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Abstract

The paper contains the complete analysis of the Galton-Watson models with im-
migration, including the processes in the random environment, stationary or non-
stationary ones. We also study the branching random walk on Z¢ with immigration
and prove the existence of the limits for the first two correlation functions.

1 Introduction

A problem with many single population models of population dynamics involving processes
of birth, death, and migration is that the populations do not attain steady states or do so
only under critical conditions. One solution is to allow immigration, which can stabilize the
population when the birth rate is less than the mortality rate.

Here, we present analysis of several models that incorporate immigration. The first two
are spatial Galton-Watson processes, the first with no migration and the second with finite
Markov chain spatial dynamics (see section 2 and 3 respectively). The third model allows
migration on Z< (see section 4). The remaining models all involve random environments in
some way (see section 5). Two are again Galton-Watson processes, the first with a random
environment based on population size and the second with a random environment given by
a Markov chain. The last two models have birth, death, immigration, and migration in a
random environment allowing in some way non-stationarity in both space and time. We
study in this paper only first and second moments. We will return to the complete analysis



of the models with immigration in another publication. It will include a theorem about the
existence of steady states and an analysis of the stability of these states.

2 Spatial Galton-Watson process with immigration.
No migration and no random environment.

2.1 Moments

Assume that at each site for each particle we have birth of one new particle with rate 5 and
death of the particle with rate pu. Also assume that regardless of the number of particles at
the site we have immigration of one new particle with rate k (this is a simplified version of the
process in [14]). Assume that 5 < pu, for otherwise the population will grow exponentially.
Assume we start with one particle at each site. In continuous time, for a given site z, x € Z¢,
we can obtain all moments recursively by means of the Laplace transform with respect to
n(t,z), where n(t, z) is the population size at time ¢ at z

ei(N) = B0 = 3™ Pla(tz) = jle .
=0

Specifically, for the jth moment, m;

o

my(tx) = (=1 5% o,

(2.1)
A partial differential equation for ¢;(A) can be derived using the forward Kolmogorov
equations

n(t+dt,x) =n(t,z) + Exu(t, x) (2.2)
where the r.v. £ is defined

+1  pn(t,x)dt + kdt
Ea(t,x) =< —1 pn(t,z)dt (2.3)
0  1—((B+wpn(t,z)+k)dt

In other words, our site (x) in a small time interval (dt) can gain a new particle at rate
for every particle at the site or through immigration with rate k; it can lose a particle at
rate p for every particle at the site; or no change at all can happen. Because our model is
homogeneous in space, we can write n(t) for n(¢,z). This leads to the general differential
equation

asoéik) = 0(\) (n(t)e* — (8 + wn(t) + k) + (Bn(t) + k)e™)
300(/\) = 67)\



from which we can calculate the recursive set of differential equations

3%()\)0‘)

5 PN (un(t)e* — (B + mwn(t) + k) + (B(t) + k)e ™) +

+§:(D D (pm(t)e* + (=1 (Bn(t) + k)e )

PN = (~1pe

Applying 2.1 we obtain a set of recursive differential equations for the moments

dmd—i(tli()((ﬂﬂ 1) )i +mj;)

(B pym; + 5, (2.4)

where s; denotes a linear expression involving lower order moments and where we define
mgo = 1. For example, the differential equations for the first and second moments are

dmd_lt(t) = (68— pu)m(t) +k
mi(0) =1
and
dﬁf>:xﬁ—mmxw+W+ﬂ+2“m“w+k
ma(0) =1

ma(t) = %ﬁ (1-— p f ﬁ)e—m—mt
and
Rk p) gt = 28— B k= 3KB gy
) =0 =pe (n = B) i
K2 +20° 4 3k5 — 215 — 2kp gy,
(1 —B)?

Again, given that we have assumed that p > 3, in other words, the birth rate is not high
enough to maintain the population size, as t — oo

k
- k(K + )
= e
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and "
2 N M
Var(n(t)) = ma(t) — mi(t) Py prCIvE
Moreover, it is clear from Eq. 2.4 that all the moments are finite.

In other words, the population size will approach a finite limit, which can be regulated
by controlling the immigration rate k, and this population size will be stable, as indicated
by the fact that the limiting variance is finite. Without immigration, i.e., if £k = 0, the pop-
ulation size will decay exponentially. Another possibility, because all sites are independent
and there are no spatial dynamics, is for there to be immigration at some sites, which there-
fore reach stable population levels, and not at others, where the population thus decreases
exponentially. Of course, if the birth rate exceeds the death rate, § > u, mq(t) increases
exponentially and immigration has negligible effect, as shown by the solution for m(t).

2.2 Local CLT

Setting A, = nfS+k, u, = nu, we see that the model given by Eqs. 2.2 and 2.3 is a particular
case of the general random walk on Z} = {0,1,2,---} with generator

Ly(n) = d(n+ 1Ay — (Ao + p)¥(n) + pntp(n — 1), n 20 (2:5)
L£(0) = kip(1) — keb(0)
The theory of such chains has interesting connections to the theory of orthogonal poly-

nomials, the moments problem, and related topics (see [5]). We recall several facts of this
theory.

a. Equation £y = 0,z > 1, (i.e., the equation for harmonic functions) has two linearly
independent solutions:

Pi(n) =1
0 n=20

da(n) =4 1 n=1 (2.1
R CIEE

b. Denoting the adjoint of £ by £*, equation L*7 = 0 (i.e., the equation for the stationary
distribution, which can be infinite) has the positive solution

Ao
(1) = M—lﬂ(O) (2.8)
AoA1
(2) = Mluzﬂ(O) (2.9)
- (2.10)
_ oA A

7(0) (2.11)



This random walk is ergodic (i.e., n(t) converges to a statistical equilibrium, a steady

i ' i Ao Ao g Ao A
state) if and only if the series 1 + " + e T T e converges. In our case,

Aot Aot _ k(k+B)-(k+(p—1))8
[i1- "+ fhn f1(2p) -+ - (np) '

Tpn =

If 8 > p, then, for n > ng, for some fixed £ > 0, W > 1+ ¢, that is, z, > C", for
C > 1and n > ny(e), and so >z, = oo. In contrast, if § < u, then, for some 0 < & < 1,
W <l—¢,and z,, < ¢", for 0 < ¢ < 1 and n > ny(e); thus, > z,, < co. In this ergodic
case, the invariant distribution of the random walk n(t) is given by the formula

m(n) = i—)\o - )\n_l,
S py

where

4,k KB+E) k(k+B)---(Bln—1)+k)
E L e T p(2p) - (np)

Theorem 2.1 (Local Central Limit theorem). Let 8 < u. If I = O(k*3), then, for the
invariant distribution m(n)

7T(n0+l)NW as k — oo (2.12)
whereazzﬁ, nowu%ﬁ.
Proof.

_LE(E+B)---(k+Bn—1))

ST ()
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Set .
a, = (é)n M (2.13)
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and because a,, ~ 2=
o n—_

Bli = 1) (= B) + ku
wll i(p = B)p + kp
14 26D

l )
Z [ln(l—f—ﬁ(l 1)(# ﬂ)) In(1+ 1(#;6) N

l ‘
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=1
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We integrate the series In(1 + z) = 2 — 222 4+ $2% — .-+ and take | = O(k*/?)

/111n(1+<x_1);’g_6>5>dx

:/j(x—l);/;—mﬁdx_%/ll((x—l)ig—ﬁ>ﬁ)2dm+_..
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and
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: 2 _ _ku
or, setting o* = TG

From Eq.2.13

and, using Stirling’s formula and the fact that ng ~ pra:
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and so

2.3 Global Limit Theorems

A functional Law of Large Numbers follows directly from Theorem 3.1 in Kurtz (1970 [12]).
Likewise, a functional Central Limit Theorem follows from Theorems 3.1 and 3.5 in Kurtz
(1971 [13]). We state these theorems here, therefore, without proof.

Write the population size as ny(t), a function of the immigration rate as well as time.
Set nj = Fkﬁ’ the limit of the first moment as t — oo. Define a new stochastic process for

the population size divided by the immigration rate, Zy(t) := 2. Set 2* = %’“ =5
We define the transition function, fi(5,7) := £p(nk, i + j). Thus,

. btk — Bz + 1 j=1
felz,5) = 5 = pz j=-1
(not needed) j=0

Note that fi(z,j) does not, in fact, depend on k and we write simply f(z, 7).

Theorem 2.2 (Functional LLN). Suppose klim Z1(0) = 2z9. Then, as k — oo, Z(t) = Z(t)
—00

uniformly in probability, where Z(t) is a deterministic process, the solution of

dz(t) _ _
=S =F), Z2(0) =z (2.14)

where

This has the solution

1 y 1
—_— z —_—
p—pB" " w3

Next, define Gi(z) = ijfk(z,j) = (b+ p)z + 1. This too does not depend on k and
J

Z(t, z) = e A = 2% 4 (2 — 2%)e” WA 1 >0,

we simply write G(2).
Theorem 2.3 (Functional CLT). If klim VE (Z,(0) — 2*) = (o, the processes
—00

Ge(t) = VE(Z(t) = Z(t))

converge weakly in the space of cadlag functions on any finite time interval [0,T] to a Gaus-
sian diffusion ((t) with:

1) initial value ¢(0) = (o,



2) mean
f F'(Z(u,z0))du

E((s) = GoLs := (oeo )

3) wvariance
S

Var(¢(s)) = Lg/L;QG(Z(u, 2p))du.

0

Suppose, moreover, that F(zy) =0, i.e., zg = 2%, the equilibrium point. Then, Z(t) = z
and ((t) is an Ornstein-Uhlenbeck process (OUP) with initial value (o, infinitesimal drift

q:=F'(20)=8—p

and infinitesimal variance

2
a:= G(z) = e

p—2>

Thus, ((t) is normally distributed with mean
Coeqt — Coe—(u—ﬂ)t

and variance a p
— (1 — 2qt\ _ 1 — —2(pu—pB)t )
—2q (1 =) (n—5)? (1= )

3 Spatial Galton-Watson process with immigration -
and finite Markov chain spatial dynamics

Let X = {z,y,...} be a finite set, and define the following parameters.
B(x) is the rate of duplication at = € X.
p(x) is the rate of annihilation at x € X.
a(x,y) is the rate of transition = — y.
k(x) is the rate of immigration into z € X.

We define 77 (t) = {n(t,z),z € X}, the population at moment ¢ > 0, with n(t,z) the
occupation number of site € X. Letting A = {\, > 0,2z € X}, we write the Laplace
transform of the random vector 7 (t) € RN, N = Card(X) as ul(t, Y) — Be(XAW),

Now we derive the differential equation for u(¢, A ). Denote the o-algebra of events before
or including ¢ by Fe,. Setting (¢, dt)) = 7 (t + dt) — 7 (t)

Y?

3l

— - -
u(t+dt, X) = Ee (X)) — pe~(X70) g [e‘“’?(t’dt)”}gt] (3.1)
%
The conditional distribution of ( X', €) under F<, is given by the formulas

9



_)
a) P{(X,Z(t,dt)) = \o| F<i} = n(t, z)B(x)dt + k(z)dt
(the birth of a new offspring at site = or the immigration of a new particle into = € X)
_)
b) P{(X,Z) = \|Fai} = nlt,y)uly)dt
(the death of a particle at y € X)
_>
¢) P{AX,Z) =X — M| Fi} = nlt,2)alz, 2)dt; z,2€ X, 2 # 2

(transition of a single particle from x to z. Then, n(t+dt,x) = n(t,z)—1, n(t+dt, z) =
n(t,z) + 1.)

) P{X.2) = 01F<} = 1~ (D nlt,@)B@)dt — (Y k@)t — (Y n(t,y)ply))dt —

zeX zeX yeX
(Z n(t, x)a(zx, 2))dt
T#z

After substitution of these expressions into 3.1 and elementary transformations we obtain

dult, X)
u e
) —F —Ar 1 f()\,ﬁ(t))
— ;{(e Je (B(x)n(t,x) + k(x))+
> =) E T pin(ey) 4 32 (@ = De T Oaga yin(s )
yeX T Y TFEY
But
%
Le., finally
— — —
du(t, X) . u(t, X) — Y du(t, \)
or = 20 T D) ult X)) ) (€ = D) (-5
reX yeX
B ou(t, A
+ Y @ Date, (- 282,
T,2;0F2 v
(3.2)

The initial condition is
u(0, Y) = Ee’(?’mo))

_>
(say, u(0, X) = =30 = ¢Zacx X for n(0,z) = 1).

Differentiation of 3.2 and the substitution of A = 0 leads to the equations for the
correlation functions (moments) of the field n(t,z), € X. Put

~ou(t, X)

a—/\v’Y:O, veEX

my(t,v) = En(t,v) =

10



Then

@ggﬁﬁ:kww+w@0—u@DmN@W+Q§v<2%@M4L_UM%@52)|7°

ou
As—Ao

= k(v) + (B(v) — p(©))ma(t,v) + Y alzv)ma(t,2) = (Y alv,2))ma(t,v)

V(v) z:z#v

+

If a(z, z) = a(z, z) then finally

omy (t, )
ot
Here, A is the generator of a Markov chain A = [a(x,y)] = A*.

By differentiating equation 3.2 over the variables A\,, x € X, one can get the equations
for the correlation functions

= Amy + Vmy + k(x), m1(0,z) = n(0,x)

kyoa, (txy, .o xy) = Enll(t, x1) - - plm (t, Zm)

where zq,...,x,, are different points of X and [y,...,l,, > 1 are integers. Of course
. I4tlm, glit-+im t7? . . .
ki, (6o, o o) = (1)t WMIYZO. The corresponding equations will be

linear. The central point here is that the factors (e*=*: — 1), (e* — 1), and (e™?* — 1) are

%
equal to 0 for X = 0. As a result, the higher order (n > {; + ...+ 1[,,) correlation functions
cannot appear in the equations for {k;, ;. (-), l1 + ...+ L, =n}.
Consider, for instance, the correlation function (in fact, matrix valued function)

Fo(t, 21, 22) = En®(t,z1, 1) En(t,x1)n(t,zs)
2 En(t,z1)n(t,xs) En?(t,zs,xs)

The method based on generating functions is typical for the theory of branching processes.

In the case of processes with immigration, another, Markovian approach gives new results.

Let us start from the simplest case, when there is but one site, i.e., X = {x}. Then, the

process n(t), t > 0 is a random walk with reflection on the half axis n > 0.

For a general random walk y(t) on the half axis with reflection in continuous time, we
have the following facts. Let the process be given by the generator G = (g(w, z)), w, z > 0,
where a,, = g(w,w + 1), w > 0; b, = g(w,w — 1), w > 0; g(w,w) = —(ay, + by), w > 0; and
9(0,0) = —aqp (see Fig. 1).

The random walk is recurrent iff the series

S=1+—+.. . +—=+... (3.3)
diverges. It is ergodic (positively recurrent) iff the series
~ Qg Qg+ Qp—1

N [ e E S R 4
S=l4g it t =+ (3.4)

11



Figure 1: General Random Walk with Reflection at 0

converges. In the ergodic case, the invariant distribution of the random walk y(¢) is given

by the formula
1 O/O PR a/nfl

m(n)=z———— (3.5)
(see [1]).

For our random walk, n(t)
g(0,0) = —k, ap=g(0,1) =k
and, for n > 1
b, =g(n,n—1) = un, g(n,n) = —(un+ Bn + k), an, =g(n,n+1) = pn+k.
Proposition 3.1.
1. If B > p the process n(t) is transient and the population n(t) grows exponentially.

2. If B =, k>0 the process is not ergodic but rather it is zero-recurrent for % <1 and
transient for % > 1.

3. If B < u the process n(t) is ergodic. The invariant distribution for B < u is given by
Lk(k+pB)---(k+ B(n—1))

w(n):§ L2
:%(é>"%(%+l)~-'(%+n—l)
o n!
:%(g)n(1+a)(1+%)~--(1+%), a:%—l
A e (Eees) 4 -

k(k -+ 8) - (k 4+ G = 1)

where S =
P24 g

j=1

12



Proof. 1 and 3 follow from Eqgs. 3.3, 3.4, and 3.5. If 5 = u (but & > 0), i.e., in the critical
case, the process cannot be ergodic because, setting o = % — 1, then « > —1 and as n — o

S ~ Z n® = +o0o. The process is zero-recurrent, however, for 0 < % < 1. In fact, for g = pu

n

bi--b, B-28---nf 1 1

a-an  (ktB)--(ktnf) L nhB
I+ —

E( i)

k

B

and the process n(t) is transient. O

and the series in Eq. 3.4 diverges if 0 < £ < 1. If, however, k£ >  the the series converges

Consider, now, the general case of the finite space X. Let N = Card X and W}(t) be
the vector of the occupation numbers. The process W(t), t > 0 is the random walk on
(ZL)N = {0,1,...)" with continuous time. The generator of this random walk was already

— N
described when we calculated the Laplace transform u(t, X) = E e~ (A ) If at the moment
t we have the configuration 7 (t) = {n(t,z),z € X}, then, for the interval (¢,¢ + dt) only
the following events (up to terms of order(dt)?) can happen:

a) the birth of a new particle at the site zo € X, with corresponding probability
n(t, o) B(xo)dt + k(xg)dt. In this case we have the transition

O = e X)) AT

b) the death of one particle at the site zp € X. This has corresponding probability
w(zo)n(t, zo)dt and the transition

— _ - _ n<t7 ZZ'), T 7& Zo
(t) ={n(t,z),r € X} = W (t+dt) = { n(tzo) — 1,2 = 7o
(Of course, here n(t, xy) > 1, otherwise p(zo)n(t,zo)dt =0).

c) the transfer of one particle from site zg to site yop € X (jump from zq to o), i.e., the
transition

n(t,l’),l‘ 7é Zo, Yo
() ={n(t,z),z € X} = W (t+dt) = { n(t,z0) — 1,2 =z
n(t7y0> + 1737 = Yo

with probability n(t, zo)a(zo, yo)dt for n(t,ze) > 1.
The following theorem gives sufficient conditions for the ergodicity of the process 77 ().
Theorem 3.2. Assume that for some constants 6 >0, A >0 and any x € X
p(x) — B(x) > 9, k(z) < A.

Then, the process ﬁ(t) 18 an ergodic Markov chain and the invariant measure of this process

. . BRTs Y .
has exponential moments, i.e., Ee* M) < ¢y < oo if | X| < g for appropriate (small)
Ao > 0.

13



Proof. We take on (Z1)Y ={0,1,...)" as a Lyapunov function

) =@ 1) = . T e@),

Then, with G the generator of the process, Gf(7) < 0 for large enough (77, ?) = | 7.

In fact
Gf = Z((ﬁ(m) — w(x))ng + k(z)) <0, for large || 7 ||,

zeX

(The terms concerning transitions of the particles between sites make no contribution: 1—1 =
0.) O

Nk Ly Ox+Nk
5 i i

Figure 2: Markov Model for Immigration Process

If B(z) = 6 < p = p(x) and k(x) = k then (77, T)), i.e., the total number of the particles
in the phase space X is also a Galton Watson process with immigration and the rates of
transition shown in Fig. 2.

If ¢ — oo this process has a limiting distribution with invariant measure (in which Nk

replaces k). That is
Nk
1) —

%
E<n’ twoo p—f3

4 Branching process with migration and immigration

We now consider our process with birth, death, migration, and immigration on a countable

space, specifically the lattice Z?. As in the other models, we have 8 > 0, the rate of

duplication at x € Z% u > 0, the rate of death; and & > 0, the rate of immigration. Here,

we add migration of the particles with rate x > 0 and probability kernel a(z), z € Z%, z # 0,

a(z) = a(—=z), > a(z) = 1. That is, a particle jumps from site = to = + z with probability
z7#£0

ra(z)dt. Here we put x = 1 to simplify the notation.

14



For n(t,z) the number of particles at x at time ¢, the forward equation for this process
is given by n(t + dt,x) = n(t, z) + £(dt, z), where

1 w. pr. n(t,z)Bdt + kdt + > a(z)n(t,x + z)dt
2#0
E(dt,r) =< —1 w. pr. n(t,z)(p+ 1)dt (4.1)

0 w.pr. 1—(B+up+n(t,x)dt— > alz)n(t,z+ 2)dt — kdt
270

Note that £(dt, x) is independent on Fg; (the o-algebra of events before or including )
and

a) El¢(dt,x)|Fe] = n(t,x)(8 — p— 1)dt + kdt + %goa(z)n(t, x + z)dt.

b) E[E*(dt,x)|Fet] = n(t,z)(B+ p+ 1)dt + kdt + Y a(z)n(t, z + z)dt.
270

c) E[(dt, x)¢(dt, y)| Fat] = alx —y)n(t, z)dt + aly — x)n(t, y)dt.
A single particle jumps from x to y or from y to x. Other possibilities have probability
O((dt)?) ~ 0. Here, of course, x # y.

d) If x #vy, y # 2z, and x # z, then E[{(dt, z)¢(dt, y)E(dt, z)] = 0.

We will not use property d) in this paper but it is crucial for the analysis of moments
of order greater or equal to 3.

From here on, we concentrate on the first two moments.

4.1 First moment

Due to the fact that § < pu, the system has a short memory, and we can calculate all
the moments under the condition that n(0,z), z € Z9, is a system of independent and
identically distributed random variables with expectation ”—fﬁ We will select Poissonian
random variables with parameter A = u%ﬂ Then, my(t,z) = u%ﬁ’ t>0,z€Z% and, as a

result, £,m4(t,x) = 0. Setting m;(t,z) = En(t, x)], we have

my(t + dt,z) = E[E[n(t + dt,z)|F]] = E[En(t,x) + £(t, z)|F]]
=mq(t,x) + (8 — p)mq(t, x)dt + kdt + Z a(z)[my(t,x + 2) — mqy(t, z)|dt

z#0
(4.2)
Defining the operator L,(f(t,z)) = > a(z)[f(t,z + z) — f(t,x)], then, from Eq. 4.2 we
27#£0
get the differential equation
omy (t,
{ mlg(t x) = (ﬂ - :U’)ml(ta SL’) +k+ Laml(ta Zﬂ)
mq (O, I) =0

15



Because of spatial homogeneity, £L,m;(t,z) = 0, giving

omy(t,x
{ 2 (5~ pym(t,a) + &

m1<0, x) =0

which has the solution
ko -t

ml(t’x>:6—u(e —1).

Thus, if 5 > p, my(t,z) — oo, and if u > 3,
k

4.2

tllglo my(t,z) = —.

p—>

Second moment

We derive differential equations for the second correlation function ms(t, x,y) for z = y and
x # y separately, then combine them and use a Fourier transform to prove a useful result
concerning the covariance.

L.

II.

T=y
my(t +dt, z, ) = E[E[(n(t,z) + £(dt, 1))?| F<i]]
=ma(t,z,z) + 2En(t,z)n(t,z)(f — p — 1)dt + kdt + Z a(z)n(t,x + z)]dt]

z#0
+ En(t, )8+ p+ D)dt + kdt + Y~ a(z)n(t, z + z)dt]
2#0
Denote Ly,mo(t,x,y) = > a(z)(ma(t,x + z,y) — ma(t, z,y)).
270

From this follows the differential equation

Omy(t, z, x)

{ QT =2(8 — p)ma(t,x, ) + 2Lmo(t, z, z) + isz + %;1)

mo(0,z,2) =0

T #y

Because only one event can happen during dt

Pig(dt, x) = 1,&(dt, y) = 1} = P{¢(dt, ) = —1,&(dt,y) = -1} = 0,

while the probability that one particle jumps from y to z is

P{§(dt,x) = 1,£(dt,y) = —1} = a(x — y)n(t,y)dt,

and the probability that one particle jumps from z to y is

16



Then, similar to above

my(t + dt, z,y) = E[E[(n(t, x) + £(t, 2))(n(t, y) + £(, y))\ﬁt]]
=ma(t,z,y) + (8 — p)ma(t, x, y)dt + kmy (t, y)dt + Z Y(ma(t,x + 2z,y) —ma(t,x,y))dt
27#0
+ (8 = wyma(t, z,y)dt + kmy (¢, x)dt + Y a(2)(ma(t, z,y + 2) — ma(t, z,y))dt
2z7#£0
+a(x —y)ma(t,y)dt + aly — z)mq (¢, x)dt
=ma(t,x,y) + 2(8 — pw)ma(t, z,y)dt + k(myi(t,y) + mi(t, 2))dt + (Laz + Lay)ma(t, z,y)dt
+a(z —y)(mi(t,x) +my(t,y))dt

The resulting differential equation is

amz(attx y) (ﬁ ,U)TH2(t x y) (»Ca:v + an)mg(t, x,y) + k(ml(t7 x) + ml(t,y))
+ a(z —y)[mi(t,z) + mi(t, y)]
(4.3)
That is
W 2(8 — pw)yma(t,z,y) + (Lag + Lay)ma(t, z,y) + sz 5 + 2a(x — y)M_Lg

Because, for fixed ¢, n(t, z) is homogeneous in space, we can write mo(t, z,y) = mo(t, z —
y) = mo(t,u). Then, we can condense the two cases into a single differential equation

{ amg—(tt’“) = 2(8 — p)ma(t, u) + 2Lauma(t, u) + 25 K+ 2a(u )+ 6y (u) 2 le)
my(0,u) = En?(0,z)

Here v = z — y # 0 and a(0) = 0.

We can partition mo(t, u) into meo(t, u) = ma; + mas, where the solution for my; depends
on time but not position and the solution for mags depends on position but not time. Thus,
Laumo1 = 0 and mo; corresponds to the source 2k2 \which gives

ﬁ?
Gmgl(t, U) 2k2
20 7 _—9(B — t
5 (B — p)mar(t,u) + e
Ast — 0o, ma; — M, = m1<t T) = (w—B)?2 ﬁ)

For the second part, mas , 875,;22 =0, Le.
Oman(t,u) k 2k(p+1)
T = 2(5 — M)mZQ(t, U) + 2£aum22(t7 U) + 2(1(U)/1/ o ﬁ (U) w— ﬁ =0
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As t — 00, Moy — My. M, is the limiting correlation function for the particle field n(¢, x),
t — oo. It is the solution of the “elliptic” problem

2k(p+1) k
p— 05 "

2L M (1) — 2(p — B) My(u) + do(u)

Applying the Fourier transform M;(0) = 3. My(u)e’®®, § € T4 = [—7, 7],

uezd
we obtain )
—_ k 3 + ka(?
My(0) = — 1B " B
0= a1 -a0)

= m2(taxay) - ml(tax)ml(tj y); tends to MQ(x - y) = M2<U) €L
The Fourier transform of Ms(-) is equal to

= _a +02A(0)
) = T

c C(T?

where ¢; :u—Lﬁ’ Co Fkﬁ’ cg=pu—p

Let’s compare our results with the corresponding results for the critical contact model [2]
(where k = 0, u = ). In the last case, the limiting distribution for the field n(t,x), t > 0,
x € 7% exists if and only if the underlying random walk with generator £, is transient.
In the recurrent case, we have the phenomenon of clusterization. The limiting correlation
function is always slowly decreasing (like the Green kernel of L,).

In the presence of immigration, the situation is much better: the limiting correlation
function always exists and we believe that the same is true for all moments. The decay of
M,(u) depends on the smoothness of @(#). Under minimal regularity conditions, correlations
have the same order of decay as a(z), z — oo. For instance, if a(z) is finitely supported or
exponentially decreasing, the correlation also has an exponential decay. If a(z) has power
decay, then the same is true for correlation My (u), u — oo.

5 Processes in a Random Environment

The final four models involve a random environment. Two are Galton-Watson models with
immigration and lack a spatial component. In the first, the parameters are random functions
of the population size; in the second, they are random functions of a Markov chain on a
finite space. The last two models are spatial and feature immigration, migration, and, most
importantly, a random environment in space, still stationary in time for the third but not
stationary in time for the fourth.

18



5.1 Galton-Watson processes with immigration in random envi-
ronments

5.1.1 Galton-Watson process with immigration in random environment based
on population size

Assume that rates of mortality u(-), duplication £(:), and immigration k(:) are random
functions of the volume of the population > 0. Namely, the random vectors (u, 3, k)(z,w)
are 1.i.d on the underlying probability space (£, F., P.) (e: environment).

The Galton-Watson Process is ergodic (P,-a.s) if and only if the random series

) +E(1)(28(2) +k(2)---((n =1)B(n = 1) + k(n — 1))
o= Z WD) (opa(m)
Theorem 5.1. Assume that the random variables B(

z,
above and below by the positive constants CF: 0 < C~
process n(t,w.) is ergodic P.-a.s. if and only if (In (i Z;)

< 00, P.a.s.

w), p(z,w), k(z,w) are bounded from
+t < o0o. Then, the

) = (In(u(-))) <0

Proof. 1t is sufficient to note that

k(n—1lw)—B(n—1,w
k(n—1Lw) + (= DB — Lw) _ =D 4 50— 10) g aptneol )
nu(z,w) p(n,w)

[]

It follows from the strong LLN that the series diverges exponentially fast for (In3(-)) —
(Inu(+)) > 0; it converges like a decreasing geometric progression for (In 8(+)) — (In u(+)) < 0;
and it is divergent if (In5(-)) = (Inpu(-)). It diverges even when f(x,w.) = p(z,w.) due t
the presence of k= > C~ > 0.

Note that ES < oo if and only if (22=1) — ()\><%> < 00, i.e., the fluctuations of S, even

()
in the case of convergence, can be very hlgh

©)

5.1.2 Random non-stationary(time dependent) environment

Assume that k() and A = (u— 8)(t) are stationary random processes on (£2,,, P,,,) and that
k(t) is independent of A. For a fixed environment, i.e., fixed k(-) and A(-), the equation for
the first moment takes the form

dmy(t,wy)

o —A(t,wm)my + k(t,wn)

m1(0, wim ) = mq(0)
Then t
my (t) Wm) =my (0)67 fot A(u,wm )du + / ]{7(8, wm>€f f: A(u,wm)duds
0

Assume that 3 > A(-) >0 >0, + 2 k(-) > 6 > 0. Then

t
my(t, wy,) = / ko (s, wpy e~ ds Aluwmldugg L (%),

—0oQ0
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Thus, for large ¢, the process my(t,w,,) is exponentially close to the stationary process
! t
ml(tvw) = / k’(S,u}m)e_ fs A(anm)duds

Assume now that k(t) and A(s) are independent stationary processes and —A(t) =
V(xz(t)), where x(t), t > 0, is a Markov Chain with continuous time and symmetric geometry
on the finite set X. (One can also consider x(t), t > 0, as a diffusion process on a compact
Riemannian manifold with Laplace-Beltrami generator A.) Let

u(t,x) = Eyelo V)i f(g,)
= Emefot _A(x~9)dmf<xt)

Then 9
a_u =Lu+Vu=Hu
t (5.1)
u(0,x) = f(x)
The operator £ is symmetric in L?(z) with dot product (f,g) = 3. f(z)g(z). Thus,
reX
H = £+ V is also symmetric and has real spectrum 0 > —§ > \g > Ay > --- with
orthonormal eigenfunctions ¥g(z) > 0,41(x) > 0, --- linequality Ay < § < 0 follows from
our assumption on A(-).
The solution of equation 5.1 is given by
N
u(t> .1') = Z eAktwk($) (tv wk)
n=1
Now, we can calculate < m (¢, x,wy,,) >.
t t
<1 >= / < k() >< Bpels VEddu 5 g (5.2)
Here, 7(z) = ~ = % is the invariant distribution of z5. Then

t k=N
<m>= / <k> Z M) () (Lafy ) ds
k=0

—00

=N 1
= — <k (1) =
< >;)\k(d}k>N

< k> (Upl)?
N 2 Ak

k=0
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5.1.3 Galton-Watson process with immigration in random environment given
by Markov chain

Let z(t) be an ergodic MCh on the finite space X and let f(x), u(x),k(z), the rates of
duplication, annihilation, and immigration, be functions from X to R*, and, therefore,
functions of ¢ and w,. The process (n(t), z(t)) is a Markov chain on Z! x X.

Let a(z,y), z,y € X, a(x,y) >0, > a(x,y) =1 for all z € X, be the transition function
yeX

for z(t). Consider E, ) f(n(t),z(t)) = u(t, (n,x)). Then
u(t+dt, (n,z)) = (1 — (nB(x) +nu(z) + k(z) — a(z, x))dt)u(t, ) + np(x)u(t, (n + 1, z))dt
+ k(x)u(t, (n + 1,z))dt + nu(z)u(t, (n — 1,x))dt + Z a(z,y)u(t, (n,y))dt
yy#£T

We obtain the backward Kolmogorov equation

WS alt ), () — ult, (0, 2))) + (08 () + Kl (0 +1,2) = u(t, (0, )
YYF2
+np(x)(ut, (n —1,z)) — u(t, (n,)))
u(0, (n,z)) =0

Ezxample. Two-state random environment.

Here, x(t) indicates which one of two possible states, {1,2} the process is in at time t. The
birth, mortality, and immigration rates are different for each state: [; and By, puy and ps,
and ki and ko. For a process in state 1, at any time the rate of switching to state 2 is aq,
with as the rate of the reverse switch. This creates the two-state random environment. Let
G be the generator for the process, as diagrammed in Figure 3.

mn - GN+k
e el

L o 4
ol O

0 1 2 3 d n-1 n n+1
MU
mn - BN+k,

Figure 3: GW process with immigration with random environment as two states

The following theorem gives sufficient conditions for the ergodicity of the process -

(n(t), ().
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Theorem 5.2. Assume that for some constants 6 >0 and A >0
/M,_ﬁ'LZé, kZSA, 22172

Then, the process (n(t),z(t)) is an ergodic Markov chain and the invariant measure of this
process has exponential moments, i.e., E e’ < ¢y < oo if X < A for appropriate (small)
/\0 > 0.

Proof. We take as a Lyapunov function f(n,z) = n.
Then, G f(n(t),z(t)) = (B; — po)n+ ks So for sufficiently large n, specifically n > 4, we
have G f <0. O]

5.2 Models with immigration and migration in a random environ-
ment

For this most general case, we have migration and a non-stationary environment in space
and time. The rates of duplication, mortality, and immigration at time ¢ and position z € Z¢
are given by B(t, ), u(t, x), and k(t, z). Asin the above models, immigration is uninfluenced
by the presence of other particles; also set d; < k(t,z) < s, 0 < §; < Jy < 0o. The rate of
migration is given by x, with the process governed by the probability kernel a(z), the rate
of transition from z to z + 2, z € Z¢.

If n(t,x) is the number of particles at z € Z¢ at time ¢, n(t + dt,x) = n(t,z) + £(t, ),
where

1 w. pr. n(t,x)5(t, z)dt + k(t,z)dt + > a(—z)n(t,x + z)dt
—1 w. pr. n(t,z)u(t,x)dt + > a(z)n(t,zj)odt
EED =0 0w opr 1— (B(tr) + plt o)l o) — 3 a()n(t, 2 + 2)dt
- ;;0 a(2)n(t,2)dt — k(t, 2)dt ~

For the first moment, m; (¢, x) = E[n(t, x)], we can write
my(t + dt,z) = E[E[n(t + dt, z)|F]] = E[E[n(t,z) + €(t, )| F]]
=my(t,z) + (B(¢, ) w(t, x))my(t, z)dt + k(t, z)dt
+ Z my(t,x + z) —mq(t, x)]dt

270
and so, defining, as above, L,(f(¢,x)) = > a(2)[f(t,x + 2) — f(t,x)], we obtain
2#0
Imalls ) o )t )yt x) + Bt 2) + Lo (£ 7)
{ ot - ) HAT, 16 ) allt1\b, (53>
ml(O, ZE) =0
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We consider two cases. The first is where the duplication and mortality rates are equal,
B(t,x) = p(t, ). Because of the immigration rate bounded above 0, we find that the expected
population size at each site tends to infinity. In the second case, to simplify, we consider
B(t,z) and p(t,z) to be stationary in time, and assume the mortality rate to be greater
than the duplication rate everywhere by at least a minimal amount. Here, we show that
the interplay between the excess mortality and the positive immigration results in a finite
positive expected population size at each site.

5.2.1 Casel

It B(t’ :L‘) = M(t’ "L‘)
o = k(t,z) + Loma(t, x)
m1(07l’) =0

{ om(t, x)

Taking Fourier transforms,

ot
mi1(0,2) =
0 70N — Vg omy ORI
a(e_ca(y)ltm ) = _Ea(v>eﬁa(v)tm1 + e~ Lalw)t gtll _ eﬁa(v)tk(t’v)

¢
ma(t,v) :/ e~ (5TIL (5, v)ds
0

Taking the inverse Fourier transform,

1 t S~ A
—(s—t)ﬁa(v)k( )d —z(v,:c)d
e s,v)ase v
(2m) /Td /0 ’

t t
:/ dsZk(s,y)p(t—s,x—y,O)Z/ drds = 01t
0

0 yczd

mq (t, 113') =

where

IS

p(t " y) _ 1 / e_tEa(U)_i(v"r—y)d/U _ 1 / e*tjgl(COS(’Uj)*l)*i(v,.’bfy)dv
o (2m)* Jopa (2m)? Jga

As t — oo, 1t — oo. Thus, when the birth rate equals the death rate, the expected
population at each site x € Z? will go to infinity as t — oo.
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5.2.2 Case I1

Here, B(t,z) # u(t,x). For simplification we assume that only immigration, k(t,z), is not
stationary in time. In other words, we us assume that the duplication and mortality rates
are stationary in time and depend only on position: [B(t,z) = p(z), u(t,x) = p(zr) and
w(x) — B(x) = 6 > 0. From Eq. 5.3, we get

{ amb—f’z) = k(t,z) + Loma(t,z) + (B(t, ) — p(t, 2))m(t, )

my1(0,2) =0
This has the solution
t
mit.) = [ ds 3 s, alt — s,2.0)
0 yezd

where ¢(t — s, z,y) is the solution for
dq

ot -

= Laq+ (B(t,z) — u(t,z))q

By the Feynman-Kac formula,
4(5,7,y) = Ey[els @ -ntddugp 4]
= B0z, — gy =
— BB[ef Gl sedbis(q —y)) oo — 2,3, = yl|zg = 2
= Pla, = ylzo = 1) By, [0 Bl —nlzu)du)
= p(s, 2, y) Ey_yy[els Bl —nza)du
where

1 —tLq(v)—i(v,z—
p(t,x,y) = (27T)d Lde tLa(v)=i(v, y)d’U.

Finally

t
Jim g (@) = lim [ ds Y k(s,y) Epoylefo om0t — 5,2, y)

t—o00 0
yezd

and letting w =t — s
t
< lim dw”k”ooExﬁy [efow (5(zu)*u(xu)du]
0

< ||l€||oo/0 e "dw since f(x) — p(z) < =8, <0

&1l
01

Thus, when pu(z) — B(z) > 0, tlim my(t, z) is bounded by 0 and ”k;;#, so this limit exists
—00

and is finite.
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