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ABSTRACT

Wereporttheresultsofadirectcomparisonbetweendifferentkineticmodelsofcollisionlessplasma
turbulenceintwospatialdimensions.Themodelsconsideredincludeafirstprinciplesfully-kinetic(FK)
description,twowidelyusedreducedmodels[gyrokinetic(GK)andhybrid-kinetic(HK)withfluid
electrons],andanovelreducedgyrokineticapproach(KREHM).Twodifferentionbeta(βi)regimes
areconsidered:0.1and0.5.Forβi=0.5,goodagreementbetweentheGKandFKmodelsisfoundat

scalesrangingfromtheiontotheelectrongyroradius,thusprovidingfirmevidenceforakineticAlfv́en
cascadescenario.Inthesamerange,theHKmodelproducesshallowerspectralslopes,presumablydue
tothelackofelectronLandaudamping.Forβi=0.1,adetailedanalysisofspectralratiosrevealsa
slightdisagreementbetweentheGKandFKdescriptionsatkineticscales,eventhoughkineticAlfv́en

fluctuationslikelystillplayasignificantrole.Thediscrepancycanbetracedbacktoscalesabove
theiongyroradius,wheretheFKandHKresultsseemtosuggestthepresenceoffastmagnetosonic
andionBernsteinmodesinbothplasmabetaregimes,butwithamorenotabledeviationfromGK

inthelow-betacase.Theidentifiedpracticallimitsandstrengthsofreduced-kineticapproximations,
comparedhereagainstthefully-kineticmodelonacase-by-casebasis,mayprovidevaluableinsight
intothemainkineticeffectsatplayinturbulentcollisionlessplasmas,suchasthesolarwind.
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1.INTRODUCTION

Turbulenceispervasiveinastrophysicalandspace
plasmaenvironments,posingformidablechallengesfor

theexplanationofcomplexphenomenasuchastheturbu-
lentheatingofthesolarwind(Bruno&Carbone2013),
magneticfieldamplificationbydynamoaction(Kulsrud
&Zweibel2008;Rinconetal.2016;Kunzetal.2016),and
turbulentmagneticreconnection(Matthaeus&Lamkin
1986;Lazarian&Vishniac1999;Loureiroetal.2009;
Matthaeus&Velli2011;Lazarianetal.2015;Cerri&
Califano2017).Theaveragemeanfreepathoftheion-
izedparticlesinthemajorityofthesenaturallyturbu-
lentsystemstypicallygreatlyexceedsthecharacteristic

scalesofturbulence,renderingthedynamicsoverabroad
rangeofscalesessentiallycollisionless. Drivenbyin-
creasinglyaccuratein-situobservations,aconsiderable
amountofcurrentresearchisfocusedonunderstanding
collisionlessplasmaturbulenceatkineticscalesofthe
solarwind(Marsch2006;Bruno&Carbone2013),where
thephenomenologyoftheinertialrange(magnetohydro-
dynamic)turbulentcascadeisnolongerapplicabledue
tocollisionlessdampingofelectromagneticfluctuations,

dispersivepropertiesofthewavephysics,andasaresult
ofkinetic-scalecoherentstructureformation(Kiyanietal.
2015).Theresearcheffortwithemphasisonkinetic-scale
turbulenceincludesabundantobservations(Leamonetal.
1998;Baleetal.2005;Alexandrovaetal.2009;Sahraoui
etal.2009;Kiyanietal.2009;Osmanetal.2011;Heetal.

2012;Salemetal.2012;Chenetal.2013;Lacombeetal.
2014;Chasapisetal.2015;Perroneetal.2016;Narita
etal.2016),supportedbyanalyticalpredictions(Galtier
&Bhattacharjee2003;Howesetal.2008a;Schekochihin
etal.2009;Boldyrevetal.2013;Passot&Sulem2015),
andcomputationalstudies(Howesetal.2008b;Saito
etal.2008;Servidioetal.2012;Verscharenetal.2012;
Boldyrev&Perez2012;Wuetal.2013b;Karimabadi
etal.2013;TenBarge&Howes2013;Changetal.2014;
Vasquezetal.2014;Valentinietal.2014;Toldetal.2015;

Wanetal.2015;Francietal.2015;Cerrietal.2016;
Parashar&Matthaeus2016).
Outofnumericalconvenienceandbasedonphysical
considerations,thesimulationsofcollisionlessplasma
turbulenceareoftenperformedusingvarioustypesof
simplificationsofthefirstprinciplesfully-kineticplasma
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description.Amongthemostprominentreduced-kinetic
modelsforastrophysicalandspaceplasmaturbulence
aretheso-calledhybrid-kinetic(HK)modelwithfluid
electrons(Winskeetal.2003;Verscharenetal.2012;
Parasharetal.2009;Vasquezetal.2014;Servidioetal.
2015;Francietal.2015;Kunzetal.2016)andthegyroki-

netic(GK)model(Howesetal.2008a,b;Schekochihin
etal.2009;TenBarge&Howes2013;Toldetal.2015;Li
etal.2016).Eventhoughthesemodelsarefrequently
employed,nogeneralconsensusconcerningthevalid-
ityofreduced-kinetictreatmentspresentlyexistswithin
thecommunity,withdistinctviewsonthesubjectbe-
ingfavouredbydifferentauthors(Howesetal.2008a;
Matthaeusetal.2008;Schekochihinetal.2009;Servidio
etal.2015).Fully-kinetic(FK)simulations,ontheother
hand,arecurrentlyconstrainedbycomputationalrequire-
mentsthatlimittheprevalenceofsuchstudies,theaccessi-
blerangeofplasmaparameters,andtheabilitytoextract
relevantinformationfromthevastamountsofsimulation

data(Saitoetal.2008;Wuetal.2013b;Karimabadietal.
2013;Changetal.2014;Haynesetal.2014;Wanetal.
2015;Parashar&Matthaeus2016).Inordertospend

computationalresourceswiselyandfocusfully-kinetic
simulationsoncaseswheretheyaremostneeded,itis
thereforecrucialtoestablishafirmunderstandingofthe
practicallimitsofreduced-kineticmodels.Furthermore,

thequestionconcerningthevalidityofreduced-kinetic
approximationsisnotonlyimportantfromthecompu-
tationalperspective,butisalsoofmajorinterestforthe
developmentofanalyticalpredictionsbasedonasetof
simplifyingbutwell-validatedassumptions,andforthe
interpretationofincreasinglyaccuratein-situsatellite

measurements. Lastbutnotleast,athoroughunder-
standingoftherangeofparametersandscaleswhere
reducedmodelscorrectlyreproducethefully-kineticre-
sultsisinstrumentalinidentifyingtheessentialphysical

processesthatgovernturbulenceinthoseregimes.
Inthiswork,wetrytoshedlightonsomeoftheabove-
mentionedissuesbyperformingasystematic,first-of-a-
kind comparisonoftheFK,HK,andGKmodelling
approachesfortheparticularcaseofcollisionless,kinetic-
scaleplasmaturbulence.Furthermore,wealsocompare
theresultsagainstanovelreducedgyrokineticmodel,cor-
respondingtothelowplasmabetalimitofGK.Studies
ofsimilartypehavebeenrelativelyraresofar(Birnetal.
2001;Henrietal.2013;TenBargeetal.2014;Mũnozetal.
2015;Toldetal.2016b;Camporeale&Burgess2017;Cerri
etal.2017;Pezzietal.2017a,b).Consideringthesecir-
cumstances,wechooseheretoinvestigatedifferentplasma
regimesinordertogiveareasonablycomprehensiveview
oftheeffectsofadoptingreduced-kineticapproximations
forstudyingkinetic-scale,collisionlessplasmaturbulence.

Ontheotherhand,thesimulationparametersthatwe
selectperforceresultfromacompromisebetweenthe

desireformaximalrelevanceofresultsinrelationtosolar
windturbulenceandcomputationalaccessibilityofthe
problem.Tothisend,weadoptatwo-dimensionaland
widely-usedsetupofdecayingplasmaturbulence(Orszag
&Tang1979)andcarefullytailorthesimulationparame-
terstoreach—asmuchaspossible—theplasmaconditions

relevantforthesolarwind.Theparticulartypeofinitial
conditionwaschosenhereforitssimplicityandpopular-
ity,allowingforarelativelystraightforwardreproduction

ofoursimulationsand/orcomparisonoftheresultswith
previousworks(Biskamp& Welter1989;Dahlburg&
Picone1989;Politanoetal.1989,1995;Parasharetal.
2009,2015a;Loureiroetal.2016;Lietal.2016). On
theotherhand,itisstillreasonabletoexpectthatthe
turbulentsystemstudiedinthisworksharesatleastsome
qualitativesimilaritieswithnaturalturbulenceoccurring
atkineticscalesofthesolarwind(Servidioetal.2015;
Lietal.2016;Wanetal.2016). Wealsonotethatthe
choiceofinitialconditionsshouldnotaffectthesmall-

scalepropertiesofturbulenceduetotheself-consistent
reprocessofthefluctuationsbyeachmodelduringthe
turbulentcascade(Cerrietal.2017).
Thepaperisorganizedasfollows.InSection2we
provideashortsummaryofthekineticmodelsincluded
inthecomparison,followedbyadescriptionofthesimu-
lationsetupinSec.3.TheresultspresentedinSec.4are

dividedintoseveralparts.Inthefirstpart,weinvestigate
thespatialstructureofthesolutionsbycomparingthe
snapshotsoftheelectriccurrentandthestatisticsofmag-

neticfieldincrements(Sec.4.1).Theanalysisofturbulent
structuresinrealspaceisfollowedbyacomparisonofthe
globalturbulenceenergybudgetsforeachmodel(Sec.4.2).

Afterwards,weperformadetailedcomparisonofthespec-
tralpropertiesofthesolutions(Sec.4.3),followedbythe
analysisofthenonthermalionandelectronfreeenergy
fluctuationsinthespatialdomain(Sec.4.4).Finally,we

concludethepaperwithasummaryanddiscussionofour
mainresults(Sec.5).

2.KINETICMODELSINCLUDEDINTHE

COMPARISON

Forthesakeofclarity,weprovidebelowbriefdescrip-
tionsofthekineticmodelsinvolvedinthecomparison.
However,wemakenoattempttogiveacomprehensive
overviewofeachmodelandwereferthereadertothe
referencesgivenbelowforfurtherdetails. Asisoften
doneinliterature,weadoptheretheso-calledcollisionless
approximation(Lifshitz&Pitaevskii1981;Klimontovich
1997)asthebasisforinterpretingourresults,giventhe
factthatthesolarwindisveryweaklycollisional(Marsch
2006;Bruno&Carbone2013).Bydefinition,thecolli-
sionlessapproximationneglectsanydiscretebinary(and
higherorder)particleinteractions.Itisworthmentioning

thatalthoughwedonotexplicitlyconsidertheroleofa
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weakcollisionality,ournumericalsolutionsstillcontain
featureswhichresemble(weakly)collisionaleffectsina
plasma.Intheparticle-in-cell(PIC)method,collisional-
likeeffectsoccurduetorandomstatisticalfluctuationsin
theelectrostaticpotentialfeltbyeachfinite-sizeparticle,
andduetonumericaleffectsrelatedtotheuseofaspa-

tialgridfortheelectromagneticfields(Okuda&Birdsall
1970;Hockney1971;Birdsall&Langdon2005).Eulerian
basedmethods,ontheotherhand,aresubjecttoan
effectivevelocityspacediffusion,whichactstosmooth
theparticledistributionfunctionatthesmallestresolved
velocityscales.
Westartwithaquicksummaryofthefully-kinetic,elec-
tromagneticplasmamodel(Klimontovich1967;Lifshitz
&Pitaevskii1981;Klimontovich1997;Liboff2003).In
thecollisionlesslimit,thekineticpropertiesofaplasma
aregovernedbytheVlasovequationforeachparticle
speciess:

∂fs
∂t
+v·∇fs+qs E+

v×B

c
·
∂fs
∂p
=0, (1)

wherefs(r,p,t)isthesingle-particledistributionfunc-
tion,qsisthespeciescharge,visthevelocity,pisthe
(relativistic)momentum,andEandBarethe(smooth)
self-consistentelectromagneticfields.Theself-consistent
fieldsareobtainedfromthefullsetofMaxwellequations,

∂E

∂t
=c∇×B−4πJ,

∂B

∂t
=−c∇×E, (2)

∇·E=4πρ, ∇·B=0, (3)

whereJ= sqs vfsd
3pistheelectriccurrentandρ=

sqs fsd
3pisthechargedensity.Theaboveequations

formaclosedsetforthefully-kineticdescriptionofa
plasmainthecollisionlesslimit.
Thehybrid-kineticVlasov-Maxwellmodel(Byersetal.
1978;Harned1982;Winskeetal.2003)isanon-
relativistic,quasi-neutralplasmamodelwheretheionsare
fullykineticandtheelectronsaretreatedasabackground

neutralizingfluidwithsomeunderlyingassumptionfor
theirequationofstate(typicallyanisothermalclosure).
ThefundamentalkineticequationsolvedbytheHKmodel
istheVlasovequationfortheions:

∂fi
∂t
+v·∇fi+

qi
mi

E+
v×B

c
·
∂fi
∂v
=0, (4)

wherefi(r,v)istheionsingle-particledistributionfunc-
tionandmiistheionmass. TheBfieldisadvanced
usingFaraday’slaw

∂B

∂t
=−c∇×E. (5)

SincetheHKmodelassumesthenon-relativisticlimit,

thedisplacementcurrentisneglectedintheAmṕere’s

law,whichthusreads

∇×B=
4π

c
J. (6)

Finally,theelectricfieldisobtainedfromthegeneralized
Ohm’slaw(Valentinietal.2007):

1−d2e∇
2E=−

ue×B

c
−
∇pe
ne
+ηJ

−
me
mi

ui×B

c
−
1

ne
∇· min(uiui−ueue)+Πi ,

(7)

wherede,me/mi,η,n,ui,ue=ui−J/en,pe,and
Πiaretheelectronskindepth,electron-ionmassratio,
(numerical)resistivity,plasmadensity,ionfluidvelocity,
electronfluidvelocity,electronpressure,andionpressure
tensor,respectively. TheHKmodelisaquasi-neutral
theory(Tronci&Camporeale2015),ni ne≡n,and
thereforeitdealsonlywithfrequenciesmuchsmallerthan
theelectronplasmafrequency,ω ωpe. Wealsonote
thatthefiniteelectronmassinexpression(7)isinpractice

oftensettozero,whichconsequentlyneglectselectron
inertiaandresultsinamuchsimplifiedversionofOhm’s
law:

E=−
ue×B

c
−
∇pe
ne
+ ηJ. (8)

Thegyrokineticmodel(Frieman&Chen1982;Brizard
&Hahm2007)ordersfluctuatingquantitiesaccordingtoa
smallexpansionparameter.Inparticular,thefollowing
orderingisassumedforthefluctuatingquantities:

δfs/F0,s∼δB/B0∼qsδφ/T0,s∼ , (9)

whereF0,sisthebackgroundparticledistributionfunc-
tion,δfsistheperturbedpartofthedistribution,δφ
istheperturbedelectrostaticpotential,T0,sistheback-
groundkinetictemperature(measuredinenergyunits),
andB0isthebackgroundmagneticfield.Asimilarorder-
ingisassumedforthecharacteristicmacroscopiclength
scaleL0andthefrequenciesofthefluctuatingquantities

ω:

ω/Ωcs∼ρs/L0∼ , (10)

whereΩcsisthespeciescyclotronfrequencyandρsis
thespeciesLarmorradius. Fortheproblemsofinter-
est,suchaskinetic-scaleturbulenceinthesolarwind
(Howesetal.2006,2008a;Schekochihinetal.2009),the
macroscopiclengthscalecanbetypicallyassociatedwith
acharacteristicwavelengthofthefluctuationsmeasured
alongthemagneticfield.Timescalescomparabletothe
cyclotronperiodarecancelledoutbyperforminganav-
eragingoperationovertheparticleLarmormotion.The
phasespaceisthenconvenientlydescribedintermsofthe
coordinates(Rs,µs,v),whereRs=r+(v×b0)/Ωcsis

theparticlegyrocenterposition,µs=msv
2
⊥/2B0isthe
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magneticmoment,andv=v·b0thevelocityalongthe
meanfield,whereb0=B0/B0.Insteadofevolvingthe
perturbeddistributionδfs,thegyrokineticequationsare
typicallywrittenintermsoftheringdistribution:

hs(Rs,µs,v,t)=δfs(r,v,t)+
qsδφ(r,t)

T0,s
F0,s(v).(11)

Thedistributionhsisindependentofthegyrophasean-
gleatfixedRs.Theelectromagneticfieldsareobtained
self-consistentlyfromtheringdistributionundertheas-
sumption(9)and(10).Fortheelectrostaticpotential,the
assumptionsresultinaquasineutralitycondition,which
isusedtodetermineδφ.Themagneticfield,ontheother
hand,isobtainedfromaGKversionofAmpere’slaw.
Finally,wesummarizethemainfeaturesoftheso-called
KineticReducedElectron Heating Model(KREHM)

(Zocco&Schekochihin2011).KREHMisafluid-kinetic
model,obtainedasarigorouslimitofgyrokineticsfor
low-betamagnetizedplasmas.Inparticular,thelowbeta

assumptiontakesthefollowingform:

βe∼ me/mi 1, (12)

whereβeistheelectronbetaratio.Duetoitslowbeta
limit,theadditionofKREHMtothisworkclarifiesthe

plasmabetadependenceofourresults.Insteadofsolving
forthetotalperturbedelectrondistributionfunctionδfe,
KREHMiswrittenintermsof

ge=δfe−(δn/n0+2vδu,e/v
2
th,e)/F0,e, (13)

whereδneistheperturbeddensity,δu,etheperturbed
electronfluidvelocityalongthemeanmagneticfield,and
vth,e= 2T0,e/meistheelectronthermalvelocityof

thebackgrounddistributionF0,e.Themodifieddistribu-
tiongehasvanishinglowesttwo(fluid)moments,thus
highlightingthekineticphysicscontainedinKREHM,
leadingtosmall-scalevelocitystructuresintheperturbed

distributionfunction. Asthefinalsetofequationsfor
gedoesnotexplicitlydependonvelocitiesperpendicu-
lartothemagneticfield,theperpendiculardynamics
maybeintegratedout,leavingonlytheparallelveloc-
itycoordinate. Assuch,themodelisbyfartheleast
computationallydemandingofthefourthatweemploy.
AsshowninZocco&Schekochihin(2011),aconvenient
representationofgeinthevspacecanbegiveninterms
ofHermitepolynomials.

3.PROBLEMDESCRIPTIONANDSIMULATION
SETUP

Inthefollowingsectionweprovidedetailsregardingthe
choiceofinitialconditionandplasmaparameters.Further
technicaldetailsdescribingthenumericalsettingsused
foreachtypeofsimulationaregiveninAppendixA.
Theinitialconditionusedforallsimulationsisthe

so-calledOrszag-Tangvortex(Orszag&Tang1979)—a

widely-usedsetupforstudyingdecayingplasmaturbu-
lence(Biskamp& Welter1989;Dahlburg&Picone1989;
Politanoetal.1989,1995;Parasharetal.2009,2015a;
Loureiroetal.2016;Lietal.2016). Theinitialfluid
velocityandmagneticfieldperturbationaregivenby

u⊥=δu−sin(2πy/L)̂ex+sin(2πx/L)̂ey, (14)

B⊥=δB−sin(2πy/L)̂ex+sin(4πx/L)̂ey, (15)

whereListhesizeoftheperiodicdomain(x,y∈[0,L)),
andδuandδBaretheinitialfluidandmagneticfluc-
tuationamplitudes,respectively. Auniformmagnetic
fieldB0=B0̂ezisimposedintheout-of-plane(z)di-
rection.Inadditiontomagneticfieldfluctuations,we
initializeaself-consistentelectriccurrentinaccordance
withAmpere’slaw:

Jz=
c

4π

2πδB

L
2cos(4πx/L)+cos(2πy/L). (16)

FortheFKandGKsimulations,weexplicitlyinitialize
theparallelcurrentviaalocallyshiftedMaxwellianforthe
electronspecies.Similarly,weprescribetheperpendicular
fluidvelocitiesfortheFKandHKmodelsbylocally
shiftingtheMaxwellianvelocitydistributionsinvxand
vy. ForGKandKREHM,thesameapproachisnot
possibleduetothegyrotropyassumptionimposedonthe

particleperpendicularvelocities.Instead,thein-plane
fluidvelocitiesforGKandKREHMaresetupwitha
plasmadensityperturbation,resultinginself-consistent
electrostaticfieldthatgivesrisetoperpendicularfluid
motionsviatheE×Bdrift(Numataetal.2010;Loureiro
etal.2016).Inthelarge-scaleandstrongguidefieldlimit,

theleadingordertermfortheelectricfieldis

E⊥≈−
1

c
u⊥×B0 (17)

andtheperturbationiselectrostatic.Forbetterconsis-
tencywithreduced-kineticmodelsusedhere,theEfield
fortheFKmodelisinitializedaccordingtoEq.(17)with
acorresponding(small)electrondensityperturbationto
satisfythePoissonequationfortheelectrostaticpotential.
Apartfromminordensityfluctuationsthataccountfor
theelectrostaticfield,theinitialionandelectrondensi-
ties,aswellastemperatures,arechosentobeuniform.
Finally,itisimportanttomentionthatweperformthe
HKsimulationswiththegeneralizedversionofOhm’s

lawgivenbyEq.(7)whichincludeselectroninertia,and
assuchfeaturesacollisionlessmechanismforbreaking
themagneticfieldfrozen-influxconstraint.
Alistofsimulationrunswiththecorrespondingplasma
parametersandboxsizesisgiveninTable1.Thekey
dimensionlessparametersvariedbetweentherunsarethe
ionbeta

βi=8πn0Ti/B
2
0 (18)
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andtheinitialturbulencefluctuationstrength

=δB/B0=δu/vA, (19)

wherevA=B0/
√
4πn0miistheAlfv́enspeed.Through-

outthisarticle,thespeciesthermalvelocityisdefinedas
vth,s= 2Ts/msandthespeciesLarmorradiusisgiven
byρs=vth,s/Ωcs,whereΩcs=eB/(msc)isthespecies
cyclotronfrequency.Unlessotherwisestated,lengthsare
normalizedtotheioninertiallengthdi=ρi/

√
βi,veloci-

tiestotheAlfv́enspeedvA,massestotheionmassmi,

magneticfieldtoB0,theelectricfieldtovAB0/c,and
densitytothebackgroundvaluen0. Wetakethe(integral
scale)eddyturnovertimeτ0asthebasictimeunit,which
wedefinehereas

τ0=
L

2πδu
. (20)

Theeddyturnovertime,beingindependentofkinetic
quantities,isarobustmeasureallowingforadirectcom-
parisonofsimulationsobtainedfromdifferentplasma
modelsandforvariablefluctuationlevelsandboxsizes
(Parasharetal.2015a).Furthersimulationdetailsper-
tainingtoeachkineticmodelareprovidedinAppendixA.

Mainplasmaparameters

Run βi mi/me Ti/Te L/di

A1 0.1 0.2 100 1 8π

A2 0.1 0.1 100 1 8π

B1 0.5 0.3 100 1 8π

B2 0.5 0.15 100 1 8π

Table1.Listofsimulationrunswiththeircorrespond-
ingplasmaparameters:ionbeta(βi),initialturbulence
fluctuationlevel(),ion-electronmassratio(mi/me),
ion-electrontemperatureratio(Ti/Te),andboxsizein
unitsoftheioninertiallength(L/di).

4.RESULTS

Belowwepresentadetailedanalysisofthesimulation
runslistedinSec.3.Alldiagnosticsareimplementedfol-
lowingequivalenttechnicaldetailsforallmodelsandthe
numericalvaluesfromallthesimulationsarenormalized
inthesameway. Fortheroot-mean-squarevaluesof
theelectriccurrentandforthespectralanalysisofthe
fully-kineticPICsimulations,weuseshort-timeaveraged
dataasisoftendoneinthePICmethod(Liuetal.2013;
Daughtonetal.2014;Roytershteynetal.2015;Mũnoz
etal.2017).Theeffectofshort-timeaveragingistohigh-
lighttheturbulentstructuresandreducetheamountof
fluctuationsarisingfromPICnoisethataremainlycon-
centratedathighfrequencies.Inourcase,theaveraging
roughlyretainsfrequenciesuptoω 2πΩciforallsimu-
lationrunslistedinTable1.Thepossibilitytosearchfor

phenomenathatcouldpotentiallyreachfrequenciesmuch

higherthantheioncyclotronfrequency[e.g.whistler
waves(Saitoetal.2008;Gary&Smith2009;Changetal.
2014;Garyetal.2016)]isthereforelimitedinthetime
averageddata. Wenotehoweverthatwithouttheuse
ofshort-timeaveragingtheamountofPICnoiseinour
simulationsistoohightoallowforadetailedanalysis
ofturbulentstructuresatelectronkineticlengthscales.
ThelimitationssetbythePICnoisearemoststrictfor
theperpendicularelectricfield,thedetailedknowledgeof
whichisanimportantpieceofinformationforidentifying
thesmall-scalenatureoftheturbulentcascade. Addi-
tionalinformationregardingtheshort-timeaveragingof
thePICsimulationdataisgiveninAppendixB.

4.1.Spatialfieldstructure

Webeginthediscussionofourresultsbycomparing
thespatialstructureoftheturbulentfields.InFigure1

wecomparetheout-of-planeelectriccurrentJzataround
3.1eddyturnovertimesτ0inthesimulation.Thecon-
tourplotsareshownforvariablefluctuationstrengths

=δB/B0=δu/vAandforbothvaluesoftheionbeta
(βi=0.1,0.5). TheelectriccurrentobtainedfromFK
simulationsisplottedusingtherawdatawithoutany
short-timeaveragingorlow-passfilteringtoprovidethe
readerwithaqualitativemeasureofthestrengthofback-
groundthermalfluctuationsstemmingfromPICnoise.
Tohighlightthe dependence,theFKandHKdatahave

beenrescaledby1/,whereasintheGKandKREHM
modelsthecurrentisalreadynaturallyrescaledby1/.
WiththeexceptionoftheKREHMsolutioncorresponding

totheβi=0.5case,arelativelygoodoverallagreementis
foundbetweenallmodels.SinceKREHMreliesonthelow
plasmabetaassumption,thedisagreementforβi=0.5is

tobeexpectedandhighlightstheinfluenceofβionthe
turbulentfieldstructure.Ontheotherhand,KREHM
givessurprisinglyaccurateresultsalreadyforβi=0.1
eventhoughtheformalrequirementforitsvalidityisgiven
by
√
βe∼ me/mi 1(Zocco&Schekochihin2011),

whichgivesβi 0.01inourcase(usingme/mi=0.01
andT0,i=T0,e).BylookingatFig.1wealsoseethatthe
fieldstructurechangesrelativelylittlewith. Moreover,
thefieldmorphologydependsmuchmoreontheplasma
betathanitdoesontheturbulencefluctuationlevel.Itis
worthnoticingthatforevenhigher thefieldstructureis
expectedtochangesignificantly;atleastwhenthesonic
MachnumberMs∼ /

√
βiapproachesunity(Picone&

Dahlburg1991).
InTable2welisttheroot-mean-squarevaluesofthe
out-of-planecurrentdensityat4.7eddyturnovertimes.
Short-timeaverageddataisusedheretocomputethe
root-mean-squarevaluesfortheFKmodelinordertore-
ducecontributionsfromthebackgroundPICnoise. While
thespatialfieldstructuresareoverallingoodqualitative

agreement,theroot-mean-squarecurrentnumericalval-
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ues differ. More specifically, the numerical values deviate 
from the FK model up to 9% for GK, up to 12 % for 
KREHM, and up to 33% for the HK model. We note 
that minor deviations can occur not only as a result of 
physical differences but also due to differences in the nu-
merical grid size and low-pass filters, as well as due to 
PIC noise in the FK runs that may slightly affect the 
small-scale dynamics. On the other hand, regarding the 
relatively large disagreement between the HK and FK 
models, it is reasonable to assume that the main cause 
for the difference are electron kinetic effects absent in the 
HK approximation. To support the claim, we consider in 
Fig. 2 the root-mean-square values of the low-pass filtered 

electric current, Jz
rms(k⊥ ≤ K), plotted versus the cutoff 

wavenumber K. A significant difference between the HK

and FK results for Jrmsz is generated over the range of

scales 1/ρi  k⊥  1/de, over which the HK turbulent 
spectra are likely shallower due to the absence of electron 
Landau damping as demonstrated in Sec. 4.3.

In agreement with previous works(seereview
byMatthaeusetal.(2015)andreferencestherein),the
snapshotsofJzinFig.1alsorevealahierarchyofcurrent
sheetswhichdifferentiatewithrespecttothebackground
Gaussianfluctuations,leadingtoscale-dependentstatis-
ticsalsoknownasintermittency. Toinvestigateinter-
mittencyinoursimulations,westudythestatisticsof

Jrmsz /

βi=0.1 βi=0.5

=0.2 =0.1 =0.3 =0.15

FK 1.09 1.24 0.85 0.93

HK 1.31 1.44 1.08 1.24

GK 1.13 0.91

KREHM 1.12 0.82

Table2.Comparisonoftheroot-mean-squarevaluesof
Jz/around4.7eddyturnovertimesinthesimulation.

magneticfieldincrements∆xBy()=By(r+ êx)−By(r),
usingtheBycomponentandwithspatialdisplacements
alongthe(positive)xdirection.InFigure3,wecompare
the probabilitydistributionfunctions(PDFs)ofmag-
neticfieldincrementsfortheβi=0.1runs. ThePDFs
arecomputedasnormalizedhistogramsof∆xBy()with
equallyspacedbins,usingrawsimulationdataforthe
FKmodel. WealsoconfirmedthatthePDFsof∆xBy()
changeonlyverylittleuponreplacingtherawFKPIC
datawithshort-timeaverageddata(notshownhere).To
smoothoutthestatisticalfluctuationsinthePDFsduring
theturbulentdecay,weaveragethePDFsoveratime
windowfromroughly4.4to5eddyturnovertimes,when
theturbulenceisalreadywelldeveloped.Thedeparture
fromaGaussianPDF(blackdashedlinesinFig.3)in-

creasesfromlargetosmallscales. Goodagreementis
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Figure 2. Comparison of the root-mean-square values of 
the low-pass filtered Jz, plotted against the cutoff 

wavenumber K.

foundbetweenallmodels,exceptforverylargevaluesat
thetailsofthePDFs. Herewepointoutthatthetails
ofthePDFsarelikelytobeaffectedbythedifferencesin
thesmallestresolvedscaleineachmodel,whichdepends
onthenumericalresolution. Eventhoughthelevelof
intermittencyinoursimulations,comparedtothesolar
wind,islikelyunderestimatedduetoalimitedsystem

size,theanalysisshowsthattheturbulentfieldsstill
maintainacertaindegreeofintermittency,whichdoes
notappeartobeparticularlysensitivetodifferenttypes
ofreduced-kineticapproximations.Ourresultsarealso
inqualitativeagreementwithsomeobservationalstudies
andkineticsimulations(Leonardisetal.2013;Wuetal.

2013b;Francietal.2015;Leonardisetal.2016),even
thoughitshouldbementionedthatsomecontradictory
resultshavebeenreportedbasedonobservationaldata
(Kiyanietal.2009;Chenetal.2014),forwhichtheau-
thorsfoundnon-Gaussianbutscale-independentPDFs
atkineticscales.
Tocomparethelevelofintermittencyindetail,we
alsocomputethescale-dependentflatness, K() =
∆xBy()

4/∆xBy()
22,ofmagneticfieldfluctuations

(Fig.4), where...representsaspaceaverage. Similar
tothePDFs,weadditionallyaverageK()overatime
windowfrom4.4to5eddyturnovertimes.Theflatness
isclosetotheGaussianvalueof3(blackdashedlines
inFig.4)atlargescalesandincreaseswellabovethe
K=3thresholdatkineticscales.Furthermore,Fig.4
alsoshowsthatthesmall-scaleintermittencyissome-
whatunderestimatedintheHKandKREHMsimulations.
Asalreadypointedout,intermittentpropertiescanbe
verysensitivetothechoiceofnumericalresolution,which
mightberesponsibleforthelowerlevelofintermittency

intheHKsimulations.Inparticular,theHKflatness

isclosertotheFKandGKonesfortheβi=0.5run,
forwhichthesmallestrelevantscaleoftheFKandGK
models(ρe)isclosertothelimitsoftheHKresolution
thanintheβi=0.1case. Furtherinvestigationswill
benecessarytoestablishathoroughunderstandingof
kinetic-scaleintermittencywithrespecttodifferenttypes
ofreduced-kineticapproximations.Theneedtoperforma
detailedstudyofintermittencywithemphasisonkinetic
modelcomparisonhasalreadybeenrecognizedbyseveral

authorsandadetailedplantofulfilthis(amongothers)
ambitiousgoalhasbeenrecentlyoutlinedintheso-called
“Turbulentdissipationchallenge”(Parasharetal.2015b
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Figure3.PDFsofmagneticfieldincrementsfordifferent

separationlengths.Thedataisshownfortheβi=0.1
casewith =0.1fortheFKandHKmodels.Theblack
dashedlinecorrespondstothe(normalized)Gaussian
PDF.

4.2.Globaltimeevolution

Next,weconsidertheglobalturbulenceenergybudget
ofthedecayingOrszag-Tangvortex.Forthispurpose,we
splitthebulkenergyintomagneticM = B2/8π,kinetic
ionKi= nmiu

2
i/2,kineticelectronKe= nmeu

2
e/2,

internalionIi= 3nTi/2,andinternalelectronIe=
3nTe/2 energydensity,where... denotesaspace
average.Tomeasuretheenergyfluctuationsoccurringas
aresultofturbulentinteractions,weconsideronlythe
relativechangesforeachenergychannel,normalizedto
thesumoftheinitialmagneticandkineticionenergy
density,E0=M(t=0)+Ki(t=0).Thetimetracesfor
theFKmodelareobtainedbyspace-averagingtheraw

simulationdatawithouttheuseofshort-timeaveraged
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Figure4.Scale-dependentflatnessofperpendicularmag-
neticfieldincrementsforβi=0.1(top)andβi=0.5
(bottom).

fields.FortheGKmodelandKREHM,wedefinethe

perturbedinternalenergysimilartoLietal.(2016)as

δIs=−T0,sδSs−δKs+
t

0

Dsdt, (21)

whereδSs=−
1
V d2rd3vδf2s/2F0,sistheperturbed

speciesentropyandDsisthemeanspeciesdissipation

rate,occurringasaresultof(hyper)collisionaland(hy-
per)diffusivetermsintheequations.Thefirsttwoterms
ontheright-handsidecorrespondtofreeenergyfluctua-
tionswithoutcontributionsfrombulkfluidmotions.The
lasttermrepresentstheamountofdissipatedfreeenergy
ofspeciess.Infullfmodels,the“dissipated”nonthermal

energystemmingfrom(numerical)collisionaleffectsin
velocityspaceremainspartofthedistributionfunction
intheformofthermalfluctuations.Ontheotherhand,
inδfmodelssuchasGKandKREHMthethermalized
energyisnotaccountedforinthebackgrounddistribution
F0,sandhastobeaddedexplicitlytotheinternalenergy
expression.Thedissipativetermissignificantforboth
ionsandelectrons.IntheGKsimulations,hypercollision-
alitycontributestoaround56%and67%ofδIeandto
about5%and14%ofδIiatt≈6.3τ0forβi=0.1and
βi=0.5,respectively.
Thetimetracesofthemeanenergydensitiesareshown
inFig.5.TheobserveddeviationsfromtheFKcurves
appeartobeconsistentwiththekineticapproximations
madeineachoftheotherthreemodels.Inparticular,the
HKmodelexhibitsanexcessofmagneticandelectron
kineticenergydensity,whichcanbeunderstoodinthe
contextoftheisothermalelectronclosurethatprevents
turbulentenergydissipationviatheelectronchannel.For
theGKmodel,theresultshowsthatGKtendstooveres-

timatetheelectroninternalenergyandunderestimatethe

ionone,withthedeviationsfromtheFKmodelgrowing
as isincreased.Theobservedamplificationofioninter-
nalenergyrelativetotheelectrononewhen isincreased
isalsoingoodagreementwithpreviousFKstudies(Wu
etal.2013a;Matthaeusetal.2016;Garyetal.2016).The
convergenceoftheFKinternalenergiestowardstheGK

resultas →0isconsistentwiththelow assumption
madeinthederivationoftheGKequations.Similarly,the
improvedagreementofKREHMwiththeFKmodelfor

thelowerbeta(βi=0.1)runscanbeunderstoodinthe
contextofthelowbetaassumptionmadeinKREHM. We
alsonotethationheatingisorderedoutoftheKREHM
equations,whichappearstobereasonablegiventhefact
thattheioninternalenergyincreasesmorerapidlyinthe
higherbeta(βi=0.5)run.
Insummary,fromthepointofviewoftheglobalenergy
budget,allmodelsdeliveraccurateresultswithinthe
formallimitsoftheirvalidityandinsomecasesevenwell
beyond.TheHKmodelresolveswellionkineticeffects

butfallsshortindescribingelectronfeatures,whereas
theGKmodelbecomesincreasinglyinaccurateforlarge
turbulencefluctuationstrengths.Inadditiontothe 1

assumptionofGK,theaccuracyofKREHMalsodepends
onthesmallnessoftheplasmabeta.Fortheparticular
setupconsidered,KREHMgivessurprisinglygoodresults
alreadyforβi=0.1,whichiswellbeyonditsformallimit

ofvalidity(βi 0.01forme/mi=0.01andT0,i=T0,e).

4.3.Spectralproperties

Thenatureofthekinetic-scale,turbulentcascadeisin-

vestigatedbyconsideringtheone-dimensional(1D)turbu-
lentspectra,whichwecomputeasfollows. Wedividethe
two-dimensionalperpendicularwavenumberplane(kx,ky)
intoequally-spacedshellsofwidth ∆k=kmin =2π/L

andcalculatethe1Dspectra,P(k⊥),bysummingthe
squaredamplitudesoftheFouriermodescontainedin
eachshell.Thewavenumbercoordinatesforthe1Dspec-
traareassignedtothemiddleofeachshellatinteger
valuesof∆k.Tocompensatefortheglobalenergyvaria-
tionsbetweendifferentmodels(seeFig.5)andtoaccount

forthefactthattheturbulenceisdecaying,wenormalize
thespectraforeachsimulationandforeachtimesepa-
rately,suchthat k⊥

P(k⊥)=1.Finally,weaverage
the(normalized)spectralcurvesoveratimeintervalfrom
4.4to5eddyturnovertimesinordertosmoothoutthe
statisticalfluctuationsinP(k⊥).
Theturbulentspectraofthemagnetic,perpendicular
electric,andelectrondensityfieldsarecomparedinFig.6.
Thespectraareshownforallsimulationruns,usingshort-
timeaverageddatafortheFKmodel.Forreference,we
alsoplottheFKspectraobtainedfromtherawPICdata
inthehigherruns(A1andB1inTable1).1Sincediffer-

1 The raw PIC E⊥ spectra have been rescaled by
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entnumericalresolutionswereusedfordifferentmodels,
thescalesatwhich(artificial)numericaleffectsbecome
dominantdifferbetweenthemodels.FortheHKmodel,
itcanbeinferredfromthespectrumthatnumericalef-

fectsduetolow-passfilters(Lele1992)becomedominant
fork⊥ 1/de. Ontheotherhand,fortheFK,GK
model,andKREHM,thephysicallywell-resolvedscales
areroughlylimitedtok⊥ 1/ρe.IntheGKmodel
andKREHM,thecollisionlesscascadeisterminatedby
hyperdiffusiveterms.IntheFKruns,themainlimiting
factorarethebackgroundthermalfluctuations,which
dominateoverthecollisionlessturbulenceathighk⊥,as
indicatedbythegreyshadinginFig.6.
Twonotablefeaturesstandoutwhencomparingthe

spectraovertherangeofwell-resolvedscales. First,
goodagreementisseenbetweentheFKandGKspec-
tra,andsecondly,theHKspectrahaveshallowerspec-

E2⊥,raw /E
2
⊥,avg,whereE⊥,rawistherawfield,E⊥,avgisthe

short-timeaveragedfield,andtheoverlinerepresentsatimeaver-
agefrom4.4to5eddyturnovertimes. Therescalingisusedto
compensateforthelargeamountofPICnoise,whichsignificantly
affectstheaverageamountofenergyintheperpendicularelectric
field.

tralslopesatsub-ionscales. Undertheassumptions
madeinthederivationofGK,thekinetic-scale,electro-
magneticcascadecanbeunderstoodinthecontextof
kineticAlfv́enwave(KAW)turbulence—thenonlinearin-

teractionamongquasi-perpendicularlypropagatingKAW
packets(Howesetal.2008a;Schekochihinetal.2009;
Boldyrevetal.2013).Thus,thecomparisonbetweenthe
GKandFKturbulentspectrasuggestsapredominantly
KAWtypeofturbulentcascadebetweenionandelectron
scaleswithoutmajormodificationsduetophysicsnot
includedinGK,suchasioncyclotronresonance(Li&
Habbal2001;Markovskiietal.2006;Heetal.2015),high
frequencywaves(Gary&Borovsky2004;Gary&Smith
2009;Verscharenetal.2012;Podesta2012),andlarge

fluctuationsintheionandelectrondistributionfunctions.
Weemphasizeherethatourresultsare,strictlyspeaking,
validonlyfortheparticularsetupconsideredandcould
bemodifiedinthree-dimensionalgeometryand/orfora

realisticvalueoftheion-electronmassratio.Concerning
theHKresults,theshallowerslopescanberegardedas
manifestfortheinfluenceofelectronkineticphysicson
thesub-ion-scaleturbulentspectra.Inparticular,sev-
eralpreviousworksdemonstratedthatelectronLandau
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dampingcouldbesignificantevenationscalesofthe
solarwind(Howesetal.2008a;TenBarge&Howes2013;
Toldetal.2015,2016b;BãńonNavarroetal.2016),and
therefore,weexplorethisaspectfurtherinwhatfollows.
TheroleofelectronLandaudampingisinvestigated
withKREHM,forwhichelectronLandaudampingis
theonlyprocessleadingtoirreversibleheating.2 All
otherdissipationchannelsareorderedoutasaresult
ofthelowβandlow limit(Zocco&Schekochihin
2011).Totesttheinfluenceofelectronheatingonthe
KREHMspectra,weperformedanewsetofsimulations
intheisothermalelectronlimitwithgeinEq.(13)set
equaltoge=0.InFigure7wecomparetheFKand
HKmagneticfieldspectrawiththeKREHMspectra
obtainedfromsimulationswithandwithoutelectron
heating.Onlythecurvescorrespondingtothelow runs
(A2andB2)areshownfortheFKandHKmodels.Over
therangeofscaleswherenumericaldissipationinthe
HKrunsisnegligible(k⊥ 1/de),excellentagreement

betweentheisothermalKREHMspectraandtheHK
spectraisfoundfortheβi=0.1case. Ontheother
hand,whentheisothermalelectronassumptionisrelaxed,
theKREHMresultismuchclosertotheFKthanto
theHKspectrum. Asimilartrendcanbeinferredfor
theβi=0.5regime,albeitwithsomedegradationinthe
accuracyofKREHM,whichistobeexpectedgivenitslow

βassumption.Furthermore,todemonstratethatelectron
heatingindeedleadstosmall-scaleparallelvelocityspace
structures,reminiscentof(linear)Landaudamping,we
computetheHermiteenergyspectrumofge(Schekochihin
etal.2009;Zocco&Schekochihin2011;Loureiroetal.
2013;Hatchetal.2014;Schekochihinetal.2016),which

isshownFig.8.TheHermiteenergyspectrumcanbe
regardedasadecompositionofthefreeenergyamong
parallelvelocityscales(thehighertheHermitemode
numberm,thesmallertheparallelvelocityscale).Due

toalimitednumberofHermitepolynomialsusedinthe
KREHMsimulations(M =30),nocleanspectralslope
canbeobserved.However,overalimitedrangeofscales
(m 7),theHermitespectrumisshallowandsuggestsa
tendencytowardstheasymptoticlimit∼m−1/2predicted
forlinearphasemixing,i.e.Landaudamping(Zocco&
Schekochihin2011). Wealsomentionthatarecentthree-
dimensionalstudyoftheturbulentdecayoftheOrszag-
Tangvortexdemonstratedaclearconvergencetowards
them−1/2limitformuchlargersizesoftheHermitebasis
(uptoM =100),thusindicatingacertainrobustnessof

2Theuseofthetermirreversibleimpliesheretheproductionof
entropy,whichisultimatelyachievedbycollisions.Forweaklycolli-
sionalplasmas,suchirreversibleheatingcanonlybecomesignificant
ifthereexistsakineticmechanism,suchasLandaudamping,able
ofgeneratingprogressivelysmallervelocityscalesintheperturbed
distributionfunction(Howesetal.2008a;Schekochihinetal.2009;
Loureiroetal.2013;Numata&Loureiro2015;Pezzietal.2016;
BãńonNavarroetal.2016).

theresult(Fazendeiro&Loureiro2015).
Finally,theimportanceofelectronLandaudamping
atsub-ionscalesmightbesomewhatoverestimatedin
ourstudyduetotheuseofareducedion-electronmass
ratioof100,resultingina∼4.3timessmallerscale
separationbetweenionandelectronscales(compared
toarealhydrogenplasma).Inthiswork,nodefinitive
answerconcerningtheroleofthereducedmassratio
canbegivenandfurtherinvestigationswithhighermass

ratioswillbeneededtoclarifythisaspect. Wenote,
however,thatarecentGKstudyofKAWturbulence,
aswellasacomparativestudyoflinearwavephysics
containedintheFK,HK,andGKmodelfoundthat
electronLandaudampingationandsub-ionscalescan
berelevantevenforarealisticmassratio(Toldetal.
2016b;BãńonNavarroetal.2016). Wealsomention
that,inprinciple,oneshouldnotoverlookthefactthat
electronLandaudampingisabsentintheHKmodelnot
onlyforKAWsbutforallotherwavesaswell,suchas

thefast/whistler,slow,andionBernsteinmodes.
Tocomparethespectralpropertiesofthesolutionsin
evengreaterdetail,weexaminetheratiosofthe1Dk⊥
spectra(Gary&Smith2009;Boldyrevetal.2013;Salem
etal.2012;Chenetal.2013;Francietal.2015;Cerri
etal.2016). Theratiosareoftenconsideredinlitera-
tureasadiagnosticfordistinguishingdifferenttypesof

wave-likeproperties(e.g.KAWsversuswhistlerwaves).
Weemphasizethatthereferencetowavephysicsshould
notbeconsideredasanattemptofdemonstratingthe

dominanceoflineardynamicsoverthenonlinearinter-
actions.Instead,themotivationforconsideringlinear
propertiesshouldbeassociatedwiththeconjectureof

criticalbalance(Goldreich&Sridhar1995;Howesetal.
2008a;Cho&Lazarian2009;TenBarge&Howes2012;
Boldyrevetal.2013),whichallowsforstrongnonlinear
interactionswhilestillpreservingcertainpropertiesof

theunderlyingwavephysics.Itisalsoworthmentioning
thatanonzeroparallelwavenumberk alongthemag-
neticfieldisrequiredfortheexistenceofmanytypes
ofwaves(suchasKAWs),relevantforthesolarwind.
Wavenumberswith |kz|>0alongthedirectionofthe
meanfieldareprohibitedinoursimulationsduetothe
two-dimensionalgeometryadoptedinthiswork. While
kz=0,themagneticfluctuationsδB

<
K⊥
abovesomerefer-

encescale0∼1/K⊥mayactasalocalguidefieldonthe
smallerscales(∼1/k⊥< 0),givingrisetoaneffective
parallelwavenumberk ∼k⊥·δB

<
K⊥
/B0(Howesetal.

2008a;Cerrietal.2016;Lietal.2016).Inthisway,cer-
tainwavepropertiesmaysurviveevenintwo-dimensional
geometry,eventhoughafullythree-dimensionalstudy
wouldsurelyprovideagreaterlevelofphysicalrealism.
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Figure7. ComparisonoftheFK,HK,andKREHM
magneticfieldspectrawiththeisothermalelectronlimit
ofKREHMforβi=0.1(top)andβi=0.
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Fourdifferentratiosofthe1Dspectraareconsidered:

CA=|E⊥|
2/|δB⊥|

2, Cp=β
2
i|δne|

2/|δBz|
2,

Ce=|δne|
2/|δB|2, C=|δBz|

2/|δB|2,

whereCeandC areknownastheelectronandmag-
neticcompressibility,respectively.LargescaleAlfv́enic
fluctuationshaveCA ∼1,whereasCp∼1impliesa

balancebetweentheperpendicularkineticandmagnetic
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pressures.Intheasymptoticlimit1/ρi k⊥ 1/ρe,
theratiosfor KAWfluctuationsareexpectedtobe-
haveasCA ∼(k⊥ρi)

2/(4+4βi),Ce∼1/(βi+2β
2
i),

C ∼βi/(1+2βi),andCp∼1,assumingk⊥ k,singly
chargedions,andT0,i=T0,e(Schekochihinetal.2009;
Boldyrevetal.2013). Thus,theCA ratioisexpected

togrowwithk⊥,whiletheotherthreeratiosareinthe
firstapproximationroughlyindependentofk⊥onsub-ion
scales.Intheregimeβi 1relevanttothiswork,wealso

expectCe C.
ThespectralratiosarecomparedinFig.9.Focusing
firstontherangeofscales1/ρi k⊥ 1/ρe,wefind
goodagreementbetweentheGKandFKmodels,albeit
withmoderatedisagreementsbetweentheCpratiosinthe
βi=0.1regime.Thus,theratiosprovidefirmevidencefor
aKAWcascadescenarioforβi=0.5,whereasforβi=0.1,
eventhoughapparentlydominatedbyKAWfluctuations,
thecascadeisalsoinfluencedbyphenomenaexcludedin
GK.Consideringthelarge-scaledynamicsinthek⊥
1/ρirange,verygoodagreementisfoundbetweentheFK
andHKresults,whereastheGKCe,Cp,andC ratios
significantlydeviate.ItisworthnoticingthattheCp
ratiodependsonlyonthemagneticfluctuationsparallel
tothemeanfieldδBz,whichrepresentafractionofthe
totalmagneticenergycontentasevidentfromtheresults
forC.

ThegeneraltrendsexhibitedbytheFKandHKratios
seemtosuggestthepresenceofhighfrequencywaves(e.g.
fastmagnetosonicmodes)excludedinGK.Tocheckifthe
FKandHKsolutionsinthek⊥ 1/ρirange(andeven
beyondforβi=0.1)areindeedconsistentwithamixture
ofmodespresent(KAWs,slowmodes,entropymodes)

andexcluded(e.g.fastmodes)inGK,wenumerically
solvetheHKdispersionrelationintheβi=0.1regime
usingarecentlydevelopedHKdispersionrelationsolver
(Toldetal.2016a). Thequalitativefindingsdiscussed

belowforβi=0.1canbealsoappliedtotheβi=0.5
case(notshownhere).
Acollectionofleastdampedmodesidentifiedwiththe
HKlineardispersionrelationsolverisshowninFig.10.
Twofixedpropagationangleswithrespecttothemagnetic
fieldareconsidered;89and85degrees.Theidentified
branchescanbeinterpretedasKAWs,fastmodes,and
generalizedionBernsteinmodes.Forthesakeofsimplic-
ity,wedonotconsiderslowmodesandentropymodes
becauseourgoalhereistostudythepropertiesofwaves
excludedinGK[foradetaileddiscussiononGKwave
physicsseeHowesetal.(2006)].TheidentifiedionBern-
steinmodesaregeneralizedinthesensethattheyare
notpurelyperpendicularlypropagatingnorelectrostatic
andtheyalsosplitintomultiplebranchesaroundthe
cyclotronfrequency.AspointedoutbyPodesta(2012),

thefinesplittingoftheionBernsteinmodesmayincrease
theopportunityforwavecouplingwiththefastandKAW

branch.
Havingidentifiedthemainbranchesofinterest,we
nowproceedtoshowthecorrespondingspectralratios
(Fig.11).Inadditiontothespectralratiosobtainedfrom
theHKsolver,wealsoshowforreferencetheGKpredic-
tionforthespectralratiosofKAWs(usingmi/me=100),

aswellasthelineardampingratesoftheHKbranches.
Comparingthelinearpredictionswiththeturbulentra-
tiosshownintheleftpanelofFig.9,wefindthatthe

directionsinwhichtheFKandHKturbulentratiosare
“pulledaway”fromtheGKcurvesareconsistentwith
linearpropertiesoffastandionBernsteinmodes.Inpar-
ticular,themagneticcompressibilityC isorderunityfor
thefastandionBernsteinmodes,whereastheirCpratio
isbelowthepressurebalanceregimeCp∼1.Similarly,
theelectroncompressibilityCeexceedstheoneofKAWs
atlowwavenumbers.Allthesepropertiesareinqualita-
tiveagreementwiththegeneraltrendsexhibitedbythe
FKandHKturbulentsolutionsfork⊥ 1/ρi.Regarding

theCAratio,wenotethatδB⊥/δB 1forthefastand
ionBernsteinmodes,meaningthatthesemodescannot
significantlyinfluencethetotal|E⊥|

2/|δB⊥|
2ratiowhen

mixedtogetherwiththeAlfv́enicfluctuations.Looking
atthedampingrates,lineartheorypredictscyclotron
dampingofthefastmodealreadyatk⊥∼1/di.However,
the GKturbulentratiosdeviatefromtheFKmodel

beyondthek⊥∼1/discaleforβi=0.1.Therefore,the
couplingofthefastmodestotheionBernsteinmodes
islikelysignificantinthelow-betaregime. Themost

naturalcandidatefortheconversionofthefastwave
wouldbethemodedenotedasIB1inFig.10,whichis
veryweaklydampedintheHKmodelandallowsfora

continuationofthefastbranchabovetheioncyclotron
frequency.IntheFKmodel,ionBernsteinwavesare
subjecttoadditionaldampingduetoelectronLandau
resonancewhichcouldpotentiallyexplainwhyallthe

FKratiosshowatendencyforconvergingontotheGK
curveswithincreasingwavenumbers,whereasintheHK
model,theturbulentratios(inparticularCpandC)do
notsharethesametrend.
Insummary,weconcludethatthedeviationoftheGK
modelfromtheFKandHKturbulentsolutionsinthe
rangek⊥ 1/ρi,andpossiblyevenbeyondforβi=0.1,
canbereasonablywellexplainedwiththepresenceof
fastmagnetosonicandionBernsteinmodes,coexisting
togetherwithAlfv́enicfluctuations.Ontheotherhand,
weadmitthatalternativeexplanationsinvolving,forex-
ample,non-wave-likephenomenacouldbeinprinciple
possible. Asasidenote,itisalsoworthmentioning
thataccordingtolineartheory,KAWsshouldundergo
cyclotronresonancearoundk⊥di∼10(seebottomplot
inFig.11),resultinginanabruptchangeinthespectral

ratios.NosuchvariationisfoundintheFKturbulent
ratios.Thissuggeststhatcyclotronresonancehasinour
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Figure10. Numericalsolutionsofthehybrid-kinetic
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IBareusedtodenotekineticAlfv́enwaves,fastwaves,and
(differentbranchesof)ionBernsteinmodes,respectively.

caseonlyaminoreffectontheturbulentcascade,incon-
sistencywiththeargumentsagainstcyclotronresonance
givenbyHowesetal.(2008a).

4.4.Ionandelectronnonthermalfreeenergyfluctuations

Atlast,motivatedbypreviousworksonnon-Maxwellian
velocitystructuresinHKsimulations(Grecoetal.2012;

Valentinietal.2014;Servidioetal.2015)andfreeenergy

cascadesinGKandKREHM(Schekochihinetal.2009;
BãńonNavarroetal.2011;Zocco&Schekochihin2011;
Toldetal.2015;Schekochihinetal.2016),weinvestigate
thespatialdistributionofthenonthermalspeciesfree
energyfluctuations:

δ̃Es=
T0,sδ̃f

2
s

2F0,s
d3v, (22)

whereδ̃fsistheperturbedpartofthedistributionfunc-
tionwithvanishinglowestthreemoments(density,fluid
velocity,andtemperature),T0,sistheequilibriumtemper-
ature,andF0,sisthebackgroundMaxwellian.Expression
(22)canberegardedasameasureforquantifyingthe
deviationsfromlocalthermodynamicequilibrium,charac-
terizedbynon-Maxwellianfluctuationsinvelocityspace
thatsetthestageforirreversibleplasmaheatingtooc-
cur. Duetoalimitedavailabilityofdataandrefined
diagnostictools,neededforthecalculationofthenon-
thermalfreeenergyasafunctionofspace,wepresent
hereonlytheresultsfromasubsetofallsimulationsand
models.Inparticular,wefocusontheβi=0.1regime
andconsidertheionnonthermalfluctuationscalculated
fromtheHKmodelandtheelectronnonthermalfluc-
tuationscalculatedfromthev⊥-integrateddistribution
functionsintheFKmodelandKREHM.IntheHKand

FKmodels,wedefineδ̃fsasδ̃fs=fs−F0,s,whereF0,s



10−1
100
101
102
103

|E
⟂
|2
/|
δ
B
⟂
|2

d−1i ρ−1i λ−1D

KA, 89∘

F/IB3, 89∘

KA, GK

IB1, 89∘

IB2, 89∘
KA, 85∘

F/IB3, 85∘
IB1, 85∘

IB2, 85∘

10−1
100
101

|δ
n e
|2
/|
δ
B|
2

10−3
10−2
10−1
100
101

β
2 i
|δ
n e
|2
/|
δ
B z
|2

10−3
10−2
10−1
100

|δ
B z
|2
/|
δ
B|
2

100 101
k⟂di

10−4
10−2
100

−
γ/
ω

14

Figure11. Spectralratioscorrespondingtodifferent
solutionsoftheHKdispersionrelation(topfourplots)
andtheirlineardampingrates(bottom).Forreference,
wealsoshowtheGKpredictionforthespectralratiosof
KAWs.

isthelocalMaxwellianwithmatchingdensity,fluidve-
locity,andtemperaturesofthetotaldistributionfs.In
KREHM,theequivalentofexpression(22)canbedefined

asδ̃E,e=n0T0,e
M
m=3ĝ

2
m/2,whereĝm aretheHermite

expansioncoefficientsofge(Zocco&Schekochihin2011;
Schekochihinetal.2016).Byskippingthelowestthree
coefficients(m≤2)intheabovesum,thecontributions
fromdensity,fluidvelocity,andtemperaturefluctuations
areexplicitlyexcludedfromtheKREHMfreeenergy.
Here,weonlyconsiderparallelelectronvelocityfluctu-
ationsbecausegedoesnotdependonv⊥ inKREHM.
FortheFKmodel,ontheotherhand,thev⊥-integrated
electrondistributionfunctionisusedasanecessity,due
toalimitationindiagnostictoolspresentlyavailablefor
theFKPICcodeusedinthiswork.Thelimitationto
parallelvelocityfluctuationsis,however,physicallywell-
motivatedfortheelectronsbasedonanumberofprevious
works,whichshowedthatelectronheatingtakesplace
predominantlyintheparalleldirection(Saitoetal.2008;
TenBarge&Howes2013;Haynesetal.2014;Numata&
Loureiro2015;Lietal.2016;BãńonNavarroetal.2016).
Thenonthermalionandelectronfreeenergyfluctua-
tionsareshowninFig.12.Thesnapshotscorrespondto

theβi=0.1runsaround4.7eddyturnovertimes,with

=0.2intheHKandFKsimulations.Forreference,we
alsoshowinFig.13thecorrespondingionandelectron
temperature fluctuations δTs = Ts −Ts, plotted at same 
time in the HK and FK simulation. A highly nonuniform 
spatial distribution of the nonthermal free energy is found 
for both ions and electrons. Furthermore, by overplotting 
the contours of the vector potential Az we find that the 

nonthermal fluctuations are mostly concentrated around 
small-scale magnetic reconnection sites, corresponding (in 
2D) to the X-points of Az. Fig. 12 also shows some dis-

agreements in the nonthermal free energy spatial profiles 
between the FK model and KREHM. Considering the 
abovementioned circumstances, one could suppose that 
the disagreements are related to the small-scale differences 
in magnetic field configuration, which might consequently 
impact the exact locations where reconnection is taking 
place. A detailed investigation of the possible causes for 
the observed disagreements is beyond the scope of this 
study but could be carried out in future works.

Theobservedcorrelationbetweenreconnectionsites
andnonthermalfluctuationsisingoodagreementwith
previousworks(Grecoetal.2012;Valentinietal.2014;
Haynesetal.2014;Servidioetal.2015)andassuchrein-
forcestheideathatreconnectionmightplayasignificant
roleintheturbulentheatingofkinetic-scale,collisionless
plasmaturbulence.ComparedtoFig.13,itisseenthat

thenonthermalfreeenergypeaksarewellcorrelatedwith
temperaturefluctuations,themaindifferencetothelat-
terbeingthatthenonthermalfluctuationsarespatially
morediffused.Thisseemstosuggestthattheenergysup-
pliedtotheparticlesatreconnectionsitesisprogressively
cascadedtosmallervelocityscalesinthereconnection

outflows,thusallowingthenonthermalfluctuationsto
spreadoveralargervolumecomparedtothetemperature
fluctuations.Thegenerationofnon-Maxwellianvelocity
spacefluctuationscanbe,ontheotherhand,linkedwith

thepresenceofwave-particleinteractionssuchasLandau
damping,aswellaswithkineticinstabilities(Haynesetal.
2014).
WhiletheroleofLandaudampinginkinetic-scale,col-
lisionlessplasmaturbulenceispresentlysomewhatless
knownfortheions,thesignificanceofelectronLandau
dampinghasbeendemonstratedinmanypreviousstud-
ies(Howesetal.2008a;TenBarge&Howes2013;Told
etal.2015;BãńonNavarroetal.2016)andinSec.4.3of
thiswork.Conversely,wefind—atthesametime—that
reconnectioncouldaswellbeamajorprocessleadingto
heatingincollisionlessplasmaturbulence.Similarasfor
Landaudamping,thelatterideaisalsowell-supported
byanumberofpreviousstudies(Sundkvistetal.2007;
Osmanetal.2011;Karimabadietal.2013;Chasapisetal.
2015;Matthaeusetal.2015).Someofthepreviousworks

triedtoestablishasharpdistinctionbetweenheatingdue
towave-particleinteractionsversusheatingoccurringas
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Figure13.Ionandelectrontemperaturefluctuations
correspondingtotheHKandFKnonthermalfreeenergies
showninFig.12.

aconsequenceofreconnection,oftenfavouringoneofthe
twopossibilitiesasthemaincauseforturbulentheat-
ing.Asoneadditionaloption,wewouldliketopromote
aratherdifferentview,whichisthatthesetwoseem-
inglydistinctprocessesmightworkhandinhandand
arespatiallyentangledwitheachother,makingaclear
distinctionbetweenheatingduetoLandaudampingand
reconnectionasomewhatill-posedtask.Instead,itmight
bemoreinstructivetoconsiderthesetwoprocessesina
unifiedframeworkandinvestigate,forexample,howthe
(nonuniform)dampingviaLandauresonancemightbe
affectedbythepresenceofreconnectionoutflows,which
could(locally)modifytheLandauresonancecondition.
Thisviewissupportedbypreviousstudiesofweakly-
collisionalreconnection(Loureiroetal.2013;Numata&
Loureiro2015),andbyarecentstudyofGKturbulence
(Kleinetal.2017)whichshowedthat,contrarytonaive
expectations,Landaudampinginaturbulentsettingcan

bespatiallyhighlynonuniformandmightberesponsible

fortheintermittentheatingobservedinthevicinityof
currentsheets(Sundkvistetal.2007;Osmanetal.2011;
Wuetal.2013b;Karimabadietal.2013;Chasapisetal.

2015). Thepossibilityofacloserelationshipbetween
reconnectionandLandaudampingwasalsoimpliedin
arecentstudybyParashar&Matthaeus(2016),which
mentionedamechanismdescribedasanonlineargeneral-
izationofLandauresonance.
Finally,itisworthacknowledgingoneadditionalaspect

ofkinetic-scalereconnection,recentlyexploredbyCerri&
Califano(2017),Malletetal.(2017),Loureiro&Boldyrev
(2017),andFrancietal.(2017).Intheabovementioned
works,theauthorsarguethatreconnectioncouldalso

significantlyimpactthenonlinearenergytransferand
theshapeoftheturbulentspectraatkineticscales.This
wouldconsequentlyimplyamoregeneralizedtypeofki-

neticcascade;onewhichisalsoinfluencedbynon-local
energytransfers(inspectralspace)asopposedtolocal
modecouplingsinwave-likemodelsofturbulence(Galtier

&Bhattacharjee2003;Howesetal.2008a;Schekochihin
etal.2009;Boldyrevetal.2013;Passot&Sulem2015).
Adetailedinvestigationofthisnovelcascadephenomenol-
ogyisbeyondthescopeofthiswork.Strictlyspeaking,
theturbulentspectraandspectralratiosalonearenot
sufficienttounambiguouslydeterminewhethertheenergy
transferislocalornot.Instead,thespectraandspectral
ratioscanonlypointoutthedominanttypeofturbulent
fluctuationsateachwavenumberseparately.

5.CONCLUSIONS

Inthiswork,weperformedadetailedcomparisonof
kineticmodelsintwo-dimensional,collisionlessplasma
turbulencewithemphasisonkinetic-scaledynamics.Four

distinctmodelswereincludedinthecomparison:thefully-
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kinetic(FK),hybrid-kinetic(HK)withfluidelectrons,gy-
rokinetic(GK),andareducedgyrokineticmodel,formally
derivedasalowbetalimitofgyrokinetics(KREHM).Two
differentionbeta(βi)regimesandvariableturbulence
fluctuationamplitudes()wereconsidered(βi=0.1using
=0.1,0.2andβi=0.5using =0.15,0.3).Themain

findingscanbesummarizedasfollows:

•Forβi=0.5,thekinetic-scale(k⊥ 1/di)spectral
propertiesoftheFKandGKsolutionswerefound
tobeingoodagreement,thussuggestingakinetic
Alfv́encascadescenariofromiontoelectronscales
withoutsignificantmodificationsduetophysicsnot

includedinGK(Figs.6and9).

•AdetailedcomparisonbetweentheGKandFK
spectralratiosatβi=0.1revealsadeviationbe-
tweenthetwo modelsatkineticscales(Fig.9).
However,giventhatthekinetic-scale(k⊥ 1/di)
disagreementisclearlyobservedonlyfortwoout
offourdifferentspectralratiosconsidered,noris
itclearlyseenintheturbulentspectrathemselves
(Fig.6),itisreasonabletoassumethatkinetic

Alfv́enfluctuationsstillplayasignificantroleeven
inthelow-betaregime.

•Atthelargestscales(k⊥ 1/di),theratiosofthe
GKturbulentspectranotablydeviatefromtheFK
andHKapproachesforbothionbetas(0.1and

0.5),thelikelycauseforitbeingthelackofthe
fastmagnetosonicmodesintheGKapproximation
(Figs.9,10,and11). Thedisagreementislarger
forhigherfluctuationamplitudesandforthelower
valueoftheionbeta(βi=0.1),forwhichthe
deviationscarryovertokineticscales,possiblyvia
modecouplingtoionBernsteinwaves.

•Thesub-ion-scaleHKspectrawerefoundtobe
shallowerthanthoseobtainedfromtheFKandGK
simulations,presumablyduetothelackofelectron
Landaudamping(Figs.6,7,and8).

•Therealspaceturbulentfieldstructuresareingood
qualitativeagreement(Fig.1). Furthermore,all
modelsconsideredgiverisetointermittentstatistics
atkineticscales,albeitwithsomeminorquantita-
tivedifferencesbetweenthemodels(Figs.3and
4). Themainreasonfortheobserveddeviations
mightberelatedtothefactthatdifferentnumerical

resolutionswereusedfordifferentmodels.Further
studieswillbenecessarytoidentifyiftheobserved
quantitativedifferencesareindeedphysical.

•Thespatialprofilesofthenonthermalionandelec-
tronfreeenergyfluctuationssuggestthatkinetic-

scalereconnectionmightplayanimportantrole

intheheatingoftheplasma(Figs.12and13).
Furthermore,ourresultsalsosuggestthatreconnec-
tionmightbecloselyentangledwith(nonuniform)
Landaudamping,makingthedistinctionbetween
heatingduetoreconnectionversusheatingdueto
Landaudampinganill-posedtask.

•KREHMdeliverssurprisinglyaccurateresultsal-
readyforβi=0.1,eventhoughitsrangeofvalidity
isformallylimitedtoβi 0.01forourchoiceof
thereducedmassratioandequalionandelectron
backgroundtemperatures(Figs.1,3,4,5,and6).

Weemphasizethat,strictlyspeaking,ourfindingsare
validonlyfortheparticularsetupconsideredandcould
bemodifiedinamorerealisticsetting.Inparticular,
theresultscouldbemodifiedinafullthree-dimensional
geometry,whichallowsforarbitrarywavepropagation

angleswithrespecttothemeanmagneticfield(Howes
etal.2008b;Changetal.2014;Vasquezetal.2014;Howes
2015;Wanetal.2015).Anotheraspectwhichmighthave

impactedourresultsisthereducedion-electronmass
ratioof100. Forarealisticmassratio,theincreased
separationbetweenionandelectronscalesmightimprove

theagreementbetweentheHKandFKmodelsatsub-ion
scalesaswellaspotentiallyrevealcertaindeviationsfrom
thephenomenologyofKAWturbulenceatelectronscales
(Shaikh&Zank2009;Podestaetal.2010). Nodefini-

tiveanswerregardingtheroleoftheselimitationscanbe
presentlygiven.However,basedonanumberofprevious
works,itisstillreasonabletoexpectthatthesimplified
setupadoptedinthisworkcanqualitativelycaptureat
leastsomeofthekeyfeaturesofnaturalturbulenceat
kinetic-scalesofthesolarwind(Servidioetal.2015;Li

etal.2016;Wanetal.2016).Furthermore,manyofthe
turbulentpropertiesfoundinthiswork,suchasthedom-
inanceKAWfluctuations(Salemetal.2012;Chenetal.
2013),non-Gaussianstatisticsatkineticscales(Kiyani
etal.2009;Wuetal.2013b;Chenetal.2014;Perrone
etal.2016),andkinetic-scalereconnection(Sundkvist
etal.2007;Osmanetal.2011;Chasapisetal.2015)are
supportedbyin-situspacecraftobservations.
Lastly,apartfromexposingtheprosandconsof
reduced-kinetictreatments,theoutcomeofthestudy
demonstratesthatdetailedcomparisonsbetweenfully-
kineticandreduced-kineticmodelscanprovidesignificant
advantagesforelucidatingthenatureofkinetic-scaledy-
namicsandmayalsoserveasamuchneededaidfor
interpretingtheresultsoffully-kineticsimulations,as
wellasguidetheinterpretationofexperimentaldata,
acquiredfrompresentand(potential)futurespacecraft
missions(Burchetal.2016;Foxetal.2016;Vaivads
etal.2016).Anambitiousplantoperformastudysim-
ilartotheonepresentedinthiswork,butinvolvingan

evenlargerparticipationfromthecommunity,hasbeen
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recentlyoutlinedbyParasharetal.(2015b). Forthe
proposedcomparativestudy,andperhapsotherstocome,
ourresultscouldprovidevaluableguidelines.
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APPENDIX

A. NUMERICALDETAILS

Forthefully-kinetic,electromagneticsimulations,weusetheparticle-in-cell(PIC)codeOSIRIS(Fonsecaetal.2002,
2008).ThereaderisreferredtoDawson(1983)andBirdsall&Langdon(2005)foradetailedoverviewofthePIC

method.ParametersspecifictothePICsimulationsaregiveninTable3.A2ndordercompensatedbinomialfilter
isappliedontheelectriccurrentateachtimestepandweperformallsimulationsusingcubicsplineparticleshape
factors(Birdsall&Langdon2005).Fortheproblemtypeconsideredhere,preliminarytestshaveshownthatcubic
shapefactorsdeliversuperiornumericalresults,comparedtolower-orderquadraticandlinearsplines,duetobetter
energyconservationpropertiesandasignificantreductionintheamountofso-calledPICnoise.However,evenwith
theuseoflargenumbersofparticlesandsmoothparticleshapes,thebackgroundthermalfluctuationsmaystillmask

thefluctuationsarisingfromtheturbulentcascadewhichareofmaininteresthere.Therefore,tofurtherreducePIC
noisewealsoemployshort-timeaveragesoftheturbulentfields. Adetaileddiscussionregardingthetimeaveragingis
giveninAppendixB.

FK(PIC)

Run Nx Nppc ∆x/λD vth,e/c ωpe/Ωce

A1 20482 625 1.0 0.174 1.822

A2 20482 625 1.0 0.174 1.822

B1 19202 1024 1.0 0.185 3.820

B2 19202 1024 1.0 0.185 3.820

TableA3:.NumericalparametersfortheFKPICsimulations:therealspaceresolution(Nx),numberofparticlesper
cellperspecies(Nppc),thegridspacinginunitsoftheDebyelength(∆x/λD),theelectronthermalvelocitycompared
tospeedoflight(vthe/c),andtheplasmafrequencytocyclotronfrequencyratio(ωpe/Ωce).

TheHKsimulationsareperformedwiththeEulerianhybridVlasov-MaxwellsolverHVM(Valentinietal.2007).For
adetaileddescriptionofnumericalalgorithmsemployedbytheHVMcode,wereferthereadertoMatthews(1994)and
Mangeneyetal.(2002).ParametersspecifictotheHKsimulationsaregiveninTable4.Anisothermalequationofstate
isassumedfortheelectrons.Noexplicitresistivityisused,butoneeffectivelyexistsduetothelow-passfiltersthat
areusedbythecode’salgorithm(Lele1992).ForbetterconsistencywiththeFK,GKmodel,andKREHM,theHK
simulationsareperformedusingthegeneralizedOhm’slawgivenbyEq.(7),whichretainselectroninertia(Valentini

etal.2007).
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HK(Eulerian)

Run Nx Nv ∆x/de vmax/vth

A1 5122 513 0.49 3.54

A2 5122 513 0.49 3.54

B1 5122 513 0.49 3.54

B2 5122 513 0.49 3.54

TableA4:.ParametersfortheEulerianHKsimulations:therealspaceresolution(Nx),thevelocityspaceresolution
(Nv),gridspacing(∆x/de),andthemaximallyresolvedvelocity(vmax/vth).

TheGKsimulationsarecarriedoutwiththeEulerianGKcodeGene(Jenkoetal.2000).Parametersdescribingthe
numericalsettingsfortheEulerianGKsimulationsaregiveninTable5.OnlyonesimulationisperformedfortypeA
andtypeBrunsbecause doesnotappearasaparameterinthenormalizedGKequations.FortheOrszag-Tang

vortexinitialization,wefollowtheimplementationdetailsdescribedinNumataetal.(2010).Numericalinstabilitiesat
thegridscaleareeliminatedbyaddinghigh-orderhyperviscous(∼k8⊥)andhypercollisionaltermstotheperpendicular
dynamicsinspectralspaceandtotheparalleldynamicsinvelocityspace,respectively. WithGenebeingagrid-based
spectralcode,the(artificial)symmetryoftheOrszag-Tangvortexisreflectedinthenumericalsolutionatallscales
withhighprecision.IntheFKmodel,ontheotherhand,minorasymmetriesarenaturallypresentduetoPICnoise.
Inordertoincorporateslightdeviationsfromtheidealsymmetryintotheinitialcondition,weuseanapproachsimilar
totheoneemployedbyTenBargeetal.(2014)andaddasmallamountofrandomperturbationstotheelectronand

iondistributionfunctions.Theperturbationsarelimitedtothewavenumberrangek⊥ 1/de.

GK(Eulerian)

Run Nx Nv Nµ ∆x/ρe vmax,s/vth,s

A 15362 32 16 0.73 3.5

B 7682 32 16 0.65 3.5

TableA5:.ParametersfortheEulerianGKsimulations:totalnumberofgridpointsinspectralspace(Nx),parallel
velocityresolution(Nv),µspaceresolution(Nµ),gridspacing(∆x/ρe),andthemaximallyresolvedspeciesvelocity
(vmax,s/vth,s).Notethatthenumberoffully-dealiasedmodesinspectralspaceisgivenby(2/3)

2Nx.

FortheKREHMsimulationsweusetheViriatocode(Loureiroetal.2016).Thechosennumericalparametersare
listedinTable6.TheimplementationdetailsfortheOrszag-Tangvortexaredescribedintheabovementionedreference.
SimilartoLoureiroetal.(2013),hyperviscousandhyperresistivetermsareaddedtotheperpendiculardynamicsin
ordertoterminatetheturbulentcascadebeforeitreachesthelimitsofthenumericalgrid.Fortheparallelvelocity

space,amodelhypercollisionoperatorisadopted.EventhoughKREHMisalow-betalimitofGK,westillperform
separatesimulationsfortheβi=0.1andβi=0.5casebyvaryingtheρi/deratioforthetwocases.

KREHM

Run Nx M ∆x/de

A 15362 30 0.16

B 7682 30 0.33

TableA6:.ParametersfortheKREHMFourier-Hermitespectralsimulations:totalgridsizeinspectralspace(Nx),
sizeoftheHermitebasisforv(M),andthegridspacing(∆x/de).

B. REDUCTIONOFPARTICLENOISEBYTIMEAVERAGING

Inordertoreducethebackgroundthermalfluctuations,originatingfromdiscreteparticleeffectsinthefully-kinetic
PICsimulations,weaveragetherawsimulationdataoveratimewindowofduration∆t≈0.5Ω−1ci,resultingina
sampleofover1,000and2,000snapshotsfortheβi=0.1andβi=0.5simulationruns,respectively.Thetime-averaged
dataisusedonanas-neededbasis,incaseswheretherearegoodreasonstobelievethatsomeparticularresult
wouldhavebeenotherwisesignificantlyaffectedbytheparticlenoise.Inourpresentunderstanding,therelative

strengthofthebackgroundparticlenoiseisahighlyproblem-dependentproperty,dependingonthenumericalas



19

wellasphysicalparametersofthePICsimulation.Furthermore,thedegreetowhichtheparticlenoisemasksthe
collective,self-consistentplasmaresponsecanvaryevenbetweendifferenttypesofdataofasinglesimulation.Itisin
ouropinionthereforebesttoconsidervariousnoisereductionapproaches(ifatallneeded)onacase-by-casebasisby
visuallyinspectingthedatainrealspaceandbyconsideringthespectralpropertiesofthesolutionsincomparisonto
theestimatedbackgroundparticlenoise.Belowweprovideadetaileddiscussionandanalysisoftheeffectsoftime
averaging,comparingthetime-averageddatawiththerawdataandwiththeestimatedlevelofbackgroundparticle

noise. Wealsobrieflydiscussourresultsfortheout-of-planeelectricfield,Ez,eventhoughthisquantityisotherwise
neverusedinourcomparativestudy.
InFigure14wecomparetherawdataforEx,Ez,andJzwiththetime-averageddatainrealspacefortheβi=0.1

setofrunsaround4.7eddyturnovertimes.Thecontourplotsarezoomedintoasubdomainoftheentiresimulation
planetohighlightthesmall-scalestructureofthefields.Qualitativelysimilarresultsareobtainedfortheβi=0.5case
(notshownhere).TheExandJzfieldshavebeenlow-passfilteredtowavenumbersk⊥<4/de,whichisslightlyhigher
thanthemaximalwavenumberstillconsideredforthecomparisonofspectralpropertiesbetweendifferentmodels(the
wavenumberrangebelowthegray-shadedregionsinFigs.6and9).TheEzfieldislow-passfilteredtowavenumbers
k⊥<2/de.AsFig.14evidentlyshows,therelativestrengthofPICnoiseisdifferentfordifferenttypesofdata.Time
averagingmakesJzonlyslightlysmootherwithoutsignificantlyalteringtheshapeoftheturbulentstructures,whereas
thetime-averagedExandEzaresignificantlylessaffectedbynoisethantheirrawdatacounterparts.ForEx,time
averagingnotonlyretainsanyfeaturesstillvisibleintherawdatabutevenrevealscertainsmall-scalepropertieswhich
wouldotherwiseremainhiddeninthebackgroundnoise.ForEz,ontheotherhand,theresultshowsthattherawdata

iscompletelydominatedbynoiseevenwhenveryaggressivelylow-passfiltered.Itisthereforedifficulttoconfidently
determineiftimeaveragingforEzisinourcaseappropriateornot,becausetheamountofnoiseintherawdataistoo
largetoclearlyrecognizeanykindofsmall-scaleturbulentstructureswhichsuddenlyappearinthetime-averagedPIC
data.Forthesereasons,weneveruseEz
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FigureB14:. Comparisonoftherawandtime-averagedPICdataintheβi=0.1simulationsaround4.7eddyturnover
timesfor =0.2(left)and =0.1(right).Adoubly-logarithmicscaleisused,similarasinFig.1.Onlyasubpartof
theentirex−ydomainisshowntohighlightthesmall-scalefeaturesoftheturbulentfields.

InFigure15wecomparethespectracalculatedfromtherawandtime-averageddatatotheestimatesforthe
backgroundparticlenoise.Theturbulentspectraareshownatasingletimeinthesimulationataround4.7eddy
turnovertimes.Allcurvesarenormalizedinsuchawaythat k⊥

P(k⊥)givesthemeansquarevalueofeachfieldin
thedefaultphysicalunitsadoptedinthisstudy(seeSec.3).Thebackgroundparticlenoiseisestimatedasfollows.For
eachβiweinitializea(uniform)thermalplasmawiththeexactphysicalparametersasintheturbulencesimulations
(includingameanmagneticfield)butwithoutany(smooth)perturbationsthatwoulddrivetheturbulentcascade.
Wethenintegratethesystemusingtheexactsamenumericalparametersforafewthousandtimesteps,untilthe
electromagneticfluctuationsdrivenbydiscreteparticleeffectsattainaquasi-steadystate. Wethenproceedtocalculate
thespectrafromthethermalplasmasimulationsandusetheresultsasaproxyfortheparticlenoiseintheturbulent

runs.Assuch,ourestimateneglectsthepossibleinfluenceofturbulence(inparticular,spatialandtemporalvariations
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inplasmaparameters)onthebackgroundnoise.However,giventhefactthattherawturbulentspectrainFig.15are
inrelativelygoodagreementwiththePICnoiseproxyatthelargestwavenumbers,ourestimatestillappearstobea
reasonableoneandwearepresentlyunawareofabetteralternativeforestimatingthePICnoiseovertheentirerange
ofwavenumbersinaturbulentsimulation.AsshowninFig.15,timeaveragingsignificantlymodifiestheturbulent
spectraonlyovertherangeofwavenumbers,wheretherawdataisnotwell-separatedfromtheestimatednoisefloor
(blackcurvesinFig.15).Lightred/orangeshadingisusedheretoindicatethespectralamplitudesthatarenomore

thananorderofmagnitudebelowthereferencerawdatacurves.Ateachgivenscale,therawdataisdecomposed
ofamixtureoftheturbulentsignalandparticlenoise.Therefore,therawsimulationdatashouldbewell-separated
fromthenoisefloorforthe(raw)spectrumtoberegardedasphysicallymeaningfulatsomegivenscale.Thecritical

wavenumberatwhichthetime-averageddatadeviatesfromtherawdataisgenerallylowerforthesimulationswith
alowervalueof (red/bluecurvesinFig.15).Thiscanbenaturallyexplainedbythefactthattherelative“signal
tonoise”ratioislowerinthesesimulations,becausetheparticlenoisedoesnotcriticallydependontheturbulence
amplitudeinthefirstapproximation.SimilartoarecentworkbyHaggertyetal.(2017),wefindthattimeaveraging
modifiestheEzspectrumatverylargescales.However,asshowninFig.15,itisworthconsideringthefactthatthe
relativestrengthofparticlenoiseissignificantlyhigherforEzthanforanyotherfield.Thus,comparingtheturbulent
spectraobtainedfromrawdatawiththosecalculatedfromtime-averageddata,withoutexplicitlyestimatingthe
strengthofparticlenoiseandwithoutvisuallycomparingthedatainrealspace,isnotalwayssufficienttodetermine
whethertimeaveragingisappropriateornot.Insummary,weconcludethatthetimeaveragingover∆t≈0.5Ω−1ci does
notseemtosignificantlymodifyoursimulationresultsovertherangeofscaleswhicharewell-separatedfromthenoise

floor.Itdoes,ontheotherhand,allowforamoredetailedinvestigationofturbulentstructures(inparticularforE⊥),
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FigureB15:. Comparisonoftheturbulentspectraobtainedfromrawandtime-averageddatatotheestimated
backgroundparticlenoiseforβi=0.1(left)andβi=0.5(right).Lightred(orange)shadingisusedtoindicatethe
spectralamplitudesthatarenomorethananorderofmagnitudebelowthereferencerawdatacurvesinthelow(high)
simulations.Aslongastheshadingisabovetheblackline,theamplitudeoftherawspectrumismorethananorder
ofmagnitudeabovetheestimatednoisefloor.
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