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We present a theoretical study of the role that resonant enhancement plays in the temporal and
spectral properties of near-threshold harmonics in argon, driven by a moderately intense, near-
infrared laser pulse. By studying how the temporal profile of the eleventh harmonic (H11) changes
with peak intensity and pulse duration, we show that H11 is predominantly emitted when the
instantaneous intensity of the laser pulse is such that a high-lying excited state is Stark-shifted into
multiphoton resonance with the ground state. We demonstrate that if this resonant intensity is
lower than the peak intensity, the harmonic pulse will in general exhibit two peaks in time, on the
rising and falling edges of the laser pulse. The resonantly enhanced harmonic radiation exhibits
strong characteristics of semi-classical long and short quantum paths, and in general both paths
are enhanced by the resonance. We find that the resonant enhancement leads to the harmonic
radiation being emitted between .5 and 1.1 optical cycles after the time of multiphoton resonance,
indicating that the resonance introduces a delay as compared to non-resonant emission. We further
demonstrate that the resonantly-enhanced long-trajectory contribution to the harmonic radiation
manifests in the spectral domain as red- and blueshifted features near the central harmonic frequency.
Finally, we compare the single argon atom response to the macroscopic response of an argon gas and
show that spectral and temporal effects of the resonance are still recognizable after propagation.

PACS numbers: 42.50.Hz, 42.65.Ky, 32.80.Rm

I. INTRODUCTION

High harmonic generation (HHG), which results from
the interaction of an intense infrared (IR) laser pulse and
a gas of atoms or molecules, is currently the primary
source of coherent, tabletop extreme ultraviolet (XUV)
radiation [1–4]. The generation process can be under-
stood in a semi-classical recollision picture, whereby (i)
laser-driven tunnel ionization creates an electron wave
packet outside of the atomic core, (ii) the free electron
wave packet accelerates in the laser field, and (iii) rescat-
ters on the parent ion. The coherence between the re-
turning electron wave packet and the ground state gives
rise to emission of dipole radiation, with photon energies
determined by the electron kinetic and potential energy
at the time of recollision [5, 6].
The recollision picture has been essential in the use of

HHG as a spectroscopic tool to study atomic and molec-
ular structure and dynamics using harmonics well above
the ionization threshold [7–14]. There is, however, grow-
ing interest in studying harmonics with energies around
the ionization threshold of the generating atom [9, 15–
30], an energy regime where the recollision picture, which
de-emphasizes the interaction of the electron wave packet
with the atomic potential, can be expected to break down
[17–21, 24, 27, 31–33]. Recently, experimental and theo-
retical studies have observed that new spectral features
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can appear in the high harmonic spectrum around thresh-
old, features that do not fit within the basic three-step
recollision picture [24, 28]. These new spectral peaks
appear redshifted from the central harmonic frequency,
with the magnitude of the shift depending on the driving
wavelength and intensity. Beaulieu et al. demonstrated
that these redshifted spectral features were related to
harmonic emission occurring several optical cycles (O.C.)
after the peak of the driving laser pulse and that they
were directly related to atomic resonances driven by the
laser-atom interaction [24]. It has been suggested that
these new spectral features are related to HHG driven by
electrons ionizing from excited states and then returning
to the atomic core [24, 28], however, the exact mech-
anism driving this resonant interaction and the subse-
quent near-threshold harmonic emission is currently not
fully understood.

In this paper, we investigate the role that resonances
can play in the generation of near-threshold harmonics at
moderate laser intensities, and their influence on the ap-
pearance of new features in the HHG spectrum of these
harmonics. In particular, we study how resonantly en-
hanced high harmonic generation (REHHG), driven by
multiphoton resonances between the ground state and
Stark-shifted excited states, influences the temporal and
spectral profile of these near-threshold harmonics. We
solve the time-dependent Schrödinger equation (TDSE)
for an argon atom in the single-active electron (SAE) ap-
proximation [34] for wavelengths between 770 and 870
nm and peak intensities between 20 and 60 TW/cm2.
In this paper we concentrate on identifying enhancement
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features of harmonic 11 (H11) associated with particular
resonances, although we have in general observed simi-
lar features for H7 through H15. At driving wavelengths
and peak intensities where these Stark-shifted resonances
occur at intensities below the peak intensity, we observe
the appearance of both redshifted and blueshifted spec-
tral features around the central harmonic frequency. By
studying how the temporal profile evolves with peak in-
tensity, pulse duration, and wavelength, we directly re-
late the appearance of these new spectral features to the
temporal profile of H11. We find that the emission splits
into an early and late contribution, with emission be-
tween .5 and 1.1 O.C. after the resonant intensity in the
pulse envelope. We observe that this temporal splitting
can be recognized also at the subcycle time scale, giving
an intuitive physical picture of a process where the Stark-
shifted resonance helps in the initiation of long and short
quantum trajectories that return with energies corre-
sponding to H11 and nearby harmonics. In this physical
picture, we interpret the peaks centered on the harmonic
frequencies as resulting from resonantly initiated short
quantum paths, and the red- and blueshifted features as
resulting from resonantly initiated long quantum paths.
In the latter case, the frequency shift is consistent with
the variation of the accumulated semi-classical phase on
the rising and falling edges of the pulse [24, 25, 35–39].
Finally, we calculate the macroscopic harmonic response
and demonstrate that our single atom findings are still
recognizable after propagation.
The paper is structured as follows: Section II gives

an introduction to the numerical techniques applied in
this paper. In Section III we discuss how to identify and
characterize resonant enhancements in the single atom
spectrum, by varying the intensity and wavelength of
the driving field. In Sec. IV, we study the temporal
profile of H11, both on the envelope and subcycle level,
as a function of intensity and wavelength. In Sec. V, we
map the temporal response of H11 back to the spectral
profile of H11, interpreting the central harmonic feature
and the red- and blueshifted spectral features in terms
of resonantly initiated quantum trajectories. Section VI
examines the results of our macroscopic calculations and
Sec. VII presents a summary of our findings.

II. THEORETICAL METHOD

In this work, we use numerical methods very similar
to those discussed previously in [23, 34]. Briefly, we
solve the TDSE for an argon atom interacting with an
intense laser field in the SAE approximation. We use
a pseudopotential that closely replicates the singly ex-
cited state energies and oscillator strengths of argon [40].
Note that in this work we generally refer to the 3s23p5ns
and 3s23p5nd excited states as ns and nd, respectively,
and that for n ≥ 5, every ns state has a corresponding
(n− 2)d state that occurs at approximately the same en-
ergy. Working in time units of O.C., we model the laser

as a cosine squared pulse in the form:

EL(t) = E0 cos(
c2t

τ
)2 cos(2πt), (1)

where E0 is the peak electric field, c2 = 2arccos( 1
2

1

4 ), τ
is the full width at half-maximum (FWHM) of the pulse,
and the total pulse duration is given by πτ

c2
[41]. We

calculate the dipole spectrum using the time-dependent

acceleration, a(t), as D̃(ω) = −Ã(ω)/ω2, where the ac-
celeration spectrum is given by:

Ã(ω) =

∫
a(t)WH(t)eiωtdt, (2)

and WH(t) = 0.5(1+cos( πt
τH

)) is a Hanning window func-

tion [42] that smoothly brings the time-dependent accel-
eration to zero at the end of the time integration. As has
been discussed previously [23, 43, 44], it is necessary to
include a window function on a(t) in numerical calcula-
tions to act as an artificial lifetime on the excited states
by ending any coherence between the ground state and
population left in the excited states at the end of a cal-
culation. For most of this paper, τH is chosen to bring
the window function to 0 at the end of the laser pulse, al-
lowing us to consider only the coherent, driven response
of the atom to the laser pulse. However, in Sec. III we
use a larger τH for times after the peak of the pulse,
allowing the observation of narrow spectral features cor-
responding to population trapped in excited states at the
end of the pulse. We use these narrow spectral features
as “fingerprints” for field-driven electronic interactions
with Stark-shifted excited states [23, 45, 46].
For the macroscopic calculations, we use the methods

discussed in detail in [23, 47–50] to solve simultaneously
the coupled Maxwell wave equation (MWE) and TDSE
for a laser pulse propagating through a macroscopic gas
of argon atoms. We use a focused (Gaussian) laser beam
with a confocal parameter of .5 cm, and a focus located
.25 cm before a .5-mm-long gas jet with a pressure of
approximately 8 Torr. The temporal profile of the ini-
tial laser pulse and the intensity range (at the center of
the gas) are the same as those used in the single atom
calculations.

III. REHHG IN ARGON

In this section, we identify resonant enhancements in
near-threshold harmonics of argon by examining how the
HHG spectrum varies as a function of laser wavelength
and peak intensity. A resonant enhancement occurs when
a bound state is Stark-shifted into a multiphoton reso-
nance with the ground state and the harmonic at the res-
onant energy, or a nearby harmonic, has a corresponding
increase in its yield [23, 51–53]. This resonance condition
can be expressed as:

δ +∆Es = qω, (3)
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where δ is the energy difference between the ground state
and a field-free bound state, ∆Es is the Stark shift im-
posed on the excited state by the field, q is an odd in-
teger, and ω is the laser photon energy. When Eq. 3
is satisfied, harmonic q can be enhanced (direct resonant
enhancement) and/or nearby harmonics can be enhanced
(indirect resonant enhancement). As an estimate of the
Stark shift we use ∆Es = Up, where Up is the pondero-
motive energy [54] proportional to Iλ2 where I is the
cycle-averaged intensity and λ is the driving wavelength.
This is a good approximation for the higher lying states
but tends to overestimate the Stark shift for the lower-
lying states [21, 23, 45, 53, 55]. We note that Up = 1.5 eV
for an intensity of 25 TW/cm2 at 800 nm, meaning that
for the intensities we consider in this paper, the Stark
shift of excited states is at most a few eV. Most previous
works on REHHG have in addition made the approxima-
tion of considering only enhancements occurring at the
peak of the field by evaluating ∆Es ≈ Up(I0) in Eq. 3
using the peak intensity I0 of the pulse. We will in gen-
eral consider Up to be a time-dependent function that
varies with the intensity envelope of the pulse, meaning
that the resonance condition can be fulfilled either at the
peak of the pulse or on the rising and falling edges.

For the calculations shown in Fig. 1, the window-
function characteristic time τH is longer for times after
the peak of the laser pulse (t > 0) than before. This
means that the contribution to the dipole moment from
excited states populated during the pulse is included for
30 O.C. after the end of the driving pulse, resulting in
narrow spectral features at the field-free resonant fre-
quencies of populated states, a signature of the occur-
rence of a multiphoton resonances during the pulse [23].
We consider a wavelength and intensity range so that
Eq. 3 will be satisfied for the ns and (n− 2)d states that
are Stark-shifted into 11 photon resonance for n ≥ 5 and
the 4s state being Stark-shifted into 9 photon resonance.

Fig. 1(a) shows the HHG spectrum as a function of
wavelength for a driving pulse with τ = 10 O.C. and a
peak intensity of 26.5 TW/cm2. We observe that from
770 to 790 nm, there are no narrow spectral features
at the bound state energies, aside from the 5s/3d state,
which overlaps very closely with the ninth harmonic in
this region. As the driving wavelength increases above
790 nm, a signal appears at the field-free energy of the
10s/8d state that transitions smoothly to lower energy
with increased driving wavelength, reaching the 5s/3d
state at 870 nm. This shift of the signal from high-lying
to low-lying states is consistent with these states Stark-
shifting into an 11 photon resonance with the ground
state at the peak of the field. Similarly, the 4s state only
appears as the wavelength is increased, consistent with a
Stark-shifted, 9 photon resonance with the ground state.
To confirm the relationship of this effect to the Stark-
shift, which depends on both wavelength and intensity,
Fig. 1(b) shows harmonic spectra as a function of inten-
sity, for an 800 nm, 10 O.C. pulse. When considering an
intensity range that gives similar ponderomotive shifts,
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FIG. 1. (a) Harmonic spectra as a function of wavelength for
a driving pulse with a peak intensity of 26.5 TW/cm2 and
τ = 10 O.C., for calculations using a Hanning window that
lasts 30 O.C. after the end of the pulse. The solid black lines
illustrate the wavelength-dependent locations of H9 and H11.
The energies of the first 4 dipole-allowed excited states, along
with the singly excited ionization potential, are indicated on
the top axis. Arrows A and B highlight red- and blueshifted
features appearing around the H11 central frequency. (b) Har-
monic spectra as a function of intensity for the same pulse in
(a), but for an 800 nm driving wavelength. Note each in-
tensity has been rescaled for a better visual comparison of
high and low intensity. Arrows A′ and B′ highlight red- and
blueshifted features appearing around the central frequency
of H11. Pink represents saturation of the scale.

one can indeed observe similar behavior: the remaining
excited state population shifts from high-lying to lower-
lying states as the intensity is increased.
We now turn our attention to the resonant enhance-

ments related to these Stark-shifted resonances. We note
that, interestingly, while Fig. 1(a) shows that many ex-
cited states have been (resonantly) populated, only two
clear resonant enhancement features of H11 are evident
in the figure: the first centered at approximately 800 nm
when several states (8s/6d− 10s/8d) near the ionization
potential (Ip) are populated, and the second centered at
approximately 835 nm when both the 4s and 6s/4d states
are populated. The corresponding harmonic enhance-
ments and excited state populations can be observed in
Fig. 1(b) at approximately 27 TW/cm2 and 40 TW/cm2,
respectively, and both Fig. 1(a) and (b) also show that
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H9 is enhanced when H11 is enhanced, although to a
lesser extent. We will see in the following section that
the first enhancement feature agrees very well with the
9s/7d state (15.44 eV) being Stark-shifted into an 11 pho-
ton resonance. The second enhancement feature in H11
is harder to assign due to the 4s state (11.53 eV) being
almost two photon resonant with the 6s/4d state (14.725
eV) in this wavelength regime. This means that when
the 4s state shifts into a 9 photon resonance with the
ground state, the 6s/4d state is close to an 11 photon
resonance. Because of this ambiguity, we consider that
this enhancement may be related to both features. Eval-
uating Eq. 3 at 800 nm, the 9s/7d resonance occurs at
26.5 TW/cm2, and the 4s (6s/4d) resonance occurs at
40.2 (38.5) TW/cm2.
In Fig. 1(a) and (b), as the wavelength (intensity) is in-

creased above the resonance condition for the 9s/7d state,
we observe new red- and blueshifted spectral features
that appear around the central harmonic frequency of
H11 (labeled A (A′) and B (B′), respectively). These fea-
tures shift in energy as the pulse parameters are changed,
but appear directly related to the harmonic frequency.
We also observe similar features in the spectral profile
of H9 at similar wavelengths and intensities, along with
a redshifted feature appearing in Fig. 1 (a) around H11
at wavelengths (intensities) longer (larger) than resonant
for the 4s and 6s/4d states. From the figure it is clear
that these new spectral are related to the resonant en-
hancement of H11.
Beaulieu et al [24] experimentally observed similar red-

shifted spectral features in the intensity-dependent spec-
tral profile of H13 in argon, which they related to reso-
nant harmonic emission occurring several O.C. after the
peak of the driving laser pulse. Here we have illustrated
that these red- and blueshifted spectral features appear
directly in relation to resonant enhancement features in
the spectrum. In the next section we will relate these two
observations by examining the temporal profile of H11 in
the vicinity of these resonances.

IV. H11 TEMPORAL PROFILE

In this section we focus on the temporal profile of a res-
onantly enhanced harmonic as the peak intensity, pulse
duration, and driving wavelength are varied. Fig. 2(a)
shows the temporal profile of H11 as a function of driv-
ing intensity for an 800 nm, τ = 10 O.C. pulse. The
profile has been calculated by applying a (narrow) 2ω-
wide frequency window centered at H11 to the harmonic
spectrum and then inverse Fourier transforming back to
the time domain [23, 56, 57]. Note that the time profile
has been normalized for each intensity to ease compari-
son of the harmonic yields from high and low intensity
driving pulses, and the color scale is the same as in Fig.
1. We see that up to approximately 26.5 TW/cm2 (the
intensity of the observed H11 resonant enhancement by
the 9s/7d state), the harmonic pulse is shorter than the

driving pulse and has a single peak. This is in general
what one would expect for the temporal behavior of a
highly nonlinear process such as HHG. As the intensity
increases, however, the time profile branches into two dis-
tinct pieces: one early in the pulse, and one late in the
pulse. This branching of the time profile is asymmetric
about t = 0 and dominates the response of H11 until ap-
proximately 40.2 TW/cm2. In the previous section, we
discussed that at this intensity, H11 is dominated by the
resonant enhancement due to the dual 4s and 6s/4d reso-
nances. Near this intensity we again find the appearance
of a single dominant peak in the temporal profile that
branches into an early and late contribution as the peak

(b)
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9s/7d

6s/

4d

4s

FIG. 2. (a) Temporal profile of H11 as a function of inten-
sity in argon for an 800 nm, τ = 10 O.C. pulse. Overlaid
with curves representing constant intensities of 26.5 TW/cm2

(solid), 38.5 TW/cm2 (black, dashed), and 40.2 TW/cm2

(white, dashed) shifted in time by .5, .9, and 1.1 O.C., re-
spectively. Note, each intensity calculation has been normal-
ized to a maximum of 1 for ease of comparison between high
and low intensities. (b) Temporal profile of H11 as a function
of pulse duration for an 800 nm, I0 = 32.5 TW/cm2 pulse.
Overlaid with curves representing a constant intensity of 26.5
TW/cm2, shifted by .5 O.C.
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intensity increases.
Fig. 2(b) shows how the H11 time profile changes as a

function of pulse duration for an 800 nm, 32.5 TW/cm2

pulse. The peak intensity is such that H11 is dominated
by the resonant enhancement due to the 9s/7d state, and
the time profile is already split into two branches, which
shift linearly to earlier and later times as the pulse dura-
tion increases.
Both Fig. 2(a) and (b) demonstrate how profoundly

the time profile is influenced by the resonant enhance-
ment. The generation of H11 is a highly nonlinear pro-
cess, which in the absence of the resonances would hap-
pen near the peak of the driving laser pulse. As explained
in more detail below, the enhancement provided by the
(Stark-shifted) resonance is so strong that when the res-
onance condition is met on the rising and falling edge of
the pulse, the time profile is dominated by the emission
at these two times rather than at the peak of the laser
pulse.
We can model the time dependence of the resonant

enhancement by allowing Eq. 3 to be satisfied at times
during the pulse other than t = 0. While it has not
been explored in terms of REHHG, it has been previously
demonstrated that Stark-shifted multiphoton resonances
can occur away from the peak of the pulse and be ex-
plained by considering Up in Eq. 3 to be time-dependent,
rather than set by the peak intensity of the pulse [58, 59].
We thus assume that Up(t) ∝ I0 cos

4( c2t
τ
)λ2. For a fixed

λ, q, and Ei, Eq. 3 will still be satisfied by only a single
resonant intensity, however, pulses with peak intensities
larger the resonant will cross the resonant intensity twice;
on the rising and falling edges of the pulse. For a pulse
width τ and a given resonant intensity Ir, we can identify
the resonance times tr± from:

Ir = I0 cos
4(
c2t

r
±

τ
), (4)

which leads to

tr± = ±
τ

c2
arccos

(
4

√
Ir
I0

)
. (5)

where + (−) represents the rising (falling) intensity edge
of the pulse. Eq. 5 defines curves of constant intensity
in the (t, I0) and (t, τ) parameter spaces, and defines the
times at which this resonant intensity is met.
We find that Eq. 5 reproduces the resonant emission

patterns in Fig. 2(a) and (b) well, provided that we shift
them in time by 0.5-1 O.C. to account for the differ-
ence between the “excitation time” (given by the reso-
nance condition), and the emission time, which happens
later. This is demonstrated by the black solid curves
that are overlaid on Fig. 2(a) and (b), which correspond
to an emission time of .5 O.C. after the 9s/7d resonant
intensity of 26.5 TW/cm2. In Fig. 2(a), we also over-
lay dashed lines representing resonant intensities of 38.5
TW/cm2 (black) shifted by .9 O.C. and 40.2 TW/cm2

(white) shifted by 1.1 O.C., representing the 6s/4d and

4s resonances, respectively. In both Fig. 2(a) and (b),
the agreement between the curves and the observed tem-
poral profile is very good [60]. This agreement motivates
a number of conclusions: (i) the observed temporal split-
ting of H11 is indeed related to harmonic enhancement
through resonances whose “initiating” intensity varies in
time as we alter the peak intensity and pulse duration,
(ii) the delay between the excitation time and the emis-
sion time is consistent with the picture of resonantly initi-
ated quantum paths, i.e., that the main influence of the
resonance is to assist in promoting the electron out of
the ground state, after which it will follow semi-classical
trajectories as in non-resonant above threshold HHG. In
non-resonant above threshold HHG, the delay between
excitation and emission depends primarily on the quan-
tum path and generally varies between zero and one op-
tical cycle, with an average of approximately 0.7 O.C. for
low energy harmonics if both quantum paths contribute
equally [23, 35, 36].

Interestingly, as the peak intensity is raised, the tem-
poral profile of a single resonance seems to follow it into
the temporal wings of the driving pulse until a new state
begins to come into resonance around the peak of the
pulse. For example, the emission around t = 0 at the
highest intensities in Fig. 2(a) actually corresponds to
the 5s/3d state coming into multiphoton, Stark-shifted
resonance with H11. This again serves to demonstrate
that for these parameter ranges, the temporal dynamics
of near-threshold harmonics can be almost entirely de-
pendent on these harmonic resonances. Also note that
the distinctive and consistent temporal shifts related to
the different resonances in Fig. 2 (a) suggests that each
resonance initiates continuum dynamics that are unique
to that resonance, with the return time depending only
on which particular resonance is being driven.

Looking in more detail at Fig. 2(a) we see that there
can also be differences between the emission initiated on
the rising vs. the falling edges of the pulse. For the 9s/7d
resonance, the emission on the falling edge is stronger
than that on the rising edge. The 6s/4d resonance, on
the other hand, shows a particularly strong asymme-
try, with a well-defined early emission peak and a much
weaker, late emission peak that appears to exhibit effects
of interference, given its semi-periodic variation with the
peak intensity. Possible sources of this interference are
that both the 4s and the 6s/4d states are shifted into
resonance (9 and 11 photons, respectively), and/or that
population that was resonantly transferred to the excited
state on the rising edge of the pulse also contributes to
the signal on the falling edge of the pulse for this partic-
ular resonance(s).

Fig. 3 shows the H11 temporal profile as a function
of driving wavelength in a range covering the dual 4s
and 6s/4d resonance. For fixed I0 and τ , increasing λ
will lower the intensity necessary to drive the resonance,
moving the resonant intensity into the temporal wings of
the pulse for fixed peak intensity. Fig. 3 has been overlaid
with the λ-dependent time of the resonant intensity for
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FIG. 3. The temporal profile of H11 as a function of wave-
length in argon for a τ = 10 O.C. and I0 = 40 TW/cm2

pulse. We overlay the plot with curves of the λ-dependent
time of the resonant intensity for an indirect enhancement of
H11 by a 9-photon, 4s resonance, shifted by 1.1 O.C., with a
ponderomotive Stark-shift (white, dashed), a Stark-shift 4%
smaller (white, solid), and a direct enhancement of H11 by
a 11-photon, 6s/4d resonance, shifted by .9 O.C. Here the
temporal profile at each wavelength has been normalized to a
maximum value of 1.

the 4s (white, dashed) and 6s/4d (black, dashed) states,
shifted 1.1 and .9 O.C., respectively. In this case almost
the same structure is observed as when varying the peak
intensity, with the same asymmetry between emission on
the rising and falling edges of the pulse. The similar-
ity between the asymmetry as a function of I0 and λ is
interesting, because these comparable processes are oc-
curring for otherwise very different parameters: differ-
ent ponderomotive shifts, intensities, times, and wave-
lengths, and yet, the emission signatures on the rising
and falling edges are very similar. This seems to further
imply that the electron dynamics initiated by REHHG
are less dependent on the specific pulse parameters, and
more dependent on the fact that a particular resonance is
driven with either a rising or falling intensity. Also note
that the enhancement feature occurs slightly above both
dashed curves (as can also be seen in Fig. 2(a) for this
resonance), suggesting that the responsible state shifts
slightly less than ponderomotively. To emphasize this
further, the plot has also been overlaid with a resonant
curve for the 4s state using .96Up for ∆Es (white, solid),
resulting in better agreement with the numerical result.
Similarly good agreement can be obtained for the 6s/4d
resonance by reducing the Stark-shift to approximately
.9Up.

It is worth noting here that we have observed this type

of single-to-multiple peak branching of the temporal pro-
file for a range of harmonics (H7-H15) near threshold in
argon, as a function of wavelength and as a function of
intensity, similar to the behavior shown in Figs. 2 and
3. This branching in general happens at slightly differ-
ent intensities and wavelengths for different harmonics,
indicating that different resonances can play a dominant
role for different harmonics. Likewise, we have observed
similar behavior of near-threshold harmonics in helium
(H7-H13), generated with wavelengths ranging between
400-500 nm. Although we have not analyzed these har-
monics in Ar and He in as much detail as H11 discussed
in this paper, these observations strongly suggest that for
moderate intensities, near-threshold harmonics in general
exhibit strong characteristics of resonant enhancement.

We next investigate the subcycle behavior of the har-
monic radiation in the vicinity of the 9s/7d resonance.
Fig. 4(a) shows the time-profile of a 12ω wide spectral
range centered on H11, generated by an 800 nm, τ = 10
O.C. pulse for an intensity range covering the 9s/7d reso-
nance. The dotted line in each plot shows the time profile
of H11 only, calculated with a much narrower window.
There is generally good agreement between the envelope
of the H11 time profile and that of the larger range, with
both splitting primarily into an early and late contribu-
tion, indicating that several of the nearby harmonics are
influenced by the resonance in a fashion similar to that of
H11. Interestingly, note that as the broadband time pro-
file splits into early and late contributions, one can still
recognize the two emission peaks per half cycle that are
traditionally associated with the short and long trajec-
tory returns. By considering the full time-frequency pro-
files such as shown in Fig. 4(b) and (c), one can identify
that the short-trajectory bursts are generally stronger
than the long-trajectory bursts.

Fig. 4(b) and (c) show the time-frequency profiles for
the 32.5 TW/cm2 case shown in (a), for times around
the peak emission on the rising and falling edges, respec-
tively. At these times, as discussed above, the harmonic
emission is dominated by the resonant enhancement pro-
vided by the Stark-shifted 9s/7d resonance. The fact
that the subcycle time profile clearly shows evidence of
what looks like short and long trajectories strongly sup-
ports the idea that the main effect of the resonance is to
help initiate the HHG process, and that once the elec-
tron has been excited out of the ground state, it will
follow the usual semi-classical dynamics. With our pre-
vious observation of asymmetries between the emission
profiles for the rising and falling edge of the laser pulse,
this opens the door to potentially using the temporal pro-
files around a resonance to gain greater insight into the
ionizing and returning electron dynamics. For example,
an open question is whether the delay between excitation
and emission, which as discussed above seems to be char-
acteristic of each resoonance, happens predominantly in
the excitation or the recombination step. In particular,
can the delay be interpreted as the excited state ”holding
on” to the initially ionized electron before launching it on
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FIG. 4. (a) Subcycle time profiles (solid lines) of the harmonic subcycle radiation calculated using a spectral width from
H5-H17, centered on H11, for different peak intensities of an 800 nm, τ = 10 O.C. pulse. Also shown (dashed lines) are the
corresponding H11 time profile. Each intensity profile is normalized to a maximum of 1. (b) Time-frequency profile of the
broadband harmonic radiation at an intensity of 32.5 TW/cm2 centered around the peak on the rising edge. The thick dashed
line represents the location of the line-out shown in (a), second plot from the top. (c) Same as (b), except centered around the
peak on the falling edge.

a semi-classical trajectory or after it returns to the vicin-
ity of the core (the latter being similar to the four-step
model proposed in [61], for which the subsequent time-
frequency profile results have been explored in [62])? Or
should it be interpreted as a phase shift due to propaga-
tion in the atomic potential, similar to the Wigner time
delay [63]? To address such questions one would have to
be able to compare the exact quantum trajectories the
ionized electron would be expected to follow in the ab-
sence or presence of the resonant enhancement, which is
clearly non-trivial.

V. SPECTRAL SIGNATURES OF

RESONANTLY INITIATED TRAJECTORIES

We next explore the consequences of the characteris-
tic temporal behavior of REHHG in the spectral domain.
This will allow for better comparison with experiments,
where harmonics are usually characterized by their spec-
tral behavior [21, 22, 24, 25, 27]. Fig. 5(a) and (b) show

the spectral profiles around H11 as a function of intensity
and pulse duration, for intensities near the 9s/7d reso-
nance. The laser parameters are the same as those used
for the H11 temporal profiles shown in Fig. 2(a) and (b).

Fig. 5(a) and (b) show that the resonantly enhanced
spectra split into three distinct peaks for most intensities
and pulse durations. We can understand this behavior
by considering the (well known) time-dependent phase
that is acquired by each harmonic during the laser pulse
[24, 25, 35–39]. This phase, φq ≈ αs,l

q Up/ω, is acquired
by the electron wave packet each laser cycle while it prop-
agates in the continuum. The phase is thus proportional
to the laser intensity as it varies during the pulse. The
phase coefficients αs,l

q (which are different for each har-
monic) are characteristic of how long the electron spends
in the continuum and are quite different for the short and
long trajectory contributions. For the lowest energy har-
monics (just above threshold), the semi-classical model
predicts that αs

q ≈ 0 and αl
q ≈ 2π [36], and the spectral

characteristics of the short- and long-trajectory contri-
bution to each harmonic are thus very distinct, since the
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spectral broadening caused by the time-dependent phase
is much larger for the long-trajectory contribution than
for the short [47, 48, 56, 64–66].
The combination of the time-dependent phase and the

fact that resonantly enhanced harmonics are emitted pri-
marily at (or rather, shortly after) the two times of res-
onance during the pulse gives the characteristic spectra
observed in Fig. 5(a) and (b). The short-trajectory con-
tribution to the harmonic does not gain much phase and
is therefore centered on the harmonic frequency. This can
be seen as the strong spectral features centered on 11ω
in Fig. 5(a) and (b). The long-trajectory contribution,
however, is now split into two main contributions below
and above the central frequency, corresponding to:

ω11 = 11ω + αl
11

d(Up/ω)

dt

∣∣∣∣
t=te

, (6)

where te is the time of emission, which for the 9s/7d
resonance happens about .5 O.C. after the time of res-
onance on either the rising or falling edge of the pulse.
The long trajectory yields one blueshifted and one red-
shifted peak in the spectrum, separated from each other
and also from the short trajectory peak (in contrast to
the non-resonant case in which the broad, long-trajectory
contribution overlaps the narrow, short-trajectory contri-
bution to the spectrum). In Fig. 5(a) and (b) we have
overlaid curves that show the prediction for the instan-
taneous frequency of the long-trajectory contribution on
the rising and falling edge of the laser pulse, according
to Eq. 6, for different peak intensities and pulse dura-
tions. We use a value of αl

11 = 2.4π to get the best fit
to the numerical results overall (for the shortest pulse
durations, it is not a good approximation to consider
only the time-dependence of the intensity to calculate
the instantaneous frequency, see [67, 68]). The fact that
αl
11 > 2π gives the best fit is consistent with previous

experimental and theoretical findings for long-trajectory,
below-threshold harmonics [19, 20] [69]. Finally, we note
that the asymmetry of the two peaks with respect to the
central frequency, observed in both the predicted curves
and the numerical results, is due to the fact that the emis-
sion occurs later than the resonant intensity - this means
that although the resonance conditions are symmetric in
time around the peak, the emission time is not.
Figs. 5(a) and (b) also show that the strengths of

the low-frequency and high-frequency peaks are differ-
ent, consistent with the temporal behavior observed in
Fig. 2(a) and (b) in which the 9s/7d resonance is emitted
more strongly for the resonant burst in the falling edge
of the pulse. Experimentally, there been one observation
of redshifted peaks in the context of resonantly enhanced
harmonics [24], and theoretically it has been discussed in
[28], but there has been little to no discussion or measure-
ment of blue shifted peaks. Our results suggest that the
enhancements measured in [24] originated in resonances
with a preference for emission on the falling edge of the
pulse, similar to the 9s/7d resonance discussed above.

For completeness, let us note that although we do see

(b)

(a)

9s/7d rising edge

9s/7d falling edge

9s/7d rising edge

9s/7d falling edge

FIG. 5. (a) and (b) show the spectra corresponding to the
temporal profiles in Fig. 2(a) and (b), respectively. The in-
tensity range in (a) is chosen such that we only see the effect of
the 9s/7d resonance. The solid curves represent the instanta-
neous frequency expected from the 9s/7d resonantly enhanced
long-trajectory contribution on the rising (grey) and falling
(purple) edges, see Eq. 6. The α value here corresponds to
2.4π rad. The color scale is chosen such that parts of the
spectra are saturated (black), in order to show the weaker
spectral features.

strong evidence of resonantly enhanced quantum-path
contributions to H11, we cannot exclude that there could
be additional, non-trajectory-driven, contributions to the
harmonic emission. The peaks in the sub-cycle time pro-
files in Fig. 4 are often broad and could be representing
a mix of quantum-path and (for example) perturbative
behavior. In the spectral domain, the latter contribution
would likely appear near the central frequency and would
be difficult to separate from the short-path contribution.

VI. MACROSCOPIC RESPONSE

Finally, we consider the macroscopic harmonic re-
sponse of a gas of argon atoms for similar conditions
as discussed above. Fig. 6(a) and (b) show the macro-
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(a)

(b)

FIG. 6. Macroscopically calculated temporal (a) and spectral
(b) profiles for H11, using an 800 nm, 10 O.C. laser pulse
focused one Rayleigh range (2.5 mm) before the center of
the gas. The intensity indicated on the vertical axis is the
intensity in the center of the gas jet.

scopic temporal and spectral profile of H11 as a func-
tion of the peak intensity at the center of the gas for an
800 nm, 10 O.C. laser pulse. The macroscopic response
has been spatially filtered by projecting the electric field
at the end of the medium into the far field, selecting
only the emission near the central axis, and then back-
transforming to the near field. We then plot the radially
integrated temporal or spectral yield. This is equiva-
lent to the spatial filtering used in many experiments in
the form of a small aperture in the far field. In both
Fig. 6(a) and (b), we find very good agreement with the
corresponding single atom results shown in Fig. 2(a) and
Fig. 5(a). Volume averaging over the intensity distri-
bution of the generating field leads to a small shift in
both the temporal and spectral features as compared to
the single atom results in Fig. 2(a) and Fig. 5(a). For
the calculations in Fig. 6(a) and (b), the focusing con-
ditions are such that the short trajectory contribution is
favored by phase matching, since the laser focus is ap-
proximately one Rayleigh range before the center of the
gas. Additionally, the spatial filter reduces the strength
of the more divergent long-trajectory contribution rela-
tive to the short-trajectory contribution, as can be seen
from the relative strength of the central and the shifted
spectral features in Fig. 6(b). We find (not shown) that

focusing conditions in which the long trajectory contribu-
tion is favored generate similar results. This is consistent
with previous macroscopic findings concerning the effect
of phase-matching on resonantly enhanced features [23].
It is worth noting here that in the absence of the far
field spatial filter, one can still recognize the red- and
blueshifted features in the spectrum, although they are
weaker and less distinct. Similarly, in the time domain
the distinct two-peak structure is less visible without the
far field spatial filter. We believe that both of these re-
sults are due to the effect of averaging over a number
of intensities in the near field, which gives rise to en-
hancement at different times during the pulse, thereby
washing out the intensity-specificity of the single atom
results. Finally, we remark that while the blueshifted
feature is weak, it still persists. This suggests that this
feature should be observable in experiments, even though
it has not been seen to date.

VII. SUMMARY

We have studied the role that multiphoton, Stark-
shifted resonances play in the generation of near-
threshold harmonics in argon for moderate driving laser
intensities. Our results suggest that there are regimes in
which the temporal behavior of near-threshold harmon-
ics is dominated by the resonantly enhanced response.
In particular we have shown that the temporal and spec-
tral profiles of H11 are dominated by the resonant re-
sponse for intensities and wavelengths such that the 4s,
9s/7d, and 6s/4d states are Stark-shifted into multipho-
ton resonance with a near-threshold harmonic (H9 and
H11). When the multiphoton resonance condition is ful-
filled on the rising and falling edges of the driving laser
pulse (rather than at the peak) this causes the harmonic
temporal profile to split into two branches, each corre-
sponding to harmonic emission taking place shortly after
the time of the resonant intensity. This type of branching
can be observed for a range of near-threshold harmonics
(H7-H15). By studying the subcycle time profile, we have
also shown that the resonantly enhanced harmonic radi-
ation exhibits strong semi-classical characteristics, with
two bursts per half-cycle similar to those of the short
and long quantum path contributions familiar from non-
resonant HHG. In the frequency domain, the combina-
tion of the temporal splitting of the harmonic envelope
and the contribution of both short and long quantum
paths leads to harmonic spectra with a strong central
peak and both a red- and a blueshifted peak. The red-
and blueshifted peaks in particular are consistent with a
long-path contribution, resonantly initiated on the rising
or falling edge of the pulse. Finally, we showed that the
temporal branching and spectrally shifted features are
still prominent in the temporal and spectral profiles of
H11 after propagation.
Our results support a picture of resonant enhancement

as an enhancement of the first step in a semi-classical
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three-step model, i.e. that the multiphoton resonance
aids in the initial excitation of the electron out of the
ground state. After that, the electron follows semi-
classical quantum paths in the continuum and returns
with a total energy near or below the ionization thresh-
old [19]. Interestingly, we find that the delay between
the resonantly enhanced excitation and emission time,
as measured by the peaks in the H11 temporal envelope,
depends on the multiphoton resonance. In particular,
we saw that the delay associated with the 9s/7d reso-
nance is about 0.5 O.C. whereas that associated with the
4s and 6s/4d resonances is closer to 1 O.C. This sug-
gests that another effect of the resonant enhancement is
a phase shift on the excited and/or returning electron
wave packet, which is characteristic of the resonance.
Since this delay will be apparent in the magnitude of
the spectral shift and asymmetry of the long path con-
tribution to the harmonic spectrum, this may provide an
experimental approach to further characterizing the role
of resonances in REHHG. As an example, high-precision

measurements employing the attosecond light house tech-
nique promise the ability to measure not only the tempo-
ral envelope but also the subcycle characteristics of res-
onantly enhanced harmonic emission [24]. Furthermore,
we expect that the increasing access to high-repetition-
rate laser sources, which allow for high-average-flux HHG
using a moderate laser intensity, will in general lead to
more studies in which resonantly-initiated quantum tra-
jectories play an important role.
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