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We consider a network of n spin 1
2
systems which are pairwise interacting via Ising interaction and

are controlled by the same electro-magnetic control field. Such a system presents symmetries since
the Hamiltonian is unchanged if we permute two spins. This prevents full (operator) controllability,
in that not every unitary evolution can be obtained. We prove however that controllability is verified
if we restrict ourselves to unitary evolutions which preserve the above permutation invariance. For
low dimensional cases, n = 2 and n = 3, we provide an analysis of the Lie group of available
evolutions and give explicit control laws to transfer between two arbitrary permutation invariant
states. This class of states includes highly entangled states such as GHZ states and W states, which
are of interest in quantum information.
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I. INTRODUCTION

The controllability of a control system describes the set of states which can be reached for that system by oppor-
tunely changing the external controls. For finite dimensional quantum systems, controllability is usually assessed by
calculating the Lie algebra generated by the Hamiltonians of the system [2]. Such a Lie algebra is called the dynamical
Lie algebra. If the dynamical Lie algebra of a system of dimension d is the full Lie algebra u(d) (su(d)) of d⊕ d skew-
Hermitian matrices (with zero trace) then the set of available evolutions is the full Lie group of d⊕d unitary matrices
U(d) (with determinant equal to 1, SU(d)) and the system is said to be operator controllable (the term ‘completely
controllable’ is also used to denote this situation [7]). More in general the set of the available evolutions is dense in
the Lie group associated with the dynamical Lie algebra and it is equal to such a Lie group in the case where such a
Lie group is compact. Although controllability is the generic situation [14], often in reality symmetries in the system’s
dynamics restrict the type of available evolutions. In this paper, we analyze one of these situations for a system of
interest in the implementation of quantum information processing and the generation of entangled states.
We consider a network of n →2 spins controlled in parallel by an electromagnetic field. Such a system was also

considered in [1] and allows one to perform quantum information processing and generate entangled states without
the need to address the spins individually. A common control field is used to control all spins simultaneously. The
Hamiltonian (cf. (6) below) is symmetric in the sense that is invariant under permutation. As a consequence, starting
from the ground state where all the spin are in state √0| the possible states of the spin network will also be permutation
invariant. Examples of such states are the GHZ states introduced in [8]

√GHZ| := 1

2
(√000×××0| +√111×××1|), (1)

and the W states

√W | := 1

n
(√100×××0| +√010×××0| +√001×××0| +×××+√000×××1|), (2)

considered in [6]. We do not restrict ourselves to transfer to or from these states as in [1] but consider the control
problem on the full subspace of permutation invariant states. A basis for such a subspace is given by the n + 1
orthonormal states, for m = 0, 1, ..., n,

√φm| = 1︷
n
m

(∏
k

√k| . (3)

In formula (3), for each m the sum runs for all the elements in the computational basis which have m 1’s and n m
0’s. For instance, √GHZ| in (1) corresponds to 1√

2
(√φ0| +√φn|), while √W | in (2) corresponds to √φ1| .
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√GHZ√√ | := 1

2
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(∏
k
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1. We prove the controllability of the system in the sense that the dynamical Lie algebra P is the full Lie subalgebra
of u(2n) consisting of matrices which have zero trace and are permutation invariant. The corresponding Lie
group is compact and therefore the set of possible available evolutions is equal to such a Lie group eL (Theorem
2).

For the cases n = 2 and n = 3 spins:

2. We explicitly describe the dynamical Lie algebra P which is the direct sum of u(1) with u(3) inside su(22) for
the case n = 2. It is the direct sum of two copies of u(2) plus u(4) inside su(23) for the case n = 3. From this,
a parametrization of the Lie group of the available evolutions is obtained and controllability between any two
permutation invariant pure states is proved. Results are summarized in Theorem 3 and 4 for the cases n = 2
and n = 3, respectively.

3. We use the above parametrization of the Lie group of available evolutions and Lie group decomposition techniques
to provide explicit control algorithms to transfer between any two permutation invariant states (Section IV).

A. Definitions and elementary properties

The Pauli matrices σx,y,z are defined as

σx :=

)
0 1
1 0

⎛
, σy :=

)
0 i
i 0

⎛
, σz :=

)
1 0
0 1

⎛
. (4)

Let 1 be the two dimensional identity matrix, the Pauli matrices satisfy

σxσx = σyσy = σzσz = 1,
σxσy = iσz, σyσz = iσx, σzσx = iσy

σyσx = iσz, σzσy = iσx, σxσz = iσy

(5)

The quantum system we study in this paper is the symmetric Ising spin network under the control of a common
electromagnetic field which was also considered in [1]. The corresponding, time varying controlled Hamiltonian, for
n→2 spin 1

2 particles is defined as:

H(t) = Hzz +Hxux(t) +Hyuy(t), (6)

where

Hzz =
∏

1≤k<m≤n 1 • ×××1 • σz︸︸︷
kth

• 1 • ×××1 • σz︸︸︷
mth

• 1 • ×××1,

Hx =
∏n

k=1 1 • ×××1 • σx︸︸︷
kth

• 1 • ×××1,

Hy =
∏n

k=1 1 • ×××1 • σy︸︸︷
kth

• 1 • ×××1.
(7)

Here ux and uy represent the x and y components of a control electromagnetic field. Hzz is the interaction
Hamiltonian which is the sum of n

2

(
Ising interactions between all pairs of spins. The Hamiltonians Hx, Hy model

the interaction of the spins with the external control field.
It is clear that the given Hamiltonian is invariant under a permutation of the spins. We next define the Lie

subalgebra of u(2n) of matrices which are permutation invariant. The 4⊕ 4 matrix

Π :=

⎞
⎟⎠
1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎡
∑⎜ , (8)

is such that for any two, 2⊕ 2 matrices, σ1 and σ2

Πσ1 • σ2 Π = σ2 • σ1. (9)

1..1.1..1.1..11..... WWeWWWWWW
of u
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A. Definitions and elementarrrrrrrrrrry py pyy py py ppy py pppy py ppppy rorooor pepepepeeeeepepepepeeeepepeppepp rrtrrrrrrrr ieii sss

The Pauli matrices σx,y,z are defined as

σx :=

)
0 1
1 0

⎛
, σy :=

)
0 iiiiiiiiiiiiiiiiiiiii
iiiiiiiiiiiiiiiiiiiiiiiiiiiii 00000000000

⎛⎛⎛⎛⎛⎛⎛⎛⎛⎛⎛⎛⎛⎛⎛⎛⎛⎛⎛⎛⎛
, σσ, σ, σ, σ, σ, σσ, σ, σ, σσσσ,, σσ, σσσ,, σ,, zzzzzzzzzz :=

)
1 0
0 1

⎛
.

Let 1 be the two dimensional identity matrix, the Pauuuuuulilii mmamamamamamamamamamamammmmmmammammam trtttt icess ssassasasasasssasssss tisfy

σxσxxx ======= σσσσσσσσσσσσσyyyyyyyyyyσσσσyyyyyyy ======== σσzσσσσσσσz = 1,
σxσy = iσz, σσσσσσσσσσσσσσσσσσσσσσyyyyyyyyyyyyyyyyyyyyσσσσσσσσσσz ======== iσiiσiiσiσiσiσσiσiσiiσiσiσiσiii x, σzσx = iσy

σyσx = iσiσσσσσσσiσσσσσσσσiσσσσσσσσσσzzzzzzzzzzzzzzz, σ,,,,,,,,,,,,,,,,,,,,,,, zσσσσσσσσσσσσσσσσσσσσσσσσσσyyyyyyyyyyyyyyyyyyyyyy = iσx, σxσz = iσy

The quantum system we study in this papapppppppapppppppppperererererereeerererrre is ththththththththththththththththththhhhthheeeeeeeeeeeeeeeeeee sssssys mmmmmmmmmmm etric Ising spin network under the
electromagnetic field which was also considedeeeeeeedeeeeeeeeererrereerererrererrrrrrerererr d id id id id idd id idddddd idddddd iddd n [[n [[n [n [[n [n [n [[[[[[[n [n 1]1]1]1]1]1]1]11]1]1]1]1]1]1]11]11]1]1]11]]. T.... he corresponding, time varying contro
n→2 spin 1

2 particles is defined as:

HHHHHHHHHHHHHH((((((((((((((((((((ttttttttttttttttttttt) =) =) =))))) =) =))))))))))) HHHHHHHHHHHHHHHHHHHHHHHzzH +HxHH ux(t) +HyHH uy(t),

where

HHHHHHHHHHHHHHHHHHzzzzzzzzzzzzHHHHH =
∏∏∏∏∏∏∏∏∏∏∏∏

111≤≤≤≤≤≤≤≤≤≤≤≤≤≤≤≤≤≤≤kk<k<mk<m<mk<mk<mk<mk<mk<mk<mk<k<mk<mk<mk<<<mk<m<mk<mk<<m≤n 1 • ×××1×× • σz︸︸︷
kth

• 1 • ×××1×× • σz︸︸︷
mth

• 1 • ×××1×× ,

HHHHHHxH ========
∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏n

kkkkkkkkkkkkkkkkkkkk==1==1=1==1=1=1==1=1=1==1=111== 1 • ×××1×× • σx︸︸︷
kth

• 1 • ×××1×× ,

HyHH ===========
∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏n

k=1 1 • ×××1×× • σy︸︸︷
kth

• 1 • ×××1×× .

Here ux andddddddddddddd uuuuuuuuuuuuuuuuuuuuuuuyyyyyyyyyyyyyyy rerrrrerrererrrerrererrepressssssenennnnnennnnnnnnnee tt tttttt he x and y components of a control electromagnetic field. H
Hamiltoniaannnnnnnnnnnnnnnn whwhwhwhwhwhwhwhwhwhwhwhwhwhwhwhwhhhwhhhhhwhwwwww iciciii h ihh ih ih ih iiiiiih ih ih ihh ihhh iiiiiiss ts tss tssssssssss theheheheheheheheeheheeeheeeh ssus m of n

2

(
Ising interactions between all pairs of spins. The Hamilt

the interacctitttttiiitttittiiitititiittt onoooo of thhhhhhhhhhhhhhhhhhe sssssssse pipipipipiippippppppppppp ns with the external control field.

((
It is cleaeaarrr tr trr tr tttttr trrrr trr tr tr thahhhhh t ttthhhehhehhehehehhhhehehheehehhehe given Hamiltonian is invariant under a permutation of the spins. W

subalgggggggggggggggggebebebebebebebebebebebebebbebbbeee rarraaaaaaraaaaaaaa of uuuuuuuu(2(2(2(2(2(2(2(22(2(22(2(2(2(2(2(2(2(2(2(2(2222nnnnnnnnnnnnnn) o) o) o) o) o) o) o)) o) o) o) o) o) o) o)))) o))) ooof matrices which are permutation invariant. The 4⊕ 4 matrix

Π :=

⎞
⎟
⎞⎞
⎠⎟⎟
1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎡
∑⎜∑∑,

is such that for any two, 2⊕ 2 matrices, σ1 and σ2
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The n 1 matrices Πj,j+1, j = 1, ..., n 1, defined as

Πj,j+1 := 1⊗j−1 • Π • 1⊗n−j−1, (10)

generate the whole group of permutations in the sense that every permutation of the n factors in a tensor product
can be obtained by multiplications of such matrices. Therefore the Lie subalgebra of u(2n) of matrices which are
permutation invariant can be described as

PPI := }A � u(2n)√Πj,j+1AΠj,j+1, j = 1, . . . n 1〉 . (11)

Since Π2 = 1 • 1, we have that Π2
j,j+1 = 1⊗n, for every j = 1, 1, ..., n 1. From this it follows that if general

2n ⊕ 2n skew-Hermitian matrices A and B are such Πj,j+1AΠj,j+1 = A and Πj,j+1BΠj,j+1 = B, AB is also such
that Πj,j+1ABΠj,j+1 = Πj,j+1AΠ

2
j,j+1BΠj,j+1 = AB. This confirms that PPI is a Lie subalgebra of u(2n), since it is

closed under commutation (it is, in fact, closed under matrix product).

II. CONTROLLABILITY

Applying general results on the controllability of systems on Lie groups [11] and quantum systems (see, e.g., [2],
[10], [15]) the study of the controllability of system (6) will be carried out by evaluating the dynamical Lie algebra P
in u(2n) generated by the matrices }iHzz, iHx, iHy〉 in (6). It is known that the set of reachable evolutions is dense in
the Lie group, eL, associated with the dynamical Lie algebra P and coincides with such a Lie group if this Lie group
is compact. The following result characterizes the dynamical Lie algebra for system (6). It shows that, except for the
fact that the matrices corresponding to Hzz, Hx and Hy in (7) have zero trace, the dynamical Lie algebra is the full
Lie algebra of permutation invariant skew-Hermitian matrices in u(2n).

Theorem 1. (Dynamical Lie Algebra) The dynamical Lie algebra P associated with system (6) coincides with the
space of all permutation invariant matrices in su(2n), i.e., with PPI in (11),

P = PPI � su(2n). (12)

The set of possible evolutions for the system (6) (7) is described in the following theorem.

Theorem 2. (Controllability) The set of possible evolutions for the system characterized by the Hamiltonian (6) is
the connected Lie group corresponding to the Lie algebra PPI � su(2n).

Proof. From the above recalled general results on the controllability of right invariant systems on Lie groups [11] and
quantum mechanical systems [2], [10], [15], the reachable set is the connected Lie group (containing the identity)

associated with the dynamical Lie algebra, under the assumption that such a Lie group is compact. In our case, eL
PI

is compact (which is proved in Remark III.3 below) and SU(2n) is also compact, so that

eL
PI∩su(2n) = eL

PI � SU(2n),

is also compact. Therefore, applying such known results, the set of available evolutions is exactly equal to the Lie

group, eL
PI∩su(2n), i.e., the connected Lie group associated with PPI � su(2n).

We now calculate the dimension of the Lie algebra P in (12). To do this we first introduce some notations. Let
σ0 := 1. For an n ple l := (l1, l2, ..., ln) of elements in the set }0, x, y, z〉 , we denote by

σl := σl1 • ×××• σln . (13)

Consider a matrix X of the type X = i
∏

l αlσl � su(2n), where the sum is taken among the 4n possible n ples in

}0, x, y, z〉 , with coefficients αl. For any permutation π we let Xπ = i
∏

l αlσπ(l). Thus X is permutation invariant,

i.e. X � PPI (see equation (11)), if and only if X = Xπ for all permutations π � Sn, where Sn denotes the symmetric
group of degree n. For a triple (kx, ky, kz) indicating the numbers of }x, y, z〉 symbols, we denote by Φ(kx, ky, kz) the
set of n-ples with kx, x

′s, ky, y′s, and kz, z
′s. We let, with definition (13),

Xn
(kx,ky,kz)

= i
∏

l∈Φ(kx,ky,kz)

σl.

ThThThTThhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhheeeeeee nnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

PPI := }A � u(2n)√Π√√ j,j+1AΠj,j+1, j = 1, . . . n 1〉 .

Since Π2 = 1 • 1, we have that Π2
j,j+1 = 1⊗n, for every j = 1, 1, ..., n 1. FFrFrFrFrFFrFrFrFrFrFrFrFrFrFrFFF omomomomomomomomommommmmmmomommmoommmommm thttttt is it f

2n ⊕ 2n skew-Hermitian matrices A and B are such Πj,j+1AΠj,j+1 = A and ΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠj jj jjjjjjj,jj,jj,jj,jj,jj,jj,jj,jj,jj,jj,jj,jj,j,jj,jj,j,jj++1+1+1++++++++++1++ BBBBBBBΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠj,jj,jj,jj,jj,jj,jj,jj,jj,jj,jj,jj,jj,jj,jj,jj,j,j,jj,j j+1++++++ =
that Πj,j+1ABΠj,j+1 = Πj,j+1AΠ

2
j,j+1BΠj,j+1 = AB. This confirms that PPII siiisisiiisisisiiisisi a LLLLLLLLLLLLLLLLLieieeiieieieiieeeee subababalglllllglglglgllglglllgllll eb

closed under commutation (it is, in fact, closed under matrix product).
j j

II. CONTROLLABILITYTYTTYTYTYYYYYTYTYTYYTYYTTYYYTYTT

Applying general results on the controllability of systems on Liieeeeeeeeeeieeeeeeeee groupssssssss [[11111[11[1111[ 1]1]1]1]]1]1]1]1]1]1]1]1]1]1]1]11]1111]] and quantum
[10], [15]) the study of the controllability of system (6) will be carriiiedededededededededededdeeeeedededdedeede ouooo t bbbbbbbbbbbbyyyyyyy eyyyyyyyyyyyyy valuating the dy
in u(2n) generated by the matrices }iHzzH , iHxHH , iHyHH 〉 in (6). It isiiisisisisisisisisiisisisiisis knknkkkknknknknknknkknknknkkkkkkknkknnown tn tnn tn tn tttttnn tn ttn tn tnn tn hhhhahhhahhhahahahahahahahahahhhh t tt tt ttttt tt tt ttttt tt tt ttttt tthe set of reachable
the Lie group, eL, associated with the dynamical Lie algebra PPPPPPPPPPPPPPPPPPPPPPPP anannannanannanananaaanaa d cd cd cd cd cd cd cdd cd cd cd ccccccd oioiooioioioioiioioioioioiooooooo ncnnnnnn ides with such a Lie g
is compact. The following result characterizes the dynamicacaaaaaaaaaaaaaaaacaaaaal Ll Ll Ll Llll Llll Llllll Lll Ll iei lalgeggg brbrrrrrrrrrrrrrrraaaaaa faaaaaaa or system (6). It show
fact that the matrices corresponding to HzzH , HxH and HHHHHHHHHyyyyyyyyyyyyyyyyyyyyyHHHHHHHH in (7(777777777(7777777) h) h) h) h)) h) h) h) h) h) h) h) hh)) hh)) h) h)) h) hhhavvavavve ze ze ze ze ze ze ze ze ze ze zze ze zzzze zze zeereeee o trace, the dynamical
Lie algebra of permutation invariant skew-Hermitian maaammmmmmmmmmmmmmm trtrtrtrtrtrtrrrtttrtrtrtrtrrttrrrrriciiciciiccicicicicciiiciii eseeee in uuuuuuuuuuuuuuuuuuuuuuuu(2((((((((( n).

Theorem 1. (Dynamical Lie Algebra) The dynaaamimmmmmimimmmmimimimimmmmmmmmicacacaccaac l Ll Ll LLLLLl Ll LLLLl LLLLLLLLieieieieieiieieieieieieieieieieiieiieieiie alllgegeeeegebbbbbbbrbbbbbb a P associated with system
space of all permutation invariant matrices in su(2222nnnnnnnnnnnnnnnnnnnnnnn)))))))))))))))))))))), i, ii, i, i, i,,, ii,, i,,,,,, i,, .ee., wiwiwiwiwiwiwiwiwiiiwwiiiwiwiwiwiwiwww thththttttthhthhttththtttt PPI in (11),

PPPPPPPPPPPPPPPPPP ================== PPPPPPPPPPPPPPPIPIIIIIIIIIPIII �������������������� su(2n).

The set of possible evolutions for the syssyssysysyyystememmmmmmmmmmemmmmmmmmm (6(6(6(66(6(66(6(6(66(6(6(66(6(6((6(6(6(6(6(6(6(666(666) () ((() ()) ())))))) ()) ())) () ())))) ()) () ((7)7)7)7)7)7)7)7)7)7)7)7)7)7)7)7))7)7)7)7))7)7)7)777)7)) is described in the following theorem.

Theorem 2. (Controllability) The set ooof pf pf pf pf pf pf pf pf pf pf pff pf pf pf pfff pf ppf pff pf pososssooo iiisisisisisisisisisississisisssiisisibbbblblblblblbllbblbllblblblbbbbb eee eeeeeeeee volutions for the system characterized by t
the connected Lie group corresponding tgg o thehehe LLiLiLiLLLiLLLiLLLLLLLiLLLLiL e algebra PPI � su(2n).

Proof. From the above recalled gegeggegegegegeeeegegggegeeeeggegeg nennnnn ral rrrrrl rl rrrreeesesesesesseesesseeseeeseeese ulu ts on the controllability of right invariant systems o
quantum mechanical systemssssssssss [2[[2[2[222[[2[2[[[[ ], [1[1[1[1[1[1[1[1[1[1[11[1[1[1[1[[1[1[111110]00]0]000]00]0]00]00], [,,, 1115555551555155551 ], the reachable set is the connected Lie group (co

associated with the dynamiciccccccciccccccccalaalallalalalalalalalaaaaaaaalalaal Liiiie aeeeeeeeeee aee ae aeee aeeeee lgebebebebebebebbbbbbbebbebebebebebebebebebbbbrraraaararaararrarrrr , under the assumption that such a Lie group is comp
is compact (which is provveveveveveeevveveveveevevevevevevevvedddd id id id iddddddddd n Rn Rn Rn Rn Rn Rn Rn Rn Rn RRRn Rn Rn RRn Rn Rn RRn RRRRnnn eemeeeeeeeee ararrrrrrrrrrrrk Ikkkkkkkkkkkkkkkkkkkkkkkkk II.3 below) and SU(2n) is also compact, so that

eL
PI∩su(2n) = eL

PI � SU(2n),

is also compact. ThhThThThThThThThThThTTTTTTTTTTTTT ererererrrrrrereerrrrrrerefefefefeefefeefefefefeffefefefefefe oroooorororororororooooooorrooro ee,e applying such known results, the set of available evolutions is ex

group, eL
PI∩su(2(222(2222222222222nnnnnnnnnnnnnnn)))))))), i.eeeeeeeee.eee.ee., thtthththhhhhhhhthththththththhhheee ce cceeee cceeee ceeeeee ce onnected Lie group associated with PPI � su(2n).

We now cacacaacacacacaaccacaacccccc llclcclccclcclclcclclcllclcccccculuuuuuuuuuluuulluuluuuu atattttttattte te tttttee te te ttee tee te teee teee hehhhhhheeWW didddddidddidididdiididdiddidididimension of the Lie algebra P in (12). To do this we first introduc
σ0 := 1. Forooororrrrrrororroorrooooo an n pllllpppppppppppppppppppppppppp eee lllllllllllllll := (l1, l2, ..., ln) of elements in the set }0, x, y, z〉 , we denote by

σl := σl1 • ×××• σln .

Considdddererererererrrrrereerererrrrr a maaaaaaaaaa atttttttttttttrrrrrirrrrirriiiiiix X of the type X = i
∏

l αlσl � su(2n), where the sum is taken among the

}0000000000000000000, x,, x, x, x, x, x, x, x, xx, x, xx, x,, xx, xxx, x, x, x, xxxxxxxx, xxxx, y, yyyyyy, y, y, yyy, y, y, y, y, y, y, y, y, y, yyyy, yyy, zz, z,, z, z,, z, z,, zz, zz, z, z, zz, z, zz, z, zz,, 〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉 , wwwwwwwwwwwwiititititittttititiitittittittithhh chhhhhhhhhhhh oefficients αl. For any permutation π we let Xπ = i
∏

l αlσπ(l). Thus X is p

i.e. XXXXXXXXXXXXXXXXXXXXXX � P� P� P� P� P� P� P� P� P� P� P� P� P� P�� P� P��� P�� PIPIPIPIPPIPIPIPIIPIPIPIPPPPPPPPPPP (see equation (11)), if and only if X = Xπ for all permutations π � Sn, where Sn d
group oooooooooooooooooooooof dffffffffffffffffffff egree n. For a triple (kx, ky, kz) indicating the numbers of }x, y, z〉 symbols, we deno
set of n-pppppppppppples with kx, x

′s, ky, y′s, and kz, z
′s. We let, with definition (13),

http://dx.doi.org/10.1063/1.5004652
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Then Xn
(kx,ky,kz)

is a permutation invariant matrix, and any permutation invariant matrix can be written as a linear

combination of matrices of the type Xn
(kx,ky,kz)

. With these notations, in particular we have:

iHzz = Xn
(0,0,2), iHx = Xn

(1,0,0), iHy = Xn
(0,1,0). (14)

We first calculate the dimension of the Lie algebra PPI in (11). Elements forming a basis for the Lie algebra PPI

in (11) are in one to one correspondence with triple (kx, ky, kz). Therefore, the dimension of PPI is given by all the
ways to choose the triples (kx, ky, kz), with 0 ≥ kx + ky + kz ≥ n.

Now, given 0 ≥ k ≥ n, we have (k+1)(k+2)
2 ways of choosing (kx, ky, kz), with k = kx + ky + kz. In fact, kx can be

chosen in k+1 ways, then ky can be chosen in k+1 kx ways, while kz = k (kx+ky) is now fixed. Thus by varying
kx, from 0 to k, we have that the total ways are:

k∏
kx=0

(k + 1 kx) =
k+1∏
l=1

l =
(k + 1)(k + 2)

2
.

The dimension of the Lie algebra PPI in (11) is obtained by summing the above numbers as k = 0, 1, ..., n. We have

dim PPI =
n∏

k=0

(k + 1)(k + 2)

2
=

1

2

n∏
k=0

(k + 1)(k + 2) =
1

2

(n+ 3)(n+ 2)(n+ 1)

3
:=

)
n+ 3

n

⎛
. (15)

where the third equality is proved by induction on n.
Therefore, the dimension of the Lie algebra P in (12) is n+3

n

(
1.

A. Proof of Theorem 1

The dynamical Lie algebra P is generated by iHzz, iHx, and iHy and since iHzz, iHx, and iHy belong to PPI �
su(2n), P ≤ PPI � su(2n). To prove Theorem 1 we need to establish also the converse inclusion, i.e. PPI � su(2n) ≤ P.
To get this inclusion, we will prove that,

A(kx, ky, kz) such that 1 ≥ kk + ky + kz ≥ n, Xn
(kx,ky,kz)

� P. (16)

We will prove equation (16) by induction on k̄ = kx + ky + kz (1 ≥ k̄ ≥ n). We will derive equation (16) for k̄ = 1, 2
first and then will prove the inductive step.

⊆ k̄ = 1.

For k̄ = 1 there are only three possible triples (kx, ky, kz), with kx+ky+kz = k̄. Xn
(1,0,0) and Xn

(0,1,0) are already

in P because of (14). Moreover a direct calculation gives

[Xn
(1,0,0), X

n
(0,1,0)] = 2Xn

(0,0,1).

In fact

[Xn
(1,0,0), X

n
(0,1,0)] =

n∏
i,j=1

[1 • ×××1 • σx︸︸︷
ith

• 1 • ×××1, 1 • ×××1 • σy︸︸︷
jth

• 1 • ×××1] =

= 2i
n∏
i

1 • ×××1 • σz︸︸︷
ith

• 1 • ×××1,

since we have that, if i ∀= j then the two matrices commute, and if i = j then [σx, σy] = 2iσz.

⊆ k̄ = 2.

For k̄ = 2 there are only 6 possible triples (kx, ky, kz) with kx + ky + kz = k̄. Xn
(0,0,2) is already in P because of

(14). Moreover, we calculate

[Xn
(1,0,0), X

n
(0,0,2)] = 2Xn

(0,1,1)

[Xn
(0,1,0), X

n
(0,0,2)] = 2Xn

(1,0,1)

(17)

ThThThTThhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhennnenenennnnnnnnenennnnnnnnnnnnnnnnnnnnnnnenn Xn
(k

cococococococoooooooocoombmbmmmmmbmmbmmmbmmmmbmmmmmmmbmmbininnnnaaaataaaaaaaaaa

ways to choose the triples (kx, ky, kz), with 0 ≥ kx + ky + kz ≥ n.

Now, given 0 ≥ k ≥ n, we have (k+1)(k+2)
2 ways of choosing (kx, ky, kz), with k = kkkkkkkkkkkkkkkkkkkkkxxxxxxxxxxxxxx + ky +

chosen in k+1 ways, then ky can be chosen in k+1 kx ways, while kz = k (kx+++++++++++++++++kkkkkkkkkkkkkkkkkyyyyyyyyyyyyyyyyyy) i)))))))) s now fi
kx, from 0 to k, we have that the total ways are:

k∏
kx=0

(k + 1 kx) =
k+1∏
l=1

l =
(k + 1)(k + 222))))))))))))

2
.

The dimension of the Lie algebra PPI in (11) is obtained by summing tg tttttttttttttttttttthhehehhhhhhehehhehhehh ababbbbbbbbbbbbbbbbbbboovoovoovoooovoovvvvvovove neeeeee umumumummmmmummmmmmbers as k

dim PPI =
n∏

k=0

(k + 1)(k + 2)

2
=

1

2

n∏
k=0

(k + 1)(k + 2) ====================
1111

22222222222222222222

((((((((((((((((((((((((((((n+ 3)3)3)3)3)3)))3)3)3)3))3)3)3)3)3)3)3)3)333)3)3)3)3)((((((((((((((((((((((((((((nnnnnnnnnnnnnnnnnnnnn+ 2)(n+ 1)

3
:=

where the third equality is proved by induction on n.
Therefore, the dimension of the Lie algebra P in (12) is n+3+33333+3333+333333

nnnnnnnnnnnnnnnnn

(((((((((((((((((((((
1.1111

A. Prooooooooooooooooooooooooooooooooooooof offffffff f Tff Tf Tf Tf Tf TTTTTTf Tf Tf Tf TTTff Tf Tf TTThehhhhhhhhhhh ororrrrrrrrrrrrrrorreeeeeeemeeeee 1

The dynamical Lie algebra P is generated by iHHHHHHHHHzzzzzzzzzzzzzzzzH , iii, i,,, i,,, i, i,, i, i, i, i, i, i,,,,, i,, HHHHHHHHHHHHHHxHH , annnnnannanananananananananananaana ddddddd iHyHH and since iHzzH , iHxHH , and
su(2n), P ≤ PPI � su(2n). To prove Theorem 1 w1 wwwwwwwwwww1 www1 wwwwwe ne ne neee ne neee nee ne ne nee nne nee eeeee d td td tttttttttd ttttttttoo eoo eooo eooo eooooo eooooo establish also the converse inclusion,
To get this inclusion, we will prove that,

A(kx, ky, kz) succccch th thh th th th th th th th th th th th th th th th tthhh th thahahahahhhahhahhahahahahahhhahhahh t 1111t 1111t 111111111t ≥≥≥≥≥≥≥≥≥≥≥≥≥≥≥≥ kk + ky + kz ≥ n, Xn
(kx,ky,kz)

� P.

We will prove equation (16) by inductiiononnnnnnnnnnnnnnnnnnnnn oonnnnnonoonoooonoonoo k̄kkkkkkkkkkkkkkkkkkkkkk ======================= kkkkkkkkkkkkkx + ky + kz (1 ≥ k̄ ≥ n). We will derive equa
first and then will prove the inductive step.

⊆ k̄ = 1.

For k̄ = 1 there are onlyyyyyyyyyyyyyyyyy thtthththtttttththtthththtthhthreeee peee pe pppppppe pe pe ppppee pe pppe ppe posoooooo sibbbbblbllllbbblbbllbbbbb ee teeeeee riples (kx, ky, kz), with kx+ky+kz = k̄. Xn
(1,0,0) a

in P because of (14). MoMMMMoMMMMMMoMMMoMMoMMMMMMMoMoreovoovovovvoovooovvovoovovooovvooooo er a da da da da da da da dddddda da dda ddaa da dddiriiririrririirect calculation gives

[Xn
(1,0,0), X

n
(0,1,0)] = 2Xn

(0,0,1).

In fact

[Xnnnnnnnnnnnnnn
(11,0000000000000,,,,0)0)0)))0)0)0)0)0)0)00)00)0)0)0))0))0))0)0)0)0)00000 , X, n

(0,1,0)] =
n∏

i,j=1

[1 • ×××1×× • σx︸︸︷
ith

• 1 • ×××1×× , 1 • ×××1×× • σy︸︸︷
jth

• 1 •

= 2i
n∏
i

1 • ×××1×× • σz︸︸︷
ith

• 1 • ×××1×× ,

sisssssss ncccce we we we we wwwwwe we we we we we we wwe we we e hhhe he he he he he hhe hhe he hhhe hhe he hhhhe hee heee hhaaavaa e that, if i ∀=∀∀ j then the two matrices commute, and if i = j then [σx, σy] =

⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆⊆ k̄kkkkkkkkkkkkkkk = 2= 2= 2= 2= 2= 2= 2= 222= 222= 222= 22= 22= 2= 22= ..

FoFoFoFoFoFoFoFooooFoFoFoFoFoFoFoFoFoFooFoFoFoFoorrrrrrrrrrrrr k̄ = 2 there are only 6 possible triples (kx, ky, kz) with kx + ky + kz = k̄. Xn
(0,0,2) is al

(14). Moreover, we calculate
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Let us give details on the first equation. The second one is similar. First we notice that:

[1 • ×××1 • σx︸︸︷
ith

• 1 • ×××1, 1 • ×××1 • σz︸︸︷
jth

• ×××• σz︸︸︷
lth

• ×××1 • ×××1] =

=

⎩⎝⎝⎝⎝⎝⎪
⎝⎝⎝⎝⎝⎨

0 if i ∀= j and i ∀= l
2i 1 • ×××1 • σy︸︸︷

jth

• ×××• σz︸︸︷
lth

• ×××1 • ×××1 if i = j

2i 1 • ×××1 • σz︸︸︷
jth

• ×××• σy︸︸︷
lth

• ×××1 • ×××1 if i = l
(18)

Thus:

[Xn
(1,0,0), X

n
(0,0,2)] =

n∏
i, j, l = 1
j < l

[1 • ×××1 • σx︸︸︷
ith

• 1 • ×××1, 1 • ×××1 • σz︸︸︷
jth

• ×××• σz︸︸︷
lth

• ×××1 • ×××1] =

=
n∏

j, l = 1
j < l

2i

⎞
⎟⎠ 1 • ×××1 • σy︸︸︷

jth

• ×××• σz︸︸︷
lth

• ×××1 • ×××1+ 1 • ×××1 • σz︸︸︷
jth

• ×××• σy︸︸︷
lth

• ×××1 • ×××1

⎡
∑⎜ =

= 2Xn
(0,1,1).

This shows that Xn
(0,1,1) and Xn

(1,0,1) are in P. Moreover we have, with similar calculations (cf. Appendix A),

[Xn
(0,1,1), X

n
(1,0,0)] = 4Xn

(0,2,0) 4Xn
(0,0,2)

[Xn
(1,0,1), X

n
(0,1,0)] = 4Xn

(2,0,0) + 4Xn
(0,0,2),

(19)

and therefore Xn
(0,2,0), and Xn

(2,0,0) are also in P. Finally, using a similar argument as the one used to prove

(17), we have,

[Xn
(0,0,1), X

n
(2,0,0)] = 2Xn

(1,1,0). (20)

Therefore all the basis matrices corresponding to k̄ = 2 are in P.
⊆By exchanging the roles of x, y and z, we can see the following:

Fact: Assume that Xn
(kx,ky,kz)

� P for all triples (kx, ky, kz), with kx + ky + kz ≥ k̂ and that Xn
(k̃x,k̃y,k̃z)

, with

k̃x + k̃x + k̃x > k̂ is obtained as a Lie bracket of elements Xn
(kx,ky,kz)

with kx + ky + kz ≥ k̂, and therefore is in

P. Then, every Xn
(k̂x,k̂y,k̂z)

is also in P, where (k̂x, k̂y, k̂z) is any permutation of (k̃x, k̃y, k̃z).

⊆ Inductive step: Let 2 ≥ k̄ 1 < n and assume that all possible Xn
(kx,ky,kz)

� P for 1 ≥ kx + ky + kz ≥ k̄ 1.

Then also all Xn
(kx,ky,kz)

� P with kx + ky + kz = k̄.

Proof. By the symmetry property of the above Fact, it is enough to prove that, using Lie bracket of elements
Xn

(kx,ky,kz)
� P with 1 ≥ kx + ky + kz ≥ k̄ 1, we can obtain all Xn

(kx,ky,kz)
for kx + ky + kz = k̄ with the

restriction that kz ≥ ky ≥ kx. Such a restriction does not imply a loss of generality.

We set kx = k̄ j and will prove this fact by induction on j. The possible range of values for j is 0 ≥ j ≥ � 2k̄3 {
(here, for any x � RI , �x{ denotes its integer part). In fact, if j = � 2k̄3 {+ 1, then in particular j > 2k̄

3 , thus

kx = k̄ j < k̄ 2k̄
3 = k̄

3 , so also kx + ky + kz ≥ 3kx < k̄. On the other hand if j = �2k̄3 {, then kx = k̄ j → k̄
3 ,

thus 3kx →k̄, so there exists a triple (k̄ j, ky, kz), with k̄ j + ky + kz = k̄ and kz ≥ ky ≥ k̄ j

Leeeet

=

⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝
⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎨⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝
⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝

2i 1 • ×××1×× • σy︸︸︷
jth

• ×××• σz︸︸︷
lth

• ×××1×× • ×××1×× if i = j

2i 1 • ×××1×× • σz︸︸︷
jth

• ×××• σy︸︸︷
lth

• ×××1×× • ×××1×× ififififififffffiffifififfifififfiif iiiiiiiiiiiiiiiii = l

Thus:

[Xn
(1,0,0), X

n
(0,0,2)] =

n∏
i, j, l = 1
j < l

[1 • ×××1×× • σx︸︸︷
ith

• 1 • ×××1×× , 1 • ×• ×• ×• ×• ×• ×• ×• ×• ×•••••• ×• ××• ×• ×•• ×• ×××××××××××××××××××××××11111111111111111111××××××××××××××××××××××× • σσσσσσσσσσσσσσσσσzzzzzzzzzzzzzzzzzz︸︸︷︷
jjjjjjjjjjjjjjjjjjjjjththththththhthtthhhhhhhhh

• ×××• σ︸︸︷
lt

=
n∏

j, l = 1
j < l

2i

⎞
⎟
⎞⎞
⎠⎟⎟ 1 • ×××1×× • σy︸︸︷

jth

• ×××• σz︸︸︷
lth

• ××××××11111111111111111×××××××××××××××× • ×××××××××• ×××××××××• ××××××××××××××××××××××××××××××××××××××××××××××11111111111111×××××××××××××××××××× +++ 1111111111111 •• ×•••••••••• ××1×× • σz︸︸︷
jth

• ×××• σ︸︸
lt

= 2= 2= 2= 2= 2= 2= 2= 2= 2= 2= 22= 2= 2= 2= 2= 2222XXXXXXXXXXXXXXXXXXXXXXnnnnnnnnnnnn
(((((0(00(0((0(0(0(0(((((( ,1,1).

This shows that Xn
(0,1,1) and Xn

(1,0,1) araaaaaaa e innnn PPPPPPPPPPPPPPP. MMMMMMMMMMMMMMM. MMMMMMMMorororororororororororororororooooroooreoeeeeeeoeeoeeeoeeeover we have, with similar calculation

[[[[[[[[[[[Xn
(0((((((((((((((((( ,11,1)1)11)1)11)1)1)11)1)1))1))11)11)11)1)111)1))1))1), X,X,X,XXXXX,X,X,XXXX,X,X,X,XXXXX,XX

n
(1(1(1(1(1((1(1(1(1(((1(1(1(1(11(1(1((1(11(11(11(1((((( ,,,,0000,0)0000 ] = 4Xn

(0,2,0) 4Xn
(0,0,2)

[[[[[[[[[[[[[[XXXXXXXXXXXXXXXXXXXXXXXXXnnnnnnnnnnnnnnnnnn
(1(1(1(1(1(1((1((1(((1((1(1(1(11((1(11(1((( ,00000000000000000000000,,1)1)1)1)1)11)11)11)1)1))1)1))1)1)1)11)1)1)1)1)11), XXX,X,X,,X,X,X,X,X,,X,X,X,X,,,

nnnnnnnnnn
(0,1,0)] = 4Xn

(2,0,0) + 4Xn
(0,0,2),

and therefore Xn
(0,2,0), and XXXXXXXXXXXXXXXn

(2(222(2(22(2(2(2(2(222(2(2( ,,,,,,,000000000000000000,,,,,0)0000)0)) are aaaaaaaaaaaaaaaaaaaalslslsllsllsslslslslslllsllslsl o in P. Finally, using a similar argument as t

(17), we have,

[Xn
(0,0,1), X

n
(2,0,0)] = 2Xn

(1,1,0).

Therefore all the bbbbbbbbbbbbasaaasasasasssaasaaasssaasaasisiisisiiiisiii maaaaaaatrtrtrtrtrtrtrtrtrtrtrtrtrtrtrrttrtrttrrt iciciiciciicciciiicii essesesesssssssssssss cccocccc rresponding to k̄ = 2 are in P.
⊆By exchangingggg thththththhthththththtththththtththhhe re re re re re reee rrre reeeeeee olo esss ofofofofoffofoofofofofofofofooooooo xxxxx, y and z, we can see the following:

Fact: Assumeemeememeemmmmmmmmmmm thtthththtthtthththtthhthtthtttt attttttatttttaatt XXXXXXXXXXXXXXXXXXXXXXn
(kx,ky,kz)

� P for all triples (kx, ky, kz), with kx + ky + kz ≥ k̂ and

k̃x + k̃x +++++++++++++++ ˜̃̃̃̃̃̃̃̃̃̃̃̃̃̃̃kkkkkkkkkkkkkkkkkkkkkkkkx >> k̂kkkkkkkkkkk isisis obobooboboboboobobobbobobooboooboooo tatttttt ined as a Lie bracket of elements Xn
(kx,ky,kz)

with kx + ky + kz ≥
P. Theeeeeeeeennnn,n,n,nn,, evevvereerererereererereereeerrryyyyyyyyyyyyyyyyyyyy Xn

((((((((((((((((((ˆ̂̂̂kkkkkkkkkkkkkkkkkkkxxxxxxxxxxxx,k̂y,k̂z)
is also in P, where (k̂x, k̂y, k̂z) is any permutation of (k̃x, k̃y, k̃z

⊆ Inductcctctttttttttttttttttttiviviviviivivivvivivivivvii e seee teppp:p:p:p:p::::pp:p:p::p:p::: Let 2 ≥ k̄ 1 < n and assume that all possible Xn
(kx,ky,kz)

� P for 1 ≥
ThThThThThThThThThTThThThThTThThThThhTTT enenennnnnnnennnnnnnn alsosooooooooo allalalaalalalalalalalalaalalalalalllllllllllll XXXXXXXXXXXXXXXXXXXXn

(kx,ky,kz)
� P with kx + ky + kz = k̄.

PrPrroooooooooooooooooooooooooooooooooooffff.f.fff.fff.f.f.f.f.f.f.fff ByyByByByByyByByByByyyyyByyyByyByBBBB thttttt e symmetry property of the above Fact, it is enough to prove that, using L
XXXXXXXXXXXXXXXXXXXXXXnnnnnnnnnn

((((((((((((((((((((kkkkkkkkkkkkkkxxxxxxxxxxxxxxxxxx k,k,k,k,kk,kkkk,k,k,k,,, yyyyyyyyyyyyyyyy,kz)
� P with 1 ≥ kx + ky + kz ≥ k̄ 1, we can obtain all Xn

(kx,ky,kz)
for kx +

rrerrerererererereerererrrrrrerr ststststssss riiictctttcttcc ion that kz ≥ ky ≥ kx. Such a restriction does not imply a loss of generality.

WeWeeWeWeeeeWeWeWeWeWWeeeeee set kx = k̄ j and will prove this fact by induction on j. The possible range of value

(here for any x � RI �x{ denotes its integer part) In fact if j = � 2k̄{+ 1 then in pa

http://dx.doi.org/10.1063/1.5004652
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Base step: j = 0 (kx = k̄).

To get this base step, j = 0, we will prove also the cases j = 1 and j = 2. It holds that:

[Xn
(k̄−1,0,0), X

n
(1,1,0)] = 2Xn

(k̄−1,0,1) + 2Xn
(k̄−2,0,1). (21)

To see this, assume we have an n ple i which has k̄ 1 elements equal to x and all the other equal to 0 and an
n ple j with one element jx = x one jy = y and all the other equal to 0. Denote by A the set of indexes such
that il = x. We have:

[σi, σj ] =

⎩⎪
⎨

0 if jy ∀� A
2iσl1 • ×××• σln if jx � A and jy � A
2iσs1 • ×××• σsn if jx ∀� A and jy � A

, (22)

where the n ple l = (l1, . . . , ln) has k̄ 2 indexes equal to x and one equal to z, while the n ple s = (s1, . . . , sn)
has k̄ 1 indexes equal to x and one equal to z. Since [Xn

(k̄−1,0,0)
, Xn

(1,1,0)] is a permutation invariant matrix,

and Xn
(k̄−1,0,0)

is a sum of all elements of the type σi, while Xn
(1,1,0) is a sum of all elements of the type σj , from

(22), equation (21) follows.

From equation (21) since Xn
(k̄−2,0,1)

is in P, we have that Xn
(k̄−1,0,1)

� P. By the symmetry property of the

above Fact we also have Xn
(k̄−1,1,0)

� P. The next two equations can be proved by direct calculation:

[Xn
(k̄−1,1,0), X

n
(0,0,1)] = 2Xn

(k̄−2,2,0) + 2Xn
(k̄,0,0). (23)

[Xn
(k̄−1,0,1), X

n
(0,1,0)] = 2Xn

(k̄−2,0,2) 2Xn
(k̄,0,0). (24)

We now compute [Xn
(k̄−2,1,0)

, Xn
(1,0,1)] with an argument similar to the one used to derive equation (21). Assume

we have an n ple i which has k̄ 2 elements equal to x, one element iy = y, and all the others equal to 0, and
an n ple j with one element jx = x one jz = z and all the others equal to 0. Denote by A the set of indexes
such that il = x. We have:

[σi, σj ] =

⎩⎝⎝⎝⎝⎝⎝⎝⎝⎝⎪
⎝⎝⎝⎝⎝⎝⎝⎝⎝⎨

0 if
jx ∀� A ∩ }iy〉 and jz ∀� A ∩ }iy〉 or
jx � A and jz ∀� A ∩ }iy〉 or
jx = iy and jz � A

2iσl1 • ×××• σln if jx ∀� A ∩ }iy〉 and jz = iy
2iσs1 • ×××• σsn if jx ∀� A ∩ }iy〉 and jz � A
2iσm1 • ×××• σmn if jx � A and jz � A
2iσq1 • ×××• σqn if jx � A and jz = iy
2iσr1 • ×××• σrn if jx = iy and jz ∀� A ∩ }iy〉 .

(25)

Here the n ple l = (l1, . . . , ln) has k̄ indexes equal to x, the n-ple s = (s1, . . . , sn) has k̄ 2 indexes equal to
x and two equal to y, the n ple m = (m1, . . . ,mn) has k̄ 3 indexes equal to x and two equal to y, the n-ple
q = (q1, . . . , qn) has k̄ 2 indexes equal to x, and the n-ple r = (r1, . . . , rn) has k̄ 2 indexes equal to x and
two equal to z. Since Xn

(k̄−2,1,0)
is a sum of all elements of the type σi, while Xn

(1,0,1) is a sum of all elements of

the type σj , from (25), we have:

[Xn
(k̄−2,1,0), X

n
(1,0,1)] = 2Xn

(k̄−3,2,0) + 2Xn
(k̄−2,0,0) 2Xn

(k̄−2,2,0) 2Xn
(k̄−2,0,2) + 2Xn

(k̄,0,0). (26)

Since Xn
(k̄−3,2,0)

and Xn
(k̄−2,0,0)

are in P, putting together equations (23), (24), and (26), we get that

Xn
(k̄,0,0), X

n
(k̄−2,2,0), X

n
(k̄−2,0,2) � Pn.

So, in particular, we have proven that P contains all Xn
(k̄,0,0)

, which is the base step, j = 0.

Induction step: Assume we have in P all Xn
(kx,ky,kz)

with kx + ky + kz = k̄ and kx = k̄ (j 1), we want to

show that we also have all Xn
(kx,ky,kz)

with kx = k̄ j.

Fix a triple kx + ky + kz = k̄, with kx = k̄ j. Certainly ky or kz is different from 0.

Baaaas

ToToooTToTooooToTTToToToTToToToTToToTTToTTToTToTTToToTTToTTToTTToTTTTo

that il = x. We have:

[σi, σj ] =

⎩⎪⎩⎩
⎨

0 if jy ∀� A
2iσl1 • ×××• σln if jx � A and jjjjjjjjjjjjjjjyyyyyyy ������ AAAAAAAAAAAAAAAAA
2iσs1 • ×××• σsn if jx ∀� A annnddddddddddddddddddddddd jjjjjjjjjjjjjjjjjjjy ����������������������� AAAAAAA

,,,,,,,,,,,,,,,,,

where the n ple l = (l1, . . . , ln) has k̄ 2 indexes equal to x and one eqqqqqqquauauauauauauauauauauauauuuuuauauuuau l tllllllllllll oo zzzzzzzzzzzzzzzzzz, w, w, w, www, w, ww, w, ww, w, w, ww, w, w, w,,, w,,, hile the
has k̄ 1 indexes equal to x and one equal to z. Since [Xn

(k̄−1,0,0)0)0)))0)0)0)))0))))0)))))
, XXX,X,X,X,XXX,X,X,XXXXX,XXX,X,X,XXnnnnn

(1(1(1(1(1(1(1(1(1(111(1(1(1(1((1(1(1((1(1(( ,,1,0)0)))0))] i] i]] i] i]]] i]] i]] i]] i] i]]] i]]]] s aaass pppeppp rmuta

and Xn
(k̄−1,0,0)

is a sum of all elements of the type σi, while Xn
(1,11,0)0)0))))))0))0)0)0)00)00)0)0))0) isi a sa sssssssa ssssssaa umuuuuuuumuuummm offffffffoffoffoffffff ala l element

(22), equation (21) follows.

From equation (21) since Xn
(k̄−2,0,1)

is in P, we have that XXXXXXXXXXXXXXXXXXXXXXXnnnnnnnnnnnnnn
((((((((((((((((((k̄kkkkkkkkkk−1,0,1)1)1)))))))))

� P� P� PPPP� PPPPPP� P� PPPPP� P� PPP� PPPPPP� . By the symm

above Fact we also have Xn
(k̄−1,1,0)

� P. The next two eququuquququuuqququququququququququqq ataaaaaaaaatatttatioonsnnsnsnsnsssssnsnsnssnnsnnnssnnnsns caccccacccacaccac n bbbbbbbbbbbbbbbbbbbbbbeee peeeee roved by direct

[Xn
(k̄−1,1,0), X

n
(0,0,1)] ================ 2222222222222222XXXXXXXXXXXXXXXXXXXXXXXXXXXnnnn

(((((((((((¯̄̄̄̄̄̄̄kkk−2,22,,,,,,,,,0)0000)0)0)0)0)000)0) + 2Xn
(k̄,0,0).

[Xn
(k̄−1,0,1), X

n
(0000,11111111111111111111,,,,,,,,,,,,,,0)0)0)00)00)000)))] =============] =======] === 2222222222222XXnn

(((((((((((¯̄kkkkkkkkkkkkkkk−−−−−−2,0,2) 2Xn
(k̄,0,0).

We now compute [Xn
(k̄−2,1,0)

, Xn
(1,0,1)] with an an aaaaaaaaaaaaaaaan aaaaaargrrggrgrgrgrgrgrrgrgrgrgrgrrgrgumuuummmmmmmmmmmmumummmmmeeeneneneneneneneneneenenenenennee t st st st st st sst st stt sst sttt imiiiiiiiii ilar to the one used to derive e

we have an n ple i which has k̄ 2 elemmememeeeeeeeeeeeemeeemmeentntntntntntnntntntntntntntntntnntntnts ess esssssss es eequuqq alalalalalalalalalalallalalaalalaaalalala tottottttttotto x, one element iy = y, and all the
an n ple j with one element jx = x one jjjjjjjjjjjjjjjjjjjjjjjjzzzzzzzzzzzzzzzzz = zzzzzzzzzzzzzzzzz ananaaanananananananannannnanananannaaa d addddddddddddddddd ll the others equal to 0. Denote by
such that il = x. We have:

[σi, σj ]]]] =====================

⎩⎝⎩⎩⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝
⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝
⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝
⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝
⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝
⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝
⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝
⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝

00000 i0000000000000000000000 f
jx ∀� A ∩ }iy〉 and jz ∀� A ∩ }iy〉 or
jx � A and jz ∀� A ∩ }iy〉 or
jx = iy and jz � A

222222222iσl1 • ×××××• σln if jx ∀� A ∩ }iy〉 and jz = iy
2222iσiσiσiσσσσσσσiσiσσσσσiσiσσσσsssssssss11111 • ×××• σsn if jx ∀� A ∩ }iy〉 and jz � A
22222222iσmmmmmmmmmmmmmmmmmm1111 • ×××• σmn if jx � A and jz � A
222222222222222222222222222222iiσiσiσiσiσiσiσiiσiσσiσσσiσσσii q1 • ×××• σqn if jx � A and jz = iy
2222222222222222222222222iσr1 • ×××• σrn if jx = iy and jz ∀� A ∩ }iy〉 .

Here the n pleeeeee lllllllllll ========== (lll11, ., .., ..... .... .. .. ... .. . , l, n)))))) h))))))) as k̄ indexes equal to x, the n-ple s = (s1, . . . , sn) has k̄
x and two eqquauauuauauauaauuuuauauuuaaauaaaallllll tllll oo yyyyyyyyyyyyyyyyyy, the nnnnnnnnnnnnnnnnnnnn ple m = (m1, . . . ,mn) has k̄ 3 indexes equal to x and two
q = (q1, . . . , q,, qqq, q,, qqq, q, qq,, q,, q, q, q, q, n) h) h) h) h) hhhhhh) h) h) h) h) h))) hh) hhh) haaasasasasasasasasasasasaaasasasasasaa ¯̄̄kkk 2 indexes equal to x, and the n-ple r = (r1, . . . , rn) has k̄ 2 in
two equalll tototottottototototttottotttottttt z. Sininnncecececececeeeecececececececececceece XXXXXn

(k̄−2,1,0)
is a sum of all elements of the type σi, while Xn

(1,0,1) is a

the typppppe σσσσjjjj ,, frfrfrrrrfrfrfrfrfrfrfrffrffrrfrfrfrrrrfrfroooooomooooooo (2222(222222222222225))5)555555555555 , we have:

[XXXXXXXXXXXXXXXXXXXXXXXXXXnnnnnnn
((((((((((((((((((k̄kkkkkkkkkkkkkkkkkkkkkkk−2,1,0), X

n
(1,0,1)] = 2Xn

(k̄−3,2,0) + 2Xn
(k̄−2,0,0) 2Xn

(k̄−2,2,0) 2Xn
(k̄−2,0,2) +

SiSSiSiSSiSiSiSSSiSiSSiSSiSSSiiSiSiiS nce Xn
((((k̄kkkkkkkkkkkkkkkkkkkkkkkkkkk−−−−3,2,0)

and Xn
(k̄−2,0,0)

are in P, putting together equations (23), (24), and (26),

Xn
(k̄,0,0), X

n
(k̄−2,2,0), X

n
(k̄−2,0,2) � PnPP .

SoSoSoSoSoSoSoSoSoSSSoSoSoSoSoSoSSoSoSooS , in particular, we have proven that P contains all Xn
(k̄,0,0)

, which is the base step, j =

Indddddddudddddddd ction step: Assume we have in P all Xn
(kx,ky,kz)

with kx + ky + kz = k̄ and kx = k̄

h h l h ll Xn i h k k̄ j
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Assume kz ∀= 0, consider the triple (k̄ (j 1), ky, kz 1). We have that the sum of the three elements is k̄,
and also k̄ (j 1)→ky →kz 1, thus, by the inductive assumption Xn

(k̄−(j−1),ky,kz−1)
� P. We have:

[Xn
(k̄−(j−1),ky,kz−1), X

n
(0,1,0)] = 2Xn

(k̄−j,ky,kz)
2Xn

(k̄−j+2,ky,kz−2).

Since the second element is in P by the inductive assumption, we have that Xn
(k̄−j,ky,kz)

� P.
If kz = 0, the triple is (k̄ j, j, 0). We compute:

[Xn
(k̄−(j−1),j−1,0), X

n
(0,0,1)] = 2Xn

(k̄−j,j,0) 2Xn
(k̄−j+2,j−2,0).

Again we can conclude, since the second element on the right hand side is in P.

III. DYNAMICAL LIE ALGEBRA ANALYSIS FOR n = 2 AND n = 3

A. Case n = 2 and generalizations

The symmetric (permutation invariant) vectors √φ0| , √φ1| , and √φ2| , defined in (3) are an orthonormal basis of the
+1 eigenspace of Π in (8) while the unit (antisymmetric) vector

√ψ0| := 1

2
( √01| +√10|), (27)

span the, 1-dimensional, 1 eigenspace of Π. Writing the corresponding change of basis matrix in the computational
basis, we obtain, with a := 1√

2
,

T † := [√ψ0| ,√φ0| ,√φ1| ,√φ2| ] :=

⎞
⎟⎠

0 1 0 0
a 0 a 0
a 0 a 0
0 0 0 1

⎡
∑⎜ . (28)

We shall use the notation 1j,k for diag( 1, 1, ..., 1, 1, 1, ..., 1) with j ‘-1’s and k ‘1’s. We have, with Π in (8),
TΠT † = diag( 1, 1, 1, 1) = 11,3. Therefore a matrix A � u(4) is in PPI defined in (11) if and only if

TΠT †(TAT †)TΠT † = 11,3(TAT †)11,3 = TAT †,

that is, if and only if Ã := TAT † commutes with 11,3. This happens if and only if Ã has a block diagonal form with
blocks of dimension 1 and 3. This proves that PPI is included in u(1) ⊗ u(3) in this case, where the sum is a direct
sum of Lie algebras (the two addenda commute). Using the dimension formula (15) for n = 2 we see that we must
have equality. The corresponding Lie group is the direct product of U(1) and U(3), a compact Lie group.

Remark III.1. A different way to arrive at the change of coordinates T in (28), which will then be generalized to
the case n = 3 is to notice that √φ0| , √φ1| and √φ2| span an invariant subspace for the generators Hzz, Hx and Hy

of the Lie algebra PPI and therefore for the whole Lie algebra. The same thing is true for the subspace spanned by
√ψ0| . Therefore, in the basis given by the matrix T in (28), the elements of PPI are in the 1 + 3 block diagonal form.

Remark III.2. The result on the structure of PPI can be generalized in at least two ways to the case of any number
n →2 of spins. In particular, assume we have n spins and we are interested in the superalgebra of PPI of matrices
invariant under permutation of two of the spins, which we can assume without loss of generality to be the first two.
That is, we are interested in the superalgebra of PPI

PPI12 := }A � u(2n)√Π1,2AΠ1,2〉 . (29)

Using the change of coordinates T • 12n−2 , we have that T • 12n−2Π1,2T
† • 12n−2 = 12n−2,3×2n−2 so that, analogously

to above, modulo a change of coordinates, the matrices in PPI12 are all the matrices in u(2n) which are block diagonal
with blocks of dimension 2n−2 and 3 ⊕ 2n−2. Therefore PPI12 = u(2n−2) ⊗ u(3 ⊕ 2n−2) and the corresponding Lie
group is the direct product of U(2n−2) and U(3⊕ 2n−2), again a compact Lie group.
Assume now n even, and consider the superalgebra of PPI

Pe := }A � u(2n)√Π • Π • ×××• ΠAΠ • Π • ×××• Π = A〉 . (30)

Asssss
annnnd

kz 0, t e t p e s (k j, j, 0) We co pute

[Xn
(k̄−(j−1),j−1,0), X

n
(0,0,1)] = 2Xn

(k̄−j,j,0) 2Xn
(k̄−j+2+2+22+22222+2+2+22++2+2222+22,jjj,jjj,jj,j,j,j, −2,0).

Again we can conclude, since the second element on the right hand side isssss ininininininnnnininnnnnnn PPPPPPPP.

III. DYNAMICAL LIE ALGEBRA ANALYSIS FOOOOOOOOOOOOOOOOOOORRRRRRRRRRRRRRRRRRRRRR nnn = 2= 2= 2= 2= 2= 22222= 22= 2= 22= 22== 2= 2 ANAAAAA D n =

A. Case n = 2 and generalizzzzzzzzatataatataaatatataataaaataatatatatioiiiii nsssssssssssss

The symmetric (permutation invariant) vectors √φ√√0| , √φ√√1| , and √√√√√√√√√√√√√√√√√√√√√√√√φφφφφφφφφφφφφφφφφφφφφφφ√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√222222222| , dddddddefinennnnnnn d id id id id id id id iid id idd id idd id idd idddd n (nnnnnnnnnnnn 3) are an ort
+1 eigenspace of Π in (8) while the unit (antisymmetric) vector

√√ √√

√ψ√√0| := 1

2
( √√√√√√√√√√√√√√√√√√√√√√√01111111111111111111√√ ||||||||||||| +++++++++++++++++++++++++++√√√√√√√√√√√√√√√√√10101010101010100000100100001010√√√√√√√√√√√√√√√√√√√√√√ |||||||||||))))))))))))))))))),,,,,,,,,

span the, 1-dimensional, 1 eigenspace of Π. Writing thhhhhhhhhhhhhhhhhhhhhhe ce ce ceeeeeee ceeeee ce ce orrespspspsppppppppspsppppspppsppppppononoooooooooondiiididing change of basis matrix
basis, we obtain, with a := 1√

2
,

T † := [√ψ√√0| ,,√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√φφφφφφφφφφφφφφφφφφφφφφφφφφφφφφ√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√0000000000000000000000000|||||||||||||||||| ,,,,,,,,√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√φ√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√1||||||||| ,,,√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√φφφφφφφφφφφφφφφφφφφφ√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√22222222| ] :=

⎞
⎟
⎞⎞
⎠⎟⎟

0 1 0 0
a 0 a 0
a 0 a 0
0 0 0 1

⎡
∑⎜∑∑.

We shall use the notation 1j,k for diagagggggggggggggagaggagggggggg( 1((((((((((((((((((((( 1111(( , 111111, ...............,,,,,,,,,,, 111111, 1, 1, ..., 1) with j ‘-1’s and k ‘1’s. We
TΠT † = diag( 1, 1, 1, 1) = 11,3. Thereefofofofofofoofofofooffofofooofofofooooorererererrerereeerrrerrrrrerrrre aa ma ma ma ma ma mmma ma ma maa ma mma ma maa ma mma maaa ataatatatatataatatatataatataataaaataaa rirrrr xxx A � u(4) is in PPI defined in (11) if and o

TTTTTTTTTTTTTTTTTTTTΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠTTTTTTTTTTTTTTTTTTTTTTTTTTT †(TATTTTTTTTTTTTTTT †††††††††††††††††††††)))))))))))))))))))))TΠT † = 11,3(TAT †)11,3 = TAT †,

that is, if and only if Ã := TAAAAAAAAAAAAAAAAAATTTTTTTTTTTTTTTTT ††††††††††††††† cocococococococoococcoocococccocccoc mmmmmmmmmmm ututttttttttttttttteeeeeeseeeeeeee with 11,3. This happens if and only if Ã has a blo
blocks of dimension 1 and 3333. T... T.. T. T. T. TTT.. his ps ps pss rororororoooooorrororooorrororoorooveveveveveveveveveveveveeveeveveveeveves tsss tsss ts tttssss tss tss tsss that PPI is included in u(1) ⊗ u(3) in this case, whe
sum of Lie algebras (the twtwtwtwwwtwwtwtwtwwwwwwwwtwwooooo ao ao aaaaao aooo aaaooooo aaddddddddddddddddddddddddddddddddddddddd eeeneeeeee daaaaaaa cocoooooooocoommute). Using the dimension formula (15) for n = 2
have equality. The corresessessesesessesesessessssppopopoppoppoppopoppoooppp nddinnnninnninnng Lg Lg Lg Lg Lg Lg Lg Lggg Lg Lg Lg Lg Lggggg Lg Lgg ieieeieeeeeeeeeeeeeee gggrggggg oup is the direct product of U(1) and U(3), a compact

Remark III.1. A dddddddiffiffiffiffffffiffiffiffiffiffiiffiffffiiiffiiffiffffererererrerrerererreeeeereeeeee eneeeeeeeee t wwwwwwwwwwwwwwwwwayayayayayayayayayayayayayayayaayaayaayy to arrive at the change of coordinates T in (28), which will t
the case n = 3 is totoooooooooooooooo nnonnnn tiiiccecceccceeececccececcece thattt √φφφφφφφ√√0| , √φ√√1| and √φ√√2| span an invariant subspace for the genera
of the Lie algebrraaaaaaaaaaaaaaaaaa PPPPPPPPPPPPPPPPPPPPPIPIPIPIPIPIPIPIPIIIIPPIPPIPIIPPPIII ananananaanannanananananaananaannnnddd tddddd herefore for the whole Lie algebra. The same thing is true for the

√√ √√ √√

√ψ√√0| . Thereforeeeeeeeeeee, ii, i, i, i, ii,, ii, i, iiiin thehhhhehehhhehehhhehehheheh babaabaaaaaasisisisisisisisisisisisisisissisissiisssiss gsssssssssss iven by the matrix T in (28), the elements of PPI are in the 1 + 3

Remark IIIIIIIIIIIIIIIIIII.I.I.II.I.II.I.II.I.I.II.22.22222.2.222..2.2222222 ThThThThThThThThThhhhThThThThThThhhee re re rreeee reeeee reeeee ree essssssululuuululululluuululuuuu t otttttt n the structure of PPI can be generalized in at least two ways to t
n →2 of sppppppiiipppipipiipippppp nnsnnnnn . In pppppppppppppppppppppppararrrtitititititittttittitititicccucccc lar, assume we have n spins and we are interested in the superalgeb
invariant undnddndndndnddddnndnddnddndndndndnndddn ereereeeeerereere permmmmmmmmmmmmmmmmmmmmmutuuuuuuuu ation of two of the spins, which we can assume without loss of generali
That isisisisissisisssissississ ww, wwwww, ww, weeeee aeeeeeeeeeeeee rerereeee ininininininininninininininininininnnntttetetetetetetettteteteetteererererererereeeerrrrrr sted in the superalgebra of PPI

PPI12 := }A � u(2n)√Π√√ 1,2AΠ1,2〉 .
Usininininnnninininnninininnninnnnnng tg tg tg tg tg ttggggggggggg hehehehehehehhhehehehehehhehehehehehhehhe chchchchchchccchchchchchchchchcchcc anaaaaaaa ge of coordinates T • 12n−2 , we have that T • 12n−2Π1,2T

† • 12n−2 = 12n−2,3×2n−

to abbbovoovovovovvoovovooovvovvvvvvvovveeee,eeeeeeee modulo a change of coordinates, the matrices in PPI12 are all the matrices in u(2n) wh
with blllocoococococococcococococcooocoooco ks of dimension 2n−2 and 3 ⊕ 2n−2. Therefore PPI12 = u(2n−2) ⊗ u(3 ⊕ 2n−2) and
group is the direct product of U(2n−2) and U(3⊕ 2n−2), again a compact Lie group.
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Using the change of coordinates A ∈ T • T • ×××• TAT † • T † • ×××• T †, we see that, in the new coordinates, the
matrices in Pe are tensor products of block diagonal 4 ⊕ 4 matrices with one block of dimension 1 and one block

of dimension 3. Thus, the Lie algebra Pe is spanned by all the matrices in i [iu(1)⊗ iu(3)]
⊗n

2 . Using the fact that
iu(j) • iu(k) = iu(jk), we see that

Pe = ⊗n
2
j=0

)n
2

j

⎛
iu(3j), (31)

where for a positive integer k, we have denoted by ku(×) the direct sum of k copies of u(×).
Remark III.3. The Lie algebra PPI is the intersection of all the Lie algebras PPIjk defined analogously to PPI12

in (29). All these Lie algebras are conjugate (and therefore isomorphic) to PPI12. Therefore the corresponding Lie

group eL
PI

is the intersection of the compact Lie groups eL
PIjk

and therefore compact.

Applying the change of coordinates T in (28) to the basis }√φ0| ,√φ1| ,√φ2| 〉 , we obtain the basis

√̃φ0| := T√φ0| =

⎞
⎟⎠
0
1
0
0

⎡
∑⎜ , √̃φ1| := T√φ1| =

⎞
⎟⎠
0
0
1
0

⎡
∑⎜ , √̃φ2| := T√φ2| =

⎞
⎟⎠
0
0
0
1

⎡
∑⎜ . (32)

Since the Lie group of block diagonal matrices, direct product of U(1) and U(3), is transitive on the manifold of linear

combinations of √̃φ0| , √̃φ1| , √̃φ2| with unit norm, pure state controllability, within the set of permutation invariant
states, follows. We summarize in the following Theorem:

Theorem 3. In the coordinates given by the matrix T in (28) the Lie algebra of permutation invariant matrices
PPI is made of block diagonal matrices with skew-Hermitian blocks of dimensions 1 and 3. The set of reachable
evolutions is the Lie group of block diagonal matrices diag(U1, U3) with U1 (U3) unitary of dimension 1 (3) and
det(U1) det(U3) = 1. System (6) is pure state controllable on the space of permutation invariant states.

B. Case n = 3

For n = 3, the dynamical Lie algebra P is the intersection of PPI12 and PPI23 defined in Remark III.2 inside su(8).
In order to find a system of coordinates where PPI has a form which displays its Lie algebra structure we follow the
idea of Remark III.1 and find orthonormal subspaces which are invariant for the generators of PPI and therefore for
all of PPI . One such subspace is given by

∪φ := span}√φ0| ,√φ1| ,√φ2| ,√φ3| 〉 ,
with √φj | defined in (3). Let

√ψ0| := 1

2
√010| + 1

2
√100|

and

√ψ1| := 1

2
√011| + 1

2
√101| .

It is a straightforward calculation to show that the subspace

∪ψ := span}√ψ0| ,√ψ1| 〉 ,
is invariant under Hzz, Hx and Hy defined in (6) and (7) (cf. Appendix B) and therefore for the whole Lie algebra
PPI . Moreover consider the orthonormal vectors

√χ0| := 2

3
√001| 1

6
√010| 1

6
√100| ,

√χ1| := 1

6
√011| + 1

6
√101| 2

3
√110| .

UsUsUsUUsssssssssssssssssssssssssssssssssssinninnininnnninnnnninininnnnnnnnninnnggggggggggggggggggggggggggggggggg thhhe
mamamamammaamamamammmammamamaaatrtrtttttrtttrricessss

ofofofofofoffofofofofffofofoffffofofofofffofofoofffofffofooofofooooffoofffoooff ddiddididiididdddidddiddidddimemememmememememememememememmemememmememememeeeeemememememeeeeemmeemeemmememmemeemmmemmmmmeeemeemmmememeemmemmmemmemmeeeemm nnnn
iii (((jjj))) iii

where for a positive integer k, we have denoted by ku(×) the direct sum of×× k copies ofoofffoof u(×).××
Remark III.3. The Lie algebra PPI is the intersection of all the Lie algebras PPPPPPPPPPPPPPPPPPIjPIjPIjPIjPPPIjPIPIjPIPIPIjPIjPIjIjIjjPPIjPIjPIIjIjIjjPIIjjP jjkkk defined
in (29). All these Lie algebras are conjugate (and therefore isomorphic) to PPI12121212222222222222222.. TTT.. hehheheheheheheheheeehehhehheheheehhhehererererrerererererereererrrer foff re

group eL
PI

is the intersection of the compact Lie groups eL
PIjk

and thereforee cccocccococooccocoocccccocompppaaacacacaacacaccaaacaacaaacaaact.

Applying the change of coordinates T in (28) to the basis }√√√0| ,√φ√√1| ,√√√√√√√√√√√√√√√√√√√√√φ√√2| 〉| 〉| 〉〉〉〉〉〉〉〉〉〉〉〉| 〉〉〉〉〉〉〉〉〉〉〉〉〉 , w, ww, w,,, w,, w, w, w, w,, w,, e oooooooooooooooobtbtbtbbtbtbbbtbtbtbttbbtbbbbtbbb aiaaaa n the ba

√̃φ√√0| := T√φ√√0| =

⎞
⎟
⎞⎞
⎠⎟⎟
0
1
0
0

⎡
∑⎜∑∑, √̃φ√√1| := T√φ√√1| =

⎞
⎟
⎞⎞
⎠⎟⎟
0
0
1
0

⎡
∑⎜∑∑, √√̃̃̃̃̃φφφφφφφφφφφφφφφφφφφφφ√√√√√√√√2222222222222|||||||||||||||| := TTTTTTTTTTTTTTTTTTTTTTTTTT√φφφφφφφφφφφφφφφφφφφφφφφφ√√2| =

⎞
⎟
⎞⎞
⎠⎟⎟
0
0
0
1

⎡
∑⎜∑∑.

Since the Lie group of block diagonal matrices, direct product oooooooooooooooooofffffffffffffffff UUUUUUUUUUUUUUUUUUUUUUUUUU(1) a) aaaaaaaa) aaaaandndndndndndnddnddndndndndndndndndndndnndd UUUUUUUUUUUUUUUUUUUUU((((((3((((((( ), is transitive on

combinations of √̃φ√√0| , √̃φ√√1| , √̃φ√√2| with unit norm, pure state coccocococooococccocoocococcoccococ nttntttnttntnnntnnnntntntntrrorororororororoollllllllllllllllllllllllllllllllllllllll ababababababbababbababababbbababababaabaabaabababaa iliiiiiiiiiiiii ity, within the set of
states, follows. We summarize in the following Theorem:

√√ √√ √√

Theorem 3. In the coordinates given by the matrix TTTTTTTTTTTTTTTTTTTTTTTTTTTT iniininiiinniin (228)88)8)8)8)8)))))8)8)8)))8)8))8)))))) thtttttttt e Lie algebra of permutati
PPI is made of block diagonal matrices with skew-HeHeHHeHeHeHeHeeHeHHeHHeHeHeHeHeHeHeeHeHHeHeHermrmrmrmrrmrrmrrmrrrr itittttttitttitttttiaiaiaiaiaiaiaiaiaiaiaiaiaiiaiiaiaiiaiiaian bnnn bnnnnnn bnnnnnn bblolololoooololoololoooololololl ccckcccccc s of dimensions 1 and 3.
evolutions is the Lie group of block diagonal matrtrtrtrrrtrtrttrrrrtrtttrttrrriciciciicicii eseeseees dididididididiidididididdididididididiiiagagagagagaaagagagaagaagaagaggaaagg((((UUUUUUUUUUUUUUUUUU111UUUUU UU,UUUU3UU ) with U1UU (U(( 3UU ) unitary of
det(U1UU ) det(U3UU ) = 1. System (6) is pure state contrtrtrrrrololololololololololollololololllololoololllalalalallllallallalalllabblblblblbblbblllblbblbbllblb e oeee oe oee oe oe oooooooooooe oooon tn tn tn tn tn tn tn tn tttn tnn tttnnnnnn hehhhhhhhhhh space of permutation invarian

B.BBBBBB.B.BB.B.BB.BBB.B.BB.BB.B.BBB.BB.BBB.BBB CCaCaCaCCaCCCaCCaCaCaase n = 3

For n = 3, the dynamical Lie algebraaaaaa PPPPPPPPPPPPPPPPPPPPP isisisisisiisisisissisisisisisiii thhthththhthhhhtttt e iee iee ieee ieee ieeeeeeeeeee intnttttttttttttttererererererererrereeerererrererereee sessss ction of PPI12 and PPI23 defined in Rem
In order to find a system of coordinates whwhwhwhwhwhwhwhwhwhwhwhwhwhwhwhhwwhwhwhwhw errreeeeeeee eeeeeeeee PPPPPPPPPPPPPPPPPPPPPPPPPPPPPPIPPPPPPPPPPP has a form which displays its Lie algebra s
idea of Remark III.1 and find orthonormal susuuuuuuuuuuuuuuuuuuuubbsbsbsbbbsbbbsbsbbbbbsbbbbsspapppp ces which are invariant for the generators of
all of PPI . One such subspace isss gigigigigigigigigigigigigigggiigg vevevevevevevevvvevevvveen bn bn bn bnn bn bn bn bbnn bn bn bn bbbnn bbn bn bnnnn bnnnn bn yyyyyy

∪∪∪∪∪∪∪∪∪∪∪∪∪∪∪∪∪φ := span}√√√0| ,√φ√√1| ,√φ√√2| ,√φ√√3| 〉 ,
with √φ√√j | defined in (3). LeLeLeLeeeeLLeLeeeeLLLeLeeLL tttttttttt

√ψ√√0| := 1

2
√010√√ | + 1

2
√100√√ |

and

√ψ√√1| := 1

2
√011√√ | + 1

2
√101√√ | .

It is a straiiigghghghghghghghghggghghghgghghgghgggghggg tforwawawaaaaaaaaaaaaaaaaaardrdrrrdrrrdrrrrdrrrdd calculation to show that the subspace

∪ψ := span}√ψ√√0| ,√ψ√√1| 〉 ,
is ininiiniiininninnnvaririiiiiiianananananannnnananananananannanaaannaanant uttttttt uutttt uundndnddddddddnddddndddnddnn eeereeeeeeeee HzzH , HxHH and HyHH defined in (6) and (7) (cf. Appendix B) and therefore for
PPPPIPIPIPIPIPIPIPIPIPPIPIPPIPIPIPIPIIIPPPIPPII . M. M. MMMMMM. M. M. MM. M. M. M. MMMM. MMorooorooororooorrrororeooe veeeeeeveeerrr crrrr onsider the orthonormal vectors

√χ√√0| := 2

3
√001√√ | 1

6
√010√√ | 1

6
√100√√ | ,
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Again, a straightforward calculation (Appendix B) shows that the subspace

∪χ := span}√χ0| ,√χ1| 〉 ,
is invariant under Hzz, Hx and Hy defined in (6) and (7) and therefore for the whole Lie algebra PPI . Moreover it is
orthogonal to both ∪φ and ∪ψ. Therefore, the matrix

M† := [√ψ0| ,√ψ1| ,√χ0| ,√χ1| ,√φ0| ,√φ1| ,√φ2| ,√φ3| ] :=

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

0 0 0 0 1 0 0 0

0 0
√
2√
3

0 0 1√
3

0 0
1√
2

0 1√
6

0 0 1√
3

0 0

0 1√
2

0 1√
6

0 0 1√
3

0
1√
2

0 1√
6

0 0 1√
3

0 0

0 1√
2

0 1√
6

0 0 1√
3

0

0 0 0
√
2√
3

0 0 1√
3

0

0 0 0 0 0 0 0 1

⎡
∑∑∑∑∑∑∑∑∑∑∑∑⎜

, (33)

is such that the matrices in MPPIM† have the form

MAM† :=

⎞
⎠W1 0 0

0 W2 0
0 0 W3

⎡
⎜ , (34)

with W1 � u(2), W2 � u(2), W3 � u(4). Furthermore using the fact that Π23AΠ23 = A, for A � PPI and (34), we
obtain

MΠ23M
†

⎞
⎠W1 0 0

0 W2 0
0 0 W3

⎡
⎜MΠ23M

† =

⎞
⎠W1 0 0

0 W2 0
0 0 W3

⎡
⎜ . (35)

Using M† in (33) and the (easily verifiable) relations[16]

Π23√ψ0| = 1

2
√ψ0| 3

2
√χ0| , Π23√ψ1| = 1

2
√ψ1| 3

2
√χ1| , (36)

Π23√χ0| = 1

2
√χ0| 3

2
√ψ0| , Π23√χ1| = 1

2
√χ1| 3

2
√ψ1| ,

we calculate

MΠ23M
† :=

⎞
⎟⎟⎠

1
212

√
3
2 12 0 0√

3
2 12

1
212 0 0

0 0 12 0
0 0 0 12

⎡
∑∑⎜ . (37)

This, used in (35) gives W1 = W2. In conclusion in the new coordinates, matrices in PPI must be of the form

B̂ :=

⎞
⎠W 0 0

0 W 0
0 0 Q

⎡
⎜ , (38)

with W and Q skew-Hermitian matrices of dimensions 2 and 4, respectively. Since the number of degrees of freedom
in (38) is equal to the dimension of PPI calculated in (15) (which for n = 3 is 20) the Lie algebra of matrices in (38)
with trace equal to 0 gives exactly P. The Lie group corresponding to the dynamical Lie algebra P = PPI � su(8),
which is the space of available evolutions for the system (6) is, in the given coordinates, the Lie group of matrices of
the form ⎞

⎠U2 0 0
0 U2 0
0 0 U4

⎡
⎜ , (39)

AgAgAgAAggggggggggggggggggggggggggggggggggggggaiiiaiiaiiaiiiiaiiiiiaiaiiiiiiiiiiaiinnnn,nnnnnnnnnnnnnnnnnnnnnnnnnn aaaa

M† := [√ψ√√0| ,√ψ√√1| ,√χ√√0| ,√χ√√1| ,√φ√√0| ,√φ√√1| ,√φ√√2| ,√φ√√3| ] :=

⎞
⎟
⎞⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠⎟⎟

0 0
√
2√
3

0 0 1√
3

1√
2

0 1√
6

00000000 0 1

√√
√
3

0 1√
2

0 11111111111111111111√√√
6666

0 0
1√
2

0 11111111111111√√√√√√√√√√√√√√
6

000000 000000000000000000 1√√√
3

0 1√
2

00000000000000000000000 1√√√
6

0 0

0 0 00 000 00 00 00 00 00 000000 000 00 0000
√√√√√√√√√√√√
2√√√√√√√√√√√√√√√√√√√√√√√√√√√√
3333

0 0

0 00000000 000000 0 0 0

is such that the matrices in MPPIM† have the form

MAM† :=

⎞
⎠
⎞⎞
W1WW 0 000000000000000000000000000
0 WWWWWWWWWWWWWWWWWWWWW22222222222222WWWWWWWWWWWWWWW 00
0 000000000000 WWWWWWWWWWWWWWWWWWWWWWWWW333333333333333WWWWWWWWWWWWWWWWW

⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡
⎜⎜⎜⎜ ,,,,,,,,,

with W1WW � u(2), W2WW � u(2), W3WW � u(4). Furthermore uuuuuuuuusing thththththhthththththtthtththhththtththththe feeeeeeeeeeeee acacaccccacacccccacccccct ttt tt tt ttt tt tt tt tttt tt tttt tttt tt hhhhahhhh t Π23AΠ23 = A, for A
obtain

MΠ23M
†

⎞
⎠
⎞⎞
W1WW 0 000
0 W2WW 0000000000000000000000000
0 00000000000 WWW33WW

⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡
⎜⎜⎜⎜MMMMMMMMMMMMMMMMMMMMMMΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠΠ2323232323232323232332223MMM

† =

⎞
⎠
⎞⎞
W1WW 0 0
0 W2WW 0
0 0 W3WW

⎡
⎜ .

Using M† in (33) and the (easily verifiable) r)) r)) rrr))) rr) r)) r) r)) r) r)))) eleeee atttioiioioioooioioooioiooiooiooooionsnssnsnssnsnsnsnsnssnsnsnsnsnnsnsnnn [1[1[1[1[1[1[1[1[1[1[1[11[11[1[ 6]66]66]6]6]]]666]6]6]6666]]66]

Π23√ψ√√0| == 111111111111111111111

22222222222222222
√√√√√√√√√√√√√√√√√√√√√√√√√√ψψψψψψψψψψψψψψψψψψψψψψ√√√√√√√√√√√√√√√000000000000000000000000||||||||||||| 3333333333333333333333

2222222222222
√√√√χχχχχχχχχχχχχχχχχχ√√√√√√√√√√√√0| , Π23√ψ√√1| = 1

2
√ψ√√1| 3

2
√χ√√1| ,

Π23√√√√√√√√√√√√√√√√χχχχχχχχχχχχχχ√√√√√√√√00000000000000000000||||||||| = 111111111111111111

2
√√√√√√√√√√√√√√√√√√√√√√√χχχχχχχχχχχχχχχχχχ√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√0| 3

2
√ψ√√0| , Π23√χ√√1| = 1

2
√χ√√1| 3

2
√ψ√√1| ,

we calculate

MΠ23M
† :=

⎞
⎟
⎞⎞
⎟⎟⎟⎠⎟⎟

1
212

√
3
2 12 0 0√

3
2 12

1
212 0 0

0 0 12 0
0 0 0 12

⎡
∑
⎡⎡
∑∑∑⎜∑∑.

This, used in ((3535353535355555353553553535535353555) g) g)) g) g) g) g) g) g) g) g) g) g) gg) g) ggg)) gg) g) g) iviviviviviviviviviviviviviviivivveeesee WWWWWWWWWWWWWWWWWWWWWWWWWWW11111WWWW = W2WW . In conclusion in the new coordinates, matrices in PPI must

B̂ :=

⎞
⎠
⎞⎞
W 0 0
0 W 0
0 0 Q

⎡
⎜ ,

wiiiith WWWWWWWWWWWWW ananananananananananaaanaanaaaa ddd QQQQQ ssksskskkskkskkskkskkkkkkkkkew-Hermitian matrices of dimensions 2 and 4, respectively. Since the number
innnnnnnnnnn (3(3(3(3(3(3(3(33(3(3(3(33((3(3(3(3(3(3(3(3(3((3((33(38)88)8)8)8)88)8)8)8)8)8)8)8)8)8)8)888)8)8))8)8)8))8)8)88) isisisiiiissss eqeqeqqqqqqqqqqqquauauauauauuauuauauauauauaaaauaauallll tl tl tl tllllll o the dimension of PPI calculated in (15) (which for n = 3 is 20) the Lie algeb
withthhhhhhthhhhhhthhhhhhhhhhhhhh trtttttracaacacacacacacaacaaacacaaaca e ee ee eee eeeeeeee ee eeeee eee eeee eqqquqqqqqqqqqqq al to 0 gives exactly P. The Lie group corresponding to the dynamical Lie alge
whichh ihh ih ih iiiiihh ih ihh ih iiiiisss tssssssss he space of available evolutions for the system (6) is, in the given coordinates, the Li
the formmmmmmmmmmmmmmmmmm ⎞

U 0 0
⎡
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with U2 and U4 arbitrary unitary matrices of dimensions 2 and 4, respectively, and [det(U2)]
2 det(U4) = 1. In the

new coordinates √φ0| , √φ1| , √φ2| and √φ4| are the elements of the standard basis �e5, �e6, �e7, �e8. From this, and the fact
that U(4) is transitive on the complex sphere of dimension 4, pure state controllability of system (6), in the space
of permutation invariant states, follows. Summarizing we have the following Theorem which is the corresponding of
Theorem 3 for the case n = 3.

Theorem 4. In the coordinates given by the matrix M in (33), the Lie algebra of permutation invariant matrices
PPI is made of block diagonal matrices with skew-Hermitian blocks of dimensions 2, 2 and 4, where the blocks of
dimension 2 are equal. The set of reachable evolutions is the Lie group of block diagonal matrices diag(U2, U2, U4)
with U2 (U4) unitary of dimension 2 (4) and det(U2)

2 det(U4) = 1. System (6) is pure state controllable on the space
of permutation invariant states.

IV. ALGORITHMS FOR CONTROL

We now give algorithms for control to perform an arbitrary unitary operation on the space of permutation invariant
states. The change of coordinates displayed in the previous section shows that we have a problem of control on U(3)
and U(4) respectively. In fact the upper blocks of the matrices in P (in the new coordinates) can be neglected since
they do not affect the space of permutation invariant states. We shall assume that in (6) we can use arbitrarily large
controls possibly in very short time (hard pulses). This will allow us to use methods of Cartan decompositions of Lie
groups for control.

A. Case n = 2

Consider the matrices iHx, iHy and iHzz defined in (7) for the case n = 2. In the new coordinates defined by
the matrix T in (28), iHx, iHy and iHzz transform respectively into

Ax := T ( iHx)T
† =

⎞
⎟⎟⎠
0 0 0 0

0 0 i 2 0

0 i 2 0 i 2

0 0 i 2 0

⎡
∑∑⎜ , Ay := T ( iHy)T

† =

⎞
⎟⎟⎠
0 0 0 0

0 0 2 0

0 2 0 2

0 0 2 0

⎡
∑∑⎜ ,

Azz := T ( iHzz)T
† =

⎞
⎟⎠
i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 i

⎡
∑⎜ .

One extra change of coordinates A ∈ T̂AT̂ † with

T̂ :=

⎞
⎟⎟⎠
1 0 0 0
0 −i√

2
0 −i√

2

0 0 1 0
0 1√

2
0 −1√

2

⎡
∑∑⎜ , (40)

gives

Âx := T̂ (Ax)T̂
† =

⎞
⎟⎠
0 0 0 0
0 0 2 0
0 2 0 0
0 0 0 0

⎡
∑⎜ , Ây := T̂ (Ay)T̂

† =

⎞
⎟⎠
0 0 0 0
0 0 0 0
0 0 0 2
0 0 2 0

⎡
∑⎜ ,

Âzz := T̂ (Azz)T̂
† =

⎞
⎟⎠
i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 i

⎡
∑⎜ .

wiwiwiwwiiiiiiiiiiiiiiiiiiithhhhhthhhthththtttththththththtttthtttttttthhtthhhhhh U2UU
neneneneneeenenenennenneneeeew cwwwwwwwwwww ooor
thththththththhhhthththhhthththththththththththtthhthhhththhthththhhhhthtththhhthhhhhhtttthhttthhhhthhaatatatataatatataaaaatataaatattat UUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUU(((4(444((((((((((((((((((((((((((((((((((((((((
ffof pe u

P is made of block diagonal matrices with skew Hermitian blocks of dimensions 2, 2 and 4
dimension 2 are equal. The set of reachable evolutions is the Lie group of block diagaaaagggonal ma
with U2UU (U(( 4UU ) unitary of dimension 2 (4(( ) and det(U2UU )2 det(U4UU ) = 1. System (6) is pupupupupupuuuuupupupuupupupuuuupuuuurrrererrrrrrrr state co
of permutation invariant states.

IV. ALGORITHMS FOR CONTRORRRORRRRRRORORORRORRORORROR LLL

We now give algorithms for control to perform an arbitrary unitary opoppppppppppppppppppppeererereeerrrrerereeerr tatattattttttatatttioioioioioioioiooioioiooiiiioioioiion onnnn n tn tn tn tn tn tn ttttn tn tnn tn tnn ttn tn tthehhehhhhhhhhhhhhehhheeee space of
states. The change of coordinates displayed in the previous section showowwwwwwwwwwwwwwwwowwwws tss ts ts tsssss ts ts tsssss hahahahahaahahahahahahahahahahahhaaat wtttt wwtt wt wtt wt wt wt wt wt wt wt wt wt wt wt we hhe heee heee hee hhhhe ave a probl
and U(4) respectively. In fact the upper blocks of the matrices in PPPPPPPPPPPPPPPPPPPPPPP (i(i(i(ii(i(i(iii(i(ii(i((i((iii(iiin tn tnnnnnnnnnnnnnnnnn heheheheheehehehehehhehehheeeee nennennnnnnnnenew coordinates) c
they do not affect the space of permutation invariant states. We shahhhahhhahaaahahhahahahaahahahhhhah ll assuuumemmmmmmmmmmmmmmmmmmmmm ththththththththththhthththtttttththttt at in (6) we ca
controls possibly in very short time (hard pulses). This will allow uuw uw ssss ts ts ttttts tss ts ts tts tts tss o uooooooooo se mmmmmmmmmmemmmmmmmmmmmmmmm thods of Cartan
groups for control.

A. CaCCCCCCCCCCCCCCCCCC se nnnnnn ===== 2============= 2=======

Consider the matrices iHxHH , iHyHH and iHzzH definededdddddddedededddddeddddddd iniiniiiininniinin (7((7(7(7777777(7(77(7(777(77777)))) f)) f)) ff) f) f)) f) ff) f) f) f) f) f) f) fforororororrorororoooooo the case n = 2. In the new c
the matrix T in (28), iHxHH , iHyHH and iHzzH tranannnnnnnnnnnnnnnnsfsfsffsfsfsffsfsfsffsfsfffsffffsfs ororororororoorororoororororoorroooororro m rm rm rm rm rm rm rm rm rmm rmmmmmm rmmmm eesesesesesesessseesssessesessse pepepeppeppepeppepeepeeectively into

Ax := T ( iHxHH )T † =

⎞
⎟
⎞⎞
⎟⎟⎟⎠⎟⎟
0 0 0 0000000000000

0 0 iiiiiii 2 00000000000000

0 i 2 0000000000000000000 iiiiiiiiiiiiiiiii 2

0 0 i 2222222222 00000000000

⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡
∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑
⎡⎡
∑∑∑⎜∑∑, Ay := T ( iHyHH )T † =

⎞
⎟
⎞⎞
⎟⎟⎟⎠⎟⎟
0 0 0

0 0

0 2 0

0 0

AAAAAAzzzzzzzzzzzzzzzzzzzzzzzzzzzz := T ( iHzzH )T † =

⎞
⎟
⎞⎞
⎠⎟⎟
i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 i

⎡
∑⎜∑∑.

One extra change of cooorororrorroorororrorororrrdidddididididididdddididididdd nannnnnnn tessss AAAAAAAAAAAAAAAAAAAAAA ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ ˆ̂̂̂̂̂̂TTTATTT T̂ † with

T̂ :=

⎞
⎟
⎞⎞
⎟⎟⎟⎠⎟⎟
1 0 0 0
0 −i√

2
0 −i√

2

0 0 1 0
0 1√

2
0 −1√

2

⎡
∑
⎡
∑∑∑⎜∑∑,

gives

Âx := T̂ (Ax)T̂
† =

⎞
⎟
⎞⎞
⎠⎟⎟
0 0 0 0
0 0 2 0
0 2 0 0
0 0 0 0

⎡
∑
⎡⎡
⎜∑∑, Ây := T̂ (Ay)T̂

† =

⎞
⎟
⎞⎞
⎠⎟⎟
0 0 0 0
0 0 0 0
0 0 0 2
0 0 2 0

⎡
∑
⎡⎡
⎜∑∑,

Â := T̂ (A )T̂ † =

⎞
⎟
⎞⎞
i 0 0 0
0 i 0 0

⎡
∑
⎡
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In these coordinates the system (6) becomes the right invariant system on a Lie group

Ẋ = ÂzzX + ÂxXux + ÂyXuy. (41)

Neglecting the upper 1 ⊕ 1 block of the matrix X (which does not affect the permutation invariant states), and
neglecting matrices which are multiples of the identity which only add a phase factor to the solution, this system has
a P K structure, i.e., there exists a Cartan decomposition of su(3) = L ⊗ S , with

[L ,L ] ≤ L , [L ,S ] ≤ S , [S ,S ] ≤ L ,
such that the matrices multiplying the control (in this case Âx and Ây) generate the Lie subalgebra L and the drift

matrix (in this case Âz) belongs to S . In our case, the decomposition is obtained with L = so(3) while S is the space
of purely imaginary matrices. The method of control in this case is as follows:
First write the desired final condition Xf � SU(3) according to the Cartan decomposition as Xf := K1AK2 where

K1 and K2 which are in the Lie group corresponding to L (in this case SO(3)). The matrix A is an element of the Lie
group associated to a Cartan subalgebra (i.e., a maximal Abelian subalgebra contained in S ). Then the problem is to
obtain evolutions which implement K2, A and K1 in that order. K1 and K2 are obtained with hard pulses, i.e., high
amplitude short time controls, which essentially allow us to neglect the drift term. The element A is implemented by
alternating hard pulses with free evolutions (setting the controls equal to zero).
Details of the approach to control based on decompositions of Lie groups are described in [2] which also gives

computational methods to find the factors K1,2 and A in the decomposition. The paper [12] shows that this method
of control is, in fact, time optimal.

B. Case n = 3

Analogously to the case n = 2, we first transform iHx, iHy and iHzz in new coordinates using the transfor-
mation M in (33). A direct calculation (using Appendix B) shows:

M( iHx)M
† := i

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0

0 0 0 0 0 3 0 0

0 0 0 0 3 0 2 0

0 0 0 0 0 2 0 3

0 0 0 0 0 0 3 0

⎡
∑∑∑∑∑∑∑∑∑∑⎜

(42)

M( iHy)M
† :=

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0

0 0 0 0 0 3 0 0

0 0 0 0 3 0 2 0

0 0 0 0 0 2 0 3

0 0 0 0 0 0 3 0

⎡
∑∑∑∑∑∑∑∑∑∑⎜

(43)

M( iHzz)M
† := i

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 3 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 3

⎡
∑∑∑∑∑∑∑∑∑⎜

(44)

From now on we shall only focus on the last four rows and columns which represent the evolution of the dynamics
on the subspace of permutation invariant states spanned by √φ0| , √φ1| , √φ2| , and √φ3| . The problem of control is solved

InInInnnnnnnnnnnnn thhhththhhhhhththhhhhhhhhhhhhththhhhhhhhhhhhhhhheeeeseeeeeeeeeeeeeeeeeee e

[L ,L ] ≤ L , [L ,S ] ≤ S , [S ,S ] ≤ L ,
such that the matrices multiplying the control (in this case Âx and Ây) generate tttttttttttthehehhehehhehehhhehhhhhehhehheeeee Lie subal

matrix (in this case Âz) belongs to S . In our case, the decomposition is obtained wd wwwd wd wwwd wd wwd wd wwd wd wwwd wwwwwwiitii hhh LLLLLLLLLLLLLLLLLLLLLLL =============== so(3
of purely imaginary matrices. The method of control in this case is as follows:::
First write the desired final condition Xf � SU(3) according to the Cartaan ddddddddn ddddn ddddececececececececcececececeeceececeeccececommmomommmmmommmoommmmomomommooo pppopppppp sition as

K1 and K2 which are in the Lie group corresponding to L (in this case SO(33333333333333333)))))))))))))))))))))))))))))))))))))))))))))))))))))). TT...... hehheheheheeheheheehehheheeeeee mmmammmmmmmmmmm trix A is
group associated to a Cartan subalgebra (i.e., a maximal Abelian subalgeeeeeeeeeegeeeeeg brbbrbrbrbrbrbrbrbbrbbrrrbrbraaaa caaaaaaaaa ononnnnnnnonnnnnntatatatatatatatatatatatatatataatttttt iniiiii edededddddddddededddddeddddd iiinii S ). T
obtain evolutions which implement K2, A and K1 in that order. K1 annnnnnnnnnnnnnnndddddddddddddddddddddddd K2 aaaaaraaaaaaaaaaa e obtbtbbtbtbtbtbtbttttbtbtbbtbtbtttbtbtbtttaaiaaaaaaaaaaaaa ned with
amplitude short time controls, which essentially allow us to neglect the drdrdrdrdrdrdrdrdrdrdrdrdrdrdrdrddrdrdrdrdrrrifififififififififififififififififfifififffifififii t tt tt tt tt tt tt tt tt tt ttt tt tt tt ttt tttttt ereerrrrm.m.mmmmmmmm.mm.mmm.m.mmmmmm. ThTTTTT e element
alternating hard pulses with free evolutions (setting the controls eqqqqqqqqqqqqqqqqqqqqqquuuuuuauuuuuaaauuauuu l tlll tttl tll tl tl tl tlllll ttto zerererrrrrrrrrrrrrro)o)o)o)o)o)o)o)o)oo)o)o)o)oo)o)o)o)o)o)o)ooo)oo)....
Details of the approach to control based on decompositions offfffffff LLLiLLLLLLLLLLL e grooooooupuuupupupupupuupuuupuuupuuuppups are described in

computational methods to find the factors K1,2 and A in the ddddddddddddddddececceececececcceececcecce omomoooooooooo popopopopoooooopopopopoopopoppoopoppopoosisisssisssisiisiississ titttitttttionnnonnnonnonnnnnnnnnnnonno . T.. he paper [12] sh
of control is, in fact, time optimal.

B. CaCaCCaCaCCaCaCCaCaCCaCaCaCCaCCCCC se n = 3==== 3= 3= 3= 3= 33= 3= 3== 3= 3= 3======

Analogously to the case n = 2, we first transformmmmmmmrmmmmmmrmmmmmmmm iHHHHHHHHHHHHHHHHHHHHHxxxxxxxxxxxxxxxxxxxxHHHHH ,,,,,,,,,,,,,,,, iHiHiHiHiHiHHHiHiHiHiHHHiHHHHyHH and iHzzH in new coordinat
mation M in (33). A direct calculation (using Appppeneenenenennnnneneenennenennneennnne didididididididididididididdidddd x Bx Bx BBx Bx Bx Bx Bx Bx Bx Bx Bx Bx Bx Bx Bx Bx Bx BBB) s)) s) s) s) s) s) s) sss) s) s) s) ss) s) s) s)) s) hohohohhohhohhhhhhohohhh ws:

M( iHiHiHHHHHHHHHHHiHiHHiHHHHHHxxxxxxxxxxxxxxxxxxxxxxxxxxHHHHHH )))))))))))))))))))))))))))))MMMMMMMMMMMMMMMMMMMMMMMMMMMMM†††††† ::=:=:====:=::=:=:==:=:=:=:==:==:=:=:= iiiiiiiiiiiiiiiiiiiiiiiiiiii

⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞
⎟
⎞⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠⎟⎟

0 10 111111111110 1111111111 0 0 0 0 0 0
1 011 01 0001 01 01 01 001 01 001 01 0001 001 011 001 01 011 0111 01 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0

0 0 0 0 0 3 0 0

0 0 0 0 3 0 2 0

0 0 0 0 0 2 0 3

0 0 0 0 0 0 3 0

⎡
∑
⎡⎡
∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑⎜∑∑

MMMMMMMMMMMMMMMMMM(( iHyHH )M† :=

⎞
⎟
⎞⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠⎟⎟

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0

0 0 0 0 0 3 0 0

0 0 0 0 3 0 2 0

0 0 0 0 0 2 0 3

0 0 0 0 0 0 3 0

⎡
∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑⎜∑∑

M( iHzzH )M† := i

⎞
⎟
⎞⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠⎟⎟

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 3 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 3

⎡
∑
⎡⎡
∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑⎜∑∑
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if we are able to factorize the desired final evolution Xf � U(4) in exponentials of matrices proportional to (cf. (42),
(43), (44))

Bx :=

⎞
⎟⎟⎠

0 3i 0 0

3i 0 2i 0

0 2i 0 3i

0 0 3i 0

⎡
∑∑⎜ , By :=

⎞
⎟⎟⎠

0 3 0 0

3 0 2 0

0 2 0 3

0 0 3 0

⎡
∑∑⎜ , B̃zz :=

⎞
⎟⎠

3i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 3i

⎡
∑⎜ , (45)

that is as exponentials of the form eBxt, eByt and eB̃zzt for real t. The exponentials of the form eBxt and eByt can be

obtained using hard pulses in the Hamiltonian (6), the elements eB̃zzt are obtained by setting the controls equal to

zero and allowing the system free evolution. Notice that the orbit }eB̃zzt√t � RI 〉 is periodic and so we can obtain all
the values in it even if we restrict ourselves to positive values of the time t as it is required in physical applications.
Furthermore, by neglecting an overall phase factor which does not have a physical meaning, and rescaling the time t,
we can consider instead of the matrix B̃zz in (45), the matrix

Bzz :=
1

2

)
B̃zz + i1

(
=

⎞
⎟⎠
i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 i

⎡
∑⎜ , (46)

and restrict to matrices Xf � SU(4).
We shall again use an appropriate Cartan decomposition along with the method for generating ‘new directions’

described in [4]. In particular, we use the AIII KAK Cartan decomposition [9] of SU(4): every element Xf � SU(4)
can be factorized as

Xf := K1AK2, (47)

where K1 and K2 are matrices with elements at the intersection of rows and columns 1-4 and 2-3 occupied by 2⊕ 2
unitary matrices U1 and U2 (by permuting row and column indexes these would be block diagonal matrices with 2⊕2
blocks) and det(U1) det(U2) = 1. The matrix A is the product of two commuting matrices belonging to the associated
Cartan subalgebra which we can take equal to span}A3, C3〉 with

A3 :=
1

2

⎞
⎟⎠

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎡
∑⎜ , C3 :=

⎞
⎟⎠

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎡
∑⎜ , (48)

which are commuting. Methods to compute the factors in (47) are described in [2]. Our task is therefore to show how
to express matrices of the form K1 K2 and A in (47) as products of exponentials of the matrices Bx, By and Bzz in
(45).
Our treatment is split into two steps: First we introduce two auxiliary Lie algebras and corresponding Lie groups

and show that we can obtain the elements K1, K2 and A in (47) if we have arbitrary elements in these Lie groups.
Then we will show how to use the exponentials of the matrices Bx, By and Bzz in (45) to obtain the elements of the
auxiliary Lie groups.
We consider two auxiliary Lie subalgebras of su(4) which are isomorphic to each other. In particular the Lie algebra

B is given by

B := span}A1, A2, A3, E〉 ,

with A3 given in (48) and

A1 :=
1

2

⎞
⎟⎠

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

⎡
∑⎜ , A2 :=

1

2

⎞
⎟⎠

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎡
∑⎜ , E :=

1

2

⎞
⎟⎠

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎡
∑⎜ . (49)

We have the commutation relations

[A1, A2] = A3, [A2, A3] = A1, [A3, A1] = A2, [B , E] = 0, (50)

ifiifff weweweweweweeeweweeewewewwwwewewewewwwwewwwwwwwwwweweeeweeeewewwee areeee
(4(444444((4444((4444(( 3)3))3)3)33))3)33)3)3)))))))))), ((((44444

that is as exponentials of the form eBxt, eByt and eB̃zzt for real t. The exponentials ofofofofofofofofoffofoofofoffofofofofofofofofofoof the form

obtained using hard pulses in the Hamiltonian (6), the elements eB̃zzt are obtainneneneneeeeneneeeeneennn d bd bd bd bbbbbd bd bd bbbd bbd bbbbd bd bd bd bbd bd bd bdd bd bdd by syyyyyyyyyyyyy etting

zero and allowing the system free evolution. Notice that the orbit }eB̃zzt√t√√ � RIRRRRRR 〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉〉 isisisisiisisisisisssissisisisisiss peppppppppp ririiiiiiiiiriodododododododododododdodododododoodooodooddiciciiciiciicicc an
the values in it even if we restrict ourselves to positive values of the time

√√
t asassssssssssss ititititititiiitititt is rrrerreeeeereerrerrereeequirededddddddddeddddddddeddd in

Furthermore, by neglecting an overall phase factor which does not have a pphyhhhyhyhyhhhyhyhyhyhhyhyhhyhhyhyhyhhysisicacaaaaaaaaacaaaaal ml ml ml ml ml ml ml ml ml ml ml ml ml ml ml ml ml mmmmeaning, an
we can consider instead of the matrix B̃zz in (45), the matrix

Bzz :=
1

2

)
B̃zz + i1

(
=

⎞
⎟
⎞⎞
⎠⎟⎟
i 0 000000000000000 0000000000
0 iiiiiii 0 00 00000000000 0000
0 0 i 0000
0 00000000000000 0 iiiiiiiiiiiiiiiiiiiiii

⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡
∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑⎜∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑,,,,

and restrict to matrices Xf � SU(4).
We shall again use an appropriate Cartan decompositioooooooooiooooooooooonnn an an annnnnnnnnnnnnn lololololollllollolololooonngngngngngnngnnggnnnnnnn witththhhhhhhthtthhthhtththhth the method for gener

described in [4]. In particular, we use the AIII KAK Caraaaaa tan dn dnn dn ddddddddn dn dddddn dddddddeececeeeeceeececceeceeece ommmmmmmmmmmmmmmmmmppppopopopopopopopoopopopopopopopopopopopop ssssisiisisiissss tion [9] of SU(4): every
can be factorized as

XXXXXXXXXXXXffffffffffffffffffff :=== KKKKKKKKKKKKKKKKKKKKKKK111111111111111AKAKAKAKKKKKKKAKKKKAKKK222,

where K1 and K2 are matrices with elements aaaaaaaaaaaaaaaaaat ttt tt ttttttt ttt tttthe ininnnnnnninnnnntetetetetetetetetttetetetetetetetttett rsrrrr ection of rows and columns 1-4 and
unitary matrices U1UU and U2UU (by permuting row aaaaaaaaaaaaaaaaaaaandndndnddndndndndndnddnddnddnddnndndndnn cocococococococococococococococococococcoolulullulluluuululuuluuumnmnnnnnnmnnmnnmnmnmnmnnnnmn iniii dexes these would be block diagon
blocks) and det(U1UU ) det(U2UU ) = 1. The matriririiiiiiiiiiixxxxxxxxxxxxxxxxxxxxx AAAAAA is thththththththththththththtthththththhthhe peeeee pee peeeeeeeeee prorooooooooodddddudddddddddddd ct of two commuting matrices belon
Cartan subalgebra which we can take equal tl ttttttl ttttttttl ttttttoooooooooo spspsspspspspspspspspppspspspsppspsppspspspssssss annnnn}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}AAAAAAAAAAAAAAAAAAAAA3, C3C 〉 with

A3 :=
1

2222222222222

⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞
⎟
⎞⎞
⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎟⎟

0000000000000000000000000 0 1000 10 10 1100 100 100 10 10 100 100 10 10 10 100 10 10 10 100 110 10 0000000000000000
0000 0000 000 0000 00 000000 0000000000 1000000
1 00000000000000000000000 0 0
0 1 0 0

⎡
∑⎜∑∑, C3C :=

⎞
⎟
⎞⎞
⎠⎟⎟

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎡
∑⎜∑∑,

which are commuting. Methhhhhhhhhhhhhhodododoodoododododooododooodoooooo s to cooooooooooooo omommmmmmmmmmmmmmmmmmmmmmmppupupupupupupupupupupuupupuupupuppuppp ttttetttttttt the factors in (47) are described in [2]. Our task is
to express matrices of theeee foffoofofofofofofofofoformrmrmrmrmmmmmmrmrmrmrmrmrmrrmmmrmmmm KKKKKKKKKKKKKKKKKKK1 KK22222222222222222222 anaa d A in (47) as products of exponentials of the matric
(45).
Our treatment is spppppppppppppliliiilillllilillittttt itttttttttttttt ntntnttttttttto to to to to to to too tooo tto tooooo ttooo wowwwwwww ststtttttstttttttteepeeeeeee s: First we introduce two auxiliary Lie algebras and corr

and show that we cccananaanananananananananaaaaaaananaa obobobbbbbbbobobobobbobobobobobobobbbobtattatttattattataattttat in ththhththhhhhhhhthththhhhthhthhhheeee eeeeeeeeeeeeeeee lements K1, K2 and A in (47) if we have arbitrary element
Then we will showwwwwwwwwwwwwwwwwww hohohohohohohoooohohoohohohohohhoohoooow twwww tww tww twww tww ttwww to uooooooooooooooooo se the exponentials of the matrices Bx, By and Bzz in (45) to obta
auxiliary Lie grouououououououuouououououoououooooo pppsppp .
We consider ttwtwtwtwtwtwtwtwwwtwtwtwwwwttwwttwwwo ao aooo aao ao ao aaauxuuxuuuxuxuxxuuuuxuxuuuxuuuxu iliaryryyryyyryryryryyyyyyy LLiLLLLLLL e subalgebras of su(4) which are isomorphic to each other. In par

B is given bbbbbbbbbbyyyyyyyyyyyyyy

B := span}A1, A2, A3, E〉 ,

with AAAAAAAAAAAAAAAAAAAAAAAA33333333333 given iiiiiiiiin (((n (((n ((n ((n (n (nn (((n ( 848484844448484444 ) and

A1 :=
1

2

⎞
⎟
⎞⎞
⎠⎟⎟

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

⎡
∑
⎡⎡
⎜∑∑, A2 :=

1

2

⎞
⎟
⎞⎞
⎠⎟⎟

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎡
∑
⎡⎡
⎜∑∑, E :=

1

2

⎞
⎟
⎞⎞
⎠⎟⎟

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

W h th t ti l ti
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which show that B is the direct sum of a Lie subalgebra isomorphic to su(2) with its centralizer spanned by E (this
isomorphism will be further confirmed later by performing a change of coordinates).
The second auxiliary Lie algebra we consider is the Lie algebra K, with K := span}B1, B2, B3, F 〉 where B1 := A1

in (49) and

B2 :=
1

2

⎞
⎟⎠
0 0 0 i
0 0 i 0
0 i 0 0
i 0 0 0

⎡
∑⎜ , B3 :=

1

2

⎞
⎟⎠
0 0 i 0
0 0 0 i
i 0 0 0
0 i 0 0

⎡
∑⎜ , F :=

1

2

⎞
⎟⎠
0 0 0 i
0 0 i 0
0 i 0 0
i 0 0 0

⎡
∑⎜ . (51)

We have the commutation relations

[B1, B2] = B3, [B2, B3] = B1, [B3, B1] = B2, [K, F ] = 0, (52)

which, compared to (50), show that K is isomorphic to B .
We shall assume now that we are able to obtain all matrices in the connected Lie groups corresponding to B and

K, that we denote by eA and eB, respectively. We will show that with these we can construct the decomposition (47).
The matrices of the form e(A2−E)t � eA (e(A2+E)t � eA) are equal to the identity except for the rows and columns

2 and 3 (1 and 4) which contain an arbitrary (depending on t) Y rotation. Analogously, the matrices of the form
e(B2−F )t � eB (e(B2−F )t � eB) are equal to the identity except for the rows and columns 2 and 3 (1 and 4) which contain
an arbitrary (depending on t) X rotation. Using these matrices and Euler decompositions we obtain matrices such
that the elements corresponding to indexes 1 and 4 give an arbitrary matrix in SU(2), and the elements corresponding
to indexes 2 and 3 give an arbitrary matrix in SU(2). Multiplying the overall 4 ⊕ 4 matrix by a matrix of the form
eBzzt we obtain matrices of the form K1 and K2 in (47). The element A in (47) is obtained as the commuting product
of an element of the form eA3t and an element of the form eC3t (cf. (48)), and we have eA3t � eA already, while, it is
immediate to verify that e−Bzz

π
4 B3e

Bzz
π
4 = C3, so that

eC3t = e−Bzz
π
4 eB3teBzz

π
4 .

Our last step is to show how to obtain elements in eA and eB using exponentials of the matrices Bx, By and Bzz in
(45). We start with eA (eB is similar). We are allowed to take exponentials eByt for By in (45) but also exponentials
of

B̂y := eBzz
π
2 Bye

−Bzz
π
2 =

⎞
⎟⎟⎠

0 3 0 0

3 0 2 0

0 2 0 3

0 0 3 0

⎡
∑∑⎜ . (53)

In a basis (H) given by eigenvectors of By, we write By as

HByH
† :=

⎞
⎟⎠
2i 0 0 0
0 2i 0 0
0 0 2i 0
0 0 0 2i

⎡
∑⎜+

⎞
⎟⎠

i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 i

⎡
∑⎜ . (54)

In the same coordinates, B̂y becomes

HB̂yH
† :=

⎞
⎟⎟⎠

i 3 0 0

3 i 0 0

0 0 i 3

0 0 3 i

⎡
∑∑⎜+

⎞
⎟⎠

i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 i

⎡
∑⎜ . (55)

The second matrix in (54) and (55) commutes with both matrices and therefore spans the centralizer of the Lie algebra
generated by the two matrices which is conjugate to B . In these coordinates, it is also clear that such a Lie algebra
is isomorphic to the direct sum of su(2) and a one dimensional centralizer. The 2⊕ 2 blocks of the first matrices on
the right hand sides in (54) and (55) are equal to each other. The problem of factorization is therefore a problem on
SU(2) with an additional phase factor which we would like to fix arbitrarily. Let us first neglect the second term in
(54) and (55) and consider the problem of factorization of elements in SU(2) with matrices eZ1t and eZ2t, with

Z1 :=

)
2i 0
0 2i

⎛
, Z2 :=

)
i 3

3 i

⎛
. (56)

whwhwhwwhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhicccicccciccccciciciccccccccccicccch shhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhh hhhh
isiisisisisiisssissi omomomomomoooooommooomommmoomommmorphhhppppppppppppppp
ThThThThTThThThhhThThThhThhhThhThTTThhThTThhhhe see see se ssse se se se sse ssee sse sse se ssee se see se se ssssssssse se sseee seee ssee see see seee

iiin (4(4(4(49)9)9)9) an

2
⎠0 i 0 0
i 0 0 0

∑⎜∑∑
2
⎠i 0 0 0
0 i 0 0

∑⎜∑∑
2
⎠0 i 0 0
i 0 0 0

∑⎜∑∑

We have the commutation relations

[B1, B2] = B3, [B2, B3] = B1, [B3, B1] = B2, [[[[[[[[[[[[[[[[[[KKKKKKKKKKKKKKKKKKK FFFFFFFFF, FF, F, FFF, FFFFFFFF ] =]]]]]]]]]]]]]]]]]]]]]] 0000000,

which, compared to (50), show that K is isomorphic to B .
We shall assume now that we are able to obtain all matrices in the connnnnnnnnnonnnoonnennnnnennenneecttcttttttttededededededededdededededddedededededededdededeededeed LiiLiLiLLLLLLLLL e ge gggggggggggggggggggggggrrrrorrrrrrrrrr ups co

K, that we denote by eA and eB, respectively. We will show that with thhthhhhhhhhthhhhhhhhhhhhheeeeeseseeeee e wwwwwwwwwwwwwwwwwwwwweee ceeee ananannnnnnnnnnnnn cocococococococococcoococccccc nstruct th
The matrices of the form e(A2−E)t � eA (e(A2+E)t � eA) are equal to to tttttttttttttttto tttthehhehehehhhehhehhehehehehhhhhhehe ididididididididddidididididdiidididdenenenennnneneneneneneeneeennenenntittititittitititititititittttt tytttytyttytytytytytytyyyttyty except for

2 and 3 (1 and 4) which contain an arbitrary (depending on t) YYY roororororororoororroororrooorrorotattatatatattatatatattttattttataatiiionoonnnnnnnnnnnnnnnnnnnn. A... A... A..... A. A.. nalogously, the
e(B2−F )t � eB (e(B2−F )t � eB) are equal to the identity except for thheeeeeeeeeeeeeeeeeeehe rorrrr ws annnnnnnnnnannnnnnnnnnnnnnnd ccd cd ccdddddd oollllololololooolooloooo umns 2 and 3 (
an arbitrary (depending on t) X rotation. Using these matricececeeeeecceec s asssssss ndndndndndndddddndndndddndnddndndndnddd EuEEEEEEEEE ler dr dddr ddddddddr dr decompositions we
that the elements corresponding to indexes 1 and 4 give an arbbiibbibibibibibibbiiiiiiibbiibiitrttttrtrtttrtrtrtttt ary my my mmmmmy mmmmmmyyy atatatatattttttt iiiiririrririririririiririiri ix ix ix iix iix ix ix ix iixxx ixxxxx n SU(2), and the e
to indexes 2 and 3 give an arbitrary matrix in SU(2). Muultllll ipppppppppppplylylylylylyylylylylylyylylylylylylyyyininininniniinii g tg tg tg tg tg tg tg tg tg ttg ttg tg tg tgg tg heheheeeeehehehehehehehehehhehehehehhee ovo erall 4 ⊕ 4 matrix by
eBzzt we obtain matrices of the form K1 and K2 in (47). TTheheheheheheheeeheheheheheheheheheeee eleeleeeeeeelelele emennnnnnnnntttt AAAAAAAAAAAAAAAAAAAAAA iiiniiiiiiiiiiii (47) is obtained as th
of an element of the form eA3t and an element of the forrrrrrrrorrrrrrrrrrrmmmmmmmmmmmmm eCCCC3333ttttttttttttttttttttttt (c(c(c(c((c(c(c(c(c(c(c(c(c(c(c(c(((((( f.ffff ((4(4444(4(4(4(4(4(4(4(4(4444(4448)888 ), and we have eA3t � e
immediate to verify that e−Bzz

π
4 B3e

Bzz
π
4 = C3C , so thhhataaaataaaaaaataataatattaataaa

eC3t ========= eeeeeeeeeeeeeeeeeeeeeeeeeeeee−BBBBzzzzzzzzzzzzzzz
ππππππ
44444444444444444 eeeeeeeeeeeeeeeeeBBB33tttttttttttteBzz

π
4 .

Our last step is to show how to obtain elemeeeentntntntntntntntntntntntnnntnntntnnnnnnnts is is isss isssss iss is iis nnnnn eAAAAAAAAAAAAAAAAAAAAAA ananaananaaaanaaanaannaaaaand eB using exponentials of the matri
(45). We start with eA (eB is similar). We are alalalalalalalalalalllalalalallalalllolololollololollollllololll weweweweeeeeeeweeeed td td td td td td tdd tdd td tdd tdd td tddd o tto ttto to to tttto tto to toooo aakaaaaa e exponentials eByt for By in (45)
of

B̂y := eBBBBBBBBBBBBBBBBBBBBBBzzzzzzzzzzzzzzzzzzzzzz
ππππππππππ
22 BBBBBBBBBBBBBBBBBBBBBByyyyeeeeeeeeeeeeeeeeeeeeeeeee

−−−−−−−−−−Bzz
π
2 =

⎞
⎟
⎞⎞
⎟⎟⎟⎠⎟⎟

0 3 0 0

3 0 2 0

0 2 0 3

0 0 3 0

⎡
∑
⎡
∑∑∑⎜∑∑.

In a basis (H) given by eigenvvvvnvvvvvvvvvvvvvvveeeececeeceeceeceee totoooooorsrsrsrsrsssrsrsrssrsrsrssrrsrrrsrsrsss ofooooo BByyyyyyyyyyyyyyyyy, w,,,,,,, e write By as

HBHBHBHBHBHBHBHHBHBHBHBHBHBHBHBHBBHBHBHBHBHHH yyyyyyyH
† :=

⎞
⎟
⎞⎞
⎠⎟⎟
2i 0 0 0
0 2i 0 0
0 0 2i 0
0 0 0 2i

⎡
∑
⎡⎡
⎜∑∑+

⎞
⎟
⎞⎞
⎠⎟⎟

i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 i

⎡
∑
⎡⎡
⎜∑∑.

In the same coordrdrdrdrdrdrddrdrdrdrdddrdrddrdrdr iiniiiniiiiii attesesessssesesesessss,,,,,,,,, ˆ̂̂̂̂̂̂̂̂̂̂̂BBBBBBBBBBBBBBByyy becomes

HB̂yH
† :=

⎞
⎟
⎞⎞
⎟⎟⎟⎠⎟⎟

i 3 0 0

3 i 0 0

0 0 i 3

0 0 3 i

⎡
∑∑∑∑⎜∑∑+

⎞
⎟
⎞⎞
⎠⎟⎟

i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 i

⎡
∑⎜∑∑.

The seccccccccccccononononononononoonononoonooonoo d mddddd atattttttttttttattttrrirrrrrrrrrrr x in (54) and (55) commutes with both matrices and therefore spans the centra
geegeeeeeeeeeeeegeeeeneneneneneneeeeneneneneneneeeeenenen rarrrararrrraaraararaaarrarr tettttttt d bd bbd bbbbbbbbbd bd bd bbdd bbdd bd bbd bd bbyy ty ttyy ty tty ttyy ty tty ty tyy ty ty ty ty ty thehhhhhehhehhhehhehhehehhhhehehhhh two matrices which is conjugate to B . In these coordinates, it is also clear th
is isisssssissssissssssomoomomoomomoooooooomoooo orooorrrrrrororororororphphphphphphphphphphhphphphphphphphphphphphhp iciiciiiiicccccciiic to the direct sum of su(2) and a one dimensional centralizer. The 2⊕ 2 blocks o
the rigigigigiggigigiggigiggigigigggigghthhthhththhhhhhthtthhhhhhh hand sides in (54) and (55) are equal to each other. The problem of factorization is t
SU(2) wwwwwwwwwwwwwwwwwwwwwwwwitiiiiiiiiiii h an additional phase factor which we would like to fix arbitrarily. Let us first negle
(54) and (55) and consider the problem of factorization of elements in SU(2) with matrices eZ
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This problem can be solved (with minimum number of switches) with the method described in [5] (see also [13]). The
extra phase factor can be introduced by adding an extra identity matrix factor which can be obtained in arbitrary
time. More in detail, assume we want to obtain the matrix with e−iμXf in the upper block and eiμXf in the
lower block, for Xf � SU(2). Let

∑
j=1 e

Z1tj1eZ2tj2 the sequence which gives Xf according to the method of [5].

Moreover let
∑

j=1 e
Z1aj1eZ2aj2 the sequence which gives R1 :=

)
0 1
1 0

⎛
and

∑
j=1 e

Z1bj1eZ2bj2 the sequence which

gives R1 :=

)
0 1
1 0

⎛
. Notice that R1e

Z1αR†
1e

Z1α = 1, independently of α. We use

⎤
⎦√
j=1

eHByH
†tj1eHB̂yH

†tj2

⎣
⎧⊕

⎤
⎦√
j=1

eHByH
†aj1eHB̂yH

†aj2

⎣
⎧⊕ eHByH

†α

⎤
⎦√
j=1

eHByH
†bj1eHB̂yH

†bj2

⎣
⎧⊕ eHByH

†α. (57)

Set ttot :=
∏

j(tj1 + tj2) +
∏

j(aj1 + aj2) +
∏

j(bj1 + bj2). In the upper (lower) block, the sequence (57) gives

Xfe
−ittote−2iα (Xfe

ittote2iα) and choosing 2α+ ttot = μ we obtain the desired final condition.
The treatment of eB is perfectly analogous starting with Bx in (45) rather than By and obtaining the extra ‘direction’

(cf. (53))

B̂x := eBzz
π
2 Bxe

−Bzz
π
2 =

⎞
⎟⎟⎠

0 3i 0 0

3i 0 2i 0

0 2i 0 3i

0 0 3i 0

⎡
∑∑⎜ . (58)

We express the matrices Bx and B̂x in the coordinates given by the eigenvectors of Bx, that is, for an appropriate
matrix U , we have (cf. (54) and (55))

UBxU
† =

⎞
⎟⎠
2i 0 0 0
0 2i 0 0
0 0 2i 0
0 0 0 2i

⎡
∑⎜+

⎞
⎟⎠

i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 i

⎡
∑⎜ ,

UB̂xU
† =

⎞
⎟⎟⎠

i 3 0 0

3i i 0 0

0 0 i 3i

0 0 3i i

⎡
∑∑⎜+

⎞
⎟⎠

i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 i

⎡
∑⎜ .

Then the treatment follows, as for the case of eA from the results on factorizations of SU(2) in [5].

Remark IV.1. Similar ideas can very likely be applied to the cases n > 3. In fact, computations for the case n = 4
suggest the conjecture that the Lie algebra generated by the restrictions of iHzz, iHx and iHy in (7) to the space
spanned by the symmetric states φj , j = 0, 1, ..., n in (3) is always u(n + 1). Given therefore such a full operator
controllability property on this subspace, one can in principle apply general constructive techniques such as those in
[4] to obtain control algorithms. Lie groups decompositions, like Cartan decompositions, applied on a case by case
basis, can be combined with such techniques to give more efficient and simple controls.
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gives R1 :=

)
1 0

⎛
. Notice that

⎛⎛
R1e 1 R1e

1 = 1, independently of α. We use

⎤
⎦
⎤⎤√
j

√√
=1

√√
eHByH

†tj1eHB̂yH
†tj2

⎣
⎧⊕

⎤
⎦
⎤⎤√
j

√√
=1

√√
eHByH

†aj1eHB̂yH
†aj2

⎣
⎧⊕ eHByH

†α

⎤
⎦
⎤⎤√
j

√√
=1

√√
eHByyyyyyyyyyHHHHHHHHHHHHHHHHHHHHHHH

†††bj11eeeeHHHHHHHHHHHHHHHHHHHHHHHB̂BBBBBBBBBBBBBBByH
†b

Set ttot :=
∏

j(tj1 + tj2) +
∏

j(aj1 + aj2) +
∏

j(bj1 + bj2). In the upperererrrr (l((l(l((l(l(l(l((l(((l(l(l(l(l(l(l(l(l(l(l((((( owoooooo erererrrrrrrrrrrrerr) b)) b) b) b) b) b) b)) b) b)) b)) b) b) b) b)) b) b) b) b)))) bb) lock, th

Xfe
−ittote−2iα (Xfe

ittote2iα) and choosing 2α+ ttot = μ we obtain the dddddddddddddddddddddddeseeeseseeseseseeeseseseseesesiririririririrririririririririiriirrrri edeededeeeeeeeeeeeeedd finfinfinfinfinfinfinfinnnfinfinfinnfinfinfifinfinfinfinfifinfinnnalalalalaaalalalalalaalaalalaalalaaaa condition.
The treatment of eB is perfectly analogous starting with Bx in (45) raathththththhhhhhththhhhtthhhththhtt eerereerereereeeer thhhhhhhhhhhhhhhaananananananaanananannnnanan BBBBBBBBByyyyyyyyyyyyyyy aaaananaananaa d obtainin

(cf. (53))

B̂x := eBzz
π
2 Bxe

−Bzz
π
2 =

⎞
⎟
⎞⎞
⎟⎟⎟⎠⎟⎟

0 33333333333333333333iiiiiiii 0000 0

333333333333333333333iiiiiiiiiiiiiiiiiiiii 0 2222222222222222222iiiiiiiiiiiiiiiiiiiii 0

0 222222222222iiiiiiiiiiiiiii 0 3i

00000000000000000000 0 3i 0

⎡
∑
⎡
∑∑∑⎜∑∑.

We express the matricesWW Bx and B̂x in the coordinatttttttttttteseeeeeeseeeee gigigigigigigigiiiigigigigigigigigiigiiveveveveveveveveevevvvevvevvevvvv n bn y ty ttttttttttthehhhh eigenvectors of Bx, that
matrix U , we have (cf. (54) and (55))

UBxU
† =

⎞
⎟
⎞⎞
⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎟⎟
2i 0 00 00 0000000 000000 00000000000000000
0 20 200 20 2000 20 2220000 20 2000 2000000 iiiiii 00000000000 0000000 0
0 00 00 00 0 222222222222222222222222222iiiiiiiiiiiiiiiiiiiiiiiii 0
0 000 000 000 00 00 00 00 0000 00000 00 000000 0 2i

⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡⎡
∑
⎡⎡
⎜∑∑+

⎞
⎟
⎞⎞
⎠⎟⎟

i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 i

⎡
∑
⎡⎡
⎜∑∑,

UUUUUUUUUUUUUB̂BBBBBBBBBBBBBBBBBBBBBBxxxxxxxxxxUUUUUUUUUUUUUUUUUU
†††††† =

⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞
⎟
⎞⎞
⎟⎟⎟⎠⎠⎠⎠⎠⎠⎠⎠⎠⎟⎟

iiiiiiiiiiiiiiiiiiiii 3 0 0

33333333333333333333333333333iiiiii i 0 0

0 0 i 3i

0 0 3i i

⎡
∑
⎡⎡
∑∑∑⎜∑∑+

⎞
⎟
⎞⎞
⎠⎟⎟

i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 i

⎡
∑
⎡⎡
⎜∑∑.

Then the treatment followwwwwwwwwws,s,s,ssssss,s,s,, asasasasasassasasaaasaaaaaaasa fofofooofofoofooooooooof rrr trrrrr he cacaaaaaacaaaaaaaase of eA from the results on factorizations of SU(2) in
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spanned by the symmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmm etrriririiiiiiiiiiiiiccccc scccccc tateteessssssssssssss φj , j = 0, 1, ..., n in (3) is always u(n + 1). Given therefor
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Appendix A: Proof of formula (19)

To prove the first one, let first observe that:

[1 • ×××1 • σy︸︸︷
jth

• ×××• σz︸︸︷
lth

• ×××1 • ×××1, 1 • ×××1 • σx︸︸︷
ith

• 1 • ×××1] =

=

⎩⎝⎝⎝⎝⎝⎪
⎝⎝⎝⎝⎝⎨

0 if i ∀= j and i ∀= l
2i 1 • ×××1 • σz︸︸︷

jth

• ×××• σz︸︸︷
lth

• ×××1 • ×××1 if i = j

2i 1 • ×××1 • σy︸︸︷
jth

• ×××• σy︸︸︷
lth

• ×××1 • ×××1 if i = l
(59)

Using the previous equation we have:

[Xn
(0,1,1), X

n
(1,0,0)] =

n∏
i, j, l = 1
j ∀= l

[1 • ×××1 • σy︸︸︷
jth

• ×××• σz︸︸︷
lth

• ×××1 • ×××1, 1 • ×××1 • σx︸︸︷
ith

• 1 • ×××1]

=
n∏

j, l = 1
j ∀= l

2i

⎞
⎟⎠1 • ×××1 • σz︸︸︷

jth

• ×××• σz︸︸︷
lth

• ×××1 • ×××1 1 • ×××1 • σy︸︸︷
jth

• ×××• σy︸︸︷
lth

• ×××1 • ×××1

⎡
∑⎜

4Xn
(0,0,2) + 4Xn

(0,2,0).

The second equality can be proved in a similar way.
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Appendix A::: PrPrPPPPPPPPPPPPPP oooooooooooooooooooof off offf offffff offf of off offf f foorrrrrrrrrrrrrrrrrrrmmummmmmmmm la (19)

To prove the first one, let first observe that:

[1 • ×××1×× • σy︸︸︷
jth

• ×××• σσσσσσσσσσσσσσσσσσσzzzzzzzzzzzzzzz︸︸︷︷︷︷
lllllllllth

• ×• ×• ×• ×• ××××××•• ×• ××• ×• ×••• ×• ×•• ×•••• ×××• ××××××××××××××××××××××××××××××××××××××××111×××××× •••••••••• ×•••••••••••••• ××1×× , 1 • ×××1×× • σx︸︸︷
ith

• 1 • ×××1×× ] =

=

⎩⎝⎩⎩⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝
⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎨⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝
⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝⎝

0000 if i ∀=∀∀ j and i ∀=∀∀ l
2i 1 • ×××1×× • σσσσσσσzzzzzzzzzz︸︸︷

jth

• ×••• ××• σz︸︸︷
lth

• ×××1×× • ×××1×× if i = j

222222222222222222222222222iiiiii 111111111111111111111111 ••• ×••••••••••• ××11×× •••••••••••••••••• σy︸︸︷
jth

• ×××• σy︸︸︷
lth

• ×××1×× • ×××1×× if i = l

Using the previous equaaaaaaaattttititititttititittititt ononoonononoonoononnooonono we hahahahahahahahahahahahahahaahahahahhahhahahahahahahahh veevevveveveeeeveevevvveeeve:::::::::::

[Xn
(0,1,1), X

nnn
(111(111(( ,,,000000000000000000000,,,,,,,0)0)0)0)0000)00)0)] ====================

n∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏
i, j, l = 1
j ∀=∀∀ l

[1 • ×××1×× • σy︸︸︷
jth

• ×××• σz︸︸︷
lth

• ×××1×× • ×××1×× , 1 • ×××1×× • ︸

=======================
nnnnnnnnnnn∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏∏

j, l =========== 1=======
jjjjjjjjjjjjjjjjjjjjj ∀∀∀∀∀∀==========∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀∀ llllllllllllll

2222222222222222222iiiiiiiiiiii

⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞⎞
⎟
⎞⎞
⎠⎟⎟1 • ×××1×× • σz︸︸︷

jth

• ×××• σz︸︸︷
lth

• ×××1×× • ×××1 1×× • ×××1×× • σy︸︸︷
jth

• ×××• σy︸︸︷
lth

4Xn
(0,0,2) + 4Xn

(0,2,0).

The second equality can be proved in a similar way
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Appendix B: Calculation of the action of Hx, Hy and Hzz on the basis {|ψ0〉, |ψ1〉, |χ0〉, |χ1〉, |φ0〉, |φ1〉, |φ2〉, |φ3〉}

Hx√ψ0| = √ψ1| Hy√ψ0| = i√ψ1| Hzz√ψ0| = √ψ0|
Hx√ψ1| = √ψ0| Hy√ψ1| = i√ψ0| Hzz√ψ1| = √ψ1|
Hx√χ0| = √χ1| Hy√χ0| = i√χ1| Hzz√χ0| = √χ0|
Hx√χ1| = √χ0| Hy√χ1| = i√χ0| Hzz√χ1| = √χ1|

Hx√φ0| = 3√φ1| Hy√φ0| = i 3√φ1| Hzz√φ0| = 3√φ0|
Hx√φ1| = 3√φ0| + 2√φ2| Hy√φ1| = i 3√φ0| 2i√φ2| Hzz√φ1| = √φ1|
Hx√φ2| = 3√φ3| + 2√φ1| Hy√φ2| = i 3√φ3| + 2i√φ1| Hzz√φ2| = √φ2|

Hx√φ3| = 3√φ2| Hy√φ3| = i 3√φ2| Hzz√φ3| = 3√φ3|

ApApApApApApApApApApAppApApppApApAAAApApApApAAApAAAApAAAAAAApAppAApppApppA pppppppppppppppppppennnn

√ √ √ √ √ √
HxH √χ
√√
√√1| = √χ

√√
√√0| HyHH √χ

√
√√1| = i√χ

√√
√√0

√√
| HzzH √χ

√√
√√1| = √χ

√√
√√1|

HxHH √φ
√√
√√0

√√
|
√√

= 3

√√
√φ√√1| HyHH √φ√√0

√√
|
√√
= i 3

√√
√φ√√1| HzH z√√√√√√√√√√√√√√√√√√√√√√φ

√√
√√√√√√√√000000000000000000000000|||||| = 3√φ

√√
√√0

√√
|

HxHH √φ√√1| =
√√

3√φ√√0| +
√√

2√φ√√2| HyHH √φ√√1| =
√√

i 3√φ√√0| 2

√√
i√φ√√2| HzH z√√√√√√√√√√√√√√√√√√√φφφφφφφφφφφφφφ

√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√
√√√√√√√√√√√√√√√√√√√√√√√√√1111111111111111111111

√√√
||||||||||| = √φ

√√
√√1|

HxHH √φ
√√
√√2| = 3√φ

√√
√√3| + 2√φ

√√
√√1| HyHH √φ

√√
√√2

√√
| = i 3

√√
√φ
√√
√√3| + 2i

√√
√φ
√√
√√1| HzzzzzzzzzzzzzzzzzzzzzzzzzzzzH √√√√√√√√√√√√√√√√√√√√√√φ

√√√√√√√√√√√√√√√√√√√√
√√√√√√√√√√√√√√√√√√√√√2|||| ====================== √√√√√√√√√√√√√√√√φ

√√
√√2|

H

√√
xHH √φ√√3| = 3√φ√√2| HyHH √φ√√3| = i

√√
3√φ√√2| HHHHHHHHHHHHHHHHHHHHHHHzH z√√√√√√√√√√√√√√√√√√√√φφφφφφφφφφφφφφφφφφφφφφφφ
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|
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