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Abstract. The classical Itô-Michler theorem on character degrees of finite groups
asserts that if the degree of every complex irreducible character of a finite group
G is coprime to a given prime p, then G has a normal Sylow p-subgroup. We
propose a new direction to generalize this theorem by introducing an invariant
concerning character degrees. We show that if the average degree of linear and
even-degree irreducible characters of G is less than 4/3 then G has a normal Sylow 2-
subgroup, as well as corresponding analogues for real-valued characters and strongly
real characters. These results improve on several earlier results concerning the Itô-
Michler theorem.

1. Introduction

The celebrated Itô-Michler theorem [Itô, Mic1] is one of the deep and fundamental
results on the relation between character degrees and local structure of finite groups.
It asserts that if a prime p does not divide the degree of every complex irreducible
character of a finite group G, then G has a normal abelian Sylow p-subgroup.

Over the past decades, there have been several variations and refinements of this
result by considering Brauer characters [Man, MW, Mic2], nonvanishing elements
[DPSS, NT2], fields of character values [DNT, NT2, IN], and Frobenius-Schur indi-
cator [MT, T]. One primary direction is to weaken the condition that all irreducible
characters of G have degree coprime to p, and assume instead only that a subset
of characters with a specified field of values has this property, see [DNT, MT] for
real-valued characters and [NT2] for p-rational characters.

In this paper, we introduce an invariant concerning character degrees and propose
to generalize the Itô-Michler theorem in a completely new direction.
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Given a finite group G, let Irr(G) denote the set of all complex irreducible charac-
ters of G, then write

Irrp(G) := {χ ∈ Irr(G) | χ(1) = 1 or p | χ(1)}
and

acdp(G) :=

∑
χ∈Irrp(G) χ(1)

|Irrp(G)|
so that acdp(G) is the average degree of linear characters and irreducible characters
of G with degree divisible by p. Then the Itô-Michler theorem can be reformulated
in the following way:

If acdp(G) = 1 then G a has normal abelian Sylow p-subgroup.

Our first result significantly improves this for the prime p = 2.

Theorem 1.1. Let G be a finite group. If acd2(G) < 4/3 then G has a normal Sylow
2-subgroup.

Theorem 1.1 basically says that even when a group has some irreducible characters
of even degree, it still has a normal Sylow 2-subgroup as long as the number of
linear characters of the group is large enough. This of course implies the Itô-Michler
theorem for p = 2 where it is required that the group has no irreducible characters
of even degree at all.

One of the key steps in the proof of Theorem 1.1 is to establish the solvability of
the groups in consideration. In fact, we can do more.

Theorem 1.2. Let G be a finite group. If acd2(G) < 5/2 then G is solvable.

We remark that both bounds in Theorems 1.1 and 1.2 are optimal, as shown by the
groups S3 and A5. Furthermore, acd2(G) of non-abelian 2-groups G can get as close
to 1 as we wish – just consider the extraspecial 2-groups, and therefore one can not
get the commutativity of the Sylow 2-subgroup in Theorem 1.1 as in the Itô-Michler
theorem.

In fact, we can also improve on some main results of [DNT] and [MT], by restricting
our attention to only real-valued characters or even strongly real characters. A char-
acter χ ∈ Irr(G) is called real-valued if χ(g) ∈ R for all g ∈ G, and strongly real if it
has Frobenius-Schur indicator 1, equivalently, if it is afforded by a real representation.
Let

Irrp,R(G) := {χ ∈ Irrp(G) | χ is real-valued}, acdp,R(G) :=

∑
χ∈Irrp,R(G) χ(1)

|Irrp,R(G)|
,

and

Irrp,+(G) := {χ ∈ Irrp(G) | χ is strongly real}, acdp,+(G) :=

∑
χ∈Irrp,+(G) χ(1)

|Irrp,+(G)|
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Theorem 1.3. Let G be a finite group. We have:

(i) If acd2,+(G) ≤ 2 then G is solvable.
(ii) If acd2,+(G) < 4/3 then G has a normal Sylow 2-subgroup.

Theorem 1.3(ii) immediately implies [DNT, Theorem A] and [MT, Theorem B].
Furthermore, since any real-valued character of degree 1 is automatically strongly
real, it has the following consequence.

Corollary 1.4. Let G be a finite group. We have:

(i) If acd2,R(G) ≤ 2 then G is solvable.
(ii) If acd2,R(G) < 4/3 then G has a normal Sylow 2-subgroup.

Again, the example of S3 shows that the bounds in Theorem 1.3(ii) and Corol-
lary 1.4(ii) are optimal.

To prove Theorems 1.2 and 1.3(i), we have to use the classification of finite simple
groups to show that every nonabelian finite simple group S possesses an irreducible
character of even and large enough degree which is extendible to its stabilizer in
Aut(S), cf. Theorem 2.1. Together with Proposition 2.3, this result allows us to
bound the number of (strongly real) irreducible characters of small degrees of a
finite group with a nonabelian minimal normal subgroup, and then to control the
invariant acd2(G) of such a group, see Section 2 and Proposition 3.1. We hope that
the techniques developed here will be useful in the future study of other problems
involving the average degree of a certain set of characters.

One obvious question that one may ask is: is there an analogue of Theorem 1.1
for odd primes? Although our ideas in the proof for the prime 2 do not carry out
smoothly to odd primes, we believe that the following is true.

Conjecture 1.5. Let p be a prime and G a finite group. If acdp(G) < 2p/(p + 1)
then G has a normal Sylow p-subgroup.

The bound in Conjecture 1.5 perhaps is not optimal for all primes. If Cp (the cyclic
group of order p) can act nontrivially on an abelian group of order p + 1, then the
bound clearly can not be lower (for instance p = 3, 7, or any Mersenne prime). But
when p = 5 for example, C5 can only act trivially on an abelian group of order 6,
and we think that the best possible bound is not 10/6, but instead is 15/7, which is
attained at C11 o C5.

Theorems 1.2, 1.1, and 1.3 are respectively proved in Sections 3, 4, and 5.

2. Extendibility of some characters of even degree

Throughout the paper, for a finite group G and a positive integer k, we write
nk(G) to denote the number of irreducible complex characters of G of degree k, and
nk,+(G) to denote the number of strongly real, irreducible complex characters of G
of degree k. Furthermore, if N is a normal subgroup of G, then nk(G|N) denotes the
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number of irreducible characters of G of degree k whose kernels do not contain N ,
and similarly for nk,+(G|N). If θ is a character of a normal subgroup of G, we write
IG(θ) to denote the stabilizer or the inertia subgroup of θ in G. Other notation is
standard (and follows [Isa1]) or will be defined when needed.

We need the following result, whose proof relies on the classification of finite simple
groups.

Theorem 2.1. Every nonabelian finite simple group S has an irreducible character
θ of even degree such that θ(1) ≥ 4 and θ is extendible to a strongly real character of
IAut(S)(θ). Furthermore, if S � A5 then θ can be chosen so that θ(1) ≥ 8.

Proof. (i) The cases where S ∼= An with 5 ≤ n ≤ 8, or S ∼= PSL2(q) with q ≤ 19, or
S ∼= PSU3(3), PSp4(3), Sp6(2), 2F4(2)′, or S is one of the 26 sporadic finite simple
groups, can be checked directly using [Atl]. (We note that in all these cases but
S = A6, we can always find θ so that it has a rational-valued extension to IAut(S)(θ).)
In what follows, we may therefore assume that S is not isomorphic to any of the listed
groups. In particular, it follows from the main results of [R, SZ] that the degree of
any nontrivial complex irreducible character of S is at least 8.

(ii) Certainly, one can find many different choices for the desired character θ. In
what follows, having in mind some other applications, we will try to construct θ in
such a way that its extension to IAut(S)(θ) is rational-valued if possible.

Assume now that S ∼= An with n ≥ 9. Consider the irreducible characters α, β ∈
Irr(Sn) labeled by the partitions (n− 2, 2) and (n− 2, 12), of degree n(n− 3)/2 and
(n−1)(n−2)/2 respectively. Since the given partitions are not self-conjugate, α and
β both restrict irreducibly to S. Furthermore, β(1) = α(1) + 1 ≥ 28, and so exactly
one of α, β has even degree. As Aut(S) ∼= Sn, we are done in this case by choosing
θ ∈ {αS, βS} of even degree.

Next we consider the case S is a finite simple group of Lie type in characteristic 2.
As shown in [F], the Steinberg character of S, of degree |S|2, extends to a character
of a rational representation of Aut(S), whence we are done again.

(iii) From now on we may assume that S is a finite simple group of Lie type, defined
over a finite field Fq of odd characteristic p.

Consider the cases where S = PSUn(q) with n ≥ 4, PSp2n(q) with n ≥ 2, Ω2n+1(q)
with n ≥ 3, PΩ+

2n(q) with n ≥ 5, or PΩ−2n(q) with n ≥ 4. As shown in pp. 1–4
of the proof of [DNT, Theorem 2.1], Aut(S) has a rank 3 permutation character
ρ = 1+α+β, where the characters α and β both restrict nontrivially and irreducibly
to S. Furthermore, exactly one of α and β is of even degree (and both are afforded
by rational representations). Hence we are done by choosing θ ∈ {αS, βS} of even
degree.

The same argument, but applied to a rank 5 permutation character of Aut(S), see
p. 5 of the proof of [DNT, Theorem 2.1], handles the cases S = E6(q) or 2E6(q).
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Suppose that S = PSLn(q) with n ≥ 4. As shown in the proof of [NT1, Propo-
sition 5.5], Aut(S) has a permutation representation, whose character contains a
rational-valued irreducible character γ of (even) degree{

(qn − 1)(qn−1 − 1)/(q − 1)2, q ≡ 1(mod 4),
(qn − 1)(qn−1 − 1)/(q2 − 1), q ≡ 3(mod 4),

with multiplicity one that restricts irreducibly to S. It follows that γ is also afforded
by a rational representation, and we can choose θ = γS.

(iv) In the remaining cases, our choice of θ yields a not necessarily rational, but
still admits a strongly real extension to J := IAut(S)(θ). First, if S = PSL3(q),
then the (unique) character θ ∈ Irr(S) of degree q2 + q extends to Aut(S) by [T,
Lemma 6.2]. Next, if S = G2(q),

2G2(q),
3D4(q), F4(q), or E8(q), then the proof of

[MT, Proposition 4.4] yields a strongly real character θ ∈ Irr(S) of even degree, with
J = S.

If S = PΩ+
8 (3) then by p. 1 of the proof of [MT, Proposition 4.9] we can choose θ

of degree 300.
Suppose now that S = PSL2(q), PSU3(q), or (a simple group of type) D4(q) with

q ≥ 5, or E7(q). Then we can view S as the derived subgroup of a finite Lie-type
group G of adjoint type: G = PGL2(q), PGU3(q), D4(q)ad, or E7(q)ad, respectively.
As shown in the proof of [MT, Proposition 4.5] (for types A1 and E7), Case IIb of
the proof of [MT, Proposition 4.7] (for PSU3), and the proof of [MT, Proposition 4.9]
(for type D4), G contains a strongly real character of even degree that restricts to
an irreducible character θ ∈ Irr(S) with J = G. So we are done in these cases as
well. �

When a finite group G has a nonabelian minimal normal subgroup N , by using
Theorem 2.1, we can produce an irreducible character of N of even degree that is
extendible to (a strongly real character of) its stabilizer in G.

Theorem 2.2. Let G be a finite group with a nonabelian minimal normal subgroup
N � A5. Then there exists ϕ ∈ Irr(N) of even degree such that ϕ(1) ≥ 8 and ϕ is
extendible to a strongly real character of IG(ϕ).

Proof. Since N is a nonabelian minimal normal subgroup of G, we have N ∼= S ×
S × · · · × S, a direct product of k copies of a nonabelian simple group S. Replacing
G by G/CG(N) if necessary, we may assume that CG(N) = 1. Then we have

N �G ≤ Aut(N) = Aut(S) o Sr.

Let θ be an irreducible character of S found in Theorem 2.1 and let OS be the orbit of
θ in the action of Aut(S) on Irr(S). Consider the character ϕ := θ×· · ·×θ ∈ Irr(N).
Then the orbit of ϕ under the action of Aut(N) is

ON := {θ1 × θ2 × · · · × θk ∈ Irr(N) | θi ∈ OS}.



6 NGUYEN NGOC HUNG AND PHAM HUU TIEP

Clearly ϕ is invariant under IAut(S)(θ) o Sk. On the other hand,

|Aut(N) : IAut(S)(θ) o Sk| = |Aut(S) : IAut(S)(θ)|k = |OS|k = |ON |.
Therefore we deduce that IAut(N)(ϕ) = IAut(S)(θ) o Sr.

Assume that θ extends to a strongly real character α of J := IAut(S)(θ), say afforded
by an RJ-module V . Then IAut(N)(ϕ) acts naturally on the R-space V ⊗k, on which
N acts with character ϕ. It follows that ϕ is extendible to the strongly real character
of IG(ϕ) = G ∩ IAut(N)(ϕ) afforded by V ⊗k.

Since θ(1) ≥ 4 in general and θ(1) ≥ 8 when S � A5, we observe that ϕ(1) =
θ(1)k ≥ 8 as long as (S, k) 6= (A5, 1), and we are done. �

Theorem 2.2 can be used to bound the number of irreducible characters of degrees
1 and 2 of finite groups with a nonabelian minimal normal subgroup, as shown in the
next proposition.

Proposition 2.3. Let G be a finite group with a nonabelian minimal normal subgroup
N . Assume that there is some ϕ ∈ Irr(N) such that ϕ is extendible to IG(ϕ). Let
d := ϕ(1)|G : IG(ϕ)|. Then the following hold.

(i) n1(G) ≤ nd(G)|G : IG(ϕ)|.
(ii) If ϕ extends to a strongly real character of IG(ϕ), then

n1,+(G) ≤ nd,+(G)|G : IG(ϕ)|.
(iii) n2(G) ≤ n2d(G)|G : IG(ϕ)|+ 1

2
nd(G)|G : IG(ϕ)|.

Moreover, if ϕ is invariant in G then n2(G) ≤ n2d(G).

Proof. For simplicity we write I := IG(ϕ).

(i) First, since n1(G) = |G : G′| and n1(I) = |I : I ′|, we have n1(G) ≤ |G : I|n1(I).
Therefore, we wish to show that n1(I) ≤ nd(G) where d := ϕ(1)|G : I|.

As N = N ′ ⊆ I ′, the normal subgroup N is contained in the kernel of every linear
character of I so that

n1(I) = n1(I/N).

Recall that ϕ ∈ Irr(N) is extendible to I and so we let χ ∈ Irr(I) be an extension of
ϕ. Using Gallagher’s theorem and Clifford’s theorem (see [Isa1, Corollary 6.17 and
Theorem 6.11]), we see that each linear character λ of I/N produces the irreducible
character λχ of T of degree ϕ(1), and this character in turns produces the irreducible
character (λχ)G of G of degree (λχ)G(1) = ϕ(1)|G : I| = d. It follows that

n1(I/N) ≤ nd(G)

and we therefore have n1(I) ≤ nd(G), as desired.

(ii) For any group X, let X∗ denote the subgroup generated by all x2, x ∈ X.
Then note that n1,+(G) = |G : G∗|, n1,+(I) = |I : I∗|, and I∗ ≤ G∗, whence
n1,+(G) ≤ |G : I|n1,+(I). Furthermore, for any χ ∈ Irr(G) and any strongly real
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linear character λ of G, λ2 = 1G and so χ and χλ have the same Frobenius-Schur
indicator. In particular, χλ is strongly real if and only if χ is. Furthermore, if ρ is
a strongly real character of a subgroup T ≤ G, then so is the induced character ρG.
Now we can argue as in (i) to complete the proof.

(iii) We first claim that

n2(G) ≤ n2(I)|G : I|+ 1

2
n1(I)|G : I|.

Let χ ∈ Irr(G) with χ(1) = 2. Take φ to be an irreducible constituent of χ ↓I .
Frobenius reciprocity then implies that χ in turn is an irreducible constituent of φG.
If φ(1) = 2 then as φG(1) = 2|G : I|, there are at most |G : I| irreducible constituents
of degree 2 of φG. We deduce that there are at most n2(I)|G : I| irreducible characters
of degree 2 of G that arise as constituents of φG with φ(1) = 2. On the other hand, if
φ(1) = 1 then, as φG(1) = |G : I|, there are at most |G : I|/2 irreducible constituents
of degree 2 of φG. As above, we deduce that there are at most n1(I)|G : I|/2
irreducible characters of degree 2 of G that arise as constituents of φG with φ(1) = 1.
So the claim is proved.

Since we have already proved in (i) that n1(I) = n1(I/N) ≤ nd(G), to prove
Proposition 2.3(iii) it suffices to show that n2(I) ≤ n2d(G).

We claim that

n2(I) = n2(I/N)

or in other words, N is contained in the kernel of every irreducible character of degree
2 of I. Let φ ∈ Irr(I) with φ(1) = 2. Since N has no irreducible character of degree 2
and has only one linear character, which is the trivial one, it follows that φN = 2 ·1N .
We then have N ⊆ Ker(φ), as claimed.

Recall that χ ∈ Irr(I) is an extension of ψ. Using Gallagher’s theorem and Clif-
ford’s theorem again, we obtain that each irreducible character µ ∈ Irr(I/N) of degree
2 produces the character (µχ)G ∈ Irr(G) of degree (µχ)G(1) = 2ψ(1)|G : I| = 2d. It
follows that

n2(I/N) ≤ n2d(G),

and thus n2(I) ≤ n2d(G), as desired.
If ϕ is invariant in G then G = I, yielding immediately that n2(G) ≤ n2d(G). �

3. Solvability - Theorem 1.2

In this section, we use the results in Section 2 to prove Theorem 1.2. The next
proposition handles an important case of this theorem.

Proposition 3.1. Let G be a finite group with a nonabelian minimal normal sub-
group. Then acd2(G) ≥ 5/2.
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Proof. Let N be a nonabelian minimal normal subgroup of G. First we assume
that N � A5. Then Theorem 2.2 guarantees that there is ϕ ∈ Irr(N) of even
degree such that ϕ(1) ≥ 8 and ϕ is extendible to the inertia subgroup IG(ϕ). Using
Proposition 2.3, we then have

n1(G) ≤ nd(G)|G : IG(ϕ)|

and

n2(G) ≤ n2d(G)|G : IG(ϕ)|+ 1

2
nd(G)|G : IG(ϕ)|,

where d := ϕ(1)|G : IG(ϕ)|. It follows that

3n1(G) + n2(G) ≤ 7

2
nd(G)|G : IG(ϕ)|+ n2d(G)|G : IG(ϕ)|.

Since ϕ(1) ≥ 8, we have d ≥ 8|G : IG(ϕ)| and hence we can check that (7/2)|G :
IG(ϕ)| < 2d− 5 and |G : IG(ϕ)| < 4d− 5. It follows that

3n1(G) + n2(G) <
∑
2|k≥4

(2k − 5)nk(G),

and thus acd2(G) > 5/2, as desired.
So it remains to consider N ∼= A5. Then N has an irreducible character ϕ of degree

4 that is extendible to Aut(N) (see [Atl, p. 2]), and hence extendible to G as well. It
follows from Proposition 2.3 that n1(G) ≤ n4(G) and n2(G) ≤ n8(G). Thus

3n1(G) + n2(G) ≤ 3n4(G) + n8(G) ≤
∑
2|k≥4

(2k − 5)nk(G).

Again this yields acd2(G) ≥ 5/2 and the proof is completed. �

We are now ready to prove Theorem 1.2, which we restate below.

Theorem 3.2. Let G be a finite group. If acd2(G) < 5/2 then G is solvable.

Proof. Assume, to the contrary, that the theorem is false, and let G be a minimal
counterexample. In particular acd2(G) < 5/2 and G is nonsolvable. Let H E G be
minimal such that H is nonsolvable. Then clearly H is perfect and contained in the
last term of the derived series of G. Choose a minimal normal subgroup N of G such
that N ⊆ H, and when [H,O∞(H)] 6= 1 we choose N ⊆ [H,O∞(H)], where O∞(H)
denotes the largest normal solvable subgroup of H.

In view of Proposition 3.1, we can assume that N is abelian. It follows that the
quotient G/N is nonsolvable since G is nonsolvable. By the minimality of G, we must
have acd2(G/N) ≥ 5/2. So

acd2(G) < 5/2 ≤ acd2(G/N).
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Since nk(G/N) ≤ nk(G) for every positive integer k and n1(G/N) = n1(G) asN ⊆ G′,
it follows that n2(G/N) < n2(G) and thus there exists χ ∈ Irr(G) such that χ(1) = 2
and N * Ker(χ).

It then has been shown in the proof of [ILM, Theorem 2.2] that G = LC is a
central product with the amalgamated subgroup N = Z(L) of order 2, where

L = SL2(5) and C/Ker(χ) := Z(G/Ker(χ)).

Since G = LC is a central product with the central amalgamated subgroup N ,
there is a bijection (α, β) 7→ τ from Irr(L|N) × Irr(C|N) to Irr(G|N) such that
τ(1) = α(1)β(1). If (α, β) 7→ χ under the above bijection, we must have β(1) = 1
since L ∼= SL(2, 5) and there are only three possibilities for α(1), namely 2, 4, and 6.
So β ∈ Irr(C|N) is an extension of the unique non-principal linear character of N .
Using Gallagher’s theorem, we then have a degree-preserving bijection from Irr(C/N)
to Irr(C|N). In particular, n1(C|N) = n1(C/N). Since G/L ∼= C/N and L ⊆ G′, we
have

n1(C|N) = n1(C/N) = n1(G).

Employing the arguments in the proof of [MN, Theorem B], we can evaluate and
estimate n2(G), n4(G), and n6(G) in terms of n1(G) as follows:

(i) n2(G) = 2n1(G) + n2(C/N),
(ii) n4(G) ≥ 2n1(G), and

(iii) n6(G) ≥ n1(G) + 2n2(C/N).

Now putting all things together, we have∑
2|k≥4

(2k − 5)nk(G) ≥ 3n4(G) + 7n6(G)

≥ 6n1(G) + 7(n1(G) + 2n2(C/N)

= 13n1(G) + 14n2(C/N)

> 3n1(G) + n2(G).

It then follows that acd2(G) > 5/2 and this is a contradiction. �

4. Normal Sylow 2-subgroup - Theorem 1.1

The next lemma is crucial in the proof of Theorem 1.1.

Lemma 4.1. Let G = N oM where N is an abelian group. Assume that no non-
principal irreducible character of N is invariant under M . If acd2(G) < 4/3 then
there is no orbit of even size in the action of M on the set of irreducible characters
of N .

Proof. Let {1N = α0, α1, . . . , αf} be a set of representatives of the action of M on
Irr(N). For each 1 ≤ i ≤ f , let Ii be the inertia subgroup of αi in G. Since no
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nonprincipal irreducible character of N is invariant under M , we observe that every
Ii is a proper subgroup of G.

Assume, to the contrary, that there is some orbit of even size in the action of M
on Irr(N). Then there exists some index 1 ≤ i ≤ f such that |G : Ii| is even. For
0 ≤ i ≤ f , set

ni,1 := n1(Ii/N), ni,even :=
∑
2|k

nk(Ii/N), si,even :=
∑

λ∈Irr(Ii/N), 2|λ(1)

λ(1).

Since G splits over N , it is clear that every Ii also splits over N . It follows that
αi extends to a linear character, say βi, of Ii as αi is linear. Gallagher’s theorem
then implies that the mapping λ 7→ λβi is a bijection from Irr(Ii/N) to the set of
irreducible characters of Ii lying above αi. Using Clifford’s theorem, we then obtain
a bijection λ 7→ (λβi)

G from Irr(Ii/N) to the set of irreducible characters of G lying
above αi. We note that (λβi)

G(1) = |G : Ii|λ(1) and hence (λβi)
G(1) is even if and

only if either |G : Ii| is even or λ(1) is even.
We have∑
χ∈Irr(G),χ(1)=1 or even

χ(1) = n1(G/N) +
∑

|G:Ii| even

|G : Ii|ni,1 +

f∑
i=0

|G : Ii|si,even

≥ n1(G/N) +
∑

|G:Ii| even

|G : Ii|ni,1 + 2

f∑
i=0

|G : Ii|ni,even.

On the other hand,

∑
χ∈Irr(G),χ(1)=1 or even

χ(1) = acd2(G)

n1(G/N) +
∑

|G:Ii| even

ni,1 +

f∑
i=0

ni,even

 .

Therefore, we deduce that∑
|G:Ii| even

(|G : Ii| − acd2(G))ni,1 +

f∑
i=0

(2|G : Ii| − acd2(G))ni,even

≤ (acd2(G)− 1)n1(G/N).

Since acd2(G) < 4/3 and |G : Ii| ≥ 1 for every 0 ≤ i ≤ f , it follows that∑
|G:Ii| even

(|G : Ii| − acd2(G))ni,1 ≤ (acd2(G)− 1)n1(G/N)

and hence

(|G : Ij| − acd2(G))nj,1 ≤ (acd2(G)− 1)n1(G/N)

for some 1 ≤ j ≤ f such that |G : Ij| is even.
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Observe that n1(G/N) = |(G/N) : (G/N)′| and nj,1 = n1(Ij/N) = |(Ij/N) :
(Ij/N)′|. Therefore n1(G/N) ≤ |G : Ij|nj,1. It follows from the above inequality that

(|G : Ij| − acd2(G))nj,1 ≤ (acd2(G)− 1)|G : Ij|nj,1,

and thus

|G : Ij| ≤
acd2(G)

2− acd2(G)
.

This is impossible since |G : Ij| ≥ 2 and acd2(G) < 4/3, and the proof is complete. �

We now prove the main Theorem 1.1, which is restated below.

Theorem 4.2. Let G be a finite group. If acd2(G) < 4/3 then G has a normal Sylow
2-subgroup.

Proof. We will argue by induction on the order of G. We have acd2(G) < 4/3 and
therefore by Theorem 1.2, G is solvable. If G is abelian then there is nothing to prove,
so we assume that G is nonabelian. We then choose a minimal normal subgroup N
of G such that N ⊆ G′. As G is solvable, we have that N is abelian.

Since N ⊆ G′, if an irreducible character of G has kernel not containing N , its
degree must be at least 2. We therefore deduce that acd2(G/N) ≤ acd2(G) < 4/3 and
it follows from the induction hypothesis that G/N has a normal Sylow 2-subgroup,
say Q/N .

If N is a 2-group then Q is a normal Sylow 2-subgroup of G, and we are done. So we
assume from now on that N is an elementary abelian group of odd order. The Schur-
Zassenhaus theorem then implies that Q = N o P where P is a Sylow 2-subgroup
of Q (and G as well). By Frattini’s argument, we have G = QNG(P ) = NNG(P ).
Therefore, if N is contained in the Frattini subgroup of G, we would have G = NG(P )
and we are done. So we assume that N is not contained in the Frattini subgroup of
G, and thus there exists a maximal subgroup M of G such that N * M . We then
have G = NM and N ∩M < N . As N is abelian, it follows that N ∩M is a normal
subgroup of G, and hence N ∩M = 1 by the minimality of N . We conclude that
G = N oM .

If N ⊆ Z(G), then we would have Q = N × P , so that P � G, and we are done
again. So we assume that N is noncentral in G. Thus, by the minimality of N ,
we have [N,G] = N . It follows that no nonprincipal irreducible character of N is
invariant under M .

We are now in the situation of Lemma 4.1, and therefore we conclude that there is
no orbit of even size in the action of M on the set of irreducible characters of N . In
particular, there is no orbit of even size in the action of P on the set of irreducible
characters of N . This means that P acts trivially on N since P is a 2-group. Now
we have Q = N × P � G and, as N has odd order, we deduce that P � G and this
completes the proof of the theorem. �



12 NGUYEN NGOC HUNG AND PHAM HUU TIEP

5. Strongly real characters - Theorem 1.3

In this section we prove Theorem 1.3. We first prove Theorem 1.3(i).

Theorem 5.1. Let G be a finite group. If acd2,+(G) ≤ 2 then G is solvable.

Proof. Since there is nothing to prove if G is abelian, we assume that G′ is non-
trivial. Let N ⊆ G′ be a minimal normal subgroup of G. If a strongly real character
χ ∈ Irr(G) has kernel not containing N , its degree must be at least 2, which is above
the average acd2,+(G). We therefore deduce that

acd2,+(G/N) ≤ acd2,+(G) ≤ 2.

Working by induction, we now can assume that N is nonabelian.
By Theorem 2.2, there exists ϕ ∈ Irr(N) of even degree such that ϕ(1) ≥ 4 and

ϕ extends to a strongly real character of IG(ϕ). (Note that we assumed N � A5 in
Theorem 2.2, but when N ∼= A5 one can choose ϕ to be the irreducible character of
degree 4, and this character is extendible to a strongly real character of S5.) We then
apply Proposition 2.3 to have

n1,+(G) ≤ nd,+(G)|G : IG(ϕ)|,
where d := ϕ(1)|G : IG(ϕ)|. Since ϕ(1) ≥ 4, it follows that

|G : IG(ϕ)| < 4|G : IG(ϕ)| − 2 ≤ d− 2,

and so
n1,+(G) < (d− 2)nd,+(G) ≤

∑
2|k

(k − 2)nk,+(G).

Therefore we have

acd2,+(G) =
n1,+(G) +

∑
2|k knk,+(G)

n1,+(G) +
∑

2|k nk,+(G)
> 2,

and this completes the proof. �

To prove Theorem 1.3(ii), we begin with two known observations on strongly real
characters.

Lemma 5.2. Let N be a normal subgroup of a finite group G such that G/N has odd
order. Then every strongly real character ϕ ∈ Irr(N) lies under a unique strongly
real irreducible character of G.

Proof. This is [MT, Lemma 2.1(ii)]. �

Lemma 5.3. Let N�G be such that G/N is a 2-group. Assume that ϕ ∈ Irr(N) has
2-defect 0, and that ϕ is G-conjugate to ϕ. Then there exists a strongly real character
χ ∈ Irr(G) such that [χN , ϕ]N = 1.

Proof. This is [T, Lemma 2.5]. �
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We also need the following observation.

Lemma 5.4. Let P be a 2-group acting on an abelian group N of odd order such
that N is the unique minimal normal subgroup of N oP . Then |N |−1 ≥ |P : Φ(P )|,
where Φ(P ) is the Frattini subgroup of P .

Proof. Suppose that N is a product of n copies of the cyclic groups Cq, where q is a
prime. Since N is the only minimal normal subgroup of N o P , we have CP (N) =
1, and the action of P on N induces a faithful irreducible representation X of P
over the field Fq. We extend this representation to the representation XFq over the

algebraically closure Fq. Since |P | is even and q is odd, by Maschke’s theorem, XFq

is completely reducible, and moreover, is faithful since X is faithful. Using the Fong-
Swan theorem [Nav, Theorem 10.1] on lifts of irreducible Brauer characters in solvable
groups, we conclude that P has a complex faithful character, say χ, of degree n.

Now we apply [Isa2, Theorem A] to deduce that the number of generators in a
minimal generating set for P , say d(P ), is at most (3/2)(n − s) + s, where s is the
number of linear constituents of χ. In particular, d(P ) ≤ [3n/2], and it follows that

|P : Φ(P )| ≤ 2[3n/2].

As it is easy to check that 2[3n/2] ≤ 3n − 1 for every positive integer n, we then have

|P : Φ(P )| ≤ 3n − 1 ≤ qn − 1 = |N | − 1,

and the lemma follows. �

Lemmas 5.3 and 5.4 allow us to control acd2,+(G) in the following special situation.

Proposition 5.5. Let G = NoP be a split extension of an elementary abelian group
of odd order N by a nontrivial 2-group P . Assume that N is the unique minimal
normal subgroup of G. Then acd2,+(G) ≥ 4/3.

Proof. It is well known that groups of odd order have no non-principal real irreducible
character. Therefore 1N is the only real irreducible character of N . It follows that
every (strongly) real linear character of G has N inside its kernel. In particular,

n1,+(G) = n1,+(G/N) = n1,+(P ) = |P : Φ(P )|.
Together with Lemma 5.4, this implies that

n1,+(G) ≤ |N | − 1.

Hence, we can find s disjoint P -orbits Ω1, . . . ,Ωs on Irr(N)r {1N} of size k1, . . . , ks,
such that

k1 + . . .+ ks ≥ n1,+(G).

From the hypotheses, we know that P acts irreducibly and faithfully on N , and
therefore on Irr(N) as well since the two actions are permutationally isomorphic.
Therefore, each nontrivial character in Irr(N) is inverted by a central involution of P .
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In other words, for any nontrivial ϕ ∈ Irr(N), ϕ and ϕ are P -conjugate. Lemma 5.3
then guarantees that there is a strongly real character χ{ϕ,ϕ} ∈ Irr(G) lying above
both ϕ and ϕ with [χN , ϕ]N = 1. Since IG(ϕ) splits over N , ϕ is extendible to
IG(ϕ), and hence χ{ϕ,ϕ}(1) = |G : IG(ϕ)|, which is an even number since ϕ is not
G-invariant.

Applying the above argument to λi ∈ Ωi, we get a strongly real character χi ∈
Irr(G) of even degree ≥ ki ≥ 2; in particular, s ≤ (

∑s
i=1 ki)/2 and so

3
s∑
i=1

ki − 4s ≥
s∑
i=1

ki ≥ n1,+(G).

It follows that the average degree of these s characters χ1, . . . , χs and the (strongly)
real linear characters of G is at least

n1,+(G) +
∑s

i=1 ki
n1,+(G) + s

≥ 4

3
.

Since any other strongly real irreducible character of G has degree at least 2, we
conclude that acd2,+(G) ≥ 4/3. �

The proof of Theorem 1.3 is completed by

Theorem 5.6. Let G be a finite group. If acd2,+(G) < 4/3 then G has a normal
Sylow 2-subgroup.

Proof. We assume that the statement is false, and let G be a minimal counterexample.
In particular, G is non-abelian. Let N be a minimal normal subgroup of G such
that N ⊆ G′. As before, it follows that the degree of every strongly real, irreducible
character ofG whose kernel does not containN is at least 2, and hence acd2,+(G/N) ≤
acd2,+(G) < 4/3. By the minimality of G, we then deduce that G/N has a normal
Sylow 2-subgroup, and thus NP �G, where P is a Sylow 2-subgroup of G.

Since acd2,+(G) < 4/3 < 2, Theorem 5.1 guarantees that G is solvable, and so N
is elementary abelian. If N has even order, then NP = P and we would be done. So
we may assume that N is an elementary abelian group of odd order, and moreover,
G has no non-trivial normal 2-subgroup.

We observe that each strongly real linear character of G restricts to a strongly
real linear character of NP , and moreover, by Lemma 5.2, each strongly real linear
character of NP lies under a unique strongly real linear character of G. It follows that
n1,+(NP ) = n1,+(G). This and Lemma 5.2 imply that acd2,+(NP ) ≤ acd2,+(G) <
4/3. Thus, if NP < G, then by the minimality of G, we have P � NP so that
NP = N×P , and hence P �G, a contradiction. So we may assume that G = NoP .
Since G has no non-trivial normal 2-subgroup, we see that N is the unique minimal
normal subgroup of G.

Now we have all the hypotheses of Proposition 5.5, and therefore we conclude that
acd2,+(G) ≥ 4/3. This contradiction completes the proof. �
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[Itô] N. Itô, Some studies on group characters, Nagoya Math. J. 2 (1951), 17–28.
[Man] O. Manz, On the modular version of Ito’s theorem on character degrees for groups of odd

order, Nagoya Math. J. 105 (1987), 121–128.
[MW] O. Manz and T. R. Wolf, Brauer characters of q′-degree in p-solvable groups, J. Algebra

115 (1988), 75–91.
[MT] S. Marinelli and Pham Huu Tiep, Zeros of real irreducible characters of finite groups,

Algebra Number Theory 7 (2013), 567–593.
[Mic1] G. O. Michler, Brauer’s conjectures and the classification of finite simple groups, Lecture

Notes in Math. 1178, Springer, Berlin, 1986, 129–142.
[Mic2] G. O. Michler, A finite simple group of Lie type has p-blocks with different defects, p 6= 2,

J. Algebra 104 (1986), 220–230
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