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ABSTRACT
Nanoparticles have great potential to revolutionize industry and improve our lives in various fields such
as energy, security, medicine, food, and environmental science. Droplet-based microfluidic reactors serve
as an important tool to facilitate monodisperse nanoparticles with a high yield. Depending on process set-
tings, droplet formation in a typicalmicrofluidic T-junction is explainedbydifferentmechanisms, squeezing,
dripping, or squeezing-to-dripping. Therefore, the manufacturing process can potentially operate under
multiple physical domains due to uncertainties. Although mechanistic models have been developed for
individual domains, a modeling approach for the scale-up manufacturing of droplet formation across mul-
tiple domains does not exist. Establishing an integrated and scalable droplet formationmodel, which is vital
for scaling upmicrofluidic reactors for large-scale production, faces two critical challenges: the high dimen-
sionality of themodeling space; and ambiguity among theboundaries of physical domains. Thiswork estab-
lishes a novel and generic formulation for the scale-up of multiple-domain manufacturing processes and
provides a scalable modeling approach for the quality control of products, which enables and supports the
scale-up of manufacturing processes that can potentially operate under multiple physical domains due to
uncertainties.

1. Introduction

Synthesis of solid particles, liquid droplets, and gas bubbles is
critical for pharmaceutical and chemical engineering applica-
tions (Demello, 2006; Wang, Jiao, Huang, Yang, and Nguyen,
2009; Xu et al., 2009). Droplet-based microfluidic devices
manipulate immiscible fluids in channels of micrometer size
(Thorsen et al., 2001; Anna et al., 2003; Link et al., 2004;
Garstecki et al., 2006; Christopher and Anna, 2007; Christo-
pher et al., 2008; Fu et al., 2009; Tan et al., 2009; Zhao and
Middelberg, 2011). The high surface-area-to-volume ratio
within microchannels guarantees a uniform temperature
throughout the reaction volume, and convective mixing within
droplets ensures rapid homogenization. These properties make
droplet microfluidic reactors a viable technology for the scalable
synthesis of high-quality metal nanoparticles.

In order to produce particles on an industrial scale with
low cost, microfluidic reactors need to be scaled up for high
throughput and high yield with tight control over droplet size
(Christopher et al., 2008; Teh et al., 2008; Lazarus et al., 2012;
Riche et al., 2014). Scale-up modeling, which refers to the pro-
cess modeling approaches that enable and support economical
production at commercial scale, is thus crucial for the quality
control of nanoparticles (Xu et al., 2015). Scale-up modeling of
the droplet formation in the microfluidic channels face several
key challenges:

1. High dimensionality. Description of droplet formation in
microfluidic channel involves a large number of physi-
cal parameters or quantities. Even by conducting dimen-
sional analysis using a scaling law (Garstecki et al., 2006;
De Menech et al., 2008; Glawdel and Ren, 2012), the

CONTACT Qiang Huang qiang.huang@usc.edu

number of obtained dimensionless numbers can be large,
which gives rise to a high-dimensional problem. For
instance, droplet size after scaling is proposed to be a
function of more than five dimensionless numbers in
the squeezing-to-dripping domain with each being a
combination ofmultiple physical parameters (Gupta and
Kumar, 2010; Glawdel and Ren, 2012). This poses both
experimental andmodeling challenges to understand the
response surface in a high-dimensional space. Currently,
the droplet formation experiment in practice uses the
one-factor-at-a-time approach, i.e., testing one dimen-
sionless number at a time and fixing the rest (Garstecki
et al., 2006; Christopher et al., 2008; De Menech et al.,
2008; Xu et al., 2008;Wang, Lu, Xu, and Luo, 2009; Zhang
and Wang, 2009; Fu et al., 2010; MaGlawdel and Ren,
2012), which only guarantees the understanding in a pro-
jected low-dimensional space.

2. Multiple physical domains. The droplet formation in a
microfluidic channel is a multiple-domain (Christopher
et al., 2008; Xu et al., 2008; Wang, Lu, Xu, and Luo,
2009; Zhang and Wang, 2009; Fu et al., 2010), and a
microfluidic T-junction can produce droplets either in
squeezing, dripping, or squeezing-to-dripping domain
(due to our focus on producing monodisperse droplets,
a jetting domain is not herein discussed). Since differ-
ent domains are dominated by different mechanisms,
model structures depicting droplet formation vary with
physical domains, which significantly increases the
complexity in experimentation and modeling. Current
practice is to discover individual domains through
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experimentation and then establish individual models
within each domain. For instance, the domains are
classified based on the capillary number Ca: squeez-
ing with Ca < 0.002, squeezing-to-dripping with
0.002 < Ca < 0.01, dripping with 0.01 < Ca < 0.3,
and jetting domain with Ca > 0.3 (Xu et al., 2008). In
the squeezing domain, the droplet formation process
is explained by the pressure drop across the droplet
during formation; whereas in the dripping domain, the
process is interpreted by the balance between shear force
and interfacial force. However, there are inconsistencies
and ambiguity in defining the boundaries of physical
domains (De Menech et al., 2008), which hinders the
application of these models in full-scale manufacturing.

To address these challenges for full-scale production, this
work aims at establishing a unified scale-up model across mul-
tiple domains under uncertainties. In the rest of this article,
Section 2 introduces our model formulation and methodology
for the multiple-domain scale-up modeling problem. Section
3 applies and demonstrates the proposed generic formulation
and methodology to predict droplet formation in the coated
microfluidic T-junction, with discussions in Section 4. We con-
clude in Section 5.

2. Scalable modelingmethodology for
multiple-domainmanufacturing process

In order to scale-up manufacturing processes, we need to first
address the so-called scale-up issue: how to translate the under-
standing of a process from lab scale to commercial scale such
that the optimal properties can be determined a priori for
future operations. The science base to achieving the scala-
bility of engineering models is the scaling law, which cap-
tures the scale-invariant characteristics of an engineering system
(Barenblatt, 2003; Zlokarnik, 1991).Dimensional analysis serves
as an important tool to transform the parameter space to the
so-called �-space spanned by dimensionless numbers, which
achieves dimension reduction and ensures the scalability of
models. Note that although there is no unique selection of
dimensionless numbers, the dimension of �-space is uniquely
determined by dimensional analysis.

Droplet formation in microfluidic channels represents a
class of “multiple-domain” scale-up modeling problems, which
involve different physical phenomena and mechanisms (Huang
et al., 2011;Wang et al., 2013). Since the boundaries between dif-
ferent physical domains can sometimes be ambiguous, the phys-
ical domain to which the process belongs is often not known
often not known a priori. Our objective is to establish a unified
scale-up model across multiple domains under uncertainties to
facilitate full-scale production. Our methodology is illustrated
in Figure 1. We first conduct dimensional analysis to formulate
the problem in the�-space. Then, we identify the primary factor
and secondary factor for further dimension reduction.

Definition 1. The primary factor consists of dimensionless num-
bers that characterize the physical domains of engineering sys-
tems; the rest of the dimensionless numbers form the sec-
ondary factor. Each physical mechanism, which is likely to
dominate a certain domain, is then characterized by a model

Figure . Methodology to construct the scale-up model for a multivariate physical
system.

structure that only depends on the primary factor, termed as
a basis function. Basis functions are assumed to be linearly
independent.

The rationale of this definition is based on the observation
that physical domains of engineering systems are often classi-
fied by one or only a very few dimensionless numbers, which
form the primary factor henceforth. For example, the Reynolds
number is widely used to predict flow patterns in the case of a
bounding surface. Laminar flow occurs at low Reynolds num-
bers where viscous forces dominate, and turbulent flow occurs
at high Reynolds numbers where the flow is dominated by iner-
tial forces (Schlichting et al., 1955). In the case of microflu-
idic droplet formation, four domains are differentiated by the
capillary number defined in Equation (4). Since the multiple-
domain property of the process is fully captured by the primary
factor, the original scale-up modeling problem can be divided
into several subproblems in lower-dimensional subspaces. Each
physical domain is dominated by one mechanism, and the sec-
ondary factor contributes to the weights of eachmechanism. For
instance, the effect of flow rate ratio on the dimensionless size of
droplets appears to be linear across different domains (Garstecki
et al., 2006; Xu et al., 2008; Wang, Lu, Xu, and Luo, 2009; Zhang
and Wang, 2009; Fu et al., 2010), and can thus be treated as a
weighting factor of domains.

Based on this rationale, we are now in the position to for-
mulate the high-dimensional multiple-domain scale-up model-
ing problem. Let z denote the response of interest, and let x∗, x◦

denote the Primary Factor (PF) and the Secondary Factor (SF)
respectively. In the high-dimensional �-space, there exists the
functional relation in Equation (1), where ε and θ denote the
random noise and model parameters respectively:

z = �(x∗, x◦) + ε. (1)

Projecting the response surface �(x∗, x◦) onto the lower-
dimensional space spanned by the PF x∗, we obtain �(x∗|x◦),
i.e., the response conditioning on given settings of the SF x◦.
Since themodel structure of�(x∗|x◦) in each domain is dictated
by x∗ only, we adopt a set of linearly independent basis functions
S = { fi(x∗)}Ki=1 to represent the conditional response function
�(x∗|x◦) in Equation (2), where fi(x∗) is the ith basis func-
tion used to characterize a model structure, and its coefficient βi
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characterizes the effect of the SF, i.e., a scaling factor for model-
ing structure fi(x∗). Note the definition of PF and SF guarantees
the existence of model decomposition in Equation (2):

�(x∗|x◦) =
K∑
i=1

βi fi(x∗), (2)

where fi(x∗) is the ith basis function used to characterize a
model structure, and its coefficient βi characterizes the effect
of the SF, i.e., a scaling factor for modeling structure fi(x∗). In
the dripping domain with high capillary number, for instance,
experimental studies show that droplet size is proportional to
Ca−0.25 (Van der Zwan et al., 2009; Fu et al., 2010), i.e., a candi-
date basis function in the dripping domain is fi(Ca) = Ca−0.25.
It is important to note that the basis functions may vary across
domains.

Based on the conditional response model in Equation (2),
we deduce the full model in Equation (3). Since the measured
response is finite, there exists a reference frame such that the
response is always non-negative, and Tonelli’s theorem holds.
The exchange between sum and integration is thus valid:

�(x∗, x◦; θ) =
∫
x◦

�(x∗|x◦)dx◦ =
∫
x◦

K∑
i=1

βi(x◦) fi(x∗)dx◦

=
K∑
i=1

(∫
x◦

βi(x◦)dx◦
)

fi(x∗)

=
K∑
i=1

gi(x◦) fi(x∗), (3)

where gi(x◦) can be interpreted as a weight function for fi(x∗)
given the settings of the SF x◦, noting that gi(x◦)′s share the func-
tion form with different parameters.

Remark 1: The model formulation (3) essentially suggests the
statistical additive model framework (Friedman and Stuetzle,
1981; Buja et al., 1989; Hastie and Tibshirani, 1990) for the high-
dimensional multiple-domain scale-up modeling problem. The
formulation enables the application of modeling techniques in
statistics for model building and estimation.

Although the experimental literature can assist in identi-
fying candidate basis functions, there exist discrepancies, due
to incomplete physical understanding and variations in exper-
imental conditions and facilities. Furthermore, disagreement
and ambiguity in defining the boundaries of physical domains
increase the complexity of model building. To accommodate
these uncertainties, we will investigate the following framework.

Assumption 1. Let Sd denote the subset of basis functions char-
acterizing the model structure of �(x∗ | x◦) in the dth domain,
d = 1, 2, . . . ,D. We assume Sd = S for all d.

Under this framework, the equality fi(x∗) = 0 holds only for
countable settings of x∗. Thus, the basis functions of �(x∗ | x◦)
do not degenerate in any continuous domain. Physically, the
assumptionmeans that all physicalmechanisms, which are char-
acterized by the complete set of basis functions, co-exist in all
physical domains with different weights.

Remark 2. Note that the setup of this framework is able to
avoid the issue of defining the transition points or boundaries

Figure . Structure of the two-phase microfluidic T-junction (Lazarus et al., ).

between different physical domains upfront. However, implic-
itly the model �(x∗, x◦) selects proper basis function(s) to
characterize different physical domains by varying the weight
gi(x◦) for each basis function fi(x∗). The influence of a partic-
ular mechanism is described by some subset of {gi(x◦) fi(x∗),
i = 1, . . . ,K}. It follows that both domains and domain tran-
sitions can be obtained from the model �(x∗, x◦; θ): (i) a
domain is identified to be dominated by a certain mechanism
if this mechanism contributes to the majority of response in this
domain; (ii) if none of themechanisms contributes to themajor-
ity of response in certain domain, this domain is a transitional
domain.

3. Scale-upmodeling of droplet formation in a coated
microfluidic T-junction

This section presents the detailed solution procedure for the
high-dimensional scale-up modeling problem formulated in
Section 2.

3.1. Dimensional analysis and dimension reduction

Before conducting dimensional analysis to obtain the trans-
formed �-space, we first introduce the droplet formation pro-
cess in a microfluidic T-junction to identify relevant physical
quantities in the parameter space. As shown in Figure 2, the
carrier oil (continuous phase) is injected via inlet 1, with the
reagent streams being introduced via inlets 2 and 4. A stream
injected via inlet 3 is used to prevent diffusive mixing between
reagent streams before droplet formation. The immiscible fluid
of droplets is called the “dispersed phase.”

Notations of physical quantities used in the rest of this article
are listed in Table 1.

The parameter space consists of parameters that character-
ize the geometric structure, properties of the materials and
mechanical control variables, which are listed in the relevance
list (Table 2). Dimensional analysis is then conducted to gen-
erate dimensionless π numbers in Equation (4) that span the

Table . Notation.

Notation Physical quantity

wc(wd ) width of channel into which continuous (dispersed) phase flows
h depth of channel
µc(µd ) dynamic viscosity of continuous (dispersed) phase
ρc(ρd ) density of continuous (dispersed) phase
Qc(Qd ) volumetric flow rate of continuous (dispersed) phase
σ interfacial tension
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Table . Relevant list of physical quantities.

Quantity Dimension

Geometry wc ,wd L
h L

Material µc ,µd ML−1T−1

ρc , ρd ML−3

Mechanics Qc ,Qd L3T−1

σ MT−2

transformed �-space (Garstecki et al., 2006; De Menech et al.,
2008; Glawdel and Ren, 2012).

π0 = L̄ = L
wc

, π1 = Ca = µcQc

σwch
, π2 = λ = µd

µc
,

π3 = Q = Qd

Qc
, π4 = Ww = wd

wc
, π5 = Wh = h

wc
,

π6 = ρ = ρd

ρc
, π7 = Re = ρcQc

µcwc
. (4)

Corresponding to the formulation in Section 2, we choose the
response to be the dimensionless droplet length z = π0 = L̄
due to our interest in droplet size. The scale-up modeling
problem in the transformed �-space is then formulated by the
π numbers in the form π0 = �(π1, π2, π3, π4, π5, π6, π7),
i.e., L̄ = �(Ca, λ,Q,Ww,Wh,Re, ρ), with (x∗, x◦) =
(Ca, λ,Q,Ww,Wh,Re, ρ).

To reduce dimensionality, the capillary number is selected as
the primary factor, i.e., x∗ = Ca, whereas the remaining dimen-
sionless numbers are identified as the SF, whichwill be explained
in Section 3.3. For typical microchannel flows, the Reynolds
number Re is very small. Once the microfluidic T-junction
design and fluidic materials are determined, the only remain-
ing controllable dimensionless number other thanCa is the flow
rate ratio, the effect of which is investigated in each domain.
We also qualitatively investigate the effect of Wh by compar-
ing droplet formation in a microfluidic T-junction withWh = 1
andWh = 2. Therefore,Q andWh form the two-dimensional SF
x◦ = (Q,Wh). Despite the demonstration in the study of droplet
formation in a coated microfluidic T-junction, the strategy to
reduce the dimension of a high-dimensional scale-up problem
by identifying low-dimensional structures can be applied to a
generic high-dimensional scale-up problem.

3.2. Experimental setup and data collection

In order to systematically characterize droplet formation across
multiple domains, we first select a reference geometry and
keep the fluid pair fixed. We used two geometries that main-
tained a wd : wc ratio of 1 : 4, with wc = 200 or 400 µm.
Microfluidic devices were coated with a low-surface-energy flu-
oropolymer coating using initated chemical vapor deposition as
described previously (Lazarus et al., 2012; Riche et al., 2014).
The continuous phasewas a polychlorotrifluoroethene oil (trade
name/vendor: Halocarbon oil), with µc = 100 mPa · s and the
dispersed phase was de-ionized water. Dimensional parameters
for the reference system are given in Table 3. The width ratio
Ww was set to be 0.25, while the depth width ratio Wh = 1, 2.

Table . Experimental settings of physical quantities.

Fluid System Viscosity (mPa · s)
Continuous phase Halocarbon oil 
Dispersed phase De-ionized water 

Device geometry Dimension (µm)

Channel width wc –
wd –

Channel depth h 
Flow rate control DimensionµL/h
Continuous phase Qc – 
Dispersed phase Qd .– 

Droplet length was measured as a function of capillary num-
ber Ca and flow rate ratio Q for the reference system by select-
ing five different flow rate ratios Q = 0.05, 0.25, 0.5, 1, 2. For
each fixed flow rate ratio, the capillary number was varied from
Ca = 0.00193 to 0.15432. To keep the flow rate ratio fixed, both
Qc and Qd must vary asCa varies.

As reported in Riche et al. (2014), for Ca < 0.05 with wc =
200 µm or Ca < 0.01 with wc = 400 µm respectively, droplet
size increased with increasing flow rate ratio at each fixed cap-
illary number explored in the experiment and decreased with
increasingCa at each fixed flow rate ratio (see Figure 3). Unlike
droplet formation in uncoated microfluidic channels, droplet
formation in the coated device remained in the dripping regime
above the threshold of Q = 0.05, and the droplet size appeared
to either plateau or increase based on the different flow rate ratio.

3.3. Model structures and basis functions

Candidate basis functions that characterizemodel structures for
droplet formation in uncoated microfluidic T-junction in each
domain can be acquired from the experimental literature. In
squeezing domain (Ca � 0.01 according to De Menech et al.
(2008), Ca < 0.002 in Xu et al. (2008)), the scaling law is given
in the form L̄ = σ + ωQ (Gupta and Kumar, 2010), where σ

and ω are parameters determined by channel geometry. In the

Figure . Change in dimensionless droplet length L̄ with respect to the capillary
numberCa, flow rate ratioQ (from . to ) and depth width ratioWh .
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dripping domain with high Ca where droplets are unconfined,
the dimensionless droplet length is approximately proportional
to Ca−0.25 (Van der Graaf et al., 2006; Fu et al., 2010). In the
squeezing-to-dripping domain, according to the correlations
discussed in existing studies (Christopher et al., 2008; Xu et al.,
2008; Wang, Lu, Xu, and Luo, 2009; Zhang and Wang, 2009; Fu
et al., 2010), the scale-up model regarding the capillary num-
ber with all the other dimensionless numbers fixed is either
given in the general form L̄(Ca) ∝ Ca−α with 0 < α < 0.25
or by the dimensionless droplet volume V̄ (Ca) that is a lin-
ear combination of Ca−α1 and Ca−α2 based on approximation
models. According to Assumption 1 in Section 2, droplet for-
mation in the squeezing-to-dripping domain exhibits an inter-
mediate phenomenon. This explains why L̄(Ca) ∝ Ca−α with
0 < α < 0.25 in the squeezing-to-dripping domain.

We therefore choose the basis functions f1(Ca) =
1, f2(Ca) = Ca−α to characterize the decrease in droplet
size in the squeezing and dripping domain, respectively, at rela-
tively low capillary numbers, where α is a positive parameter to
be determined for coated devices.

In addition to the decrease in droplet size as the capil-
lary number increases at relatively low Ca, we observed either
a plateau or an increase in droplet size at higher capillary
numbers before jetting occurred. We attribute this to the dif-
ference between our system and most in the literature using
Polydimethylsiloxane (PDMS) channels. The water contact
angle of PDMS channels is 112◦ while the low surface energy
coating applied to our system renders the channels more
hydrophobic, resulting a water contact angle larger than 120◦

(Riche et al., 2014). Wall effects created by coating become sig-
nificantwhen the droplet length is larger than the channel geom-
etry. Therefore, an additional basis function f3(Ca) = Caγ is
proposed to characterize the increase in droplet size at higher
capillary numbers with γ > 0. The total number of basis func-
tions is K = 3.

In addition to the PF x∗ = Ca, two SFs x = (Q,Wh) are con-
sidered to explore the form of gi(x) in Equation (3). From obser-
vation and existing literature, it is known that: (i) the droplet
size is linear with the flow rate ratio with remaining π numbers
fixed at high viscosity contrast (Garstecki et al., 2006; Xu et al.,
2008; Wang, Lu, Xu, and Luo, 2009; Zhang and Wang, 2009; Fu
et al., 2010); (ii) droplet formation with regard to Ca does not
depend on the geometry ofmicrofluidic T-junction in squeezing
(Gupta and Kumar, 2010), squeezing-to-dripping (Christopher
et al., 2008) and in dripping domain (Fu et al., 2010), indicat-
ing the independence of α and γ in Wh. The weight function
gi(Q,Wh) is proposed to be

gi(Q,Wh) = βi,0(Wh) + βi,1(Wh)Q, (5)

where the intercept and slope of the linear model βi,0, βi,1 are
functions of the other SFWh.

We analyze the effect ofWh qualitatively by regarding it as a
treatment factor due to the following reasons: (i) the effect of
geometry has not been well investigated across domains, i.e.,
concrete forms of βi0 and βi1 are not available for some i; (ii)
Wh is a two-level factor in our experiments, which can be rep-
resented by j = Wh with j = 1, 2. Similar to Rogosa (1980), an
equivalent expression of Equation (5) can be given in Equation
(6), using a dummy variableT defined such thatT = 0 for j = 1

Table . Reduced model estimation.

Parameter Estimate Std.error P-value

α .  .  .e-
γ .  .  < e-
η2 .  .  . 
τ2 .  .  . 
η3 .  .  .e-
β3 .  .  < e-
w3 .  .  .e-

and T = 1 for j = 2:

gi(T,Q) = ηi + τiT + βiQ + wiTQ, i = 1, . . . ,K. (6)

Remark 3: This is essentially an ANCOVA (Analysis of Covari-
ance) model setup in statistical design of experiments, which is
a generalized linear model blending ANOVA (Analysis of Vari-
ance) with regression. gi(T,Q) is the response for a given value
of covariateQ and a selection of treatment T , τi refers to the dif-
ference in βi,0(Wh) due to the treatment effect, βi is the regres-
sion coefficient for the covariate Q, and wi is the contrast in
βi,1(Wh) due to an interaction between the treatment factor T
and the covariate Q.

Based on Assumption 1 and the discussions above, the
basis functions of�(Ca|Q) are obtained as S = {1,Ca−α,Caγ }.
According to Equation (6), the unified scale-upmodel under the
assumption is given in the form of Equation (7), withK = 3 and
T = 0, 1 denotingWh = 1, 2, respectively:

�(Ca,Q,T ) =
K∑
i=1

{ηi + τiT + βiQ + wiTQ} fi(Ca). (7)

3.4. Model estimation

The nls() function in the R language was applied for Nonlinear
Least Squares estimation (Fox andWeisberg, 2010), using a form
of Gauss–Newton iteration that employs numerically approx-
imated derivatives. The full model in Equation (7) is further
reduced to the model in Equation (8) by eliminating redundant
terms to minimize the residual standard error, estimation given
in Table 4.

�(Ca,Q,T ) = (η2 + τ2T )Ca−α + [η3 + β3Q + w3TQ]Caγ

(8)

4. Discussions

4.1. Physical insights obtained through high-dimensional
modeling

Compared with the one-factor-at-a-time approach, our generic
methodology allows investigation into the overall model
structure in the high-dimensional space, providing additional
insights into the droplet formation process in coated microflu-
idic devices:

1. Flexibility for full-scale production
As observed from Figure 3, the concise model in
Equation (8) captures well the influence of Ca, Q,
and Wh simultaneously, providing an opportunity to
optimize multiple parameters simultanenously for full-
scale production.
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2. Interpretation of multiple physical domains
Domains are identified by dominant physical mecha-
nisms characterized by corresponding basis functions.
As observed from Equation (8), a dripping mecha-
nism characterized by f2(Ca) dominates the decrease in
droplet size before f3(Ca) starts to dominate the increase
in droplet size. The transition between domains depends
on the SF.

3. Effect of coating
Coating enables a wider range of producing stable
droplets, allowing higher flow rate ratios and capillary
numbers. Although physical domains can still be clas-
sified based on different dominant mechanisms charac-
terized by corresponding basis functions of the capillary
numbers, the range of each physical domain could be
very different from that of droplet formation in uncoated
microfluidic devices, e.g., squeezing mechanism charac-
terized by f1(Ca) is not significant within our explored
range, whereas in a coated T-junction, squeezing domi-
nates droplet formation for Ca < 0.002 and is competi-
tive with dripping mechanism for 0.002 < Ca < 0.01.

4. Effect of SF
Transitions between physical domains are not indepen-
dent of the SF (Q,Wh discussed in our case). This will be
further explained in the discussion of identifying physi-
cal domains.

4.2. Identification of physical domains and boundaries

The scale-up model in Equation (8) not only provides some
insights into the droplet formation process in a coatedmicroflu-
idic T-junction, but also demonstrates the possibilities of
detecting physical domains dominated by different mechanisms
without ambiguity in boundaries that are characterized by val-
ues of the PF in the literature. Physical domains in this scale-up
droplet formation process are detected by identifying dominant
mechanisms:

1. Identification of relevant mechanisms
Asobserved inmodel reduction fromEquation (7) to (8),
f1(Ca) is eliminated from the final model, as it is not sig-
nificant across investigated domains. This implies that
the squeezing mechanism characterized by f1(Ca) in
our coated devices is not significant within the explored
range, i.e., coating leads to a decrease in the lower bound
of the dripping domain with respect to the primary fac-
torCa as a benefit of low surface energy.

Remark 4: As observed from Figure 3, there exists a slight lack
of fit underWh = 2. This can be attributed to the inconspicu-
ous postponement of the dripping domain compared with the
case whenWh = 1. In other words, whenWh = 2, droplet for-
mation near the lower bound of exploredCamay actually fall in
to the squeezing-to-dripping domain, although the basis func-
tion f1(Ca) is still recognized as insignificant, due to the narrow
range of the squeezing-to-dripping domain even if it exists.

2. Identification of dominant mechanisms
The dripping mechanism characterized by f2(Ca)
dominates the decrease of droplet size at low capillary

Table . Ca1(Q, T ).

Q

. . .  

T = 0 . . . . .
T = 1 . . . . .

Table . Ca2(Q, T ).

Q

. . .  

T = 0 . . . . .
T = 1 . . . . .

numbers within our explored range, whereas the droplet
size starts to increase and then tends to reach a plateau
as Ca increases to a certain level. The domain in which
the size of stable droplets increases is identified as the
”dripping-to-jetting” domain, due to the coexistence of
partial characteristics: (i) stable droplets are produced in
this domain with no observations of jets; (ii) droplet size
tends to reach a plateau near the explored upper bound
of Ca, consistent with the scale-up model in the jetting
domain Fu et al. (2012) which merely depends onCa.

3. Identification of boundaries
Noting that f2(Ca) = Caα ) and f3(Ca) = Caγ are both
monotonic with respect toCa, a transition point between
dripping and dripping-to-jetting domains can be defined
as the solution to ∂�(Ca,Q,T )/∂Ca = 0 given in
Equation (9):

Ca1(Q,T ) =
[

α(η2 + τ2T )

γ [η3 + (β3 + w3T )Q]

] 1
α+γ

. (9)

When Ca < Ca1(Q,T ), the droplet size decreases, i.e.,
the dripping mechanism depicted by Ca−α explains
a larger portion of the change in droplet size; when
Ca > Ca1(Q,T ), the droplet size starts to increase, i.e.,
dripping-to-jetting mechanism depicted by Caβ con-
tributes to a larger percentage of size change.
As shown in Table 5 and Figure 3 (dashed lines), the

value ofCa1(Q,T ) is smaller at higher flow rate ratio Q,
and the transition is postponed due to extra confinement
withWh = 2 (T = 1) comparedwith the casewithWh =
1 (T = 0).

4. Effect of secondary factor
To further demonstrate the effect of the SF on boundaries
between physical domains, we define Ca2(Q,T ) as the
solution to ∂2�(Ca,Q,T )/∂Ca2 = 0 given in Equation
(10) and Table 6, noting thatCa2(Q,T ) > Ca1(Q,T ):

Ca2(Q,T ) =
[

α(1 + α)(η2 + τ2T )

γ (1 − γ )[η3 + (β3 + w3T )Q]

] 1
α+γ

.

(10)

In the dripping domain with Ca < Ca1(Q,T ) <

Ca2(Q,T ), ∂2�(Ca,Q,T )/∂Ca2 is positive with
Ca2(Q,T ) decreasing in Q, which explains the sharper
decrease at lower Q when Ca is close to the lower
bound of the explored range. In the dripping-to-jetting
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domain with Ca > Ca1(Q,T ), the increase in droplet
size with respect to Ca first accelerates in the range of
Ca < Ca2(Q,T ) and then decelerates to reach a plateau
at higherCa > Ca2(Q,T ).

5. Conclusions

We formulated a generic multiple-domain scale-up problem
and proposed a scalable modeling approach to predict manu-
facturing processes that can potentially operate under multiple
physical domains due to uncertainties. The approach addresses
two critical challenges in scale-up modeling for multiple-
domainmanufacturing processes: high dimensionality andmul-
tiple physical domains. The challenge of high dimensionality
is addressed by identifying low-dimensional model structures
through dimensional analysis and adoption of the PF. The ambi-
guity in boundaries between physical domains is addressed by
interpreting multiple-domain manufacturing processes as an
outcome of coexisting mechanisms. Physical domains are iden-
tified by identifying dominant mechanisms.

The proposed formulation and approach have been applied
and demonstrated to investigate the scale-up droplet formation
process in coated microfluidic T-junction. The unified scale-up
model across multiple domains not only closely captures the
joint effect of capillary number, flow rate ratio, and depth width
ratio, but also leads to some physical insights into the process:
(i) droplet formation in the coated device can be explained by
coexisting mechanisms with weights varying across domains;
(ii) variables in addition the capillary number influence the tran-
sition from dripping to dripping-to-jetting domain, which is
postponed at lower flow rate ratio and higher depth width ratio;
(iii) the low-surface-energy fluoropolymer coating has proved
to significantly extend the range of domain for producing stable
droplets either in dripping or dripping-to-jetting domain.
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