e MV, (58)

1

is particularly important since it relates the graph signal pro-
cessing to classical signal processing [3], [4].

The adjacency matrix of a circulant graph is a circulant matrix
(with suitable permutation of vertices), and can be diagonalized

by the DFT matrix:
A=WEAWY, (59)

for some diagonal A, where W y is the normalized DFT matrix
of size N. Hence, the graph Fourier transform based on the
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adjacency matrix is F = Wy, and we have ||V ||;L, = V/N.
As a result, the strong uncertainty principle for circulant graphs
of size N is so(x) > V/N.

As shown in [22], this is a tight bound when NV is a perfect
square. Consider the “picket fence” signal which has support
S={1,1+VN,1+2V/N,--- 1+ N—/N} with

xTg =1, xrg =0. (60)
Then we have & = Fx = x. Notice that | S| = v/N. As aresult
we have sg(z) = VN = ||[V||,..,. that is, strong £, uncertainty
is achieved (Corollary 3).

For the weak uncertainty we have py(x) > VN, that is,
lz|lo ||Z|lo = N, where Z corresponds to DFT of x. This is
a well-known uncertainty result given in [20]. Unlike the strong
uncertainty, weak uncertainty bound can be achieved for any
N. Let = be an impulse, then & will have no zero elements,
resulting in ||z||p ||Z]jo = N.

If the graph is unweighted, then circulant graphs are regular
(each node has the same degree). In this case the graph Laplacian
can be written as L = dI — A, where d is the degree of each
node. Therefore, L is also a circulant matrix, and diagonalizable
by Wy . As a result, strong uncertainty bound based on the
graph Laplacian is also tight.

2) Cycle Graph: In this part we will focus on the undirected
cyclic graph as visually shown in Figure 1(c). Eigenvalues of the
Laplacian of a cyclic graph are given as A\, = 2—2cos(27k/N)
for 0 < kK < N—1 [36]. Notice that A; = 0 is not a repeated
eigenvalue. However, other eigenvalues have the property
Ar = Ay for k > 1. Therefore, the Laplacian of a cycle graph
has 2-dimensional eigenspaces. Let S;. denote the 2-dimensional
eigenspace of the Laplacian corresponding to eigenvalue A. Let
wy, denote the k" column of W4 Then Uy = [wy wy ]
spans the eigenspace Sy, since the Laplacian is diagonalized by
W . Notice that |(W y ); j| = 1/+/N for all pairs of (i, j). As
a result, each row of U}, has £ norm of 1/2/N. Then, The-
orem 5 gives that m(S;) = \/2/_N . Using (50) we conclude
that the total number of nonzero elements of an eigenvector in
Sy can be at least (m(Sg))~2 = N/2. Since this is true for any
eigenspace, any eigenvector of the Laplacian of a cycle graph
(of size N) has at least N /2 nonzero values.

As discussed in the previous sub-section, we have
so(x) = /N for all nonzero signals on a cycle graph when GFB
selected as Wﬁ . When we consider the additive uncertainty of
elements of GFB, as in (45), we get so(v;) > (N + 2)/4 since
each eigenvector has at least N /2 nonzeros. As a result, ele-
ments of GFB are not useful candidates to achieve the bound
so(x) > /N with equality. This is because eigenvectors of the
cycle graph are not sparse.

3) Complete Graph: Being acirculant graph, GFB of a com-
plete graph can be selected as Wﬁ With this selection, the
additive uncertainty bound is given as so(x) > +/N. It should
be noted that the Laplacian of a complete graph (of size N)
has only two distinct eigenvalues: 0 with multiplicity 1, N with
multiplicity N—1. One can select different set of vectors to
span the N—1 dimensional eigenspace. In fact, as discussed in
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Fig. 2. Probability of G(N,p) (a) having a pair of nodes satisfying (53),
(b) being connected and having a pair of nodes satisfying (53). Probabilities
are obtained via averaging over 10? experiments, hence the lowest observed
probability is 1074,

Section V-B1, one of these vectors can be selected to be 2-
sparse. With such a selection, by virtue of Theorem 9, the
uncertainty bound is given as so(x) > 3/2, which is signifi-
cantly different from the one when W is used as GFB. At
this point we are not favoring one selection of GFB over an-
other. The sole purpose of this example is to show that selection
of the GFB is an important issue in the presence of repeated
eigenvalues.

B. M-Block Cyclic Graphs

In [8]-[11], it is shown that M -Block cyclic graphs play an
important role in the development of multirate processing of
graph signals. When we assume that all the edges have unit
weights, the adjacency matrix of an M-Block cyclic graph
of size N can be written as: A=Cy ® (Ly/u ]lgiM),
where C)y is given in (58) and 1y is a vector of size N
with all 1 entries. Notice that both Cys and 1y ﬂng
are circulant matrices, hence they are diagonalizable by nor-
malized DFT matrices of respective sizes. As a result, GFT
based on the adjacency matrix (and the graph Laplacian
since all the nodes have the same degree) can be selected
as F =W, @ Wy 5. Notice that V = F¥ is unitary and
IV |mhe = VN

As an example consider the case N = 9and M = 3, and con-
sider the following signal x = [111]7 ® [10 0]7. The GFT
of this signal, Z, is given as

z=W3[1117 @ Wi100 =[100"@111]". (61)

Hence, we have ||z|[p = ||Z|jo = 3,and so(z) =3 = |V|,.L,.
Therefore, strong uncertainty bound is achieved. In general, let
N be a perfect square and M = +/N. Then for any M-Block
cyclic graph of size N with unit weights, we can find a signal
that achieves the strong uncertainty bound.

C. Erdés-Rényi Graphs

An Erd6s-Rényi graph G(N, p) is a simple graph of N nodes
where an edge between a pair of nodes appears randomly and
independently with probability p [1], [43]. In Figure 2(a) we
empirically compute the probability of a G(V, p) having a pair
of nodes satisfying the condition in (53). Notice that if a graph
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has such a pair of nodes then the same pair satisfies (53) on the
complement of the graph as well. This is due to the equality
condition in (53) that remains satisfied when all the edges are
complemented. Further notice that complement of a G(N, p) is
a G(N,1—p) graph. As aresult G(N, p) and G(N, 1—p) have
the same probability of having a pair of nodes satisfying (53).
This explains the symmetry of Figure 2(a) around p = 1/2.

It is important to note that Theorem 8 specifically consid-
ers the case of connected graphs since it is trivial to find
sparse eigenvectors in disconnected graphs (see (51)). How-
ever, a G(N, p) tends to be disconnected when p is small. In
fact p < log(NN)/N results in (almost surely) isolated vertices,
and p > log(N)/N guarantees (almost surely) G(N, p) to be
connected [43]. In order to get rid of the trivial cases we need
to consider the probability of G(NN, p) having a pair of nodes
with (53) and being connected. Experimental computation of
this probability is given in Figure 2(b). Notice that connectivity
is not preserved under complementation, hence Figure 2(b) is
not symmetric around p = 1/2.

Figure 2(b) shows the existence of connected Erd6s-Rényi
graphs with 2-sparse eigenvectors. Figure 2(b) also suggests
that as NV gets larger it is less likely to find such graphs, which
can be explained as follows. The study in [44] states that the
{.-norm of any unit eigenvector of G(N, p) is almost surely
o(1) for p = w(log(N)/N), where o(-) and w(-) denotes little-
o and little-omega notations, respectively. That is, as N — oo
we have ||v|| — 0 for all v. Therefore, ||V ||max — 0, hence,
[V Iz, — oo. Since the uncertainty bound in (18) goes to in-
finity we do not expect to find 2-sparse eigenvectors in connected
Erd6s-Rényi graphs for large values of N.

D. Real World Examples

In the following we will use the term A®) to denote that the
eigenvalue A has multiplicity k.

1) Minnesota Road Graph: In this part, we will consider the
Minnesota road graph [7], [13]. We use the data publicly avail-
able in [45]. This graph has 2642 nodes in total where 2 nodes
are disconnected to the rest of the graph. Since a road graph
is expected to be connected, we disregard those two nodes.
See [7], [13] for the visual representation of the graph. Here
each node is an intersection, and a; ; = 1 if there is a road
connecting the intersections, otherwise a; j = 0. There are to-
tal of 3302 undirected unweighted edges. The graph is simple
and connected, A and L are symmetric matrices (in particu-
lar, diagonalizable), hence V,; and V; can be selected to be
unitary.

For the Minnesota road graph, both A and L have repeated
eigenvalues. As a result, V4 and V are nof unique. In fact,
the adjacency matrix has repeated eigenvalues of —1(1%), 0(4%),
and 11'3). The graph Laplacian has repeated eigenvalues of
0.3820%), 110 2(") 2,6180(?), and 3(). In order to minimize
the uncertainty bound given by Corollary 3, we can select V4
and V7, such that || Vy ||max and || VL ||max are maximized. This
idea is discussed in Section IV, and the closed-form solution
for such a selection is provided by Theorem 6. Via numerical
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Fig. 3.  Pair of nodes in Minnesota road graph that result in 2-sparse eigen-
vectors. Axes represent the geographical coordinates. The pairs that satisfy the
condition in (52) are colored in blue. Notice that the pairs in (a)—(d) generate
eigenvectors with eigenvalue 1, and the pairs in (e)—(f) generate eigenvectors
with eigenvalue 2. (See Theorem 8.)

evaluation of Theorem 6 on the Minnesota road graph, we obtain
the following:

0.7071 = max [[Vmex st. A=VAVE  (62)

0.8343 = max ||Vl|max st L= VAL VE.  (63)
Due to Corollaries 2 and 3, when V, is selected to
be the GFB, (62) gives the following uncertainty bounds
so(z) = po(x) > ||[Vallzhy = 1.4142. When V}, is selected
to be the GFB, (63) gives the following uncertainty bounds
s0(x) > po(@) > Vi [k = 1.1987.

It is important to remember that sy () can have values only
on a discrete set, namely, sp(x) = k/2 for some integer k& > 2.
As a result, for both selection of GFB, signals on the Minnesota
road graph cannot attain the uncertainty bound in Corollary 3
in a strict sense. However, by rounding-off the value of both
[|[V4lZL and ||[Vy||ZL, to the next attainable value of sq(x),

max max
we get

sp(x) = 3/2, (64)

for the strong uncertainty bound for both selection of GFB.

Even though (64) is a valid bound, Corollary 3 and Theorem 6
gives no further information about existence and characteriza-
tion of a signal that achieves the bound. At this point it is quite
interesting to observe that the bound in (64) is the same as the
bound provided by Theorem 9 (for V7, as GFB), which requires
existence of a pair of nodes with the property in (53). In fact, the
Minnesota road graph does have 6 different pairs of nodes with
the property in (53). These pairs are visualized in Figure 3. As
a result, the bound in (64) is fight, and the signals that achieve
the bound are defined by the pairs of nodes in Figure 3 (see
Theorem 9). It should be noted that tightness of (64) is valid
when V7, is selected to include at least one 2-sparse eigenvector
generated by the pairs in Figure 3.
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2) Co-appearance Network: In this example, we will con-
sider the co-appearance network of characters in the famous
novel Les Misérables by Victor Hugo [46]. Data is publicly
available in [47]. This is an undirected but weighfed graph,
where two characters are connected if they appear in the same
scene, and the weight of an edge is the total number of co-
appearances through the novel.

The graph has 77 nodes and 254 (weighted) edges in total.
The Laplacian of the graph has repeated eigenvalues of 1),
13?), and 28(?). As a result, GFB with respect to the graph
Laplacian, V7, is not unique. In order to minimize the bound
given in Corollary 3, we use Theorem 6 and obtain the following
result

0.9398 = max [Vimex st. L=VAVH (65)
When V; is selected to be the GFB, (65) gives
the following uncertainty bounds (Corollaries 2 and 3)
so(x) = po(z) > ||V |zky = 1.0641. Due to discrete nature
of sg(x) it is clear that this bound cannot be satisfied with
equality. When ||V |1, is rounded-off to the next attainable
value of sy(x), we get the same bounds as in (64). At this point
we can use Theorem 9 to find signals (if there is any) that achieve
the bound in (64).

In a co-appearance graph, pair of nodes with the condition
in (52) has a meaningful interpretation. If two characters al-
ways appear simultaneously, they will have the same num-
ber of co-appearances with other characters, which implies
the condition in (52) mathematically. As an example, consider
characters “Brevet”, “Chenildieu”, and “Cochepaille” of the
novel Les Misérables. They are three witnesses in Champ-
mathieu’s trial, and appear simultaneously through the court
scenes. Nodes (of the graph) that correspond to any two of these
three characters satisfy the condition in (52), which, in turn,
implies that the graph Laplacian has a 2-sparse eigenvector, and
so(x) > 3/2 is a tight uncertainty bound when V is selected
as GFB.

VII. CONCLUSIONS

In this paper, we studied the concept of uncertainty princi-
ple for signals defined over graphs. Unlike existing studies we
took a non-local and discrete approach, where the vertex and the
spectral domain spreads of a signal are defined as the number
of nonzero elements of the signal and its GFT, respectively. We
derived a lower bound for the total number of nonzero elements
in both domains (on the graph and in the GFB) and showed
that a signal and its corresponding GFT cannot be arbitrarily
sparse simultaneously. Based on this, we obtained a new form
of uncertainty principle for graph signals. When the graph has
repeated eigenvalues we explained that GFB is not unique, and
the derived lower bound can have different values depending on
the selected GFB. We provided a constructive method to find
a GFB that yields the smallest uncertainty bound. In order to
find the signals that achieve the derived lower bound we consid-
ered sparse eigenvectors of the graph. We showed that the graph
Laplacian has a 2-sparse eigenvector if and only if there exists
a pair of nodes with the same neighbors. When this happens,
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the uncertainty bound is very low and the 2-sparse eigenvectors
achieve this bound. We presented examples of both classical
and real-world graphs with 2-sparse eigenvectors. We also dis-
cussed that, in some examples, the neighborhood structure has
a meaningful interpretation.
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