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ABSTRACT. Nearly all classical inf-sup stable mixed finite element methods for the incompress-
ible Stokes equations are not pressure-robust, i.e., the velocity error is dependent on the pressure.
However, recent results show that pressure-robustness can be recovered by a non-standard discret-
ization of the right hand side alone. This variational crime introduces a consistency error in the
method which can be estimated in a straightforward manner provided that the exact velocity solu-
tion is sufficiently smooth. The purpose of this paper is to analyze the pressure-robust scheme with
low regularity. The numerical analysis applies divergence-free H!'-conforming Stokes finite element
methods as a theoretical tool. As an example, pressure-robust velocity and pressure a-priori error
estimates will be presented for the (first order) nonconforming Crouzeix—Raviart element. A key
feature in the analysis is the dependence of the errors on the Helmholtz projector of the right hand
side data, and not on the entire data term. Numerical examples illustrate the theoretical results.

1. INTRODUCTION

Nearly all inf-sup stable mixed finite elements methods for the incompressible Stokes problem on
shape-regular meshes (with constant v > 0)

—vAu+Vp=f, in Q,
—V.-u=0, in Q

relax the divergence constraint and, as a result, their a priori velocity error estimates have the form

. ~-1 .

= wnllg < O int Ju=wallin+v" inf o= anl)
with a constant C' = O(1) > 1 independent of h, v, and (u,p) [15, 7, 25]. Here, X, denotes the space
of discrete velocity functions, @5, denotes the space of discrete pressure functions, ||-||1,5, denotes some
(possibly discrete) H! norm, and ||-|| denotes the L? norm. While such discretization schemes are
relatively popular, they may not be the best possible ones from a qualitative point of view. Indeed, it
is possible to construct inf-sup stable, H'-conforming schemes, which fulfill an a priori velocity error
estimate of the form
[Vu — Vug|| < C inf [[Vu— Vwyl,
whrEX

with some (possibly different) constant C' = O(1) > 1, and some H'-conforming discrete velocity
space X . Such schemes, which do not relax the divergence-free constraint, are called divergence-free
[45, 44, 40], and require the identity V - X, = Q@p; they have become — modestly — popular only
very recently [46, 18, 19, 47, 38, 34, 17, 9, 33, 11, 31, 12, 39, 3, 30].

The main advantage of divergence-free schemes is that they are pressure-robust [20, 28, 27, 29], i.e.,
their velocity error is independent of the pressure. Classical inf-sup stable schemes guarantee a small
velocity error whenever the velocity w and the scaled pressure %p can be accurately approximated on
a given regular finite element mesh. Numerical errors of classical mixed methods that arise in such
a case are often called poor mass conservation [20, 14, 2, 26, 24]. Instead, pressure-robust schemes
guarantee a small velocity error whenever the velocity uw alone can be accurately approximated. Even
further, for many pressure-robust schemes, it was recently proven that even some discrete a-priori
pressure estimates can be pressure-independent. In such cases one can show that the difference of the
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discrete pressure to the best approximation [29, 20] or some projection [22] of the continuous pressure
is only velocity-dependent.

Quite recently it was realized that the pressure-dependence of the velocity error of inf-sup stable
Stokes discretizations is due to a lack of L? orthogonality of gradient fields and discretely divergence-
free test velocity test functions [25]. This means that nearly all inf-sup stable Stokes discretizations
can be made pressure-robust [25, 29, 22, 21, 1] by only replacing the standard discretization of the
right hand side

. .7'rF
Kzf ’l)hdx—)/ﬂf (’Uh)dl’,

while the Stokes stiffness matriz remains unchanged. Here, %" is an appropriate velocity reconstruc-

tion operator that approximates discretely-divergence-free test functions by divergence-free ones in
the sense of H(div).

Using a non-standard velocity test function in the discretization of the right hand side introduces
a variational crime and a consistency error [25]. Classical estimates of the consistency error require
a minimal regularity of w € H'"*(Q) with s > 1/2 in order for edge integrals to be defined. For the
nonconforming Crouzeix—Raviart element with the standard BDM; Fortin interpolator as velocity
reconstruction operator 7', such classical arguments deliver optimal error estimates [5]. However,
the behavior of the consistency error in the case of a low regularity s < 1/2 is not addressed. This
question seems to be important, since assuming f € L2(Q) and assuming homogeneous Dirichlet
velocity boundary conditions for a (polygonal) slit domain yields a velocity regularity w € H 3/2=€(q).
Further, assuming different kind of boundary conditions such a low regularity is typical [13].

New ideas have recently been proposed to handle consistency errors in the case of low regularity
[16, 32, 23]. In the paper [32] the consistency error of nonconforming finite element methods for scalar
diffusion equations is represented as a Céa-lemma like term and a data oscillation term that vanishes
with optimal order. This estimate is performed using some finite element interpolation operator
that maps nonconforming finite element functions to H' conforming ones. In [23] this approach is
extended to classical inf-sup stable discretizations of the incompressible Stokes problem, which are
not pressure-robust.

In this contribution, we will now extend the (scalar) approach of [32] to the pressure-robust modific-
ation of the Crouzeix—Raviart Stokes element using the velocity construction operator wf = ﬂgDMl.
The main challenge is to avoid any pressure-dependent terms in the estimate of the consistency
error. Moreover, the data (oscillation) term should not depend on f, but only on its Helmholtz
projection P(f), i.e., its divergence-free part, since the irrotational part of f corresponds to the
pressure gradient Vp [25]. These goals will be achieved by constructing some finite element interpol-
ation operator that maps nonconforming discretely-divergence-free Crouzeix—Raviart finite element
functions to divergence-free H' conforming vector fields. The approach exploits recent progress on
the construction of divergence-free, inf-sup stable mixed methods for the Stokes equations and uses
rational bubble functions [18, 19, 20]. A preliminary version of this contribution was presented in
F. Neumann’s master thesis [35].

2. PRELIMINARIES

Let Q € R? with d € {2,3} be a domain with polyhedral boundary 9. Slit domains are explicitly
allowed. We denote by (-,-)p the L? inner product over a d-dimensional domain D C , and drop
the subscript in the case D = Q. The L? inner product over a k-dimensional domain D, with k < d,
is denoted by (-,-)p. The L? norm over D is denoted by | - || p, and again, we drop the subscript if
D = Q. For a number m > 0, we denote by || - ||,» the H™ norm over €.

We consider the steady incompressible Stokes equations with homogeneous boundary conditions
to be our model problem

—vAu+Vp=f, in Q,
(2.1) —V-u=0, in Q,
u =0, on Of.
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Here, we assume f € L*(Q) := L?(Q)¢ and v > 0 denotes the kinematic viscosity. Introducing trial
and test spaces X := H}(Q) := H}(Q)?, Q := L3(Q) and bilinear forms

a(u,v) =v | Vu: Vodz, b(u,q) = —/ q(V - u)de,
Q Q
the weak formulation of (2.1) reads: Find (u,p) € X x @ such that for all (v,q) € X x @Q it holds

a(u,v) 4+ b(v,p) = (f,v),

22) b, q) = 0.

Over the space of weakly divergence-free functions
(2.3) Vi={veX:bvq=0 VgeQ},

we can formulate (2.2) as an elliptic equation for the velocity alone: Seek uw € V' such that for all
v €V it holds

(2.4) a(u,v) = (f,v).

In the following, we recall some fundamental properties of the Helmholtz decomposition and of the
corresponding Helmholtz projector [41, 20]. First, we introduce the following space of divergence-free
L? vector fields

(2.5) L2(Q) = {w e L*(Q) : —(w,V¢) = 0 for all ¢ € H(Q)}.

Note that for a vector field w € L*(Q), the mapping ¢ € C3°(Q)¢ — —(w, V) denotes the distribu-
tional divergence of w. Therefore, all vector fields in Li (Q) are weakly divergence-free. Further, it
holds w - n = 0 at the boundary of Q. From the definition (2.5), one recognizes that all divergence-
free, smooth vector fields with compact support belong to L2(Q). Indeed, L2(f) is the topological
closure of the these vector fields with respect to the H (div)-norm.

Theorem 2.1 (Helmholtz Decomposition). Let 2 C R? be a polyhedral domain. Then, any vector
field f € L*(Q) can be uniquely decomposed into a gradient of a scalar potential ¢ € H'(Q)/R and
a divergence-free vector field 4 € L2(f):

(2.6) f=Vo+1p.

Proof. For a given vector field f € L*(Q) one defines the following (well-posed) problem: Find
¢ € HY(Q)/R such that for all x € H(Q)/R it holds

(Vo, Vx) = (f, Vx),

which allows us to introduce 1 := f — V¢ € L*(2). Obviously, it holds ¥ € L?(Q). Further, V¢ and
ab are orthogonal in L*(Q) by the definition of L2 (Q), thus implying the uniqueness of the Helmholtz
decomposition. q.e.d.

Definition 2.2. For f = V¢ + 1 € L*(Q) with ¥ € L2(Q), one defines P(f) = ¥, i.e., P(f) is the
divergence-free component of f.

Remark 2.3. The most important property of the Helmholtz projector in the following is that it
holds for all x € H*():

P(Vx) =0,

which is a consequence of the uniqueness of the Helmholtz decomposition (2.6).
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3. DISCRETE FORMULATIONS

In this section, we introduce the standard nonconforming Crouzeix—Raviart finite-element for dis-
cretising the Stokes equations. To this end, we first require some notation. We denote by T, a
conforming, shape-regular, simplicial triangulation of €2, and by ]:,{ and ]:f? the set of (d — 1)-
dimensional interior and boundary faces, respectively. For a face f € Fj = ]-',{ U ]-',f; , we denote
its barycenter by my and its diameter by h;. For an element T € 7}, we denote by F;(T) and hrp,
the set of j-dimensional subsimplices of T', and the diameter of T', respectively. The set of interior
and boundary j-dimensional subsimplices of T" are denoted by .7-']-1 (T') and fJB (T'), respectively. We
denote the outward unit normal of a (d — 1)-dimensional face f € Fj by ny. For f € F;(T), let

{Fi}?;lj C Fa-1(T) be the (d — 1)-dimensional faces such that f C 9F;. We then set ngf) =mnpg,, and
note that {n}l)}f:_f spans the orthogonal subspace of the tangent space of f.
For an interior face f = 0T NOT_ € F}, we define the jump of a scalar or vector-valued function

von f by
Wil =vilp —v-lp, vt =07,

For a boundary face f = 9Ty NN € FP, we set [v]|f = vil|s. In addition, for a j-dimensional
simplex f, we define the average of v on f by

1
=== vrly,
712

where Ty C Tj denotes the set of simplices that have f as a subsimplex, || is the cardinality of the
set, and vy := v|p. In the case j = d — 1, we shall omit the subscript, i.e., we write {v} = {v}; when
f € fh

The Crouzeix—Raviart finite element spaces are given by
CR(Q) := {vy, € P1(Th), vn(my) is single-valued, f € Fy},
CRo(Q) := {v, € CR(Q) : vp(my) =0, Vfe FP},

where Pr(7T,) with k£ € N denotes the space of piecewise kth degree polynomials with respect to the
partition 7. We set

Xy = CRo(Q)d, Qh = L(Q)(Q) N ,PO('Th)’

and let Vj, and Vj- denote the piecewise gradient and piecewise divergence operators respectively,
i.e.,

Vi X — L2 Q)™ (Vyon)|, = V(vil,), VT € T,
Vi: X — L*Q),  (Va-va)|, =V (vn|,), VT €T

For the discrete analogs of the bilinear forms a(-,-), b(,-) we define ax(-,-), bn(:,-) piecewise over
each element T € Ty,:

ap: Xpx Xy — R, ah(uh,vh) = V(thh,vhvh),
br: X x Qn — R, bu(un, qn) == —(qn, Vi - un).

The classical discrete formulation of (2.2) reads as follows: Find (up,pn) € Xp X Qn such that for
all (v, qn) € Xp X Qp it holds

an(up,vp) + bp(vn,pr) = (f,vn),

(38:1) by (wn,qn) = 0.

Over the space of discretely divergence-free functions,

V= {’Uh e Xy bh(’uh,qh) =0, for all qn € Qh},
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problem (3.1) can be reformulated solely in terms of the velocity unknown: Find uj, € V', such that
for all v, € V', it holds

(3:2) an(un,vn) = (f,vn).
The next two results are standard, and can be found, e.g., in [7] and [6], respectively.

Theorem 3.1. The Crouzeix—Raviart finite-element pair (X, Q) is inf-sup stable. There exists a
constant 8* > 0 independent of h with

|bh(vh7Qh)|| > 3> 0.

inf sup
0 €Qn\{0} v, e x\ {0} |gnllIVrvn
We note that for the discrete inf-sup constant of the Crouzeix—Raviart element holds g* > 3, where
[ denotes the continuous inf-sup constant.

Lemma 3.2. There holds for all v, € X},

S a7 [lwnll[; < ClIVaval?.
feFn

3.1. A pressure-robust Crouzeix—Raviart element via velocity reconstructions. As argued
in [25, 4], the classical Crouzeix—Raviart element is only discretely divergence-free, as it relaxes
the L2-orthogonality against arbitrary gradient fields. This leads to error estimates which are not
pressure-robust, and hence depend on the inverse viscosity »~* > 0 and the irrotational part of the
right-hand side f € L? (©2). Here we describe a relatively simple procedure that recovers pressure-
robustness by mapping discretely divergence-free test functions to LZ(Q).

Set Y, = P1(Tn)NH(div; ) to be the lowest order Brezzi-Douglas-Marini space [8, 7], consisting
of piecewise linear vector-valued functions. Here, H(div; ) denotes the space of L*(2) functions
with divergence in L?(Q), whose normal component vanishes on 9. We recall that any wy, € Y, is
uniquely determined by the moments

/'w~nfqu Yar, € P1(f), er]-'é.
f

We define the Fortin projection 7BPM: X + X, — Y}, as the unique operator satisfying

(3.3) /f(TrBDM'v) “npgnds = /f{v ‘nrtqnds Vg, € Pi(f), Vf € Fi.
Lemma 3.3. There holds
(3.4) > by — wBPMy|7 < €|Vl %,
T67-h

(3.5) [V PPMo|| < O Vi
for all v € X + X, and
(3.6) > b Mo = wPPMy 3 < Ol

TeTh

for all v € H'™(Q) N H(Q). Moreover, V - wPPMy = 0 for all v € V + V.

Proof. The proof of (3.4)—(3.6) in the case v € X can be found in [7].
Let v;, € X, and set v = 'uh|T for some T € 7. Since the values wy, - nf‘f (f € Faur(T))

BDM,U

uniquely determine any wy, € P1(T), and since (v, — 7 h)| + € Pi(T), a scaling argument and

the shape-regularity of 7, show that
hptlon — 7Mooz <0 Y0 B (or — 77PN gl
fE€Fa—1(T)
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BDM,U

Because (vr —wPPMyy, ) -ny = £1[v, -nglon f € Ff and (vr—7 n) mp=vr-ngon f€FP,

we have by Lemma 3.2,
> bt on =7 PPMuylz < C Y [wallF < ClIVaonl*.
TETh fe€Fn
This proves (3.4). The stability estimate (3.5) follows from (3.4) and an inverse estimate.
Finally, let v € V + V, so that V, - v = 0 and ff{'u ‘nystds = ffv -nyds for all f € Fj,. Then
by the divergence theorem, we have for each T € Ty,

/V-ﬂ'BDMvdx:—/ (ﬂ'BDM’U)~’ndS:—/ (v-n)ds:/v~vd:z::0.
T oT oT T

Thus, V - wBPMy = 0. q.e.d.
We repair all occurring L?-orthogonalities by introducing the following variational crime:

an(wn,vp) + b (vp,pp) = (F, 2PMoy,) Yu, € X,

3.7
(3.7) by (wn,qn) =0 Van € Qn.

Restricting (3.7) to V', and applying the Berger—Scott—Strang lemma gives us the following abstract
error estimate that decomposes the error into two parts: one that measures the interpolation error
and another that measures the consistency error.

Lemma 3.4 (Berger—Scott—Strang). Let w € X be the continuous solution of (2.2) and u;, € Vi,
the discretely divergence-free solution of (3.7). Then the error satisfies

. _ Ch(u,w
IValu—wn)| < inf [Va(w—wp) 4070 sup 1O
wnEVn wievi\o}  [IViwal

where the consistency error is given by Cj,(u, wy) = ap(u,wy) — (f, #BPMawy,).

4. CONFORMING AND DIVERGENCE-FREE ELEMENT

In this section we present the conforming and divergence-free finite-element introduced in [18, 19].
These elements are constructed by enhancing a family of H (div; 2)-conforming elements with rational
bubble functions such that they possess tangential continuity.

For a simplex T € T, let {a;}¢_, = Fo(T) and {\;}&_, C P1(T) denote the vertices and barycentric
coordinates of T, i.e., A; is the unique linear polynomial satisfying A;(a;) = d; ;. In two dimensions,
we label the edges F1(T) = {e;}7_, such that a; is not a vertex of e;. Likewise, in three dimensions,
we label the faces Fo(T') = {f;};_, such that a; is not a vertex of f;.

The edge/face bubble functions and volume bubble function are given by

d d
bi= [N €Pall),  br:=]]X €Para(D)
7=0

=0
J#i
and the rational edge/face bubble functions are given by (mod d)

d
B; = bTbl/H()\’L +)\i+j)> for0<); <1, 0< >‘i+j <1,

j=1
Bi(a;+j) =0, else.
We note that B; € WQ’OO(T), Bi|BT = 0, VB”@T = —|V)\Z|blnfl (Cf [18, 19] for details). In

particular, the rational bubble functions and its derivatives reduce to polynomial functions on the
boundary of each element.

We set N,—1(T) := {wp € Pim—1(T) : wy, - x € Pp—1(T)} to be the (local) H(curl; ) Nedelec
space of index m — 1 [36], and define the local space of divergence—{ree polynomials (m > 1)
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Q,.(T) :={vy € Pw(T): (vn,pp)r =0, Vp, € Nyp_1(T) and
<’Uh -nf,mh>f =0Vkp € Pm_1(f), f S fd_l(T)}.
Note that Vg, € N,,—1(T) for g, € Pp—1(T), and therefore

/(V~wh)qhdm:—/ wh-thdx—i—/ (wp -n)grds =0 Ywy, € Q,,(T), gn € Pm-1(T).
T T T

Thus, functions in Q,,(T) are divergence—free as claimed. Moreover, since any v, € P, (T) is
uniquely determined by the moments (vp, py,)r and ((vi - 1), kp) ¢ for p, € Np—1(T) and &y, €
P (f) (cf. [37]), we conclude that the dimension of Q,,(T) is dim Q,,(T) = (d+1)( dim Py, (R*~*) —
dim Pp,—1 (R41)) = (d+ 1) (mCth). This discussion also shows that Q,,,(T) N P.—1(T) = {0}.

We set
(4.1) M(T) := Pi(T) Bj=1 Qpoy;(T) C Prya—1(T)

to be the local H (div;)-conforming finite element space with continuity at the vertices introduced in
[18, 19] (also see [10, 42])

To summarize the divergence-free finite element spaces constructed in [18, 19] we discuss the two
and three dimensional cases separately.

4.1. Two-dimensional construction. This section summarizes the two-dimensional family of divergence-
free (yielding) finite elements constructed in [18]. As a first step, for an integer k > 1, we define the
auxiliary space consisting of divergence-free rational bubble functions:

2
U(T) =Y curl(B;A} (T)),
i=0
AL (T) s = {an € Prea(T) : (ans Bipn)r = 0 ¥pi, € Pra(T)} (k = 2),
and A(()i)(T) = Po(T). Here, curl = (9/0xy, —0/dz1)" is the two-dimensional vector curl operator.
Note that the dimension of Af;il(T) is k, and therefore dimU(T) = 3k. In addition, due to the

properties of the rational bubble functions, there holds zp|sr € Pr41(9T) for 2z, € U(T).
The local space of the divergence-free conforming element is then given by

Wi(T) = My(T) © U(T),
where M, (T') given by (4.1) with d = 2. Since dim Q,,,(T) = 3, we find that
dimW(T)=(k+2)(k+1)+3+3k=(k+5)(k+1).

A unisolvent set of degrees of freedom is given in the next lemma (cf. [18, Lemma 5.1]). For
completeness, we provide the proof in the appendix.

Lemma 4.1. The following degrees of freedom are unisolvent over W (T):

(4.2a) vy (a) Va € Fo(T)
(4.2b) (U, Kh)e Vkp, € Pr—1(e), e € F1(T),
(4.2¢) (vn,pp)r Vpp € Ni—a(T).

Remark 4.2. The rational bubble functions and local spaces are constructed such that W (T')|or C
Pr+1(0T). Since the boundary degrees of freedom (4.2a)—(4.2b) are the same as the Lagrange finite
element space of degree (k-+1), we see that the degrees of freedom (4.2) induce an H*(€)-conforming
finite element space.

For given k > 1 we set
W, = WZ = {’Uh € X: 'Uh|T € Wk(T), VT € 771}

as the two-dimensional, globally H'! (Q)-conforming finite element space. The degrees of freedom
(4.2) induce a Fortin operator which satisfies the following properties; see [18] for details.
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Proposition 4.3. There exists 7, : X — WZ such that, for all v € X,
/ (V- mpo)gpde = /(V ‘v)grpdx Vg € Pr—1(Th) N Q,
Q Q

and
V7| < Cf[Vo.

Furthermore, if k£ > 2, then

/ﬂ'hvdx:/vdx VT € Tp.
T T

The following lemma extends the results of Proposition 4.3 by constructing a Fortin-type operator
on the Crouzeix-Raviart element space X}, in two dimensions.

Lemma 4.4. For each k& > 1, there exists an operator Ej, : X — W’fL such that
(i /Ehvh ds = [ vpds for all e € Fp, and vy, € Xy,
e

V- (E;L'vh) =V. (WBDMvh) ( =V - ’U}L) for all vy, € Xy,
E,:V,->Winv,
HVEhvhH < Othvh” for all vy, € X,

(iii
(iv

~—_

Proof. For T' € Ty, we uniquely define the local operator Er : X, — W (T') such that

(4.3&) (ET’Uh) (a) = {’Uh}a, Va € fé(T)
(4.3b) ((Bron —{va}), kn), =0, Ven € Pri(e), e € F{(T),
(4.3¢) (Erv — WBDMvh,ph)T =0, Vp, € Ny_1(T),

and Ervp(a) = 0 for a € FE(T), and (Eqvy, k1)e = 0 for k), € Pr_1(e) and e € FP(T). Setting
Ehvh’T := Epvy, we clearly see that property (i) is satisfied.

To show (ii), for e € Fi(T), let P, : L%(e) — Pin{1,k—1} () denote the L? projection onto
Puin{1,k—1}(e). For vy € X} we have {vy, - ne}‘e € Pi(e), and therefore, since (wBPMyy,) - ne‘e €
P1(e), (4.3b)—(4.3c) and integration by parts,

(V- (Ervn),qn)r = —(E7Tvh, Van)r + Z ((ETvn) - M, qn)e
eE]"lI(T)

= 7(7TBDMvh7 th)T + Z <{Uh . ne}»Pth>e
eeFI(T)

= —(@®Muv,, Vg )r + Y (wPPMoy - ne, Pegn)e
ceFI(T)

= (V- (7"PMoy), qn)r

for all gn, € Pr—1(T"). Thus, due to V - (E7v;) € Pr_1(T), the statement (ii) holds. Further, (iii) is
a simple consequence of (ii), restricting Ep, to V.

Next to show (iv), we set wr = Epvy and vy = 'vh|T for notational convenience. Since W (T')
is finite dimensional, a simple scaling argument shows that

2
@4 Vr-vp)lp < Y lwr—or)@f + Y he_l‘ sup  (wr — UT, Kn)e
a€Fo(T) e€F1(T) ~n€Pr-1(e)
llrenlle=1
92 2

+  sup  hypt|(wr — v, py)r|
PrENK-1(T)

lenllz=1
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Note that {v,} — vy = £1[v),] on e € F{(T) and wr = 0 on e € FL. It then follows from (4.3)
and the Cauchy-Schwarz inequality that

2
(4.5) Z he_l sup  (wr —vr,Kp)e| < Z h?”[”h]”j

ceFL(T) KpE€EPk—1(e) e€F1(T)
lenlle=1

We also have by (4.3), for a € FI(T),

jwr —vr(a)|” = [{va}e —vr(@)|* < C Y Jori(a) - vr(a)?
T €T,

<cC 3 o7 () — vrn (a)2.
T, T"ET,
T’ and T share a common edge

Letting F, C JFp denote the set of edges that have a as a vertex, we conclude from an inverse
inequality that

2 _
(4.6) lwr —vr(a)]” <C Y [vallliee <C D b ll[valll2.
ecF, ecF,
Likewise, for a € F&(T), we have wr(a) = 0, and therefore,
2 _
(4.7) jwr —vr(a)]” = lvr@)* < > lvrlee <C > b [valllZ.
e€FE(T) ecFq
Combining (4.4)—(4.7), summing over T' € Ty, and applying Lemmas 3.2 and 3.3 yield
IVi(BEron —vi) > S D b N walllz + Y b lon — 72PMou||7 S 1 Vaval,
eEFh TETh
An application of the triangle inequality now gives (iii). This completes the proof. q.e.d.
4.2. Three-dimensional construction. To describe the three dimensional, divergence-free con-

forming finite element space, we first label the six edges of an element T' as F1(T) = {e; ;};; such
that e; ; = 0f; N 0f;. The quadratic edge bubble functions are given by

3
b = H Ay

k=0
ki, k#j

and the rational edge bubble functions are then defined as [19]
brb; ;
s’i,j =
2()\1)\] + bl,](>\l + )\J)) ()\z + /\J)
The (seemingly abstruse) function s; ; is constructed such that [19, Lemma 2.2]

curls; ; € CO(T)NWh>(T), curl Sivj|aT =b, ;(VXi x Vj),

(VA2 = 22) + 4N VA — A V).

Si,j |8T =0.

Thus, similar to the rational face bubble functions, the rational edge bubble functions and its deriv-
atives reduce to polynomials on the boundary of the element.
We define the auxiliary spaces consisting of divergence—free rational face and edge bubbles:

3
U(T) = Zcurl(Bi'Po(T) X mny,),

i=0

3
Z(T) = { Z curl(ps; ;) : p€ M(i’j)(T)},
i,§=0
i>7

where M) (T) = span{\, \¢} and k, ¢ # i, k, 0 # j, and k # £.
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The local space of the divergence-free element is obtained by enriching the local H (div;)-element
(4.1) with rational edge and rational face bubble functions:

(4.8) W(T) = My(T) ® U(T) ® Z(T).

Note that, since the last two spaces in (4.8) are divergence-free, there holds V- W (T) = V-M(T) =
V-P1(T) C Po(T). Moreover, restricted to the boundary, we have W (T')|sr C P3(9T). A unisolvent
set of degrees of freedom that induce an H'-conforming finite element space is given in the next lemma
[19, Theorem 3.1].

Lemma 4.5. The dimension of W(T) is 60, and a function vy, € W (T) is uniquely determined by
the values

(4.9a) vy (a) Va € Fo(T)

(4.9b) (Vn,kn)e  VEn € Pi(e), e € Fi(T),

(4.9¢) (vn, k) VeR € Po(f), f€ Fo(T).
We set

Wy = {’Uh eX: ’Uh|T € W(T), VT € 771}
Analogous to Proposition 4.3 (with k = 1), the degrees of freedom (4.9) induce a Fortin operator.

Proposition 4.6. There exists 7, : X — W, such that, for all v € X,

[ moado = [ (7 vands Van € Po(Ti) nQ,
Q Q

and
V7| < Cf[Vo.

Similar to Lemma 4.4, we construct a Fortin-type operator on the Crouzeix—Raviart element space
Xy

Lemma 4.7. In three dimensions there exists an operator Ej : X, — W, such that
i /Ehvhds = /'uhds for all f € Fp, and vy, € Xy,

) f
(i) V- (Bpop) = V- (#BPMoy,) (= V- vy) for all v, € X,
(iii) By : Vy = W,NV,

(iv) [VEpv,| < C’HVh'vhH for all v, € X .

Proof. The proof closely follows the proof of Lemma 4.4, so we only sketch the argument.
For T € Ty, define Ep : X}, — W/(T') such that

(4.10a) (ET’Uh) (a) = {vr}a, Va € fg(T)
(4.10Db) ((Brvn —{vn}e) k), =0, Ve, € Pi(e), e € Fl(T),
(4.10c) ((Ervn —wn), kn), =0, Ven € Pol(f), [ € Fa(T),

and E7vy(a) = 0 for a € FB(T), and (Ervp, kp)e = 0 for k), € Pi(e), for e € FB(T). Setting
Ehvh’T := Epuvy, we clearly see that property (i) is satisfied. Moreover, since (V - Ervy,) € Po(T)
and (V- vp)|r € Po(T), condition (4.10¢) and integration by parts shows that V- Epvy, = V), - vp, =
V - (wBPMy,,). Thus, (ii)-(iii) holds.
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Setting wpr = Epvy, and vy = 'vh|T, a scaling argument yields
2
(4.11) IV(wr —vr)|F S D hrl(wr —vr) (@ + ) ’ sup  (wr — vr, Kn)e

a€Fo(T) c€F1(T) ITI}f?II)l(el)
hile=

2

+ Z ’ sup  hp'(wr — vr, nh>f’

feF(T) KrEPo(f)
ll=nlls=1

< Y hrl{onda—vr@P+ ) [{one —vrllZ.

a€Fo(T) e€F1(T)
Applying similar arguments found in the proof of Lemma 4.4, we have (cf. (4.6))
(4.12) Yo Honde—wrllZ<C Y0 D bR [alll?
ecFi(T) e€F1(T) fEFe

where F, denotes the set of faces that have e as an edge. Likewise, we have for a € FZ(T),

(4.13) {onta —vr(a)? <C Y |vr(a) —vr(a)]
T €Ta
<c 3 [vr:(a) — v (a)?
.7 €T,

"
T’ and T share a common face

<C Y wnllieg <€ > b2 [lwalll},

fE€Fa fE€Fa
where F, denotes the set of faces that have a as a vertex. For a € FZ(T) we have
(4.14) {vnta —vr(@) = or(@) <C Y he?([lvalll}-
fE\Fa
Combining the estimates (4.12)—(4.14) to (4.11) and summing over T € Ty, yields
IV (Bvn —vn)|? < C > by [[wa]ll3-
fer
Applying Lemma 3.2 and the triangle inequality, we obtain (iv). This completes the proof.  q.e.d.

5. PRESSURE-ROBUST ERROR ESTIMATES

Following Strang’s second Lemma 3.4, estimates of the energy error contain a consistency error
Ch(u,wy,). Classical estimates of the consistency error require a minimal regularity of w € H'™*(Q)
with s > 1/2 in order for edge-integrals to be defined. Together with the preceding section, we
are now in position to estimate the energy and L? errors of the modified Crouzeix-Raviart element
method (3.7) for arbitrary regularities

we XNH™(Q), s5>0.

We will use the Fortin-type operator defined in Theorem 4.4 to estimate the consistency error by the
velocity-best approximations and additional higher-order oscillations.

Theorem 5.1. Let k > 1ifd =2, and k =1 if d = 3. Let u € V be the continuous solution of (2.4)
and uy, € V', be the discrete solution to the reconstructed scheme (3.7). There holds

IVa(u—wn)| <C(inf [Valu—op)]+v  Ry2(P(f)),
vhEXp
with

(5.1) Ri_2(g9)? = 2oreTn hzllgl7 for k =1,
Sorer, hpinfg, ep, o llg — aull7 for k> 2,
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and C' > 0 is independent of h, v and (u, p).

Proof. Let vy, wy € V), be arbitrary. Using the BDM reconstruction leads to the modified consist-
ency error Cp,(u,wy,) defined in Lemma 3.4. For E,w), € V being conforming and divergence-free,
it holds ap(u, Epwy) = (f, Epwy,), and therefore,

Ch(u,wy) = ap(u, wp) — (f, 75PMawy,)
= ap(u, w, — Eywy,) — (f, 7°"Mw), — Ejwy,)

= an(u — vi, wy, — Epwy) + ap(vn, w, — Epwy) — (£, #5PMw);, — Ejwy,)

=:1y =:15 =:13

for arbitrary v, € Xjy,.
To bound the first term I; we apply Lemmas 4.4 and 4.7, and the Cauchy—Schwarz inequality:

I < v||Vi(u = vp)|[[Vi(wn = Epwp) || < vC||[Vi(w — vp) [ Viwsll.

Since vy, is piecewise linear, an integration by parts for the second term I5 yields

_[2—1/ Z /V’Uh V(wh—Ehwh)dx

TET
vy,
:—VZ/A’Uh wy, — Epwy, d.l?—l—VZ/ kil wh—Ehwh)d
aT 3n
TETh TeTh
= const
(5.2) =0.

Concerning the last term I3, it follows for k > 2 from (4.3¢) that for any q;, € Pr—_2(Tr),
(53) Ig = (f, 7TBDM’wh - Ehwh) = (P(f), WBDMwh — Ehwh)
= (P(f) —dgp, TrBDM’wh — Ehwh).

In the case k = 1, a similar argument follows with g, = 0.
Next, it follows from Lemmas 4.4 and 4.7 that the integral of o — Ejwj, vanishes on each
edge/face. Applications of the Poincaré and Cauchy—Schwarz inequalities then lead to

1/2 1/2
I < ( > MrlP(f) —qhn%) ( D hr?[[ 7P —EhwhHi)

T67—h T€7_’L

BDMw}

1/2
<C( S 3E(f qhn%) [V (75w, — By
TETh

Using the H'-stability results of Ej, and wBPM then yield
I3 < CRy—2 (P()) I Vrwh].

A combination of all preceding estimates yields
By (w,wr) < C(VIVi(u = v0)]| + R (B(F)) ) [ Vawnl.

Finally, inf-sup stability implies [6]
mf HVh( —vp)|| <C inf ||[Vi(u—vp)].
v, eXp

Vh

Combining these results with Lemma 3.4 then gives the desired result (5.1). q.e.d.

Remark 5.2. The dependence of the error estimate on the term v~'P(f) is briefly discussed in a
special case here. For a more detailed discussion, see Subsection 5.1. Assume that it holds Awu, Vp €
L?(Q). Then, one obtains

%[[D(f) = %]P’(—I/Au + Vp) = P(Au),
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due to Remark 2.3. Hence, v 'P(f) is v-independent. Note that v~1f = Awu + v='Vp is not v-
independent, instead, and hence, any error estimates that depend on this term are not pressure-robust.
Indeed, the dependence on v~ ! f indicates a locking-phenomenon, see the discussion in [1].

In order to estimate the L? error, we follow the lines of Aubin-Nitsche [6]. First we define (¢, ¢,,) €
V' x V), as the solutions to the following dual problems:

(5.4a) (Vo,Vv) = (u — up, v), Vo eV,
(54b) (Vh¢h» Vh’l)h) = (’LL — Uup, WBDMvh), Yv, € V.

We assume that the continuous dual problem (5.4a) satisfies the following regularity

(5:5) [@ll14s0 < Cllu —unl,
with s € [0, 1] and for some constant C' > 0.

Lemma 5.3 (Dual energy error). Let ¢ € V be the continuous solution of (5.4a) and ¢;, € V', be
the discrete dual solution of (5.4b). Then it follows that the dual energy error satisfies

IVi(@ = dp)ll < Ch™[lu — up].

Proof. The dual energy error can be estimated by Theorem 5.1 for v = 1:
194 = @)l < C( inf Vi@ —va)| + Ria(u—us)).

By standard approximation results and (5.5) we have

(5.6) of IVa(@ = vl < Ch7[|@]l14s0 < Ch*u — unl].

i
vh
and hence, by the definition of Ryg_2 in (5.1), for meshes satisfying h < 1
[Vi(é — @p)ll < h*°flu — upl|.

q.e.d.

Theorem 5.4. Let w € V be the solution of (2.4) and uj, € V', be the discrete solution of the
reconstructed scheme (3.7). Then there holds

5.7 =l < € ing [Vt = o)+ i~ ).

with sg € [0,1] being the dual regularity (5.5).

Proof. Let us define the following terms

I == (Vi(u —up), Vi(e — ¢3)),

L= (u-— wp, wEPM(y — up)) = (Valu —up), Vo),
Iy = v (P(f), 7P (¢ — ¢),)) — (Vu, Vi(o — ¢4)),
Iy BDM (4, — uh))7

15 = V_l (P<-f)a ¢ - TrBDqu)v

i
= 5

— Up, U — U — T
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such that the L? error splits up as follows
(5.8) [ — un|* = (w — wp, w —un) = (Vi(u —up), Vidy,) — (Vu, V(o — 1))
+ v (f, ¢ — wBPMg,)
= (Valu —up), Vi(ep — @) — (Vi(u—up), Vo) — (Vu, V(e — ¢,))

BDM(u _ uh))

+ (u —up,u —up — 7PM(y — uh)) + (u —up, ™
+ V_l(fv ¢ - WBDM¢h>
=L+ L+ Li+v ' (B(f),¢ — 7°PMo) + v (B(f), 7N (¢ — ¢y,))
— (V. Vil — 61)
— L 4 L+ Iy + Iy + Is.

The transition to the Helmholtz-projection P(f) is admissible since ¢ € V and wBPM(¢ — ¢),) is
divergence-free.

For the first term we use the Cauchy-Schwarz inequality and apply the preceding Lemma 5.3 to
estimate the dual energy error |V (¢ — ¢p,)||. It follows for mesh sizes h <1

(5.9) L < |[Vi(u = uwn) [[[Vi(@ = @p) | < CR[|Va(uw = up)[[lw — ual.

In order to estimate the second term, we make use of the Fortin operators 7, and E} given in
Proposition 4.3 and Lemma 4.4, respectively (with k > 2). For v, € V, arbitrary, it follows that

I, = (u —uy, 7,‘_BDM(,UJ — uh)) — (Vh(u —uyp), V¢)

(5.42) (u —up, ﬂ'BDM(u —up) — (mpu — Ehuh)) + (Vd), Vi(mpu — Epup — (u — uh)))

= (u—up, 7™M (u — up) — (mpu — Epun)) + (Vi(p — vn), Vi(mau — Epup — (u — up)))

+ (thh, Vh(ﬂ'hu — Epuy — (u — uh)))

=0
= Ji + Js.

Concerning the first contribution, we apply the Poincaré inequality, Lemma 3.3, Lemma 4.4, and
Proposition 4.3 to obtain

BDM(U — uh) — (7rhu — Ehuh)H

Ji < flu—up|[w
< Chllu — up |||V (wPPM(u — up) — (mpu — Bpuy))||
< Chlju = up || Vi (w — un)|.
Likewise, for the second contribution, we apply Lemmas 3.3 and 4.4 and Proposition 4.3:
Jo < || Vin(d — Uh)||HVh (Trhu — Eprup — (u— uh)) H
< ClIVi(@ = on)lllVi(w — up)l.
Altogether it holds for the second term I

(5.10) I, <O inf [|Vi(¢ —on)ll +hllu - wp|) Vi (w —up)||
Vh h
< C(v}igﬁ(} IVh(¢ —vn)|| + hllu — wn ) [Vi(u —ws)|]
< Oh%°lu — up || Va(uw —up)||.

BDM(

The estimate of I3 follows from the same arguments as Is by interchanging ¢ with w, 7 u—up)

with wBPM(¢p — ¢,) and u — uy, with v~1P(f); thus,
(5.11) I3 = C(vhigﬁ(h IVa(w —wvp)ll + b B[ Vi — ¢4l

< cneo(int [Va(u—on)ll + ho PO — il
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Next, applying Lemma 3.3 we obtain
Iy = (u—up,u—up — w2°PM(u —up)) < Chllu — upll|| Vi (uw —up).
In order to bound the last contribution I5 we again employ Lemma 3.3:
(5.12) I =v Y (P(f), ¢ — w"PMo) <v Y |P(F)|l|lo — n"PM )|
< Cvm R [POF) [ — -

Finally we combine the estimates (5.9)—(5.12) to (5.8) to obtain (5.7). The proof is complete.
q.e.d.

Theorem 5.5. Let k > 1ifd=2and k =1if d = 3. Let (u,p) € V x Q be the solution of (2.2)
and (up,pn) € Vi, X Qp, be the discrete solution of the reconstructed scheme (3.7). Then there holds

v C
(5.13) |Thp — | < Cgllvh(u — )| + @Rk—z (P(F)),

where 7,p denotes the L? best approximation of p in Q.
Proof. For an arbitrary wy € X} one obtains
(Thp = Phs Vi - wp) = (map, V - (Epwy)) — (Pry Vi - wp)
= (p, V- (Epwy)) — (pr, Vi - wn),

since it holds for all elements 7" in the mesh, (Vj - wp)jp = (V- (Erwy))|r (see Lemmas 4.4 and 4.7
(ii)). Using the definitions of the continuous and the discrete Stokes problems (2.2) and (3.7), one
obtains

(Thp = phs Vi - wi) = a(u, Epwy) — ap(un, wy) + (fJBDMwh - Ehwh) .

Il 12

The first term can be estimated using the arguments for (5.2)
I = a(u, Epwy,) — ah(uh,wh) = ap(u —up, Epwy) < CZ/HV}L(’U, — uh)|| IV rwh |-

For the second term, the right hand side data f is represented via the Helmholtz decomposition as
f =P(f) + V¢ with some ¢ € H'(Q), see Theorem 2.1. Hence, one obtains

I = ((£,7""Mw;, — Eywy) = ((B(f), 7°"Mwy, — Eywy) — (6, V - (7P Mwy, — Epwy)),

and the last term is zero, since it holds V - (#BPMw);,) = V - (Ejw),) due to Lemma 4.4 ii). Now
we remark that I is the same term as I3 in (5.3). The discrete inf-sup stability concludes the
proof. q.e.d.

Remark 5.6 (Pressure-robustness of the discrete pressure error). Assuming again that Awu, Vp €
L2(Q), we see that the discrete pressure p; equals the best approximation 7,p up to an error, which
is only velocity-dependent, since it holds in this special case

v
B*

In this sense, the discrete pressure error ||m,p — pp|| is pressure-robust.

l7np — pall < c%nvh(u —up)|| + C==Ry—2 (P(Aw)),

Remark 5.7 (Hydrostatics). Classical mixed methods and pressure-robust mixed methods differ
most dramatically for hydrostatic problems with complicated pressures p € ). Assume that f = V¢
for some ¢ € H'(Q2) N Q. Then, the continuous solution of (2.2) is given by (u,p) = (0,¢). Due to
P(f) = 0 it holds, according to Theorems 5.1 and 5.5, for the discrete solution (up,pn) = (0, 7,9).
Therefore, the pressure-robust discrete solution is the best possible on the given grid. On the contrary,
the classical Crouzeix—Raviart element will show (at least on unstructured grids) for v < 1 extremely
large errors, if ¢ is complicated, i.e., if it holds v~ ||¢ — 7mpo| > 1.
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Remark 5.8 (Pressure error). The full pressure error ||p — pp|| can be obtained by

lp = pnll* = llp = m0pl* + llmp — pr >

The convergence order of ||p — py|| is given by the minimum of the convergence order of the velocity
error and the order of the pressure best approximation error.

5.1. Impact of the velocity-reconstruction. In this section we study the advantages of the ve-
locity reconstruction on the error estimates in Theorem 5.1. In [23], it was shown that the classical
Crouzeix—Raviart energy error satisfies

(5.14) [Va(u —up)l| <C(_inf [[Va(u—vp)|+v7" inf |p—qull + v Rea(f))-
vheEXh qrhEQn

On the contrary, let uj, be the discrete solution to the reconstructed scheme (3.7). Then it follows
from Theorem 5.1 that

(5.15) V(= wn)]| < C(_int ([ Valw—vn)]| + v Ria(P(£).

Remark 5.9. In Remark 5.2 it is argued that the term v~ !P(f) indicates a pressure-robust and
locking-free error estimate for v < 1, if one assumes that f € L*(Q) and Au € L*(Q2) hold,
simultaneously.

Avoiding the assumption Au € LQ(Q) requires first to extend the domain of the Helmholtz pro-
jector P from L*(Q2) to H~*(Q) by simply restricting the application of f € H () to the divergence-
free test space C§%, (), see [41]. Again, an important property of the Helmholtz projector in the
H '-sense is that all gradients in distributional sense vanish for divergence-free vector fields from
C65, () [41]. Exploiting the weak formulation (2.4) for u, one obtains for the Helmholtz projector in
the H '-sense

P(~Au) = LB(f) € T3(9).

which shows that the expression [|P(Aw)]|| has a precise meaning, even if the assumption Au € L*(1)
does not hold. Therefore, the error estimate in Theorem 5.1 is pressure-robust and does not suffer
from any kind of locking phenomenon for v < 1.

Remark 5.10. Operators such as Ej, : X, — Wy are useful tools for the numerical analysis of
nonconforming discretizations of the incompressible Stokes equations. Indeed in the case k = 1, the
operator E}, : X, — W, can be used to improve the a priori error estimate for the classical Crouzeix—
Raviart element, i.e., where one uses the classical right hand side discretization wy — (f,wp). Then,
a similar reasoning as in Theorem 5.1 will deliver the a-priori error estimate

(5.16) V(= up)|| < o( o (Vi —on)l + v R (f))-

From a qualitative point of view, this is a better estimate than the estimate (5.14) presented in [23],
since the new estimate does not contain any terms depending explicitly on the pressure regularity. But
note that this estimate is not pressure-robust, since 1/*1R_1( f) depends implicitly on the pressure
via the data term f = —vAu + Vp.

6. NUMERICAL EXPERIMENTS
6.1. Illustration of pressure-robustness. The first example studies the velocity field
u(w,y) = (0/0y, —0/0x) x*(x — 1)*y*(y — 1)°
and two different pressure fields
pr:=0 and po:=a+y>—1/2

on the unit cube Q := (0,1)? and the matching right hand sides f; == —vAu + Vp; for different
values of v and j = 1,2. The choice j = 1 yields a worst-case for the modified Crouzeix—Raviart
method, since the pressure is then in the pressure ansatz space and so the pressure-dependent term
in the classical estimate vanishes. However, the modified method makes a consistency error and by
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ndof  ||Vi(u —up)|| (classical CR) ||V (u — up,)|| (modified CR) quotient

2431 7.7508e-03 1.2310e-02 0.6296
9855 3.9152e-03 6.2873e-03 0.6227
39679 1.9652e-03 3.1713e-03 0.6197

TABLE 6.1. Comparison of the gradient errors of the classical and the modified Crouzeix—Raviart method for zero
pressure p; and v = 1 in the first example.

ndof ||Vi(u —up)|| (classical CR) ||V (u — up,)|| (modified CR) quotient

2431 2.7103e-02 1.2310e-02 2.2017
9855 1.4029e-02 6.2873e-03 2.2313
39679 7.1242e-03 3.1713e-03 2.2465

TABLE 6.2. Comparison of the gradient errors of the classical and the modified Crouzeix—Raviart method for
pressure p2 and v = 1 in the first example.

ndof ||V (u —up)|| (classical CR) ||V (u — up,)|| (modified CR) quotient

2431 2.6109e+-02 1.2310e-02 2121.0
9855 1.3540e+02 6.2873e-03 2153.5
39679 6.8819e+-01 3.1713e-03 2170.1

TABLE 6.3. Comparison of the gradient errors of the classical and the modified Crouzeix—Raviart method for
pressure p2 and v = 10~ in the first example.

comparing the errors of both methods one can estimate the size of this consistency error. Table 6.1
shows that the error of the modified method in this worst-case scenario is about 60 percent larger
than the error of the classical method.

In presence of a nonzero pressure that is not in the pressure ansatz space, like po, the situation
changes. Table 6.2 shows that the error of the classical method is more than 120 percent larger than
the error of the modified pressure-robust method, even for v = 1. For smaller v the quotient increases
proportional to 1/v, see Table 6.3 for v = 10=* which results in factors of more than 2100. Note,
that the error of the modified Crouzeix—Raviart method is the same in all three tables since then the
discrete velocity is pressure-independent.

6.2. The impact of quadrature rules. The second example employs the exact velocity w = 0 and
a pressure p € @ on the square domain  := (—1,1)2, where the pressure is given up to a constant
by

p(z,y) :=1/(0.01 + 2% + ¢°).

Since the pressure is non-polynomial, the right-hand side f = Vp cannot be integrated exactly by
simple quadrature rules. This leads to some quadrature error that pollutes the pressure-robustness.
The reason is that the application of a quadrature rule in the right-hand side is similar to a projection
of f onto some polynomial space. Even if f is irrotational, its projection needs not to be exactly
irrotational. Therefore, the error, though theoretically pressure-independent, shows some pressure-
dependence that can be reduced by better quadrature rules. For a fixed mesh and different choices of
v, Table 6.4 compares the gradient errors of the classical and the modified methods for three different
quadrature rules of degrees 2, 7 and 15.
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IV (uw —up)|| (classical CR) IVh(u —up)| (modified CR)

v k=2 k=7 k=15 k=2 k=7 k=15

1 8.0921e-01  8.0951e-01  8.0951e-01 | 3.7434e-04 7.5452e-09 8.7045e-15
le-1 | 8.0921e4+00 8.0951e4+-00 8.0951e+00 | 3.7434e-03  7.5452e-08 2.3337e-14
le-2 | 8.0921e+01 8.0951e+01 8.0951e+01 | 3.7434e-02 7.5452e-07 2.2706e-13
le-3 | 8.0921e+02 8.0951e+02 8.0951e+02 | 3.7434e-01  7.5452e-06 2.3470e-12
le-4 | 8.0921e4+03 8.0951e+03 8.0951e+4-03 | 3.7434e+00 7.5452e-05 2.3913e-11
le-5 | 8.0921e4+04 8.0951e4+04 8.0951e+4-04 | 3.7434e+01 7.5452e-04 2.4806e-10
le-6 | 8.0921e+05 8.0951e4+05 8.0951e+05 | 3.7434e+02 7.5452e-03 2.2993e-09
le-7 | 8.0921e+06 8.0951e+06 8.0951e+06 | 3.7434e+03 7.5452e-02 2.4221e-08

TABLE 6.4. Comparison of the gradient errors of the classical and the modified Crouzeix—Raviart method on a
fixed mesh with 16173 degrees of freedom and different v and three different quadrature orders k € {2,7,15} in
the second example.
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APPENDIX A. PROOF OF LEMMA 4.1

Recall that the dimension of W (T') is (k+5)(k+1). On the other hand, the number of conditions
given in (4.2) is equal to

2(3) + 3dim Pj_1(R) + dim Nj,_y (T) = 6 + 6k + (k — 1)(k + 1) = (k +5)(k + 1).

We show that v;, € W (T) vanishes on (4.2) if and only if v;, = 0.

First, since v, |or € Prt1(0T), we have vy |or = 0. Now write v, = wj, + zp, with wy, € Pi(T) @
Q1 (T), zp, = Z?:o curl(Biz,(f)) and z,(:) € A;ﬁl(T). Since B;lor = 0 and VB;|lor = —|VAi|bine,,
we find that zp|., = —|V)\Z-|biz,(f)tei7 where t., the unit tangent of e;, obtained by rotating n.,
counter-clockwise 90 degrees. Thus, zj - nlor = 0, and therefore 0 = vy - nlor = wy, - njor. In
addition, by the definition of Ag}l(T) and (4.2b),

2

0= (v, p)7 = (Wh + 21, )7 = (Wi, )7 + 3 _(Bizy!, curl(py))r = (wh, p)7
1=0
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for all p;, € N;_1(T). In summary, we have wy, - n|sr = 0 and (wy, pp, )7 = 0 for all p,, € Ny_1(T).
We now show that these conditions imply that wj, = 0.

Write wy, = p, + q;, with p;, € P(T) and q;, € Q. 1(T). From the definition of @, (T") we see
that

0= (wh,pp)r = (PrPu)T VP € Nia(T),
and
0= <wh *Me, Py, 'ne>e = <ph ‘M, Py - ne>e Ve € fl(T)

These two conditions imply that p, = 0. Therefore gq; - n|or, and by applying the definition of
Q.1 (T) once again, we get g, =0 and w;, = 0.

Finally, we have

0= (Oh - tey, ke, = (2h - tery K)o, = — |Vl B3zl K)es Yk € Pr_1(es),
(i)

which implies z;, = 0. Thus, z(z) = )xlph) for some p() € Pr—2(T). Applying the definition of
A;fll( T) we conclude that

€4

0_(Bzh 7ph ) (B Azph 7p§L)) .
Since B;\; > 0 on T', we conclude that p(l) = 0 and therefore v, = 0.

WEIERSTRASS-INSTITUT, MOHRENSTR. 39, 10117 BERLIN, GERMANY
E-mail address: Christian.Merdon@wias-berlin.de

E-mail address: Alexander.Linke@wias-berlin.de

E-mail address: felix.neumann@alumni.hu-berlin.de

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PITTSBURGH, PITTSBURGH, PA, U.S.A.
E-mail address: neilan@pitt.edu



	1. Introduction
	2. Preliminaries
	3. Discrete formulations
	3.1. A pressure-robust Crouzeix–Raviart element via velocity reconstructions

	4. Conforming and divergence-free element
	4.1. Two-dimensional construction
	4.2. Three-dimensional construction

	5. Pressure-robust error estimates
	5.1. Impact of the velocity-reconstruction

	6. Numerical Experiments
	6.1. Illustration of pressure-robustness
	6.2. The impact of quadrature rules

	References
	Appendix A. Proof of Lemma 4.1

