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Abstract—We consider the problem of comparing two complex
multivariate random signal realizations of unequal lengths, to
ascertain whether they have identical power spectral densities.
A binary hypothesis testing approach is formulated and a gen-
eralized likelihood ratio test (GLRT) is derived. An asymptotic
analytical solution for calculating the test threshold is provided.
The results are illustrated via computer simulations. Past work
on this problem is limited to either complex or real signals of
equal lengths, or to real-valued scalar signals of unequal lengths.
The proposed test has applications in diverse areas including user
authentication in wireless networks with multiantenna receivers.

I. INTRODUCTION

This paper is concerned with comparison of two realizations
(sample functions) of some random signals (time series) to
assess if they are realizations of the same random signal. The
realizations are not necessarily of the same length (unequal
sample sizes). A motivation for such problems is application to
two areas: (i) user authentication for wireless network security
enhancement at the physical layer [1], [2], and (ii) spectrum
sensing (looking for presence/absence of primary users (PUs)
in spectral bands) in cognitive radio (CR) networks (based
on the two-window approach of [3]). Recent general articles
on comparison of random signals include [4], [5], [6], and
references therein, where a variety of applications have been
mentioned: earthquake-explosion discrimination [7], financial
portfolio management, clustering of environmental data [6],
analysis of photometry data [4], and development of climate
reference stations [5].

In [8] we have investigated comparison of complex-valued
random signals of equal lengths using their power spectral
densities (PSD). In this paper we extend the theory of [8] to
random signals of unequal lengths (sample sizes). In [9] real-
valued scalar signals of unequal lengths have been considered.

Notation: |A| and etr(A) denote the determinant and the
exponential of the trace of the square matrix A, respectively;
i.e. etr(A) = exp(tr(A)). B;; denotes the ijth element of
the matrix B and I is the identity matrix. The superscripts
x and H denote the complex conjugate and the Hermitian
(conjugate transpose) operations, respectively. The notation
y = O(g(z)) means that there exists some finite real number
b > 0 such that lim, o |y/g(x)] < b. Given a column
vector x, diag{x} denotes a square matrix with elements of
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x along its main diagonal and zeros everywhere else. 0(7)
denotes the Kronecker delta, i.e. 6(7) = 1if 7 =0, =0
otherwise. Given two random vectors x and y, we define

cov(x,y) i= E{xy™} — E{x}E{y"}.

II. SYSTEM MODEL

We consider two zero-mean (proper) complex multivariate
(dimension p) stationary random signals {x(¢)} and {y(¢)}
with p x p PSD matrices S, (f) and S, (f), respectively. We
observe {x(t)} for t =0,1,--- ,N, — 1 and {y(¢)} for t =
0,1,---,N, — 1. We employ multivariate spectral analysis
to test if the two sets of observation are realizations of two
random signals with identical PSDs. We will assume that both
x(t) and y(t) are stationary with all bounded moments so that
some asymptotic results from [10] regarding PSD estimators
can be invoked; the time series need not be Gaussian. See
also [8]. We will use W (p, K,S(f)) to denote the complex
Wishart distribution of dimension p, degrees of freedom K,
and mean KS(f).

We will use the Daniell method (unweighted smoothing in
frequency-domain) for PSD estimation. Consider a set of M
normalized frequencies fj, in increasing order with k, over
[0,1], kK =1,2,--- , M. Define

0 = [kax]H, 59 = [kay}H, (1)
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where [z] denotes rounding of x to an integer. The Daniell es-
timators of the PSDs of x() and y(#) at normalized frequency
fx, denoted by X, and Yy, respectively, are given by
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where K, = 2my, + 1 and Ky = 2myy + 1 are smoothing
window sizes. We ensure that fj, my,, ms, and M are such
that

{fl(zk)» l= Mgy - 7mtx}m

{fl(x(k—i_l))’ l= Mg, 7mtz}

207 k:1a2a"'7M7 (6)
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£ + My < N, (7)

{fl(yk)’ l: _mty7... ’mty}ﬂ

{fl(ywﬂ))’ = —my, ,mty}
=0, k=1,2,--- , M, ®)
S —my >0, UM fmg, < N, ©)
This ensures that none of the smoothing windows overlap,
and all frequencies stay within the normalized range [0, 1).

For given N, N, and pre-selected my, and my,, one way to
satisfy the above requirements is to first pick

2mMis, 1 2my, 1
A:max< m;;: , mﬁj )

and then set f, = (A+0.01) : A: (1—(A/2)) (in MATLAB
notation of picking reals from (A +0.01) and (1 —(A/2)) in
steps of A).

As shown in [8] exploiting [10], as N, N, — 0o, X}, and
Y approach complex Wishart matrix distributions

Xi ~ We (p Ko K7'8.(70)) (10)
Yo ~ We (p Ky K508, (1) (1
and the two are assumed to be independent. Since the

smoothing windows used in (4) do not overlap, X ; and Yy,
are (asymptotically) independent over the M frequencies fes
k=1,2,--- , M.

If X ~ We (p, K,S(f)), then by [10, Sec. 4.2], E{X} =
KS(f), cov{Xr, Xim} = KS;i(f)S;,,(f) and the proba-

bility density function (pdf) of X is given by
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(12)

where, as is common practice, we do not distinguish between
the random matrix (vector) and the values taken by it, the
pdf (12) is defined for positive-definite Hermitian X and is
otherwise zero, and

I, (K —WWWHF —j+1) (13)

where I'(n) denotes the (complete) Gamma function I'(2) :=
Jo et

III. PSD-BASED GLRT
The binary hypothesis testing problem now is
Ho + Sy(fr) = Sal(fr) = S(fx) Vfx
Hi @ Hf = complement of Hg

given the “data” X}, and Yy, where the unknown parameters
are Sy(fr) and S,(fx), k = 1,2,---, M. We follow the
GLRT approach.

(14

Under H,, the joint pdf of X, and Yy, fork =1,2,--- | M,
is given by
f(XkaYka ke [17 M]|H07 S(fk)) =
f et
Dp(Ka)Up(Ky)  |S(fi) It 5
X etr{—S_l(fk)(KZXk + K, Y} (15)

The above joint pdf is maximized w.r.t. the Hermitian matrix
S(fx) for S(fx) = a, Xy + a, 'Yy, leading to the optimized
joint pdf

F(Xi, Yy, k € [1, M][Ho, S(fi

ﬁ KKJK
k=1 L (KT (

) =

DA R b 2
Ky) |owXp + oy Y [

x exp{—p(K, + K,)}. (16)

where
K, K,

Under H1, the joint pdf of X, and Y, for k = 1,2,
is given by
f(kakak S [laM”Hla

M

(17)
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Fp(Kz)Fp(Ky) |Sz(fk)|K’” |Sy(fl~c)|Ky

L)Xk — K,S;H(Co) Y} (18)

The above joint pdf is maximized w.r.t. the Hermitian matrices

(fk) and Sy(fk) fOI‘ S (fk) = Xk and S (fk) = Yk,
leading to the optimized joint pdf

f(Xp, Yi, k€ [1, M][H1,S

M

Ky—p

k=1

xetr{—K,S;

2(fi), Sy(fi) =
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KK,
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x exp{—p(K, + K,)}.
Using (16) and (19) one gets the GLRT
(X Yok € [L MM, S0 (1), Sy (fi)
C f(Xk Y,k € [1, M][Ho,S(fr))
_ o Xy + O‘ka|K =Ry Hl
H | X | Ko | Y g | v 5

0

(19)

T, (20)



where the threshold 7 is picked to achieve a given probability
of false alarm Py, = P{L > 7|H,}. This requires pdf of £
under Hg. To this end we can establish Theorem 1.

First some notation and definitions. Let B,.(h) denote the
Bernoulli polynomial of degree r and order unity. Define

v = Mp?, (21)

2 _
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Wy =
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r(r+1) (pH)"
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(PKy)T
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(p(Kx + Ky))"
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(23)
and

M
Z(K + K,) Inou X, + oy Yy
k=1

— K, In|Xy| - K, 1n|Yk|>. (24)

Our main result is stated below and proved in the Appendix.
Theorem 1 : The GLRT for the binary hypothesis testing
problem (14) is given by

2p In(L) (25)

TAIVE
\]

where p and In(L) are given by (21) and (24), respectively.
The threshold 7 is picked to achieve a pre-specified prob-
ability of false alarm Py, = P{2pIn(L) > 7|Ho} =
1 — P{2pIn(L) < 7|Ho}. With x2 denoting a random
variable with central chi-square distribution with n degrees
of freedom (as well as the distribution itself),

P{2p In(£) < z|Ho} = P{x3 < 2} + w2 [P{x};4 < 2}

—P{xp < 2}] +ws [P{xse < 2} = P{x) < 2}]
o [PDOC4s < 2} — PG < 21 + 50 [Plxdes < 2)

—2P{X}4a < 2} + P{x}, < 2}] }+O(M/(min(K,, Ky)()256))'

IV. SIMULATION EXAMPLES

We generate stationary x(¢) and y(t) € CP, p = 3, as
x(t) = n(t), y(t) = n(t) under Ho, and x(t) = n(t), y(t) =
s(t) + n(t) under H;, where {n(¢)} is spatially uncorrelated,
colored, proper complex Gaussian noise, and {s(t)} is the
signal sequence. Noise sequences {n(¢)} under Ho and H;
are independent of each other, but identically distributed. The
noise sequence {n(t¢)} is generated as

n(t) = n.(t) + n,(t), (27)
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Fig. 1. Actual Py, vs design Py, based on 10,000 runs, p = 3

where n,(t) ~ N.(0,021) is iid., and n.(t) is gen-
erated as follows. The various components of n.(¢) are
i.i.d., and each component is generated by filtering an i.i.d.
scalar sequence, distributed as MN.(0,02), through a lin-
ear filter with impulse response {0.2762,0.9206, 0.2762},
where /(0.2762)2 + (0.9206)2 + (0.2762)2 = 1. Therefore,
mw&m}powm@mmwom:Mﬁﬂﬁz
poZ. We pick 02 = 0.202 for a given value of o2. The signal
{s(t)} is a filtered digital communications signal generated by
passing an information sequence through a frequency-selective
Rayleigh fading channel as follows:

Zh

where d(t) is a scalar i.i.d. QPSK sequence, filtered through
a random time-invariant, frequency-selective Rayleigh fading
p X 1 vector channel h(l) with 5 taps, equal power delay
profile, mutually independent components, which are identi-
cally distributed zero-mean proper complex Gaussian random
variables. For different Is, h ({)s are mutually independent and
identically distributed as h(l) ~ N.(0,071). The signal s(t)
was scaled to achieve a given SNR E{||s(¢)]|?}/E{|n(t)|*}.

We picked N,=256 or 128 with K,=9 or 7, respectively,
and N,=128 with K, =7, and M = 17.

d(t —1) (28)

A. Threshold Calculation

First we investigate the efficacy of Theorem 1 in computing
the GLRT threshold for a given Py,. In Fig. 1, we compare
actual Py, and design Py, based on 10,000 runs for N,=256
and N,=128, where Theorem 1 was used to calculate the test



threshold. It is seen that Theorem 1 is effective in calculating
the test threshold.

B. Detection Performance

In Fig. 2, we show the ROC curves under two different
sample sizes: equal and unequal. Given unequal sample sizes,
one can reduce the larger sample size to smaller sample size
by discarding “extra” data, and then apply the results of [8].
This is shown in Fig. 2. But we can also apply the proposed
detector with unequal sample sizes where we do not discard
any data. It is seen from Fig. 2 that we obtain an improved
performance (higher probability of detection for a given false
alarm rate).

p=3; 5 taps TI; 10000 runs; K=9/7 or 7/7, M=17
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Fig. 2. ROC curves based on 10,000 runs, p = 3

APPENDIX

The proof of Theorem 1 relies on the following result which
is based on [11, Sec. 8.5.1], [12, Sec. 8.2.4] (see [13, Lemma
9] for details, also [8, Lemma 2]).

Lemma 1 : Consider a random variable W (0 < W < 1) with

hth moment
b 3 h a
[Te—y " szl D(y;(L+h) +n5)

where a and b are integers, C'is a constant such that E{W°} =
b
Land >0 =3, y;. Define

Zﬁk—Zm

p=1—§[zx;1<sz—fk+g>

k=1

(29)

a—b} (30)

b
X oL e
B =1 —prr, € =1-py;, (32)
and
S or(r+1) ,;1 (pxr)"
b
_ BT+1(€j +n.])} 33
2y @
Then

P{—=2p In(W) < z}
= P{x <z} + w2 [P{x014 < 2} — P{x} < 2}]
+ws [P{x26 < 2} — P{X2 < z}]

1
+ {wn [POys < 23— PO < 2] + 503

x [P{X04s < 2} = 2P{x01a < 2} + P{X] < 2} }
" b
+3° 0% + 0@y ?).
k=1 Jj=1

In order to apply Lemma 1 to our problem, we establish
Lemma 2.
Lemma 2 : Under H, for any Re(h) > 0,

(34

B = o
o [ D
Fp(Kz)Fp(Ky)

» M
'Ky, +K,—(+1)
<11
e=1F (Kz+ Ky)(1+h)—t+1)
(3%5)
Proof: Define
M
‘OzIXk + Oéka|KI+Ky .
Ly = , with L= Lr. (36
k X [ Ko | Y| o kl;[l k- (36)
Define
X = Ko S 2 (fr)XiS; 2 (fr), (37)
Y, =K, S, 2 () YRS, 2 (fr)- (38)
Then
Koo Kvyp 1 Y, | Kat Ky
= emo PIX A XA )
X = [ Y[R
and under H,,
Xk ~ WC (pa Kw7I)7 Yk? ~ WC (pv K’L/7I> . (40)



Using (39) and (40), we have

E{1/L} | Ho} = (al=ajfv)=P"
‘X ‘Kmh—i-Km—p |Yk|Kyh+Ky—p
// |Xk+Yk|(Kw+Ky)h
x—etr X, — Y dX, dY
T ()T, () e = Yy X ¥
_ (e a oy L (K4 (14 h)Tp (K, (1 + h))
S T, (K,)Ty(K,)
x B{|X}, 4+ Y| MEt Ky (41)

where X, and Y, are mutually independent with distributions
given by
Xk ~ WC (p )

Y;g ~ WC (pa

K.(1+4h),I),
K,(1+h),I). (43)
~ WC (pa (Kt + Ky)(l + h)vl)’ by [14]7

(42)

Since X/ + Y,
we have
B+ YA

and therefore, from (36), (41), (44), and independence of Ly

over the M frequencies fy, k = 1,2,--- , M, we have (35).
O

'K, +K,—(+1)
(Ky+ Ky)(14+h)—0+4+1)

(44)

Now we apply Lemma 1 to Lemma 2 to prove Theorem
1. In order to exploit Lemma 1, we need to establish that
0 < £7! < 1. Since X, and Y}, are both positive-definite,
E;l > 0 follows immediately. By complex equivalent of [15,
Sec. 17.9, Eqn. (17.115)], noting that v,y = 1 — vy, | Xy, +
Oszk)| > |Xk|a”” . ‘Yk a“, hence, |04;ch +aka)|K‘”+K” >
|Xk|aI(Kz+Ky) . |Yk|ay(Kz+Ky) _ |Xk|K”” |Yk|Ky, which
implies £~ < 1.

Proof of Theorem 1 : Comparing (29) with (35), it can be
shown that we have the correspondence

a=2Mp, b= Mp, (45)
_ Kﬂh k:17277Mp
x’“_{ K, k=Mp+1Mp+2-- 2mp > 49
& =1—Ekmod(p) for k=1,2,--- ,aq, (47)
j =Ky + Ky for j =1,2,---,0, (48)
n; =1—jmod(p) for j =1,2,---,b. (49)
Using (32) and (48), we have

B _ (1_p)K$7 k:17277Mp
(50)
€ = (1= p)(Ks + Ky) Vj. (5D

Using the above values ((45)-(51)), in (30), (31), (33) and (34),
we obtain (21)-(23) and (26), thereby establishing Theorem 1.
O
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