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Figure 13. Left: the VB drift velocity v, for a magnetic field with a linear gradient. Results are shown for the Boris method, the guiding center approximation, and for
the approximation of Equation (65). Right: relative difference in the VB drift velocity of the GCA compared to the Boris method. For this test case, 6B/B == vq

(omitting ST units).

same gyration phase. Notice that for a non-relativistic particle,
Equation (65) and the GCA give the same VB drift velocity.

For these tests, a fixed time step of Af =15 x 1073 was
used. The numerical grid contained 128 x 16 x 16 cells,
covering a computational domain of size 2L x 100L x
100 L. The reason for the extra resolution in the x-direction is
to avoid interpolation errors in the GCA, which uses extra grid
variables such as VB; see Section 2.3. The linear interpolation
of such terms will not be “exact” when B, changes sign.

Because of the relatively small time step of Af = 5 x 1073,
the numerical errors in Figure 13 are negligible compared to the
error due to the GCA. For v, up to 0.2, the guiding center is still
in reasonably good agreement with the Boris method, showing
a deviation of less than 5% in the VB drift velocity. However,
for larger vy (or larger 6B/B), the error increases, and the
relative difference is about 65% for vy = 0.5.

3.3.2. Magnetic Null

In this example, we consider a magnetic field

B = By (y/L, x/L, 0), (66)
where we use (again omitting SI units) L = 1, By = 1, and no
electric field (E = 0). The magnetic field, which has a null at
the origin, is illustrated in Figure 14. Because of the magnetic
null, the GCA is expected to fail when particles get close to the
origin. To investigate this behavior, we place 500 particles on a
circle in the x,y plane, centered around the z-axis (i.e.,
x> +y> =1 and z = 0). All of these particles have a purely
radial velocity pointing to the origin, of magnitude v, = —0.1.
The particles are then evolved up to ¢ = 30. An example of the
resulting trajectories is shown in Figure 15, both for the Boris
method and the GCA.

In this example, for simplicity, particles are created at the
same location, regardless of whether the GCA or Boris method
is used. This leads to an error in the initial position, since the
GCA particles should be initiated at the center of the gyration.
However, the initial error is smallest for particles close to the
diagonals, since their velocity is almost parallel to the magnetic
field. We remark that in many practical applications, the
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magnetic field is not known beforehand, so precisely matching
the guiding centers is difficult.

When particles are located close to one of the four diagonals,
their velocity is almost parallel to the magnetic field. Therefore,
they will propagate toward the origin, where the GCA becomes
problematic. This behavior is quantified in Figure 16, which
shows the distance in particle position at t+ = 30 as computed
by the GCA versus Boris method, for a varying initial angle.

For this test case, a fixed time step of Af =5 x 1073 was
used. The numerical grid contained 64 x 64 x 16 cells,
covering a domain of size 5 X 5 x 5. Since the magnetic field
has linear gradients, it can be interpolated “exactly” using
linear interpolation. However, for some of the additional grid
variables used in the GCA method, there will be an
interpolation error proportional to Ax2. This interpolation error
is not the cause for the difference observed in Figure 16, which
we have verified by running a test that produced nearly
identical results at a twice higher resolution.

3.3.3. Dipolar Magnetic Field
The magnetic field surrounding a star or a planet, like Earth,
can often be approximated by a dipole. A pure dipole has no
azimuthal component and is expressed in spherical coordinates
by

B(r, 0) = %[2 cos O + sin (9)6], (67)
r

where r is the radial distance from the center of the dipole, @ is
the polar angle measured from the dipole axis, and M is the
dipole moment. Converting this divergence-free field to
Cartesian coordinates gives

M
G+ y? + 28
x [3zxf 4 3zyp + (222 — x% — ¥)Z1.

B(x,y, 2) =
(68)
Ignoring gyration, we can estimate the gradient-curvature

drift of the particle analytically. The drift velocity results from
the third and fifth terms in Equation (41) and can, in the
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Figure 14. Magnetic field vectors in the x, y plane for the magnetic null test
case in which B = By (y/L, x/L, 0). Initially, 500 particles are launched from
the indicated unit circle, with a radially inwards velocity pointing toward the
magnetic null.

Figure 15. Examples of particle trajectories in the magnetic null case,
computed with the Boris method (purple) and the GCA (green). The circle
x? + y? = 1 on which particles are initiated is also indicated.
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Figure 16. Distance between the predicted position at + = 30 with the Boris
method and the GCA for the magnetic null case. The distance is shown as a
function of the particles’ initial ¢ angle on the circle x> 4+ y? = 1. Particles
close to the diagonals (at ¢ =~z w/4, 3w/4, Sw/4, Tn/4) move toward the
magnetic null, where the GCA breaks down.
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Figure 17. Example of the trajectory of a particle with gM/m = 40 in a
dipolar magnetic field, using the Boris method and GCA. The trajectories are
shown up to ¢t = 80.
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Figure 18. Particle trajectories in a dipolar magnetic field for gM/m = 20 and
40, computed with the Boris method. The trajectories are shown up to r = 10
and are projected along the x-axis onto the y, z plane.

absence of volume currents, be written as (Bittencourt 2004)

m (o 1 2) 2
v = ——|vi + =v{ |(VB=/2) x B. 69
R+VB qB4( [ (VB/2) (69)

For the field of Equation (67), this leads to a drift motion in the
¢ direction, for which the period is approximately (within
~0.5%) given by Walt (1994):

2mgM

_— 70
mviRg (70)

I .
]:iipole ~ [1 - gSlIl (aeq)o'&]’

where R, is the equatorial distance to the guiding center,
v = VH2 + v, and oq = tan~'(v /v)) is the pitch angle at the
equator. We now test how well the GCA can describe particles
in a dipolar field. For these tests, the relative strength of the
dipole is varied, which depends on the ratio gM /m. Omitting
ST units, we take gM /m = 10 up to 100. Particles are placed so
that their guiding center is located at x = (1, 0, 0), with an
initial velocity v = (0, 1, 1/2). All particles thus have the
same equatorial pitch angle cy. An example of the resulting
trajectories is shown in Figure 17 for both the GCA and the
Boris method. Particles exhibit both a mitror motion and a
rotation in the ¢ direction. We have used a numerical grid of
256 cells, covering a computational domain of size
3 x 3 x 3, and a fixed time step of Af = 5 x 1074
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Figure 19. Left: ¢ angle after ¢+ = 100 for the Boris method and GCA, for particles of varying gM/m in a dipolar magnetic field. An analytic approximation
¢ = 2 (100/Typq10) using Equation (70) is also shown. Right: difference in ¢ angles at £ = 100 between the Boris method and GCA. The error in measuring ¢ for the

Boris method is on the order of the gyroradius R., which is also indicated.

Figure 18 shows the ftrajectories of particles with
gM/m = 20 and 40 up to t = 10, projected on to the y, z
plane. A two times larger value for gM /m leads to half the
rotation velocity being in the ¢ direction, as also predicted by
Equation (70). Figure 19 shows how the final angle varies with
gM /m, for the Boris method and GCA, and also shows the
result based on Equation (70), namely ¢ = 27 (100/Tgipo1c)-
Because the gyration radius R, is inversely proportional to
qM /m, the GCA should improve for larger gM /m. Figure 19
also shows the difference in ¢ angles between the GCA and
Boris method after + = 100. The agreement clearly improves
up to gM /m = 50, after which the difference oscillates while
still decreasing. The reason for this is that the angles were
measured at ¢ = 100 as ¢ = tan"'(y/x) (correcting for
completed periods). For the Boris method, x, ¥ oscillate due
to particle gyration, so that the error in measuring ¢ is
approximately the gyroradius R., which is also indicated in the
figure.

In summary, we find that the GCA approximates the
gradient-curvature drift in a dipolar field to high accuracy for
sufficiently large gM /m. The relative error compared to the
Boris method is around 1.6% for gM/m = 20, and rapidly
decreases for larger values of gM /m.

4. Conclusions

We performed a detailed comparison between several
numerical methods to solve for charged particle motion in
electromagnetic fields. We compared three explicit leapfrog
methods (Boris, Vay, and HC), which differ in their choice of
the average velocity at half time steps, with a new implicit
solution of the discretized equation of motion. The latter
introduces the only average velocity expression that is fully
consistent with energy conservation. These four methods to
solve the Lorentz equation of motion are further compared to
an adaptive Runge—Kutta integration of the relativistic version
of the GCA equations. Tests deliberately explore the regime of
ultrarelativistic motions, where the differences between the
obtained numerical solutions become most pronounced.

Tests in uniform fields show that parallel electric field
acceleration alone shows only marginal differences among
these five approaches, especially in reproducing the exact
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proportionality between the Lorentz factor and time. For
particles rapidly accelerating to high Lorentz factors, there can
be offsets in the computed particle positions for the explicit
methods. Ultrarelativistic gyration in a uniform magnetic field
demonstrates the conservation of the Lorentz factor (and hence
the gyroradius) most convincingly for both the Boris and the
implicit schemes. A larger error is found in the steadily
increasing phase lag of the gyration, where the HC scheme
improves on the Boris, Vay, or implicit strategies. A test
designed to quantify the potential weakness of all schemes for
handling the equation of motion analyzes the case of a
uniformly moving particle, which experiences a net zero
Lorentz force. At a Lorentz factor of v = 10°, all except the
(here trivial) GCA approach show sizable deviations in position
and velocity, with the largest errors obtained when using the
Boris algorithm, and the smallest ones when using the implicit
scheme. All schemes keep - constant but introduce a spurious
velocity component orthogonal to the initial motion. A final test
in orthogonal uniform electromagnetic fields concentrates on
the E x B drift, and at high Lorentz factors only the new
implicit method recovers the correct constant gyration radius
and Lorentz factor in the comoving frame over multiple full
gyration periods.

Extensions to nonuniform, static magnetic field configura-
tions addressed issues related to magnetic mirroring and
gradient-curvature drifts in idealized field prescriptions of
astrophysical relevance. In a magnetic mirror (bottle) config-
uration, a trapped particle can maintain its Lorentz factor to
machine precision when using the Boris or implicit treatments.
Although the GCA approximation maintains the magnetic
moment by construction, all solution methods for the Lorentz
equation show sizable variations during each cycle through the
bottle, and this is most notably influenced by whether analytic
or interpolated electromagnetic fields are used. Field interpola-
tions introduce larger deviations in the magnetic moment, and
the Vay scheme in particular performs the worst in this aspect.
Addressing interpolation effects is particularly relevant for the
practical use of these schemes in PIC or MHD codes. The final
three tests concentrated on Newtonian regimes, where all
Lorentz solvers performed identically and where we specifi-
cally concentrated on the breakdown of the GCA
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approximation. This was shown to deviate from the expected
VB drift velocity in space-dependent magnetic fields, as soon
as magnetic fields vary significantly over a gyration period. In
such cases, the use of a full Lorentz solver becomes mandatory.
The GCA approach is also compared with the Lorentz solver
around a magnetic null point, a situation that is of prime
importance for particle acceleration in reconnecting fields. This
demonstrated that significant errors in the particle positions are
obtained through the GCA, in particular for particles
approaching the magnetic null. Finally, charged particle
motions in dipolar fields can be handled well by the GCA
approximation and recover the azimuthal drift along with the
mirror motion as estimated by theory.

All of these methods are implemented in the open source
MPI-AMRVAC framework (Porth et al. 2014; Xia et al. 2018)
and can be used to analyze particle dynamics in evolving
electromagnetic fields from MHD simulations. The extension
of the methods presented here to general relativistic covariant
formulations is planned for future work in the general
relativistic MHD code BHAC (Porth et al. 2017). The implicit
particle pusher that is briefly presented here will be extended to
the fully implicit relativistic PIC code xPic (F. Bacchini et al.
2018, in preparation).
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Appendix
Formal Proof of Energy Conservation

To formally prove energy conservation for our implicit
particle mover, we repeat the argument of Noguchi et al. (2007)
for the relativistic equation of motion. Starting from the
discretized equation of motion, where n and n 4 1 indicate
consecutive time levels,

n+l _

At

1

u u

= LEE+172) + 5 x Be't/2),  (71)
m

and taking the dot product with some undefined average
velocity ¥ on both sides,

5@t -y = BB g, 72)
m
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The magnetic field does not exert work on a particle, and the
work done by an electric field is
Wg=gE " /2y . $A1
— qE(xn+1/2) N (xn+1 _ xn)
— mCZ(,YnJrl _ ,Yn)’ (73)

where we use the definition of work as the difference in kinetic
energy W = mc?(y" ! — 1) — mc?(y" — 1). This reduces to

V- (un+1 _ un) — (,ynJrl _ ’Y")CZ, (74)
and gives us an energy argument to determine how v has to be
chosen to obey energy conservation for the particle mover.

A.l. Implicit Midpoint Scheme

Plugging in the velocity at half time step as used by the fully
implicit scheme,

n+1 n
7= %’ (75)
7" 7"
into Equation (74) gives
n+1\2 _ ny2
WL =W _ et met 76)

,ynJrl + ,yn
and by using the definition of v in terms of momentum for
discretized Lorentz factors (v"11)? = @"t)?/c?2 4+ 1 and
(" = W"?/c? + 1, we prove that equality (74) is satisfied
for Equation (75).

A.2. Boris Scheme

The average velocity for the Boris scheme is given by

_ un+1 e u’
y = W, (77)
with
A1 H1/2 = Jl + W et = \/1 + )2/, (78)
Plugging this v into Equation (74), we obtain
n+1 n n+1\2 _ ny2
uwtu ~(u”+1—u”):(u ) ")
21 +1/2 247172
=" = e, (79)

and by following the same procedure as for the implicit
scheme, we find

(,yn+1)2 _ (,Yn)Z B (,ynJrl g ,Yn)(,ynJrl _ ,Yn)

241 +1/2 2y +1/2
=ymt— g, (80)
This equation only holds in the specific case of

(Y"1 4+ 4™ /2 = y" /2. Using the definition of ("+1/2)2

= 14 @+ €)?/c? 1 4+ @™ — €)2/c?, with
€ = (gAt/2m)E (x"+1/2) one can show that
@12 — @y
Jl + @ + 6)2/C2 + Jl + (@t — 6)2/C2
=t — e, 81)
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which is only true in the case

VL4 (@) 4 2u" - e+ €2 /c?
<+ \/1 + ((un+1)2 _ 2un+1 - €+ 62)/C2
=JO"? + Qu" - e+ )/
+ \/(,ynJrl)Z + (62 _ 2un+1 . 6)/C2 — ,ynJrl + ,yn. (82)

The equality is only satisfied in specific cases, e.g., the case of
no electric field € = 0, which is trivial since a magnetic field
does not exert work on a particle. The Boris scheme is therefore
energy conserving for a vanishing electric field. However, that
does not mean that a high accuracy of energy conservation
cannot be obtained with a nonzero electric field.

A.3. Vay Scheme

For the Vay scheme, the choice of the average velocity is
given by ¥=""1+v")/2 =@ /" +uw /v /2
(Vay 2008). Plugging this v into Equation (74), we obtain

n+1 n
(% + :—) @t — ) /2

1 (un+1)2 (un)Z un+1 . u” un+1 .u”
= — 2 =+ =
n n+1

n

2 ,yn+1 v

1 2 2
— E|:,Yn+lc2 _ ,YnCZ _ = =l ’yn + u” un+1
1 1
- _ — +1 _
X (7" 7"*1)] =" ")

2 2

x (% EW) <OL- et (83)
The equality is only true in the very specific case where
@ w4+ /(" = 2. The equality is satisfied if
u" = w1, which is the trivial case where the particles’ energy
and momentum do not change. When energy conservation is
not satisfied to machine precision, as is generally the case for
this choice of v, the particles are spuriously heated. In practice,
the scheme computes particle dynamics very accurately, with
bounded energy errors, but energy is not conserved in the strict
sense. In an implicit scheme, based on the Vay framework
(Pétri 2017), the choice of the time step will not change this;
however, the number of iterations in the implicit step can result
in a high accuracy for energy conservation.

AA4. Higuera—Cary Scheme

In the Higuera—Cary scheme, another average velocity is
derived, which is proven to result in a volume-preserving
method (Higuera & Cary 2017):

n+1 7
g X 2;”, (84)
n+1 7 2
v:\/1+(” 26*”) (85)

Plugging this average velocity into Equation (74) results in the
same final condition as for the choice of the average velocity in
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the Boris scheme:

et e ) el i W
27n+1/2 =7

— (86)

This is only satisfied if

n+1 n\2
2\/1+(u) oty

2c b

howeyver,

n+1 n\2
o+ (5 -
2¢

\/[1 e (un+1)2/c2] ot [1 ol (un)Z/CZ] ol 2(1 2l un+1 . un/CZ)
s \/(’Y"+1)2 + (,Yn)Z + 2(1 + (un+1 5 un)/CZ)
<Y+

(88)

where the equality is only satisfied in the trivial case of a non-
varying particle momentum #” = u”*!, resulting in the same
condition as for the Vay scheme.
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