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abstract

Motivatedbyrecentworksstudyingthelongitudinaldiffusiontensorimaging(DTI)studies,

wedevelopanovelproceduretoconstructsimultaneousconfidencebandsfor mean

functionsofrepeatedlyobservedfunctionaldata.Afullynonparametricmethodispro-

posedtoestimatethe meanfunctionandvariance–covariancefunctionoftherepeated

trajectoriesviapolynomialsplinesmoothing.Theproposedconfidencebandsareshown

tobeasymptoticallycorrectbytakingintoaccountthecorrelationoftrajectorieswithin

subjects.Theprocedureisalsoextendedtothetwo-samplecaseinwhichwefocuson

comparingthe meanfunctionsfromtwopopulationsoffunctionaldata. Weshowthe

finite-samplepropertiesoftheproposedconfidencebandsbysimulationstudies,and

comparetheperformanceofourapproachwiththe‘‘naive’’ methodthatassumesthe

independencewithintherepeatedlyobservedtrajectories.Theproposedmethodisapplied

totheDTIstudy.

©2018ElsevierInc.Allrightsreserved.

1.Introduction

Withmoderntechnologicalprogressinmeasuringdevices,sophisticateddataarenoweasytocollect.Thesedataareoften

setsoffunctionssuchascurves,imagesorshapes,whosehigh-dimensionalandcorrelatedfeaturesimposetremendous

challengesonconventionalstatisticalstudies.Emergingasapromisingfield,functionaldataanalysis(FDA),whichdeals

withtheanalysisofcurves,hasrecentlyundergoneintensedevelopment.TheinterestedreaderisreferredtoRamsayand

Silverman[16]forageneralintroductionofFDA.

Inthiswork,wefocusonsituationswherecurvesarerepeatedlyrecordedforeachsubject,e.g.,mortalitydata[6]inwhich

age-specificlifetablesarecollectedoveryearsforvariouscountries,andelectroencephalography(EEG)data[9]observedfor

patientsateachvisit.Suchdependenttypesofcurvesorimagesnowcommonlyariseindiversefieldsincludingclimatology,

demography,economics,epidemiology,andfinance.

Ourworkismotivatedbyalongitudinalneuroimagingstudycontainingrepeatedfunctionalmeasurementsderivedfrom

diffusiontensorimaging(DTI);foradescription,see[11,12].DTIisamagneticresonanceimagingtechniquewhichprovides

differentmeasuresofwaterdiffusivityalongbrainwhitemattertracts;itsuseisinstrumental,especiallyindiseasesthat

affectthebrainwhitemattertissuesuchasmultiple-sclerosis(MS);see,e.g.,[1].Inthisstudy,DTIbrainscansarerecorded

formanymultiple-sclerosis(MS)patientstoassesstheeffectofneurodegenerationondisability.Ateachvisit,fractional

anisotropy(FA)wasdeterminedviaDTIalongthecorpuscallosum(CCA).Oneobjectivehereistobetterunderstandthe
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demyelinationprocessviaitsFAproxyandinvestigatepossibledifferencesthereinbetweenfemaleandmalepatients.Point-

wiseconfidenceintervalsviaestimation±2point-wisestandarderrorsareprovidedin[17].Itisunclear,however,whatis
theperformanceofglobalinferenceonthetrueunderlyingmeanprofile.

Inthispaper,wedevelopsimultaneousinferenceforthemeanofrepeatedfunctionaldata.Ourapproachcanhandlethe

within-subjectcorrelationandprovideglobalinference,whicharethekeyadvantagesofourapproachoveravailableFDA

methods.Therehavebeensomerecentattemptstostudysuchrepeatedfunctionaldatainvarioussettings.Forexample,

theimportanceofmodelsfordependentfunctionaldatahasbeenrecognizedin[7,9],inwhichtheemphasishasbeenona

generalhierarchicalmodel.ChenandMüller[6]proposedaflexiblelongitudinallyobservedfunctionalmodelandprovided

consistencyresultsandasymptoticconvergenceratesfortheestimatedmodelcomponents.Zhuetal.[23]establishedthe

uniformconvergencerateandconfidencebandforeachestimatedindividualeffectcurveinmultivariatevaryingcoefficient

models.

Simultaneousconfidencebands(SCBs)areanimportanttooltoaddressthevariabilityintheunknownfunctionandto

developglobalteststatisticsforgeneralhypothesistestingproblems.In Wangetal.[19,20],smoothSCBsaredeveloped

forthecumulativedistributionfunctions.GuandYang[14]constructedSCBsforthelinkfunctioninasingle-indexmodel

basedontheoracallyefficientkernelestimator.ItisofparticularinterestinFDAtoconstructSCBsformeanfunctions.

Forexample,Buneaetal.[2]proposedanasymptoticallyconservativeconfidencesetforthemeanfunctionofGaussian

functionaldata. Songetal.[18]proposedanasymptoticallycorrectSCBsfordensefunctionaldatausinglocallinear

smoothing.Recently,polynomialsplineshavefoundsuccessfulapplicationsinSCBconstruction. Maetal.[15]suggested

splineSCBsformeanfunctionsofsparsefunctionaldatabasedonpolynomialsplinesmoothing.Guetal.[13]investigated

avaryingcoefficientregressionmodelforsparsefunctionaldataandproposedsimultaneousconfidencecorridorsforthe

coefficientfunctions.Caoetal.[4,5]providedSCBsformeanandderivativefunctionsofdensefunctionaldata,respectively.

Inthispaper, wederiveSCBsfor meanfunctions whencurvesarerepeatedlyrecordedforeachsubject.Existing

methodologiesforconstructingSCBsinFDAoftenassumetheindependenceoftrajectorieswithineachsubject.Thus,

thewithin-subjecteffectisnotreflectedbythetraditionalcovariancefunctionsofthemeancurve. Weareunawareof

anymethodologythatprovidesexactSCBsformeancurvesofrepeatedlyobservedfunctionaldata.Inthiswork,weuse

polynomialsplinestoapproximatethemeanandcovariancefunctionsintheconstructionoftheSCBs. Weshowthatthe

proposedsplineSCBsareasymptoticallycorrectandsemiparametricallyefficientinthesensethattheyareasymptotically

thesameasifallrandomtrajectorieswereobservedentirelyandwithouterrorsasin[5]. Wefurtherconsidertwo-sample

inferencefordependentfunctionaldataandextendourSCBconstructionproceduretoatwo-sampleproblemtotestwhether

themeanfunctionsfromtwogroupsaredifferent.

Thedependence withintherepeatedlyobservedcurvesaddsextradifficultyfor modelimplementation,e.g.,the

estimationofwithin-subjectscorrelation.Misspecificationofthecorrelationstructuremayleadtosomeefficiencyloss.To

tacklethisissue,itisdesirabletomakethestructureasmodel-freeasitcanbe,andnonparametricmodelingisparticularly

usefulinthissense.Inthispaperweproposetoestimatethevariance–covariancefunctionsnonparametrically.OurMonte

Carloresultsshowthattheproposedbandshavemuchmoreaccuratecoverageratesofthetruefunctioncomparedtothe

‘‘naive’’methodthatignoresthewithin-subjectdependence.

Thepaperisorganizedasfollows.Section2statesthe modelandintroducestheestimatesof meanfunctionsfor

repeatedfunctionaldata.Section3.1describestheasymptoticdistributionoftheestimatorsintheframeworkofallowing

unknowndependenceofthetrajectorieswithinsubjects.Usingthisasymptoticresult,weconstructSCBsformeanfunctions.

Section3.2developstheSCBstostudythedifferenceofmeanfunctionsfromtwopopulations.Section4discusseshowto

estimatethecomponentsintheproposedbands.AsimulationstudyispresentedinSection5.Section6containsapplications

ofourmethodtoadiffusiontensorimagingdata.Section7givestheconcludingremarks.Furtherinsightsintotheerror

structureofsplineestimatorsandtechnicalproofsarecollectedintheAppendix.

2.Themodelandestimates

2.1. Modelingrepeatedfunctionalmeasurements

Weconsiderdata{Xij(s):s∈X},i∈{1,...,n}andj∈{1,...,mi},whereXijisarepeatedrandomcurveonthecompact
intervalX,iisthesubjectindex,andjistherepeatedtrajectoryindexfortheithsubject.Assumethatforallj∈{1,...,mi},
XijareiidcopiesoftheL2processXjdefinedon[0,1],withmeanfunctiondefined,foralls∈[0,1],byµ(s)=E{Xij(s)}.
FortheithsubjectonehastheKarhunen–LoèverepresentationoftheprocessofXij(s),i.e.,Xij(s)=µ(s)+

∑∞
k=1ξijkφjk(s),

wheretherandomcoefficientsξijksarereferredtoasthe(jk)thfunctionalprincipalcomponent(FPC)scoresoftheithsubject.
Foreachfixed(i,j),theξijksareuncorrelatedwithmean0andvariance1.Fornotationalconvenience,letφjk=

√
λjkψjk;

thenλjkandψjkaretheeigenvaluesandeigenfunctionsofthecovarianceoperatorwithkernelGjj(s,t)=cov{X1j(s),X1j(t)},

respectively.Althoughthesequences{λjk}
mi,∞
j,k=1,{φjk}

mi,∞
j,k=1andtherandomcoefficientsξijksexist;however,theyareunknown

orunobservable.

LetYi(s)=(Yi1(s),Yi2(s),...,Yimi(s))
⊤foralli∈{1,...,n},andassumeYij(s)=Xij(s)+εij(s),whereεij(s)aremean

zeromeasurementerrors.SupposeXij(s)=µ(s)+ηij(s),whereηij(s)characterizesindividualcurvevariationsfromµ(s).
Denoteεi(s)= (εi1(s),...,εimi(s))

⊤andηi(s)= (ηi1(s),...,ηimi(s))
⊤.Supposeεi(s)andηi(s)aremutuallyindependent.

Moreover,assumethatηi(s)andεi(s)areiidcopiesofstochasticprocesseswithmeanvector0andcovariancefunctions
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Gi(s,t)andΓi(s,t),respectively.HereGi(s,t)={Gjj′(s,t)}
mi
j,j′=1isanmi×mimatrixoffunctionsGjj′(s,t)=cov{X1j(s),X1j′(t)}.

Measurementerrorsεi(s)andεi(t)areassumedtobeindependentwhens̸ =t,andΓi(s,t)=Γi(s)1(s=t),whereΓi(s)isan
m×mmatrixoffunctionsofsand1(·)isanindicatorfunction.Hence,thecovariancefunctionΣi(s,t)=cov{Yi(s),Yi(t)}=
Gi(s,t)+Γi(s)1(s=t).
Itisassumedthroughoutthispaperthatweexaminetheequallyspaceddensedesign,i.e.,Yi(s)ismeasuredatthesame

Nlocationpointss=ℓ/Nwithℓ∈{1,...,N},foralli.Fortheithsubjectandjthrepeatedtrajectory,itssamplepath
{(ℓ/N,Yijℓ)}

N
ℓ=1isanoisyrealizationofthecontinuoustimestochasticprocessXij(s)inthesensethatYijℓ= Xij(ℓ/N)+

εij(ℓ/N).
Combiningtheaboverepresentationleadstothefollowingmodelforrepeatedfunctionalmeasurements:

Yijℓ=µ(ℓ/N)+

∞∑

k=1

ξijkφjk(ℓ/N)+εij(ℓ/N), (1)

wherei∈{1,...,n},j∈{1,...,mi}andℓ∈{1,...,N}.TheproblemaddressedhereistheestimationofµanditsSCB.

2.2.Splineestimators

Apolynomialsplineoforderp≥0on[0,1]withknotsequenceω0=0<ω1<···<ωNµ<1=ωNµ+1,isafunction
thatisapolynomialofdegreep−1oneachoftheintervals[ωJ,ωJ+1]withJ∈{0,...,Nµ},andgloballyhasp−2times
continuousderivativesforp≥1.Thecollectionofsplinefunctionsofaparticularorderpandknotsequenceformalinear
spacedenotedbyH(p−2).WeproposetoapproximatethemeanfunctionµviaaB-splinebasisexpansion,viz.

µ(s)≈

Nµ∑

J=1−p

βJBJ(s), (2)

whereBJistheJthB-splinebasisfunctionoforderpdefinedin[8].Theapproximationsignin(2)willbereplacedbyastrict

equalitywithafixedandknownNµwhenµbelongstothesplinespaceH
(p−2).IfµisnotrestrictedtoH(p−2),itisnatural

toletNµincreasewiththesamplesize,allowingamoreaccurateapproximationwhenthesamplesizeincreases.Following
(2),wecanestimateβJ,henceµ(s)withanygivenNµbysolvingthefollowingleastsquaresproblem:

(̂β1−p,...,̂βNµ)= argmin
(
β1−p,...,βNµ

)
∈RNµ+p

n∑

i=1

N∑

ℓ=1

⎧
⎨

⎩

1

mi

mi∑

j=1

Yijℓ−

Nµ∑

J=1−p

βJBJ(ℓ/N)

⎫
⎬

⎭

2

. (3)

Therefore,thesplineestimatorofµ(s)is

µ̂(s)=

Nµ∑

J=1−p

β̂JBJ(s). (4)

Theideaofusingbasisexpansionscanbeappliedmoregenerallytootherbasissystemsforfunctionapproximationsuch
aspolynomialbasesandFourierbases.WefocusinthispaperonB-splinesbecauseofthegoodapproximationpropertiesof
splinesandcomputationalsimplicityoftheB-splinebasis.

3.Simultaneousconfidencebands(SCBs)

Inthefollowing,for1≤j≤max1≤i≤nmi=m,wedefine
{
Y
†
ij=Yij,ξ

†
ijk=ξijk,ε

†
ij=εij,φ

†
jk=φjkifYijisobserved;

Y
†
ij=0,ξ

†
ijk=0, ε

†
ij=0, φ

†
jk=0 ifYijismissing.

Hence,fornotationsimplicity,wedonotdistinguishYij,ξijk,εijandφjkfromY
†
ij,ξ

†
ijk,ε

†
ijandφ

†
jk,respectively.Withoutlossof

generality,wetakeX=[0,1]andassumemi=mforalli∈{1,...,n}.

3.1.Asymptoticpropertiesofthesplineestimator

Firstwestudytheasymptoticpropertiesofthesplineestimatorgivenin(4).DefinetheaverageofallentriesinG(s,t)as

Ḡ(s,t)=
1

m2

m∑

j,j′=1

Gjj′(s,t).

Letζ(s),s∈[0,1],beastandardizedGaussianprocesssatisfying

E{ζ(s)}=0, E{ζ2(s)}=1, E{ζ(s)ζ(t)}=̄G−1/2(s,s)̄G(s,t)̄G−1/2(t,t)



282 G.Cao,L.Wang/JournalofMultivariateAnalysis165(2018)279–295

foralls,t∈[0,1].Foranyα∈(0,1),wedenoteQ1−αthe100×(1−α)thpercentileoftheabsolutemaximadistributionof
ζ(s),i.e.,Pr{sups∈[0,1]|ζ(s)|≤Q1−α}=1−α.Letz1−αbethe100×(1−α)thpercentileofthestandardnormaldistribution.
IfYi(s)wereobservedwithoutany measurementerrors,onecouldestimatethe meanfunctionµbysetting,forall

s∈[0,1],

µ̄(s)=X̄(s)=
1

nm

n∑

i=1

m∑

j=1

Xij(s). (5)

Forthegeneralcasewhenmi̸ =m,

µ̄(s)=
1

n

n∑

i=1

⎧
⎨

⎩

1

mi

mi∑

j=1

Xij(s)

⎫
⎬

⎭
.

Sinceµ̄(s)iscomputedfromanunknownquantityXij(s),itisalsocalledthe‘‘infeasibleestimator’’inCaoetal.[5].Theorem1
showsthatthedifferencebetweenthesplineestimatorµ̂in(4)andthe‘‘infeasibleestimator’’µ̄in(5)convergestozero
attherate

√
n,whichisthesamerateofconvergenceintheparametricsetting.Thus,wehavetheoracleefficiencyofthe

nonparametricestimatorµ̂.

Theorem1.SupposeAssumptions(A1)–(A5)intheAppendixhold.Foranyα∈(0,1),asn→ ∞,the‘‘infeasibleestimator’’̄µ
convergestoµuniformlyatthe

√
nrate,viz.

Pr

{

sup
s∈[0,1]

√
n|̄µ(s)−µ(s)|̄G(s,s)−1/2≤Q1−α

}

→ 1−α,

andforalls∈[0,1],

Pr
{√
n|̄µ(s)−µ(s)|̄G(s,s)−1/2≤z1−α/2

}
→ 1−α,

whilethesplineestimatorµ̂isasymptoticallyequivalenttōµuptoorder
√
n,i.e.,

sup
s∈[0,1]

√
n
⏐
⏐̄µ(s)−̂µ(s)

⏐
⏐=oP(1).

TheoracleefficiencyinTheorem1immediatelyindicatesthefollowingresult,whichcanbeusedtoconstructSCBsor

point-wiseconfidenceintervalsforµ(s)atanys∈[0,1].

Corollary1.UnderAssumptions(A1)–(A5)intheAppendix,foranyα∈(0,1),asn→ ∞,anasymptotic100×(1−α)%SCB
forµ(s),isgiven,foralls∈[0,1],by

µ̂(s)±n−1/2Ḡ(s,s)1/2Q1−α, (6)

andanasymptotic100×(1−α)%point-wiseconfidenceintervalforµ(s),isgiven,foralls∈[0,1],by

µ̂(s)±n−1/2Ḡ(s,s)1/2z1−α/2.

3.2.SCBsforthedifferenceoftwomeanfunctions

TheaforementionedSCBsforonesamplemeanfunctioncanbeextendedtothetwo-samplecase.Inthissection,we

considertheinferenceofthedifferenceof meanregressionfunctionsfromtwopopulations.Analogoustotheprevious

notations,wedenotetwosamplesindicatedbyd∈{1,2},whichsatisfy

Y
(d)

ijℓ=µ
(d)(ℓ/N)+

∞∑

k=1

ξ(d)ijkφ
(d)

jk(ℓ/N)+ε
(d)

ij(ℓ/N),

wherei∈{1,...,nd},j∈{1,...,md}andℓ∈{1,...,N}.Definetheratiooftwo-samplesizesaŝτ=n1/n2andassume
that̂τ→ τ>0asn1→∞.
Ford∈{1,2},let̂µ(d)bethesplineestimateofmeanfunctionµ(d)asgivenin(4),anddefine

Ḡ(d)(s,t)=
1

m2d

md∑

j,j′=1

G
(d)
jj′
(s,t).

Nextletζdiff(s)beastandardizedGaussianprocesson[0,1]suchthatE{ζdiff(s)}=0,E{ζ
2
diff(s)}=1and,foralls,t∈[0,1],

E{ζdiff(s)ζdiff(t)}=
Ḡ(1)(s,t)+τ̄G(2)(s,t)

[{̄G(1)(s,s)+τ̄G(2)(s,s)}{̄G(1)(t,t)+τ̄G(2)(t,t)}]1/2
.
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DenoteQdiff,1−αthe(1−α)thquantileoftheabsolutemaximumdeviationofζdiff(s)withs∈[0,1],asabove.Wemimicthe
two-samplet-testandstatethefollowingtheoremwhoseproofisanalogoustothatofTheorem1.

Theorem2.IfAssumptions(A1)–(A5)intheAppendixaremodifiedforeachgroupaccordingly,thenforanyα∈(0,1),as
n1→∞,̂τ→ τ>0,

Pr

[

sup
s∈[0,1]

n
1/2
1

⏐
⏐(̂µ(1)−̂µ(2)−µ(1)+µ(2))(s)

⏐
⏐

{(̄G(1)+τ̄G(2))(s,s)}1/2
≤Qdiff,1−α

]

→ 1−α.

Theorem2yieldsthefollowingsimultaneousasymptoticSCBforµ(1)(s)−µ(2)(s)withs∈[0,1].

Corollary2.IfAssumptions(A1)–(A5)intheAppendixaremodifiedforeachgroupaccordinglyandτ̂→ τ>0asn1→ ∞,
thenforanyα∈(0,1),a100×(1−α)%asymptoticallycorrectconfidencebandforµ(1)−µ(2)isgiven,foralls∈[0,1],by

(̂µ(1)−̂µ(2))(s)±n
−1/2
1 Qdiff,1−α{(̄G

(1)+τ̄G(2))(s,s)}1/2.

4.EstimationofthecomponentsinSCBs

ThissectionpresentsprocedurestoimplementtheSCBsgiveninCorollaries1and2.Givenanydataset{(ℓ/N,
Yijℓ)}

n,mi,N
i=1,j=1,ℓ=1from Model(1),thesplineestimator̂µ(s)canbeeasilyobtainedfrom(A.1)oncethebasisfunctionsare

determined.InthefollowingwedescribehowtoestimatetheunknownfunctionḠandthequantilesQ1−αandQdiff,1−α.

4.1.Estimatingthevariance–covariancefunctions

Wegiveestimatingformulasbasedongeneralrepeateddataset(mi ≠m).Definerij= 1{Yijisobserved},sothat∑n

i=1

∑m

j=1rij=
∑n

i=1mi=nm.Forallℓ,ℓ
′∈{1,...,N}withℓ̸ =ℓ′,let

C̄·ℓℓ′=
1

nm

n∑

i=1

mi∑

j=1

rij{Yijℓ−̂µ(ℓ/N)}{Yijℓ′−̂µ
(
ℓ′/N
)
}.

Wepre-estimatethecovariancefunctionGjj(s,t)usingthetensorproductsplineapproachbyCaoetal.[5].Thepilotspline
estimatorofGjj(s,t)isdefinedas

Ĝjj(s,t)=

NG∑

J,J′=1−p

b̂JJ′BJ(s)BJ′(t), (7)

whereNGisthenumberofinteriorknotsusedtobuildthetensorproductB-splinebasisandthesplinecoefficients

{̂bJ,J′}
NG
J,J′=1−p= argmin

RNG+p⊗RNG+p

N∑

ℓ̸ =ℓ′

⎧
⎨

⎩
C̄·ℓℓ′−

∑

1−p≤J,J′≤NG

bJJ′BJ(ℓ/N)BJ′
(
ℓ′/N
)
⎫
⎬

⎭

2

.

NextweconsidertheeigenfunctiondecompositionofĜjj(s,t),i.e.,forallj∈{1,...,m},

1

N

N∑

ℓ=1

Ĝjj(ℓ/N,ℓ
′/N)̂ψjk(ℓ/N)=λ̂jk̂ψjk

(
ℓ′/N
)
,

sothatweobtaintheestimatedeigenvalueŝλjkandeigenfunctionsψ̂jk.FollowingYaoetal.[22],theFPCscoresξijkcanbe
approximatedby

ξ̂ijk=
1

N

N∑

ℓ=1

λ̂−1jk{Yijℓ−̂µ(ℓ/N)}̂φjk(ℓ/N)rij.

NotethatGjj′(s,t)=
∑∞
k=1

∑∞
k′=1E(ξ1jkξ1j′k′)φjk(s)φj′k′(t)forj̸ =j

′,sowecanestimateGjj′(s,t)by

Ĝjj′(s,t)=
1

∑n

i=1rijrij′

n∑

i=1

∞∑

k=1

∞∑

k′=1

ξ̂ijk̂ξij′k′̂φjk(s)̂φj′k′(t).

Thus,Ḡ(s,s)canbeestimatedusinĝ̄G(s,s)=
∑m

j,j′=1Ĝjj′(s,s)/m
2.

Thefollowingtheoremshowsthatˆ̄G(s,t)and̄G(s,t)areasymptomaticallyequivalent.Hence,wereplacēG(s,s)in(6)by
ˆ̄G(s,s)whenconstructingSCB.



284 G.Cao,L.Wang/JournalofMultivariateAnalysis165(2018)279–295

Theorem3.IfAssumptions(A1)–(A5)intheAppendixhold,then

sup
s,t∈[0,1]

|̂̄G(s,t)−Ḡ(s,t)|=op(1).

TheproofofTheorem3isgivenintheAppendix.

4.2.Estimatingthequantiles

Wegenerateindependent Rm-valuedGaussianvectors,Zk,b=
(
Z1k,b,...,Zmk,b

)⊤
suchthatcov(Zjk,b,Zj′k,b)=cov(ξ1jk,

ξ1j′k)≡Vjj′,k,cov(Zjk,b,Zj′k′,b)=0ifk ≠k′forallb∈{1,...,bM}.HerebM isapresetlargeinteger,thedefaultofwhichis
1000.Let

ζ̂b(s)=
ˆ̄G(s,s)−1/2

⎧
⎨

⎩

1

m

m∑

j=1

∞∑

k=1

Zjk,bψ̂jk(s)

⎫
⎬

⎭
.

Onetakesthemaximalabsolutevalueforeachcopyofζ̂b(s)andestimatesQ1−αbytheempiricalquantileQ̂1−αofthese
maximumvalues.
Inthetwo-samplecase,wegenerateindependentRmd-valuedGaussianvectors,Z

(d)

k,b=(Z
(d)

1k,b,...,Z
(d)

mdk,b
)⊤,d∈{1,2},

satisfying

cov(Z
(d)

jk,b,Z
(d)

j′k,b)=V
(d)

jj′,k, cov(Z
(d)

jk,b,Z
(d)

j′k,b)=0

ifk̸ =k′forallb∈{1,...,bM}.Similarlytôζb,wedefine

ζ̂diff,b(s)=

{

(̂̄G
(1)

+̂τ̂̄G
(2)

)(s,s)

}−1/2
×

⎧
⎨

⎩

1

m1

m1∑

j=1

∞∑

k=1

Z
(1)

jk,bψ̂
(1)

k (s)+
τ̂

m2

m2∑

j=1

∞∑

k=1

Z
(2)

jk,bψ̂
(2)

k (s)

⎫
⎬

⎭
.

Weobtain Q̂diff,1−αbytakingtheempiricalquantileofthesemaximumvaluesofζ̂diff,b(s).

4.3.Selectingκandsplineknots

Totakeintoaccountthetruncationerroringeneratingthecriticalvalue,wechoosethenumberofeigenfunctionsusing
thefollowingcriterion.Forj∈{1,...,m},let

κ∗j=argmin
ℓ∈{1,...,Tj}

⎧
⎨

⎩

ℓ∑

k=1

λ̂jk/

Tj∑

k=1

λ̂jk>0.95

⎫
⎬

⎭
,

where λ̂j1,...,̂λjTjarethefirstTjestimatedpositiveeigenvalues.Denoteκ= (κ1,...,κm),whereκ
∗
j ≤ κj≤ Tj,for

j∈{1,...,m}.Foragivenκ,let

ζ̂b,κ(s)=
ˆ̄G(s,s)−1/2

⎧
⎨

⎩

1

m

m∑

j=1

κj∑

k=1

Zjk,bψ̂jk(s)

⎫
⎬

⎭
,

andwetakethemaximalabsolutevalueforeachcopyofζ̂b,κ(s),thendefineQ1−α,κbytheempiricalquantileQ̂1−α,κofthese
maximumvalues.Finally,weestimateQ1−αbyQ̂1−α=maxκQ̂1−α,κtoreducetheeffectofthetruncationandprovidea
bettercoverage.
Forknotselectioninourprocedure,weuseequallyspacedknotsandselectonlythenumberofinteriorknots.According

toAssumption(A3)intheAppendix,thenumberofknotsinestimatingµ(s)istakentobeNµ=⌊n
1/(2p)ln(n)⌋,inwhich

⌊a⌋denotestheintegerpartofa. Meanwhile,theestimator̃Gjj(s,t)in(7)iscalculatedwiththenumberofknotsNG =
⌊2n1/(2p)ln{ln(n)}⌋.SimilarknotsselectionsaresuggestedinCaoetal.[5].ThesechoicesofknotsalsosatisfyAssumption
(A3)intheAppendix.

5.Simulation

5.1.Example1:empiricalcoverageratesoftheSCBs

Inthisexample,weconductastudytoinvestigatetheperformanceoftheproposedSCBsundervariouscorrelation
structuresettings.Ourdataaregeneratedfromthefollowingmodel

Yijℓ=µ(ℓ/N)+

6∑

k=1

ξijkφk(ℓ/N)+εijℓ, (8)
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Fig.1.Theestimatedmeanfunction(middledashedline),thetruemeanfunction(middlesolidline)andits95%‘‘ORA’’bandconstructedusingthetrue

correlationstructure(upperandlowersolidlines),the95%‘‘NP’’bandviathenonparametricallyestimatedvariance–covariancefunction(upperandlower

dottedlines),andthe95%‘‘naive’’bandassumingindependencewithintherepeatedlyobservedcurves(upperandlowerdot-dashedlines).

wherei∈{1,...,n},j∈{1,...,mi},ℓ∈{1,...,N},µ(s)=10+sin{2π(s−1/2)},φ2k−1(s)=cos(kπs)andφ2k(s)=

sin(kπs)fork∈{1,2}.WegeneratetheFPCscoresξik=
(
ξi1k,...,ξimik

)⊤
∼N(0,λkΩ),λ2k−1=λ2k=0.5

2kfork∈{1,2},

andεiℓ=
(
εi1ℓ,...,εimiℓ

)⊤
∼N(0,0.12Ω).WeconsiderthefollowingsettingsforthecorrelationmatrixΩ={Ωjj′}

mi
j,j′=1:

Case1.Independent(IND):Ωjj′=1(j=j
′).

Case2.Autoregressive(AR-1):Ωjj′=1(j=j
′)+ρ|j−j

′|1(j̸ =j′),ρ=0.2.
Case3.Toeplitz(TOEP):Ωjj′=1

(
j=j′

)
+ρ|j−j′|1(j̸ =j

′),whereρ|j−j′|=ρrwith0.1
r+0.05forallr∈{1,...,mi−1}.

Thenumberofsubjectsnistakentobe30,60and120,andthenumberofobservationspercurveisassumedtobe

N=n.Thenumberofrepeatedlyobservedcurvesforeachsubjectismi∈{3,5,7}withtwodifferentmissingrates:0(fully
observed)and{0,0.2/mi,...,0.2(mi−1)/mi},i.e.,jthrepeatedlyobservedcurveismissingwithprobability0.2(j−1)/mi.
ThesesettingsmimictherealdatastructureinSection6. Weconsidertwonominallevels,namely1−α=0.95and0.99,
andcarryout500simulationreplications.

Foreachsetting,weconstructthesplineSCBsinthreedifferentways:(i)usingthe‘‘naive’’independentcorrelation

structure(IND);(ii)usingtheproposednonparametricmethod(NP);(iii)usingthe‘‘oracle’’methodwiththetruecorrelation

structure(ORA). Weadoptquadraticspline(p=3)andcubicspline(p=4)smoothingforeachcase,respectively.The
coverageofthe‘‘IND’’,‘‘NP’’and‘‘ORA’’bandsisevaluatedongrids{1/N,...,99/N,1}andischeckedwhetherthetrue
functioniscoveredentirelybytheSCBsatthesepoints.The‘‘ORA’’bandsusingthetruecorrelationstructureisexpectedto

bethebestamongthethreetypeofbandsandserveasabenchmark.

Tables1–2summarizetheempiricalcoverageprobabilitiesofthreedifferenttypesofbandsgivendifferent missing

ratesandsplineorders.InTables1–2,oneseesthatinmostofthecasesthecoverageprobabilitiesofthebandsimprove

withsamplesize.Inaddition,asexpected,thecoveragepercentagesofthe‘‘oracle’’bandsaretheclosesttothenominal

levelssincetheyareconstructedusingthecorrectcorrelationstructure.Fordifferent missing mechanismsandspline

orders,the‘‘NP’’bandsconstructedusingthenonparametricallyestimatedvariance–covariancefunctionsarecomparable

tothe‘‘oracle’’bands,andaremuchbetterthanthe‘‘IND’’bandsusingindependencecorrelationstructurewhenthetrue

correlationisnotindependent.Forthe‘‘NP’’bands,thedifferencesbetweenthecoverageprobabilitiesandthenominallevels

areacceptablewhennislargeenough,whichimpliesthattheproposednonparametricmethodisveryrobustwhenthetrue

correlationstructureisunknown.Incontrast,whenthetruecorrelationisnotindependent,the‘‘naive’’bandsobtained

usingtheindependentcorrelationstructurehavesignificantlysmallercoverageratesthanthenominallevelsregardlessof

thesamplesizesandthenumberofrepeatedlyobservedcurves.

Fig.1displaysatypicalcomparisonbetweentwo95%SCBsconstructedusingtheindependencestructure,fullynonpara-

metricstructureandthetrue‘‘TOEP’’correlationstructure.Thisplotisbasedononesampledreplicationwithn=120,p=4
andmi=3.InFig.1,oneseesthatthe‘‘IND’’,‘‘ORA’’and‘‘NP’’producethesameestimatorforthetruecurveµ,however,the
‘‘IND’’bandisverydifferentfromthe‘‘ORA’’and‘‘NP’’bands.FromFig.1,onecanseethatthetruecurveµliescompletely
insidethe‘‘ORA’’and‘‘NP’’bands,butitcannotbecoveredentirelybythe‘‘IND’’bands.

5.2.Example2:two-sampletesting

Weconductanumericalstudytoevaluatetheempiricalsizeandpowerofhypothesistestsforthe meanfunctions

fromtwogroupsofrepeatedlyobservedtrajectories.WecomparetheSCBsconstructedusingtheproposednonparametric
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Table1

Empiricalcoverageratesofthebandsundervariouscorrelationstructureswithmissingrate=0.

Correlation p n α mi=3 mi=5 mi=7

IND NP ORA IND NP ORA IND NP ORA

IND

3

30
0.05 0.934 0.930 0.934 0.926 0.920 0.916 0.944 0.938 0.942

0.01 0.978 0.978 0.978 0.994 0.976 0.994 0.994 0.986 0.994

60
0.05 0.946 0.938 0.948 0.960 0.954 0.958 0.970 0.966 0.970

0.01 0.998 1.000 0.994 0.996 0.996 0.996 0.994 0.990 0.992

120
0.05 0.950 0.954 0.948 0.948 0.946 0.948 0.944 0.946 0.946

0.01 0.992 0.992 0.990 0.994 0.992 0.992 0.992 0.992 0.990

4

30
0.05 0.956 0.946 0.960 0.930 0.938 0.928 0.944 0.938 0.946

0.01 0.992 0.986 0.992 0.990 0.988 0.990 0.986 0.984 0.988

60
0.05 0.952 0.952 0.954 0.946 0.942 0.952 0.948 0.936 0.944

0.01 0.990 0.996 0.990 0.992 0.986 0.990 0.994 0.994 0.996

120
0.05 0.966 0.960 0.964 0.930 0.930 0.930 0.948 0.952 0.954

0.01 0.996 0.996 0.996 0.990 0.984 0.990 0.986 0.986 0.984

AR-1

3

30
0.05 0.884 0.924 0.926 0.864 0.916 0.934 0.864 0.920 0.952

0.01 0.958 0.966 0.972 0.966 0.988 0.984 0.974 0.992 0.998

60
0.05 0.892 0.922 0.946 0.876 0.928 0.948 0.870 0.922 0.940

0.01 0.968 0.980 0.984 0.960 0.986 0.994 0.958 0.976 0.994

120
0.05 0.926 0.964 0.970 0.874 0.934 0.948 0.894 0.946 0.958

0.01 0.992 0.998 0.998 0.960 0.986 0.990 0.966 0.992 0.986

4

30
0.05 0.884 0.918 0.932 0.856 0.896 0.920 0.870 0.916 0.950

0.01 0.952 0.980 0.976 0.956 0.968 0.988 0.954 0.982 0.990

60
0.05 0.882 0.930 0.950 0.888 0.928 0.950 0.888 0.940 0.954

0.01 0.980 0.988 0.994 0.970 0.980 0.988 0.964 0.984 0.996

120
0.05 0.900 0.940 0.954 0.886 0.940 0.962 0.854 0.934 0.966

0.01 0.976 0.986 0.986 0.972 0.984 0.968 0.968 0.984 0.990

TOEP

3

30
0.05 0.926 0.934 0.934 0.864 0.918 0.928 0.826 0.900 0.914

0.01 0.980 0.984 0.990 0.960 0.972 0.978 0.944 0.974 0.978

60
0.05 0.886 0.920 0.924 0.846 0.908 0.922 0.850 0.912 0.940

0.01 0.960 0.976 0.976 0.948 0.976 0.980 0.966 0.982 0.988

120
0.05 0.904 0.930 0.944 0.876 0.924 0.952 0.852 0.930 0.954

0.01 0.974 0.988 0.992 0.964 0.982 0.994 0.966 0.990 0.992

4

30
0.05 0.890 0.910 0.920 0.870 0.916 0.920 0.856 0.920 0.940

0.01 0.958 0.978 0.978 0.956 0.978 0.980 0.966 0.976 0.976

60
0.05 0.892 0.912 0.926 0.852 0.914 0.928 0.858 0.930 0.950

0.01 0.964 0.970 0.980 0.956 0.982 0.976 0.948 0.976 0.980

120
0.05 0.900 0.934 0.942 0.874 0.942 0.946 0.866 0.938 0.962

0.01 0.970 0.990 0.990 0.968 0.984 0.994 0.960 0.990 0.996

variance–covariancefunctionswiththe‘‘naive’’bandsdevelopedundertheindependenceassumption.Tomimicthetwo-

sampletestingproblem,weconsiderthefollowinghypotheses:

H0:∀s∈[0,1]µ
(1)(s)=µ(2)(s) ⇔ Ha:∃s∈[0,1]µ

(1)(s)̸ =µ(2)(s). (9)

Wegeneratetwogroupsofdatafromthemodelgivenin (8)withµ(1)(s)= 10+sin{2π(s−1/2)}+δandµ(2)(s)=
10+sin{2π(s−1/2)},andalltheremainingsettingsarethesameasinExample1.Theconstantδtakes10values,namely
δ∈{0,0.03,0.06,...,0.27}.Indeed,largevaluesofδshiftthemeanofthefirstgroupdatafurtherawayfromthesecond,
thereforemakingthedifferencebetweenµ(1)andµ(2)moreeasilydetectable.Wechoosen1=n2=60,takeacubicspline
(p=4),andN=60observationpointsoneachcurve.Foreachsubject,thenoisytrajectoryisrepeatedlyobservedthree
timeswiththetruecorrelationstructures:‘‘AR-1’’(ρ=0.2)and‘‘TOEP’’(ρr=0.1

r+0.05forallr∈{1,2,3}).Themissing
rateis{0,0.2/3,0.4/3}foreachindividualatrepeatedtime1,2,3.Werun500MonteCarlosimulations.
Fig.2illustratestheempiricalfrequenciesofrejectingH0againstδusingourmethodandthenaive‘‘IND’’method.For

eachcorrelationstructure,wecomparetheperformanceofthe‘‘IND’’bandsandthe‘‘NP’’bands.Whenδ=0,theserelative
frequenciesrepresentthesizeofthetest.Therelativefrequencyfortheproposedmethodisaround7%regardlessofthe

truecorrelationstructures,whichisfairlyclosetothesetsignificantlevelof5%.Thisshowsthatourestimateofthenull

distributionisapproximatelycorrect.However,whenδ=0,therelativefrequencyfor‘‘IND’’isabout12%underbothAR-1
andTOEPcorrelationstructures,whichismuchlargerthanthesetsignificancelevel.Thisimpliesthatthe‘‘IND’’istooliberal

tomaintainitssizesatthenominallevel.Inaddition,oneseesthatincreasingvaluesofδimprovesthepowerofdetecting
thealternativesforbothmethods.Infact,thepowerofourmethodincreasesmorerapidlythanthatofthe‘‘IND’’method,
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Table2

Empiricalcoverageratesofthebandsundervariouscorrelationstructureswithmissingrate{0,0.2/mi,...,0.2(mi−1)/mi}.

Correlation p n α mi=3 mi=5 mi=7

IND NP ORA IND NP ORA IND NP ORA

IND

3

30
0.05 0.914 0.910 0.914 0.932 0.922 0.934 0.930 0.900 0.932

0.01 0.986 0.978 0.984 0.984 0.986 0.986 0.984 0.980 0.982

60
0.05 0.928 0.936 0.932 0.932 0.930 0.928 0.922 0.914 0.920

0.01 0.984 0.982 0.982 0.978 0.974 0.978 0.988 0.982 0.984

120
0.05 0.942 0.936 0.940 0.940 0.934 0.936 0.940 0.938 0.940

0.01 0.980 0.980 0.982 0.984 0.986 0.984 0.990 0.990 0.996

4

30
0.05 0.920 0.912 0.922 0.940 0.916 0.942 0.912 0.908 0.918

0.01 0.976 0.972 0.978 0.972 0.986 0.972 0.992 0.984 0.992

60
0.05 0.938 0.926 0.932 0.932 0.926 0.934 0.932 0.912 0.922

0.01 0.986 0.988 0.988 0.994 0.984 0.990 0.980 0.982 0.978

120
0.05 0.952 0.958 0.954 0.942 0.936 0.944 0.926 0.922 0.926

0.01 0.994 0.990 0.994 0.988 0.988 0.990 0.984 0.992 0.988

AR-1

3

30
0.05 0.868 0.904 0.926 0.858 0.896 0.922 0.844 0.908 0.928

0.01 0.956 0.962 0.976 0.970 0.976 0.988 0.946 0.976 0.988

60
0.05 0.894 0.928 0.938 0.842 0.900 0.944 0.848 0.902 0.920

0.01 0.958 0.970 0.982 0.964 0.984 0.988 0.938 0.970 0.980

120
0.05 0.892 0.922 0.942 0.890 0.936 0.948 0.846 0.920 0.942

0.01 0.972 0.984 0.986 0.956 0.980 0.982 0.958 0.972 0.988

4

30
0.05 0.882 0.912 0.922 0.826 0.866 0.896 0.840 0.880 0.912

0.01 0.960 0.970 0.976 0.940 0.960 0.974 0.946 0.956 0.976

60
0.05 0.868 0.904 0.932 0.848 0.892 0.916 0.844 0.910 0.932

0.01 0.868 0.982 0.932 0.934 0.964 0.982 0.954 0.964 0.984

120
0.05 0.918 0.940 0.950 0.876 0.926 0.940 0.864 0.926 0.940

0.01 0.974 0.990 0.990 0.962 0.986 0.994 0.950 0.974 0.974

TOEP

3

30
0.05 0.852 0.896 0.896 0.932 0.922 0.934 0.826 0.890 0.904

0.01 0.952 0.974 0.978 0.984 0.986 0.986 0.934 0.974 0.980

60
0.05 0.888 0.914 0.920 0.932 0.930 0.928 0.836 0.914 0.932

0.01 0.954 0.964 0.976 0.978 0.974 0.978 0.944 0.986 0.982

120
0.05 0.906 0.932 0.942 0.940 0.934 0.936 0.842 0.922 0.942

0.01 0.964 0.984 0.990 0.984 0.986 0.984 0.948 0.978 0.986

4

30
0.05 0.888 0.914 0.926 0.862 0.900 0.918 0.814 0.880 0.898

0.01 0.966 0.976 0.980 0.944 0.970 0.972 0.934 0.970 0.972

60
0.05 0.900 0.922 0.942 0.860 0.922 0.948 0.874 0.920 0.934

0.01 0.976 0.986 0.994 0.958 0.968 0.978 0.952 0.976 0.984

120
0.05 0.888 0.926 0.944 0.890 0.932 0.946 0.848 0.914 0.942

0.01 0.966 0.988 0.988 0.966 0.984 0.990 0.948 0.974 0.984

andthepowerofbothmethodsreaches1simultaneouslyataroundδ=0.27regardlessofthetruecorrelationstructures.
Insummary,giventhatTypeIerrorsaregenerallyconsideredmoreseriousthanTypeIIerrors,ourmethodispreferableto

the‘‘IND’’method.

6.Empiricalexamples

6.1.EstimationandSCBsforthemeanfunctionofDTIdata

Inthissection,weapplyourproposedmethodtotheDTIstudyofGoldsmithetal.[11,12].Inthisstudy,DTIbrainscans

arerecordedformanyMSpatientsatseveralvisitswiththegoalofassessingtheeffectofneurodegenerationondisability.

ThedatasetispubliclyavailablefromtherefundpackageintheRsoftware,whichconsistsof100subjects.Thenumberof
visitspersubjectrangedfrom2to8,withamedianof3,andwasapproximatelyannual.Inthisdataset,weconsidertheDTI

measurecalledFAalongCCAforcasegroup.Afterdeletingincompletedata,weusetheremaining332observationsinour

analysis.Forillustration,theleftpanelinFig.3shows50subjects’trajectoriesfortheFAprofiles.

LetYij(s)denotetheFAvalueobservedfortheithpatient,thejthvisitatthesthlocation,withs∈[0,93],where
i∈{1,...,100}andj∈{1,...,mi}.Applyingcubicsplinesmoothingtothedataset,weobtaintheestimatedoverall
meanfunctionofFAvaluesµ̂.ToconstructtheSCB,wefirstestimatethevariance–covariancefunctionsusingtheproposed
nonparametricmethodinSection4.Toexplorethecomparisonofthebandsunderdifferentstructureassumptions,inthe

rightpanelofFig.3weshowtheproposed95%SCB(upperandlowerdashedlines).
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(a)AR-1. (b)TOEP.

Fig.2.TypeIerrorsandpowersforhypothesistesting(9)at5%nominallevels.Foreachcase,samplesizesaren1=n2=N=60andeachtrajectory
isrepeatedlyobservedthreetimeswithmissingrate{0,0.2/3,0.4/3}.Thedottedlinerepresentstheperformanceofthenaivemethodusingthe‘‘IND’’
assumptionandthesolidlinerepresentstheperformanceoftheproposedmethodusingthenonparametricallyestimationvariance–covariancefunction.

Fig.3.Left:SampleFAprofilesalongCCA.Right:Cubicsplineestimator(middlesolidline)µ̂(s)andits95%‘‘NP’’bands(upperandlowerdashedlines)
usingthenonparametricallyestimatedvariance–covariancefunction.

6.2.Two-sampletestforthedifferencebetweenmaleandfemaleFA

WefurthercomparetheFAvaluesoffemaleandmalesubjects.Wefocusonthesame100subjectsanalyzedinSection6.1

andconsidermaleandfemalesubjectsastwodifferentpopulations.Ourhypothesesofinterestare

H0:∀s∈[0,93]µM(s)=µF(s) ⇔ Ha:∃s∈[0,93]µM(s)̸ =µF(s),

whereµM(s)andµF(s)arethemeanfunctionsofmortalityratesformalesandfemaleswithsamplesizesn1=66,n2=34.
Fig.4depictsthecubicsplineSCBsconstructedusingthenonparametricallyestimatedvariance–covariancefunctionat

0.95(upperandlowerdottedlines)and0.999confidencelevel(upperandlowerdashedlines),withthecenterdashed–

dottedlinerepresentingthesplineestimatorµ̂M(s)−̂µF(s)andasolidlinerepresentingzero.The99.9%SCBgoesbelow
thezerolineexceptaroundCCAtractlocations0,15and80,thedifferencebetweenmaleandfemaleFAissignificantat
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Fig.4.Cubicsplineestimatorµ̂M(s)−̂µF(s)(dashed–dottedline)andthecorresponding95%(upperandlowerdottedlines)and99.9%‘‘NP’’band(upper
andlowerdashedlines)usingthenonparametricallyestimatedvariance–covariancefunction.Thesolidlinerepresentszeroreference.

level0.001.ItisfairlyclearfromFig.4thatfemaleshavealowerFAmeasurementthanmalesatthesamelocation.Fig.4also

suggeststhatthevariationofthediscrepancyisconstantovertherangeoftractlocations.Similarfindingsonthediscrepancy

ofFAprofilesfordifferencegenderpatientshavealsobeenreportedinScheipletal.[17].

7.Conclusions

Inthispaper,wetargettheinferenceofmeanfunctionsforrepeatedlyobservedfunctionaldata.Weallowfordependence

ofthetrajectorieswithinsubjectsandobtainboththeglobalandlocalasymptoticdistributionsofthesplineestimator.SCBs

aredevelopedtoquantifyandvisualizethevariabilityoftheestimatorandtomakeglobalinferencesontheshapeofthe

populationmeanfunction.Inlongitudinalanalysis,oneprimaryhypothesisistotestifthepatternofobservationsovertime

isconstantwithinatimeinterval.Ourpaperprovidesamethodtotestthishypothesis.Notethatthehypothesisofnotime

effectstatesthatalltheJmeanfunctionsareidentical.Underthisassumption,theasymptoticnulldistributionisobtained.

TheproposedSCBsbasedontheasymptoticdistributioncanbeusedtotestthishypothesis.Ifthis100×(1−α)%SCBcovers
thezeroline,onecannotrejectthenullhypothesisofnotimeeffect,withp-valuenotgreaterthanα.
Inthedevelopmentofthebandsforrepeatedfunctionaldata,thepresenceof within-subjectsdependenceposes

newchallengesforus,and weproposeafullynonparametric methodtoestimatethecovariancefunctiontoavoid

misspecification.Theadvantagesofourapproachare:first,comparedwiththe‘‘naive’’bandthatassumesiidtrajectories,

theproposedSCBhasexcellentcoveragerateofthetruemeanfunctionregardlessofthewithin-subjectsstructures,and

thusitcanbeappliedflexiblytobothindependentanddependentfunctionaldata;second,itprovidesvaluableinsights

intothecorrelationstructuresofdependentfunctionaldataasinpracticethetruecorrelationstructureisusuallyunknown;

third,thisapproachcanbeeasilyextendedfromtheone-/two-samplecasetoamulti-sampletestingproblem;fourth,when

estimatingcovariancefunctionandwithin-subjectscorrelation,itdoesnotrequirecomplexfittingalgorithms,andthebands

canbeusuallyconstructedwithinfractionsofasecond.
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Appendix

Letκbethenumberofeigenfunctionsandκcanbeapositiveintegerorinfinity. WeuseCtodenoteageneric
positiveconstantunlessotherwisestated.Foranyvectora= (a1,...,ak)∈R

k,set∥a∥∞ = max(|a1|,...,|ak|)and
∥a∥r = (|a1|

r+···+|ak|
r)1/rforallr∈[1,∞).Foranyfunctionφon[0,1],denote∥φ∥∞ = sups∈[0,1]|φ(s)|.For
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functionsφ,ϕ∈L2[0,1],write⟨φ,ϕ⟩2,N=
∑N

ℓ=1φ(ℓ/N)ϕ(ℓ/N)/Ntheempiricalinnerproductwithcorrespondingnorm
∥φ∥22,N=⟨φ,φ⟩2,N.

A.1.Assumptions

Inthispaperwerestrictourattentiontosplineswithequallyspacedknots.DenoteωJ= Jhµ,0≤J≤Nµ,andlet
hµ=1/(Nµ+1)bethedistancebetweenneighboringknots.
Foranyν∈(0,1]andnonnegativeintegerq,letCq,ν[0,1]bethespaceoffunctionswithν-Höldercontinuousqthorder

derivativeson[0,1],i.e.,

Cq,ν[0,1]=

{

φ:∥φ∥q,ν= sup
t̸ =s,t,s∈[0,1]

|t−s|−ν|φ(q)(t)−φ(q)(s)|<∞

}

.

Thetechnicalassumptionsweneedareasfollows:

(A1)TheregressionfunctionµbelongstoCp−1,1[0,1],i.e.,µ(p−1)∈C0,1[0,1].
(A2)IfΓjj′(s)isthe(j,j

′)thentryofΓ(s),thenΓjj′(s)∈C
0,ν[0,1]forsomeν∈(0,1].

(A3)Asn→ ∞,N−1n1/(2p)→ 0andN = O(nθ)forsomeθ >1/(2p);thenumberofinteriorknotsNµsatisfies

N−1µ N→∞,N
−p
µ n

1/2→ 0,N−1/2N
1/2
µ ln(n)→ 0.

(A4)There existsCG > 0suchthat,forj,j′∈{1,...,m},Gjj′(s,s)≥ CGforalls∈[0,1];fork∈{1,...,κ}and
j∈{1,...,m},φjk(s)∈C

0,ν[0,1],
∑κ
k=1∥φjk∥∞ <∞andasn→ ∞,h

ν
µ

∑κn
k=1∥φjk∥0,ν=o(1)forasequence{κn}

∞
n=1

ofincreasingintegers,withκn→ κasn→ ∞ andtheconstantν∈(0,1]asinAssumption(A2).Inparticular,∑κ
k=κn+1

∥φjk∥∞ =o(1)forallj∈{1,...,m}.Theeigenvaluesequence{λjk}
m,∞
j=1,k=1hasafinitesum,i.e.,

∑∞
k=1λjk<∞.

(A5)Thereexistη1,η2>4,suchthatE|ξijk|
η1+E|εijℓ|

η2 <∞ foralli∈∈{1,...,n},j∈{1,...,m},k∈{1,...,κ},
andℓ∈{1,...,N}.Thenumberκofnonzeroeigenvaluesisfiniteorκisinfinite whiletherandomvectors
ξik=(ξi1k,...,ξimk)

⊤areiidfori∈Nandk∈{1,...,κ}.

Assumptions(A1)–(A2)aretypicalforsplinesmoothing;see[4,5,21].Assumption(A3)concernstherelationshipamong
thenumberofsubjects,thenumberofobservationsforeachsubjectandthenumberofknotsofB-splines.Assumption(A4)
ensuresthattheprincipalcomponentshavecollectivelyboundedsmoothness.Assumption(A5)isnecessaryforapplying
Gaussianapproximationoftheerrorprocess.

A.2.Errordecompositionforsplineestimators

Inthissection,webreaktheestimationerror̂µ(s)−µ(s)intothreeterms.Webeginbydiscussingtherepresentationof
thesplineestimator̂µ(s)in(4).LetB(s)=(B1−p(s),...,BNµ(s))

⊤,XN×(Nµ+p)=(B(1/N),...,B(N/N))
⊤and

V̂=X⊤X/N=(
⟨
BJ,BJ′

⟩
2,N
)
Nµ

J,J′=1−p.

Applyingelementaryalgebratothesplineestimatorµ̂(s)definedin(4),onefinds

µ̂(s)=N−1B(s)̂V−1X⊤Y, (A.1)

whereY=(̄Y··1,...,̄Y··N)
⊤andȲ··ℓ=

∑n

i=1

∑m

j=1Yijℓ/(nm)forallℓ∈{1,...,N}.

Projectingtherelationshipin model(1)ontothelinearsubspaceofRNµ+pspannedby{B(ℓ/N)}Nℓ=1,weobtainthe
followingdecomposition:

µ̂(s)=̃µ(s)+ẽ(s)+ξ̃(s), (A.2)

where

µ̃(s)=

Nµ∑

J=1−p

β̃JBJ(s),̃ε(s)=

Nµ∑

J=1−p

ãJBJ(s),̃ξ(s)=

κ∑

k=1

ξ̃k(s),̃ξk(s)=

Nµ∑

J=1−p

τ̃k,JBJ(s), (A.3)

andvectors(̃β1−p,...,̃βNµ)
⊤,(̃a1−p,...,̃aNµ)

⊤and(̃τk,1−p,...,̃τk,Nµ)
⊤in(A.3)aresolutionsto(3)withYijℓreplacedby

µ(ℓ/N),εij(ℓ/N)andφjk(ℓ/N),respectively.

Alternatively,µ̃(s)=N−1B(s)̂V−1X⊤µ,ẽ(s)=B(s)̂V−1X⊤e/N,̃ξk(s)=B(s)̂V
−1X⊤φk/N,forallk∈{1,...,κ},where

µ=(µ(1/N),...,µ(N/N))⊤isthesignalvector,e=(̄ε··1,...,̄ε··N)
⊤where,forallℓ∈{1,...,N},

ε̄··ℓ=
1

nm

n∑

i=1

m∑

j=1

εij(ℓ/N)

isthenoisevector,andvectorφk=
∑n

i=1

∑m

j=1ξijkφjk/(nm)withφjk=(φjk(1/N),...,φjk(N/N))
⊤.
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Thenextthreelemmasconcernµ̃(s),̃e(s)and̃ξ(s)givenin(A.2).

LemmaA.1.UnderAssumptions(A1)and(A3),sups∈[0,1]n
1/2|̃µ(s)−µ(s)|=o(1).

Proof.ApplyingLemmaA.4,∥̃µ−µ∥∞ ≤Cp−1,1h
p
µ.SinceAssumption(A3)impliesthatO(h

p
µn
1/2)=o(1),thedesiredresult

isobtained. □

LemmaA.2.UnderAssumptions(A2)–(A5),sups∈[0,1]n
1/2
⏐
⏐̃e(s)
⏐
⏐=oP(1).

Proof.LetZ̃ε(s)=B(s)̂V
−1X⊤Z/N,whereZ=(̄Z··1,ε,...,̄Z··N,ε)

⊤withZ̄··ℓ,ε=
∑n

i=1

∑m

j=1Zijℓ,ε/(nm).By(A.9),∥Z−e∥∞ =

Oa.s.(n
β−1),while

N−1X⊤(Z−e)



∞
≤∥Z−e∥∞ max

1−p≤J≤Nµ

⟨
BJ,1
⟩
2,N

≤C∥Z−e∥∞ max
1−p≤J≤Nµ

#
{
ℓ:BJ(ℓ/N)>0

}
N−1≤C∥Z−e∥∞hµ.

Notethat∥̃Zε−ẽ∥∞ =sups∈[0,1]|B(s)̂V
−1N−1X⊤(Z−e)|.AccordingtoLemmaA.3inCaoetal.[5],∥̂V−1∥∞ =Oa.s.(Nµ).

Thus,∥̃Zε−ẽ∥∞ ≤C∥̂V
−1∥∞∥Z−e∥∞hµ=Oa.s.(n

β−1).Observenextthat̂V−1N−1X⊤Zis(Nµ+p)-dimensionalnormalwith
covariancematrix

N−2V̂−1X⊤var(Z)XV̂−1=N−2V̂−1X⊤diag{var(̄Z··1,ε),...,var(̄Z··N,ε)}XV̂
−1,

boundedabovebymax1≤ℓ≤Nvar(̄Z··ℓ,ε)∥n
−1N−1V̂−1V̂̂V−1∥∞≤C/(Nnhµ).

ToboundthetailprobabilitiesofentriesofV̂−1N−1X⊤Z,applyingtheBorel–CantelliLemma,oneobtains∥̂V−1N−1X⊤Z∥∞
=Oa.s.{(Nnhµ/lnn)

−1/2}.Hence,wehave∥n1/2̃Zε∥∞ =Oa.s.(N
−1/2h

−1/2
µ ln1/2n)and∥n1/2ẽ∥∞ =Oa.s.(n

β−1/2+N−1/2h
−1/2
µ

ln1/2n)=oa.s.(1).Thus,LemmaA.2followsfromAssumption(A3). □

LemmaA.3.UnderAssumptions(A2)–(A5),sups∈[0,1]n
1/2|̃ξ(s)−̄µ(s)−µ(s)|=oP(1)and,forallα∈(0,1),

Pr

{

sup
s∈[0,1]

n1/2|̃ξ(s)|̄G(s,s)−1/2≤Q1−α

}

→ 1−α.

Proof.Letζ̃·k(s)=n
1/2(nm)−1

∑n

i=1

∑m

j=1Zijk,ξφjk(s)forallk∈{1,...,κ},anddefine

ζ̃(s)=

⎧
⎨

⎩

1

nm2

κ∑

k,k′=1

n∑

i=1

m∑

j,j′=1

E(ξijkξij′k′)φjk(s)φj′k′(s)

⎫
⎬

⎭

−1/2
κ∑

k=1

ζ̃·k(s)=Ḡ(s,s)
−1/2

κ∑

k=1

ζ̃·k(s).

Itisclearthat̃ζ(s)isaGaussianprocesswithmean0,variance1andcovariancefunctiongiven,foralls,t∈[0,1],by

Ẽζ(s)̃ζ(t)=Ḡ(s,s)−1/2Ḡ(t,t)−1/2Ḡ(s,t).

Thus,ζ̃(s)hasthesamedistributionasζ(s)overs∈[0,1].
AccordingtoLemmaA.4,∥̃φjk∥∞ ≤cφ,p∥φjk∥∞,∥̃φjk−φjk∥∞ ≤C̃0,ν∥φjk∥0,νh

ν
µforallk∈{1,...,κ}andj∈{1,...,m}.

Applying(A.10)andAssumptions(A3),(A4),onefinds

E

⎡

⎣n1/2 sup
s∈[0,1]

Ḡ(s,s)−1/2

⏐
⏐
⏐
⏐
⏐
⏐

1

nm

n∑

i=1

m∑

j=1

κ∑

k=1

ξijk{φjk(s)−φ̃jk(s)}

⏐
⏐
⏐
⏐
⏐
⏐

⎤

⎦

≤Cn1/2
1

nm

n∑

i=1

m∑

j=1

(
κn∑

k=1

E|ξijk|∥φjk∥0,νh
ν
µ+

κ∑

k=κn+1

E|ξijk|∥φjk∥∞

)

≤C

⎛

⎝
m∑

j=1

κn∑

k=1

∥φjk∥0,νh
ν
µ+

m∑

j=1

κ∑

k=κn+1

∥φjk∥∞

⎞

⎠=o(1).

Hence,

n1/2 sup
s∈[0,1]

Ḡ(s,s)−1/2

⏐
⏐
⏐
⏐
⏐
⏐

1

nm

n∑

i=1

m∑

j=1

κ∑

k=1

ξijk{φjk(s)−φ̃jk(s)}

⏐
⏐
⏐
⏐
⏐
⏐
=oP(1). (A.4)
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Inaddition,(A.8)andAssumptions(A3),(A4)entailthat

En1/2 sup
s∈[0,1]

Ḡ(s,s)−1/2

⏐
⏐
⏐
⏐
⏐
⏐

1

nm

n∑

i=1

m∑

j=1

κ∑

k=1

(Zijk,ξ−ξijk)φjk(s)

⏐
⏐
⏐
⏐
⏐
⏐
=Cnβ−1/2

m∑

j=1

κ∑

k=1

∥φjk∥∞ =o(1).

Therefore,

n1/2 sup
s∈[0,1]

Ḡ(s,s)−1/2

⏐
⏐
⏐
⏐
⏐
⏐

1

nm

n∑

i=1

m∑

j=1

κ∑

k=1

(Zijk,ξ−ξijk)φjk(s)

⏐
⏐
⏐
⏐
⏐
⏐
=oP(1). (A.5)

Notethatµ̄(s)−µ(s)−ξ̃(s)=
∑n

i=1

∑m

j=1

∑κ
k=1ξijk{φjk(s)−φ̃jk(s)}/(nm),

n−1/2Ḡ(s,s)1/2̃ζ(s)−{̄µ(s)−µ(s)}=
1

nm

n∑

i=1

m∑

j=1

κ∑

k=1

(Zijk,ξ−ξijk)φjk(s).

Hence,accordingto(A.4)and(A.5),
√
nsup
s∈[0,1]

Ḡ(s,s)−1/2
⏐
⏐̄µ(s)−µ(s)−ξ̃(s)

⏐
⏐=oP(1),

sup
s∈[0,1]

⏐
⏐̃ζ(s)−n1/2Ḡ(s,s)−1/2{̄µ(s)−µ(s)}

⏐
⏐=oP(1),

whichleadstothedesiredresults. □

ProofofTheorem1.Theorem1followsdirectlyfromthedecompositionin(A.2)andLemmasA.1–A.3.

ProofofTheorem3.Theorem3canbederiveddirectlyfromLemmasA.9andA.10.

A.3.Technicallemmas

ThissectioncontainssometechnicaldetailsusedintheproofsofLemmasA.1–A.3.

LemmaA.4([8],p.149).ThereisanabsoluteconstantCp−1,ν>0,ν∈(0,1],suchthatforeveryφ∈C
p−1,ν[0,1],thereexistsa

functiong∈H(p−2)[0,1]satisfying∥g−φ∥∞ ≤Cp−1,ν∥φ
(p−1)∥0,µh

ν+p−1
µ .

LemmaA.5([10],Theorem4).LetH:[0,∞)→[0,∞)beacontinuousfunctionsuchthatthefunctionx−3−γH(x)is
nondecreasingforsomeγ >0andx−1/2ln{H(x)}isnonincreasing.Supposethatξ:Ω → Rm isarandomvectordefined

inp-space(Ω,A,Pr)withE(ξ)=0,cov(ξ)=Σ.AssumeE
{
H
(
∥ξ∥2
)}
<∞.Thenonecanconstructap-space(Ω0,A0,Pr0)

andtwosequencesofindependentrandomvectors{ξi}and{Wi}withPr0◦ξi=Pr◦ξ,Pr0◦Wi=N(0,Σ)foralli∈{1,...,n},
suchthatforanyz>0,

Pr0

(

max
1≤u≤n







u∑

i=1

ξi−

u∑

i=1

Wi






2

>z

)

≤
C1n

H(C2z)
,

wherepositiveconstantsC1,C2dependonthedistributionofξ.

Letξik=(ξi1k,...,ξimk)
⊤andεiℓ=(εi1ℓ,...,εimℓ)

⊤foralli∈{1,...,n},k∈{1,...,κ},andℓ∈{1,...,N}.

LemmaA.6.UnderAssumption(A5),thereareconstantsC1,C2> 0,γ1,γ2> 1,β∈(0,1/2)andindependentGaussian

randomRm-valuedvectorsZik,ξ=(Zi1k,ξ,...,Zimk,ξ)
⊤,Ziℓ,ε=

(
Zi1ℓ,ε,...,Zimℓ,ε

)⊤
foralli∈{1,...,n},k∈{1,...,κ},and

ℓ∈{1,...,N},suchthatE(Zik,ξ)=0,cov(Zik,ξ)=cov(ξik),E(Ziℓ,ε)=0,cov(Ziℓ,ε)=cov(εiℓ)and

max
1≤k≤κ

Pr

(

max
1≤u≤n







u∑

i=1

ξik−

u∑

i=1

Zik,ξ






2

>C1n
β

)

<C2n
−γ1, (A.6)

Pr

(

max
1≤ℓ≤N

max
1≤u≤n







u∑

i=1

εiℓ−

u∑

i=1

Ziℓ,ε






2

>C1n
β

)

<C2n
−γ2. (A.7)

Proof.UnderAssumption(A5),E|ξijk|
η1<+∞,η1>4,E|εijℓ|

η2<+∞,η2>4,sothereexistssomeβ∈(0,1/2)such
thatη1,η2>2/β.NowletH(x)=x

η1,thenE{H
(
∥ξ1k∥2

)
}<∞.Oneconstructsap-space(Ω0,A0,Pr0)andtwosequences

ofindependentrandomvectors{̌ξik}and{̌Zik,ξ}withPr0◦̌ξik=P◦ξik,Pr0◦Žik,ξ=N[0,cov
(
ξ1k
)
]foralli∈{1,...,n}
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andk∈{1,...,κ}.Onealsodefinesrandomvectors{Zik,ξ}withPr◦Zik,ξ= Pr0◦Žik,ξ= N[0,cov
(
ξ1k
)
]and{Zik,ξ}is

independentfrom
{
ξik
}
,foralli∈{1,...,n}andk∈{1,...,κ}.LemmaA.5entailsthatthereexistconstantsC1kandC2k

whichdependonthedistributionofξ1k,suchthatforz=C1kn
β,

Pr

(

max
1≤u≤n







u∑

i=1

ξik−

u∑

i=1

Zik,ξ






2

>C1kn
β

)

=Pr0

(

max
1≤u≤n







u∑

i=1

ξ̌ik−

u∑

i=1

Žik,ξ






2

>C1kn
β

)

<C2kn
1−η1β.

Notethatη1>2/β,γ1=η1β−1>1.Ifκisfinite,thentherearecommonconstantsC1,C2>0suchthat

Pr

(

max
1≤u≤n







u∑

i=1

ξik−

u∑

i=1

Zik,ξ






2

>C1kn
β

)

<C2n
−γ1,

whichentails(A.6)becauseκisfinite.Ifκisinfinitebutalltheξiksareiid,thenC1k,C2k,akarethesameforallk,sotheabove
isagaintrue.

Likewise,underAssumption(A5),ifoneletsH(x)= xη2,thenE{H(∥ε1ℓ∥2)}< ∞.Onecanconstructap-space
(Ω0,A0,Pr0)andtwosequencesofindependentrandomvectors

{
ε̌iℓ
}
and{̌Ziℓ,ε},withPr0◦ε̌iℓ=Pr◦ε1ℓ,Pr0◦Žiℓ,ε=

N[0,cov(ε1ℓ)]foralli∈{1,...,n}andℓ∈{1,...,N}.Onealsodefinerandomvectors{Ziℓ,ε}withPr◦Ziℓ,ε=Pr0◦̌Ziℓ,ε=
N[0,cov(ε1ℓ)]and

{
Ziℓ,ε
}
isindependentfrom{εiℓ},foralli∈{1,...,n}andℓ∈{1,...,N}.LemmaA.5entailsthatthere

existconstantsC1andC2,whichdependonthedistributionofε1ℓ,suchthatforz=C1n
β,

max
1≤ℓ≤N

Pr

(

max
1≤u≤n







u∑

i=1

εiℓ−

u∑

i=1

Ziℓ,ε






2

>C1n
β

)

= max
1≤ℓ≤N

Pr0

(

max
1≤u≤n







u∑

i=1

ε̌iℓ−

u∑

i=1

Žiℓ,ε






2

>C1n
β

)

≤C2n
1−η2β,

nowη2β>2impliesthatthereisγ2>1suchthatη2β−1>γ2and(A.7)follows. □

LemmaA.7.InLemmaA.6,forC0=C1(1+βC2
∑∞
s=1s

β−1−γ1),onehas

max
1≤k≤κ

E

⏐
⏐
⏐
⏐
⏐
⏐

1

nm

n∑

i=1

m∑

j=1

(ξijk−Zijk,ξ)

⏐
⏐
⏐
⏐
⏐
⏐
=O(nβ−1), (A.8)

max
1≤ℓ≤N

E

⏐
⏐
⏐
⏐
⏐
⏐

1

nm

n∑

i=1

m∑

j=1

(εijℓ−Zijℓ,ε)

⏐
⏐
⏐
⏐
⏐
⏐
=Oa.s.(n

β−1). (A.9)

Also

max
1≤k≤κ

1

nm

m∑

j=1

n∑

i=1

E
⏐
⏐ξijk
⏐
⏐=O(n−1/2+nβ−1). (A.10)

Proof.UnderLemmaA.6,theproofof(A.9)istrivial.LemmaA.6entailsthatF̄n+u,k<C2(n+u)
−γ1forallk∈{1,...,κ}and

t∈{0,1,...},inwhich

F̄n+u,k=Pr

{





n∑

i=1

ξik−

n∑

i=1

Zik,ξ






2

>C1(n+u)
β

}

,

whereGaussianrandomRm-valuedvectorZik,ξ=(Zi1k,ξ,...,Zimk,ξ)
⊤.Takingexpectation,onehas

E







n∑

i=1

ξik−

n∑

i=1

Zik,ξ






2

≤C1(n+0)
β+

∞∑

u=1

C1(n+u)
β
(
F̄n+u−1,k−F̄n+u,k

)

≤C1n
β+

∞∑

t=0

C1C2(n+u)
−γ1β(n+u)β−1≤nβC1

{

1+βC2n
−1−γ1

∞∑

v=1

vn−1∑

u=vn−n

(1+u/n)β−1−γ1

}

≤nβC1

(

1+βC2n
−1−γ1×n

∞∑

u=1

uβ−1−γ1

)

≤Cnβ,

whichprovesE|
∑n

i=1(ξijk−Zijk,ξ)|=n
βforallj∈{1,...,m}andk∈{1,...,κ}.Hence,E|

∑n

i=1(ξijk−Zijk,ξ)/(nm)|=O(n
β−1)

forallj∈{1,...,m}andk∈{1,...,κ},whichentails(A.8).
Observethat max1≤j≤mC(nm)

−2var(
∑n

i=1Zijk,ξ)= O(n−1).Therefore,thereexistsapositiveconstantCm suchthat∑n

i=1E|Zijk,ξ|/(nm)=Cmn
−1/2forallj∈{1,...,m},whichentails(A.10).□



294 G.Cao,L.Wang/JournalofMultivariateAnalysis165(2018)279–295

LemmaA.8.UnderAssumptions(A1)–(A5),foranyj,j′∈{1,...,m}andk,k′∈{1,...,κ},onehas

|̂λjk−λjk|=op(1), ∥̂φjk̂φj′k′−φjkφj′k′∥∞ =op(1). (A.11)

Proof. Giveneachj∈{1,...,m}andk∈{1,...,κ},byLemmaA8inCaoetal.[4]onehas|̂λjk−λjk| =op(1)and
∥̂φjk−φjk∥∞ =op(1).Hence,∥̂φjk̂φj′k′−φjkφj′k′∥∞ ≤∥φ̂jk−φjk∥∞∥φj′k′∥∞+∥φ̂j′k′−φj′k′∥∞∥φjk∥∞ =op(1). □

LemmaA.9.UnderAssumptions(A1)–(A5),foranyj∈{1,...,m},sup(s,t)∈[0,1]2|̂Gjj(s,t)−Gjj(s,t)|=op(1).

Proof.Wefirstdefine‘‘oracle’’smoother G̃jj(s,t)=
∑NG
J,J′=1−pb̃JJ′BJ(s)BJ′(t),whereNGisthenumberofinteriorknotsusedto

buildthetensorproductB-splinebasisandthesplinecoefficients

{̃bJ,J′}
NG
J,J′=1−p= argmin

RNG+p⊗RNG+p

N∑

ℓ̸ =ℓ′

⎧
⎨

⎩
C̃·ℓℓ′−

∑

1−p≤J,J′≤NG

bJJ′BJ(ℓ/N)BJ′
(
ℓ′/N
)
⎫
⎬

⎭

2

,

and

C̃·ℓℓ′=
1

nm

n∑

i=1

m∑

j=1

{Yijℓ−µ(ℓ/N)}{Yijℓ′−µ
(
ℓ′/N
)
}

forallℓ,ℓ′∈{1,...,N}suchthatℓ ≠ℓ′.AccordingtoProposition2in[3],wehavethatthedifferencebetweenthe
tensorproductsplineestimator̂Gjj(s,t)andthe‘‘oracle’’smootherisuniformlyboundedatanop(n

−1/2)rate,i.e.,sup(s,t)∈[0,1]2

|̂Gjj(s,t)−G̃jj(s,t)|=op(n
−1/2),foranyj∈{1,...,m}.Hence,thelemmaisproved.□

LemmaA.10.UnderAssumptions(A1)–(A5),forany1≤j̸ =j′≤m,sup(s,t)∈[0,1]2|̂Gjj′(s,t)−Gjj′(s,t)|=op(1).

Proof.AccordingtothedefinitionsofGjj′(s,t)and̂Gjj′,onehas

sup
(s,t)∈[0,1]2

|Gjj′(s,t)−Ĝjj′(s,t)|≤ sup
(s,t)∈[0,1]2

∞∑

k=1

∞∑

k′=1

⏐
⏐
⏐
⏐
⏐

{

E(ξ1jkξ1j′k′)−
1

n

n∑

i=1

ξ̂ijk̂ξij′k′

}

φjk(s)φj′k′(t)

⏐
⏐
⏐
⏐
⏐

+ sup
(s,t)∈[0,1]2

∞∑

k=1

∞∑

k′=1

|E(ξ1jkξ1j′k′)|×|̂φjk(s)̂φj′k′(t)−φjk(s)φj′k′(t)|

≤max
k,k′

⏐
⏐
⏐
⏐
⏐
E(ξ1jkξ1j′k′)−

1

n

n∑

i=1

ξ̂ijk̂ξij′k′

⏐
⏐
⏐
⏐
⏐

∞∑

k,k′=1

∥φjk∥∞∥φj′k′∥∞+max
k,k′
E(ξ1jkξ1j′k′)

∞∑

k,k′=1

∥̂φjk̂φj′k′−φjkφj′k′∥∞.

ByAssumption(A4),
∑∞
k,k′=1∥φjk∥∞∥φj′k′∥∞ <∞,andLemmaA.8leadsto

∑∞
k,k′=1∥̂φjk̂φj′k′−φjkφj′k′∥∞ =op(1).Notingthat

λ̂jk→ λjk,∥̂µ−µ∥∞ =op(1)and∥̂φjk−φjk∥∞ =op(1),

ξ̂ijk=
1

N

N∑

ℓ=1

λ̂−1jk{Yijℓ−̂µ(ℓ/N)}̂φjk(ℓ/N),

onehas|̂ξijk−ξijk|=op(1).Hence,|E(ξ1jkξ1j′k′)−
∑n

i=1̂ξijk̂ξij′k′/n|=op(1).LemmaA.9isproved. □
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