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The dilations for operator-valued measures (OVMs) and
bounded linear maps indicate that the dilation theory is in
general heavily dependent on the Banach space nature of
the dilation spaces. This naturally led to many questions
concerning special type of dilations. In particular it is not
known whether ultraweakly continuous (normal) maps can
be dilated to ultraweakly continuous homomorphisms. We
answer this question affirmatively for the case when the
domain algebra is an abelian von Neumann algebra. It is well
known that completely bounded Hilbert space operator valued
measures correspond to the existence of orthogonal projection-
valued dilations in the sense of Naimark and Stinespring, and
OVDMs with bounded total variations are completely bounded
but not the vice-versa. With the aim of classifying OVMs
from the dilation point of view, we introduce the concept of
total p-variations for OVMs. We prove that any completely
bounded OVM has finite 2-variation, and any OVM with finite
p-variation can be dilated to a (but usually non-Hilbertian)
projection-valued measure of the same type. With the help of
framing induced OVMs, we prove that conventional minimal
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dilation space of a non-trivial framing contains cg, then does
not have bounded p-variation.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

While many known operator-valued measures (resp. bounded linear maps) acting on
Hilbert spaces admit projection-valued measure (resp. bounded homomorphism) dila-
tions to Hilbert spaces, i.e., Hilbertian dilation (cf. [1,2,12,20,27,28]), there are many
examples that do not admit Hilbertian dilations [16]. In fact, there exists an exam-
ple of a framing induced operator-valued measure on N that does not admit a Hilbert
space dilation. Motivated by various known dilation theory for frames, framings, opera-
tor valued measures or linear maps, we recently established a general dilation theory for
operator-valued measures and bounded linear maps that are not necessarily completely
bounded [16-18]. These results can also be viewed as generalizations of the known result
of Casazza, Han and Larson in [4] that arbitrary framings have Banach space dilations
(for frames in Banach spaces, please see [3,7,9,22,31,32]), and also motivated by the di-
lation results for discrete structured frames (cf. [10,11,13-15,21]). Since Banach space
techniques played an essential role in the dilations of OVMs and bounded linear maps,
the theory applies to OVMs and bounded linear maps on arbitrary Banach algebras.

Let E be an operator-valued measure on a Banach space X. The projection-valued
measure F' (resp. bounded homomorphism 7) on a Banach space Z in the above theorem
is called a dilation of E (resp. ¢), and the dilation is called Hilbertian if the dilation
space Z can be taken as a Hilbert space. It is important to point out the Banach space
nature of the above dilation theorem, i.e., unless E (resp. ¢) belongs to a special class,
the dilation space Z is usually not a Hilbert space even if X is a Hilbert space. A number
of consequences and applications of this dilation theory have been studied, among which
include its connection with Kadison’s similarity problem for bounded homomorphisms on
C*-algebras, the connection with Mackey’s theory of systems of imprimitivities, and with
the completely bounded approximation property for operator spaces and reduced group
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C*-algebras [16-19,23,24]. However, some basic problems concerning the dilations of
operator-valued measures and bounded linear maps remain to be addressed (for example,
see Problems A, B, C, D, E in [16]). In this paper we settle two problems involving the
dilations of ultraweakly continuous maps and operator-valued measures with bounded
variations.

While the general dilation theory for bounded linear maps guarantees that the dila-
tion homomorphism to be norm continuous, it is not known whether other continuity
properties can be also preserved by the dilation (see Problem E in [16]). Our first result
of this paper concerns the dilation of bounded linear maps that also preserve the ultra-
weakly continuity. Why do we care about this? In the dilation theory of operator-valued
measures quite often we associate an operator-valued measure with a linear map on some
abelian von Neumann algebra (or more general non-commutative von Neuamnn algebra
in the case of quantum measures), and then dilate the associated map to a homomor-
phism. In order to get a projection-valued measure from the associated homomorphism,
it will require some kind of continuity. The ultraweakly continuity ensures the induced
projection-valued measure to be countably additive and so it will be a dilation of the
original operator-valued measure. In [16] we obtained some partial results for arbitrary
von Neumann algebras with continuity restrictions to bounded subsets, and a positive
answer for purely atomic abelian von Neumann algebras. However, the general question
remains open. Our first main result of this paper is to settle this problem affirmatively
for arbitrary abelian von Neumann algebras.

Theorem 1.1. Let (2, X, 1) be a finite measure space. If X is a Banach space, then for
every ultraweak-wot continuous linear map ¢ : L>®(u) — B(X), there exist a Banach
space Z, a unital ultraweak-wot continuous linear homomorphism © : L (u) — B(Z),
and bounded linear maps T : X — Z and S : Z — X with

7l =1SI=1 and [T =]l
such that

¢(f) = S=(f)T

for all f € L®(u). Moreover, if L*(1) and X are separable, then the dilated space Z can
be separable.

A special class of operator-valued measures is the class of OVMs with finite total
variations. It is known that any operator-valued measure with finite total variation
is completely bounded in the sense that its associated map defined by Paulsen ([29],
page 105) is completely bounded. Don Hadwin and Vern Paulsen constructed examples
that are completely bounded but do not have finite total variations [12,29]. This moti-
vates us to examine the dilation theory of operator-valued measures that have various
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type of finite total variations. We will introduce the concept of p-variations for operator-
valued measures, and show that any completely bounded operator-valued measure has
bounded 2-variation. Our second main result of this paper deals with the question
whether every operator-valued measure with bounded p-variation can be dilated to a
projection-valued measure that also has p-bounded variation. At first glance this might
seem too much to ask since even for Hilbert space operator-valued measures, the dilation
space is usually a Banach space that is far from Hilbertian. However, we will prove that
such a dilation indeed is always possible.

Theorem 1.2. Fvery operator-valued measure with bounded p-variation has a dilation to
a projection-valued measure with bounded p-variation.

Along with some other related results, we present the proofs of Theorem 1.1 and
Theorem 1.2 in sections 3 and 4. Sections 5 and 6 will be devoted to several important
classes of examples and related problems. In particular we show that completely bounded
operator-valued measure have bounded 2-variations and examine the dilations of framing
induced operator-valued measures. There is a natural dilation space introduced in [16]
that is called the minimal dilation space, and a naturally induced projection-valued
measure that is a dilation of the original operator-valued measure. The above dilation
p-norm used in the proof of Theorem 1.2 is completely new, and it is different from the
ones constructed in [4,16]. We explain this in section 5 by showing that the conventional
minimal framing model of a non-trivial redundant framing constructed in [16] always
contains an isomorphic copy of ¢y, and hence the dilatation does not have the bounded
p-variation property for any p > 1 (please see Definition 5.4).

Theorem 1.3. Let (x;, f;) be a framing of a Banach space X satisfying property (u). Let
(E, (e;)) be the above minimal framing model for (X, (x;, fi)). If (x4, fi) is not a near-
unconditional basis, then (e;) contains a block (unconditional-basic) sequence equivalent
to the unit vector basis of cy. Thus, E contains an isomorphic copy of ¢y as a subspace,
and the projection-valued measure (minimal dilation) on E induced by (e;) does not have
bounded p-variation for any p > 1.

2. Preliminaries

In this section we introduce some necessary terminologies and recall several basic
properties that will be needed for the rest of the paper.

Let F: ¥ — B(X) be an operator-valued measure (OVM for short), where (2, X) is
a measurable space, and X is a Banach space. For x € X and z* € X*, define the vector
measure F; : 3 — X and the complex measure Fj ;- : ¥ — C respectively by

Fo(B) = F(B)z, and F, ,-(B) = 2*(F(B)z)

for all B € X.
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We turn to the variation |Fy ,«| of the complex measure Fy ,«. For each B € X, let
|Fy.o+|(B) be the supremum of the numbers Z?zl |Fy 2+ (Bj)|, where {B;}7_; ranges
over all finite partitions of B into Y-measurable sets. The semivariation of F} is the

nonnegative function ||F,|| whose value on a set B € 3 is given by

12 [(B) = sup{|F o~

(B) : 2" € X7, [la7]| < 1},

which is finite by the Uniform Boundedness Principle. Then we have for every B € ¥
that

where the supremum is taken over all partitions B,’s of B into finitely many disjoint

I£20(E) = sup | en (B =sup | et (B

members of X, and all finite collections e,,’s satisfying |e,| < 1.
The semivariation of F' is the nonnegative function ||F'|| whose value on a set B € ¥
is given by

I1E(1(B) = sup{[[F%[[(B) : [lz]| <1} = sup{|Foo-|(B) : ||zl <1, [Jz7] < 1},

which again is finite by the Uniform Boundedness Principle. This implies that

I7I(B) = sup | 3 e (B

where the supremum is taken over all partitions B,’s of B into finitely many disjoint
members of ¥, and all finite collections &,,’s satisfying |e,| < 1.

The following shows that any operator-valued measure ¢ associates with a positive
scalar valued measure p. This allows us to identify the operator-valued measure with a
countably additive map on L (u).

Proposition 2.1. Let X be a separable Banach space, and ¢ : ¥ — B(X) be an OVM.
Then there exists a nonnegative real-valued measure i on 3 such that ¢ vanishes on sets
of u-measure zero. Moreover, we have 0 < p(E) < ||¢||[(E) for all E € X.

Proof. Since the unit sphere S;(X) is separable, there is a dense sequence {x;} in S1(X).
For each z;, ., : ¥ — X is a vector measure. By Corollary 6 in [8, page 14], there
exists a nonnegative real-valued measure y; on ¥ such that u;(E) — 0 if and only if
[z |(E) — 0, and that 0 < p;(E) < ||l¢x; ||(E) for all E € X. Then define i : ¥ — [0, 00)
by

02|
=
=

£-3 5

=1
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for all £ € X. Since for each i € N

0 < pi(E) < |l¢a,

(B) <[lell(B)lzill = ll(E) < ll#ll(2),

we get that p is a nonnegative measure on ¥ with 0 < u(E) < ||¢[|(E) for all E € 3.
Moreover, we have the following implications:

w(E)=0= p;(E)=0foreachieN
= ||¢w; |(E) =0 for each i € N
= ¢, (E) =0 for each i € N
= ¢(F) =0 by the density of {z;}.

This completes the proof. O
The following results will be needed in the proof of Theorem 1.1.

Lemma 2.2. [§/ Let F : ¥ — X be a countably additive vector measure and p be a
nonnegative real-valued measure on 3. Then F is p-continuous, i.e.,

lim F(E)=0
W(E)—0

if and only if F' vanishes on sets of u-measure zero.

Lemma 2.3. [16] Let F : ¥ — B(X) be a countably additive operator-valued measure and
1 be a nonnegative real-valued measure on X.. Then the followings are equivalent:

(a) F is p-continuous, that is, F' vanishes on sets of p-measure zero.
(b) sot-lim, gy F(E) = 0.
(c) wot-lim, gy F(E) = 0.

While the ultraweak topology on B(H) for a Hilbert space H is well-understood,
we define the ultraweak topology on B(X) for a Banach space X through the natural
embedding B(X) — B(X, X**) and tensor products: Let X ® Y be the tensor product
of the Banach space X and Y. The projective norm on X ® Y is defined by:

n n
lulla = inf{z lilllyll :u =" @y}
=1 =1

We will use X ®, Y to denote the tensor product X ® Y endowed with the projective
norm || - ||x. Tts completion will be denoted by X®Y. From [30] Section 2.2, for any
Banach spaces X and Y, we have the identification:



1472 D. Han et al. / Journal of Functional Analysis 274 (2018) 1466—1490

(XBY)* = B(X,Y").
Thus B(X, X**) = (X®X*)*. Viewing X C X**, we define the ultraweak topology on
B(X) to be the weak* topology induced by the predual X®X*. We will usually use the
term normal to denote an ultraweakly continuous linear map.
Notation: J is the canonical embedding from B(X) into B(X, X**) = (X®X*)*.
Proposition 2.4. Let X be a Banach space and (Q,%, u) be a o-finite measure space. If
T : L>®(u) — B(X) is a linear map, then T is ultraweak-wot continuous if and only if

JT is normal.

Proof. (<) For any z € X, 2" € X*, and f, 50 in L>®(p), we have z @ z* € X®@X*
and

2 (L(fy)2) = (JT(fy)z)2" = JT(f)(z @ 27) — 0.

Then T is weak*-wot continuous.
(=) Since T is weak*-wot continuous, for each x € X and z* € X* the linear
functional z*(T(-)z) : L>®(u) — C is weak* continuous on L°°(u). Then there is a

unique g € L'(u) such that
~ [ sadn
for all f € L*>®(u).
For every u € X®X*, write u = >ojrj@xy with 37 [lz;|[[27 || < oc. For each j, there
is g; € L'(u) such that 23 (T()x;) = [(-)gj du. For any f € L>(u), we have

[rS =3 [ ngian=3 [Lisa
=S (r(2)e)

< Z T 5151 < oo
j

This implies that 3, [g;] € LY(p). If £, 20 in L>*(u), then

(f’y)( ) Z(JT f’y x] Zx f'y 'r_]

—Z/fvggdu
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= /fv E g; dp — 0.
- Y
J
Thus, JT is normal. O

3. Normal dilations

In order to prove Theorem 1.1 we need some preparations. Let (€2, %) be a measurable
space and F': ¥ — B(X) be an y continuous OVM (see Proposition 2.1 for the existence
of p). If f is a scalar-valued simple function on €, say f = Y., a;xg, where a; are
nonzero scalars and F; are pairwise disjoint members of ¥, define

Tr(f) = ZaiF(Ei).

Then Tr is a linear map from the space of simple functions of the above form into B(X).
Moreover, we have

ITe (NI < IETENA-

Since the simple functions are dense in L*°(u), Tr can be uniquely extended to the
entire space L (u), still denoted by Tr. It is easy to show that || Tr| = || F||(€2). For
each f € L>(u), we use the notation [ fdF for Tr(f).

If Q € B(X,Y) and R € B(Y, X), then QF(-)R is a p-continuous OVM from ¥ to
B(Y), denoted by E. Then we have

[ rie =1er) = @te()R = Q( [ £ar)R

for all f € L°(p). In particular, if z € X and 2* € X*, then the following useful equality

holds
z*((/de)a:) :/dem,x*-

Indeed, for simple functions f the above equalities are trivial and density of simple
functions in L*°(u) proves the identity for all f € L>(u).

Lemma 3.1 (/8]). Let u be a nonnegative measure on X, and X be a Banach space. If
T:L>®(u) — X is a bounded linear map, then the followings are equivalent:

(a) T is ultraweak-weakly continuous.
(b) The representing measure of T is countably additive.
(c) The representing measure of T is p-continuous.
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Thus we have

Theorem 3.2. Let X be a Banach space and (Q,%, 1) be a finite nonnegative measure.
Then there is a one-to-one linear correspondence between the space of all ultraweak-wot
continuous linear map T from L (u) to B(X) and the space of all p-continuous OVM
F from ¥ to B(X) defined by

F(—>TF ’Lf TFf:/de
for all f € L>(u). Moreover, |[Tr| = || F||(£2).
We will also need the following corollary in the proof of Theorem 1.1.

Corollary 3.3. Let X be a Banach space and (2,%, 1) be a finite nonnegative measure.
Then there is a one-to-one linear correspondence between the space of all ultraweak-
wot continuous linear homomorphism T from L*(u) to B(X) and the space of all
p-continuous spectral OVM F from ¥ to B(X) defined by

for all f € L (). Moreover, ||Tr| = || F||(€).

Proof. By Theorem 3.2, let T be a ultraweak-wot continuous linear map from L () to
B(X) and F be the uniquely corresponding representing OVM from ¥ to B(X).
If T is a homomorphism, then for each By, Bs € 3,

F(B1N Bg) =T(xB,nB,) = T(XB, " XB,)
=T(x5,)T(xB,) = F(B1)F(B2).

That is, F' is a spectral OVM. If F' is spectral, since T is a bounded linear map, then
it suffices to prove it for simple functions by density, which we leave for interested read-
ers. 0O

Proof of Theorem 1.1. Since ¢ is ultraweakly-wot continuous, by Theorem 3.2, the rep-
resenting measure ¢ : X — B(X) is a p-continuous OVM. Thus, by Theorem 2.29 of
[16], ¢ has a minimal dilation system (p, Z,Q,T). For every z € Z, we first prove that
the vector measure p, is p-continuous. From Lemma 2.2 we know that it suffices to prove
that p, vanishes on sets of y-measure zero.

Now assume that p(B) = 0. Then we have (BN CN D) =0 for any C, D € X. Thus
for every z € X and D € ¥ we have

p(B)¢s,c(D) = ¢z,5nc(D) = p(BNCN D)z =0
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which implies that p,, .(B) = p(B)gz,c = 0. Since ||p(B)|| < 1 and the linear span of
@z ¢ is dense in Z, we obtain that p.(B) = 0 for all z € Z. Therefore p, is p-continuous
for all z € Z as claimed.

By Theorem 3.2, there is a unique ultraweak-wot continuous linear (unital) homomor-
phism 7 : L*°(u) — B(Z) induced by p. Then it is easy to prove that

ar(nr=a( [ sap)r = [ sat@ety)
— [ tap =)

for all f € L*°(u). Thus 7 is ultraweak-wot continuous linear (unital) homomorphism
that dilates the ultraweakly-wot continuous bounded linear map ¢.

Now assume that both L!(x) and X are separable. Since L!(u) is separable, then the
closed unit ball By (L ()) is a compact metrizable space with respect to the ultraweak-
topology, and hence is separable. There is a sequence {f;} which is ultraweakly dense
in Bi(L*>(w)). Since X is separable, there is a sequence {x;} that is dense in B;(X).
Define

Zo = span{m(fi)T(x;)}ijen-

For each f € B1(L*(p)) and « € B1(X), there are subsequences {f;, } and {z;,} such
that f;, — f in the ultraweak topology and z;, — z in norm, then T'(z;,) — T(z).
Since 7 is ultraweak-wot continuous, w(f;,) — 7(f) in the wot-topology, we get that
w(fi )T (xj,) = 7(f)T(x) in the weak topology. Then we have

——weak

7" = 75" = spanl W ()T () : | € L¥(p),x € X} = Z.
Therefore Z is separable. O
4. OVM with p-bounded variations

Let 3 be a o-algebra of subsets of a set 2 and let M(X) denote the Banach space
of scalar valued measures on ¥ with the variation norm, ||| = |p|(©2). We denote by
M(%, X) the Banach space of vector measures on ¥ with values in X. The semivariation
norm is defined by ||p|lcoc = |||[(€2). Since ¢u is a scalar measure for every ¢ € X* and
so we may define a linear mapping M, : X* — M(X) by M,p = ¢u with [|p|lec =
1 (€2) = | M|l

We denote by M(3, X,Y) the vector space of operator-valued measures on ¥ with
values in B(X,Y’). The semivariation norm is defined on this space by

1tlloo = [#toe (1) = || V]l



1476 D. Han et al. / Journal of Functional Analysis 274 (2018) 1466—1490

Let 1 be a vector measure on ¥ with values in a Banach space X. We consider the
definition of the p-variation for vector measures as follows

1/p
|| p(E) = sup <Z Il (A ||p> :{A1,...,A,} a partition of E

The vector measure p is said to have bounded p-variation (or bounded variation for p = 1)
if || (E) is finite for every E € X, or equivalently, if |u|,(Q) is finite. Furthermore, it is
not difficult to show that the set of vector measure with values in X that have bounded
p-variation is a Banach space with respect to the p-variation norm:

lellp = {12l (€2)-

We now consider the definition of the p-variation for OVM’s. Let

[Plp(E) = sup |2 |p (E).-

llzll<

The OVM ¢ is said to have bounded p-variation (or bounded variation for p = 1) if
lo|p(E) is finite for every E € X, or equivalently, if |¢|,(€2) is finite. By Uniform Bound-
edness Principle, we know that the operator-valued measure ¢ has bounded p-variation
if and only if, for all x € X, the vector measure ¢, has bounded p-variation.

Example 4.1. Let (£2,3, ) be a measure space with 1 < p < 00, and p : ¥ — B(L,(1))
be given by multiplication p(E) = xg for all E € X. Then p is a projection-valued
measure with bounded p-variation and ||p||, = 1.

Example 4.2. Recall that a sequence (z,) in a Hilbert space H is Bessel if there exists
a constant C' > 0 (a Bessel bound) such that Y, [(z,z,)[* < C||z||* holds for every
x € H. So in this case the operator defined ©x by Ox(x) = ({(z,z,)), is a bounded
linear operator from H to £2(N). A pair of sequences (z,,%,) is a dual frame pair for a
Hilbert space H if both of them are Bessel sequences and I = ) 2, ® y,, where the
convergence is in norm and unconditional. A dual frame pair (x,, ¥, ) naturally induces an
operator-valued measure @: p(A) = > 4 &, @y, for any subset A of N. We claim that
every dual frame pair induces operator-valued measure in Hilbert spaces has bounded
2-variation.

Proof. For a dual frame pair (z,) and (y,,) in a Hilbert space H, let ¢ be the operator-
valued measure induced by (x,, y,). Assume that B is the optimal Bessel bound of (y,),
and that G = Ox0% is the Gramian matrix of (x,). Then, for all + € H and any
partition (Ax) of N, we have
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- z< S oo 3 <z7ym>xm>

Apg neAg meEAg

=202 D ) (@ ) )

A n€EA mEAy

= Z(@a Yn))nea, ((ZTn, xm>)n,m€Ai ({z, ym>);eA7¢

Ay

= Z(@‘v y7l>)7’b€AiG|Ai (<:C, ym>)ZeAi

Ag

<D0 2 KewaPUGH [ D K, ym) 2

Apg neA,; meA;

=> > e PIGl

Ax neA;
= 1GIY [, yu) P
neN
< B?||G|l]||.

>

Ag

Z <=Tvyn>xn

neAy

Thus, ¢ has B4/||G||-bounded 2-variation. O

Example 4.3. Let H be a Hilbert space. Then for any p > 1, there is a B(H )-valued
measure with bounded g¢-variation for any ¢ > p but not bounded p-variation. Actually,
let {e,} be the unit vector basis of ¢y, and define the operator-valued measure on the
subsets of N as follows

1
@(E) = Z nl/pen K en

ner

for all F C N.
Proposition 4.4. Let p : ¥ — B(Z) is an operator-valued measure with bounded

p-variation. If S : Z — X and T : X — Z are bounded linear maps, then the com-
pressed operator-valued measure o = Sp(-)T : ¥ — B(X) has bounded p-variation with

lelp(E) < ISlllplp (BT
forany E € X.

Proof. For all E € ¥, we have

llp(E) = sup |@q|p(E)
(St
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= sup sup (Z l[o(A H”)

llz[|<1{A,} a partition of E

— sup sup (> lise(a Txn)

llz[[<1{Aa,} a partition of E
1/p
< sup sup 151 (3 e (An) )
llzll<1{4,} a partition of E

= sup ISHlprelp(E)

]| <

< sup [[Slllelp (B} T

=l <

= [ISllel (BTl ©

Now we are ready to prove our second main theorem.

Proof of Theorem 1.2. Let ¢ be an operator-valued measure that has the bounded
p-variation. For any € X and F € X, we define p, g : ¥ — X by ¢, g(F) = o(ENF)z.
We construct the dilation norm on the elementary dilation system introduced in [16] as
follows. Let V, be the completion of linear span of ¢, g for all z € X and E € ¥ endowed
with the norm || - ||,y = | - |,(2). For each F € ¥, it is easy to verify that

1Y ¢armnplpy < 1) 0o sillovy

which implies that ||p(F)|| =1 or 0. Define S by

for z; € X and E; € ¥. Since

IS pormlll = 1D eEBi)zill = 1D eaem )N < 1D pormillpvs

S can be extended to the entire space V, with ||S|| < 1.
For the linear map 7' : X — V), defined by T'(z) = ¢4 o, we have

IT@) = llezally = lvzlp < llellpll

for all z € X. It implies that || T'|| < ||¢]|p-

For each F € ¥ define p(F)py r = ¢z rne. Then we know from [16] that p(F)
is a projection in B(V,). Now we only need to prove the countable additivity of the
projection-valued measure p. Let E;’s be a countable disjoint collection of members in
> with union E. Then for any x € X and F' € X, we have
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‘ p

|p(E) e,k — p (Uj_1 Ej) Qoic,FHp = ||z, F0E — SDgg,Fm(u;L:lEj)

<P:,;,Fm(u;-;n+1Ej) )

= (Px,UJ?O:n+1FﬁEj »

Without loss of generality, assume that F' = Q, then we need to prove that

= 0. (4.1)

lim ”@LU?;HHEJ- .

n—oo
By the definition of p-variation, we have ||¢z g|lp < ||¢z.r||p for each E C F in X. Hence
the sequence |[¢z,ux g, llp’s is decreasing. If (4.1) does not hold, then we assume that
it converges to some & > 0. Please notice that, by the definition of p-variation, we have

S w2 < lowall,

J

where A;’s is a partition of A. For any €; > 0, there is n; such that for all m > n;

p

p

H‘pw:U?imHEj < oP + €,
' p

and for any [ > m we have

p p p p
H@%U;:mﬂEj ) < H@x,u;';mHEj ) wa,u;;HlEj ) < €.

Similarly, for any ex > 0, there is ny > n; such that for all [ > m > n»

p » p
. < 0P + €9, H<p‘”ﬂ7Ul- E,

HSDQC’UJO'.;"LJAEJ' j=m+1 p < €2

Then, by induction, for any €x+1 > 0, there is ng41 > ny such that for all [ > m > ng4q

p D p
) <O+ €y, H@Lul.

HLP‘T7U.7O-Q:m+1Ej [ ) < €kt1-

Now let 77 | €x < 6, and for all k € N we put F, = U?i;;HEj' Then, by the following

norm inequality in Kz(;m),

1/p 1/p

for arbitrary finite partition {B;}7", of F' = U2, F, we have
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1/p 1/p

ZII%F 7] = Dol n Byz|”

J
1/p

= Z”‘P UrZ1 Fi 0 Bj) a)”

P\ /P

1/p

IA
NE
VoS
NE
5
o
D
%
~
=

1/p

IA
[M]8

5
el

D
o
5
hej

This implies that ||@s r|lp < 6, which is a contradiction to

> 0.

p

loerlly = |Prse., a5,
Then it is easy to see that p is countably additive on the dense linear subspace span{y, g :
z € X,E € X} of V,. Since ||p(EF)|| <1 for all E, then by approximation we obtain that
p is countably additive on the whole space V.

Finally, we prove that p has bounded p-variation. In fact, for any z € V,, we have a
sequence of Y. ¢z, g, converges to z. Then for any partition A;’s of 2, we have

Do loa (AP = Z l(Az)z[l”
i

p

Aj) Z P,

',EiﬁAj
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p
)T

p
)T

P

This implies that

Plp(2) = sup [pz[p() <1,
l=li<1

and hence p has bounded p-variation. O

Remark 4.5. Please notice that the above dilation p-norm is completely new, and it is
different from the ones constructed in [4,16]. We explain this in more details in the next
section by showing that the minimal framing model of a redundant framing constructed
in [16] always contains an isomorphic copy of ¢y, and hence the dilatation does not
bounded p-variation for any p > 1.

5. Framings for Banach spaces

Framings are generalizations of frames [4,16,21,22] and they present us a rich class
of examples for operator valued measures that does not admit Hilbert space dilations.
The main aim of this section is to show that if a framing is not trivial, i.e., it is not
a near-unconditional basis, then its minimal framing model contains ¢y as a subspace.
Thus, the dilation projection-valued measure induced by the unconditional basis can not
have bounded p-variation for any p > 1.

Recall that a frame F for a Hilbert space H is a sequence of vectors {z;} C H indexed
by a countable index set J for which there exist constants 0 < C7 < Cy < oo such that,
for every z € H,

Cill=]* < Z @,a;) [ < Collz]*. (5.1)

For each frame {z;}, there exist a dual frame {y;} (indeed, infinitely many dual frames
if {«;} is not a Riesz basis) such that

oo
Z x,xj)y;, Vo e H,

j=1



1482 D. Han et al. / Journal of Functional Analysis 274 (2018) 1466—1490

where the convergence is unconditionally in norm. This concept has various generaliza-
tions for Banach spaces.

Definition 5.1 (///). Let X be a separable Banach space. A sequence (z;, f;), with (x;) C
X and (f;) C X*, is called a framing of X if for every x € X

o0

z=Y_ fi@);, (5.2)

=1
where the series in (5.2) converges unconditionally in norm.

Any framing (z;, f;) naturally induces an operator valued measure by

E(B)r = fi()z

jEB

for any B C N. We point out that framings are true generalization of frames even in the
Hilbert spaces case. Those framings that are not frames in Hilbert spaces often provide
us some examples with surprising properties. For example, every frame induced operator
valued measure has a Hilbertian dilation. However, there are examples of framing induced
operator valued measures on Hilbert spaces that do not allow any Hilbert space dilation
[16]. The following concept of framing model introduced in [4] corresponds to the dilation
projection-valued measure for the operator-valued measure induced by framing (z;, f;),
which is defined by, for any B C N

jJEB

It is direct by definition to see that (F,S,T) is a dilation system of E, which we leave
to interested readers.

Definition 5.2 (///). A framing model is a Banach space Z with a fixed unconditional
basis {e;} for Z. A framing model on (Z,{e;}ien) for a Banach space X is a pair of
sequences {y;} in X* and {z;} in X so that the analysis operator T : X — Z defined by

T(u) = Z(u,yﬁei,

i€EN

is an into isomorphism and the reconstruction operator S : Z — X given by

S(Z aiei) = Z a;x;

1€N 1€EN

is bounded and ST = Idx.
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Let (z;, f;) be a framing of a Banach space X. We denote the unit vector basis of ¢

by (e;) and define on cyo the following norm || - || min:
H Z aici|| = 5?251 H Zfiaixi < for all (a;) € coo- (5.3)
It follows easily that (e;) is a l-unconditional basic sequence with respect to || - ||min,

which we denote by (&;), and thus, a 1-unconditional basis of the completion of cgg with
respect t0 || - ||min, which we denote by Funn (see also [4, Theorem 2.6]). From the proof
of [4, Theorem 2.6], we also know that (x;, f;) is a framing model for (Emnin, (é;)). Please
notice that the definition (5.3) is 2-equivalent to the following one:

H E a;e; = sup H E a;T;
i€EB

for all (a;) € coo- (5.4)

min BCN X

Then the projection-valued measure induced by (é;,ér) is the dilation spectral measure
of the OVM induced by (z;, f;) (ref. [16]).

Lemma 5.3. Zfil a;x; converges unconditionally in X if and only if Z;’il a;é; converges
(unconditionally) in Epiy.

Proof. Sufficiency is trivial by using Spin the corresponding reconstruction operator. For
necessity, if Y.~ a;z; converges unconditionally, then for any € > 0, there is N € N such
that for any N <m <nande; = £1, | >, &a;x;|| <e, then

n n
H E a;é; :maxH E €;0;T;
o~
i=m ‘ =m

It follows that Z;’il a;é; converges unconditionally. O

< €.

Definition 5.4. (1) Let X a Banach space with a framing (x;, f;) C X x X*. We call
(w4, fi) a near-unconditional basis of X if there is a finite set o C N such that (z;);¢, is
an unconditional basis of X.

(2) A framing (x;, f;) is said to have property (u) if

o0 o0
E a;x; converges < E a;x; converges unconditionally.
i=1 i=1

Now we are ready to prove our third main theorem.

Proof of Theorem 1.3. First, we prove that there is N € N such that S|, , : [ei]i>n —
[;]i>n~ is an isomorphic operator, that is, inf{S(u) : u € [e;]li>n, [[u]] :_1} > 0, where
S : E — X is the corresponding operator on framing model with S(>_ a;e;) = > a;x;
for all Y ae; € E.
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Suppose not, then for every n € N, we can find a normalized block sequence (u;) of
(e;) with ||S(u;)|| < 1/2%71. By induction, it is easy to have an increasing sequences
{n:}52, such that

Nit1 i1 1
luigall =1 D €ui)e;|| =1 and [S(ua)| =1 D € (ui)z;|| < o
j=ni+tl Jj=n;+1

for all i € NU {0}. Let K be the unconditional constant of (e;) and

Uz

for all 7 € N. Then

g

lal =1 S eudes] < 2K gl = 2K.
Jj=ni—1+1

Then (;) is a semi-normalized block unconditional-basic sequence of (e;). So whenever
> a;G; converges, it follows that (a;) € co. By the hypothesis that (e;) contains no block
sequence equivalent to the unit vector basis of ¢g, there must exist (¢;) € ¢ such that
> ¢;ti; does not converges.

Now, we claim that

[ee] MNit+1
E bjr; = E E Ci€] (uig1)x
j=1 =0 j=n,;+1

converges. Indeed, for any € > 0, choose N so big that

. € €
sup || < min{ ————, = ¢.
sup el < i 5 )
Then for any ny <1 <m €N, if there is 79 > 0 such that I,m € [n;, + 1,n4,+1], then

m m
> x| = (1D ol (wigr)as|| = leio| - || D €5 (uigs1)S(e;)
=l =l

J=l

m
< il - IS+ 1D € (i 1)e;
j=l

leio| - IS

IN

<2K
<.
6
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If Z;’il bjzj = > 2 Zj w1 ¢i€j(uiy1)z; does not converges, then we can find 0 <
i1 < ig such that I € [n;, +1 ”zl+1] and m € [n;, + 1,n4,41], then

m
ZbﬂjH
Jj=l
Tij+1 MNEk+1 m
*
— E ci, e ] (Wiy41)xj + E E cke (Upg1)z; + E cizej(uizﬂ)xj
k=i1+1 j=nir+1 j=ni,+1
Mig+1 Nk+1
k
< § Ciy ]u11+1 il + § |ex] - § ej<uk+1)xj
k=i +1 j=ngk+1
m
E3
+ E Cin €5 (Win+1)Tj
J=ni,+1

i2 1
2K e | |ISI+ Y o lel + 2K - Jei| - |1S]
k=i1+1

< 2K - Jei| - |81+ sup fex| + 2K -fei, | - [1S]]
>

<—-4+-4+=-=¢

Wl o
Wl m
wl ™

o'} o i+l
Thus, >~ bjz; = oo OZJ i1 i€ (uiv1)z; converges. Then it converges uncondi-

tionally by property (u). By that fact that (i) ~ (e;), we know that

Mi41

oo
She=> S e
j=1

=0 j=n;+1
converges. It follows that Y cit; = Yoo ci > 5 ) €} (uir1)e; converges, which leads

to a contradiction.

In this case, the projection-valued measure (minimal dilation) on E induced by
the unconditional basis (e;) does not have bounded p-variation for any p > 1. Since
as in the above proof (e;) contains a block (unconditional-basic) sequence wu; =

> it 41 €5 (ui)e; equivalent to the unit vector basis of cg. Then
oo o0 n;
1 1 -
= Z SU; = - Z e;(u;)e; € E.
i In(7) P In(%) P

Then for the projection-valued measure (minimal dilation) induced by (e;) with p(B) =
Y meptn ® e, for all B C N, we have the vector-valued measure p, with p,(B) =

> nen en(u)en. Now we get
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n 1/p
sup <Z ||pu(Ai)|p> :{A,..., A,} a partition of N
=1

p\ 1/p
oo

=1 j=n;—1+1 =1

Then, p does not have bounded p-variation for any p > 1. O

Example 5.5. It is easy to know that every framing in Banach spaces which can be
decomposed to finite union of unconditional-basic sequences satisfies property (u). It
contains many important frames as examples, such as, Wavelets, Gabor frames, even all
frames generated by unitary systems, etc. Actually, all semi-normalized frames in Hilbert
spaces satisfies property (u), since the answer to Feichtinger conjecture, equivalent to
Kadison—Singer problem ([5.6]), is positive [25,26].

6. Examples and questions
6.1. Bounded 2-variation and complete boundedness

Now assume that ¢ is a B(H)-valued measure on a measurable space (€, 3, ) with
the property that ¢ is p-continuous, where H is a Hilbert space and p is a positive
measure. We identify each B € ¥ with the orthogonal projection Pg € L>°(Q, 1) defined
by Pgf = xgf for any f € L?(Q, ). Then E extends (uniquely) to an ultra weakly
continuous map ® : L>®°(Q, u) — B(H). We say that E is completely bounded if ® is
completely bounded (cf. [16]).

Corollary 6.1. Let ¢ be an B(H)-valued measure on a measurable space (2,3, ). If it is
completely bounded, then it has bounded 2-variation.

Proof. Since the induced map @ is completely bounded, by Stinespring’s dilation theorem
there exist a Hilbert space Z, bounded linear operators S : Z — H and T : H — Z
and a *-homomorphism 7 : L>®(Q,u) — B(Z) such that ®(-) = Sw(-)T. Let p be
the induced operator-valued measure by 7. Then it is an orthogonal projection valued
measure which has bounded 2-variation. Thus, by Proposition 4.4, we have that ¢ is
2-variation bounded. O

Remark 6.2. Paulsen etc. ([12,29]) used the following definition for total variations: Let
¢ be Hilbert space operator valued measure. Then the total variation is defined to be

sup { HZ lp(A)] H : A; disjoint partition of Q} ,

where |T| = (T*T)"/2. Let use 7(p) to denote about quantity.
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Note that for every x € H we have ||p(A)z|| = || |¢(A)|(x)||. Thus we have

1D le(Adlzll < D11 e(Anlzll = Y lle(Ade]]

By taking sup over {z : ||z|| < 1}, we get

7(p) < le]1().

It is known that ¢ is completely bounded if 7(¢) < oo (and hence if |¢|1(2) < o0).
But completely boundedness does not imply the finiteness of 7(y), i.e. there exists an
example such that |p];(2) = oo but is completely bounded.

Since the [p]2(2) < |p]1(£2), it naturally leads us to the following problem:

Question 6.3. Is ever Hilbert space operator-valued measure with bounded 2-variation
completely bounded?

6.2. Bounded p-variation and p-summable property

Example 6.4. For any measure space (€, X, 1), there is a Banach space U such that for
any 1 < p < oo there is a projection-valued measure x, from ¥ to B(U) such that x,
has bounded p-variation but not bounded g-varion for any ¢ < p. Actually, if {p,} is a
dense sequence of [1,00), then we take the ¢1-direct sum as follows

U=@L(u),
n=1

and we leave the proof to interested readers.

Now we provide some examples that illustrate the connections between the p-summable
property and bounded p-variation property by examining the purely atomic operator val-
ued measures. Throughout the rest of this section, we assume that |z;|||f;|| # 0 for all
jeN.

Definition 6.5. (1) A pair of sequences (xy, f,) C X x X* is said to have bounded
p-variation if the induced operator-valued measure has bounded p-variation, that is,

p\ 1/p

sup Z Z (T, fa)Tn : Nj’s a partition of N 3 < oo.
zlI<1 7 ||nen;

(2) Tt is called p-summable if

Z [{, fa)anll” = Z (K, fallllzall)? < oo
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for all z € X, then by Uniform Boundedness Principle, we have

sup Z z, fa)llznl)” <

l=ll<1

It is obvious that bounded p-variation = p-summable. However, the reverse direc-
tion does not hold. For example, for each nonzero x € X and f € X*, let the pair of
sequences to be x,, = %z and f, = f. Then it is easy to check that (x,, f,) is 2-summable
but not bounded 2-variation. The following is an example that has bounded 2-variation,
but it is not even p-summable for any p < 2.

Example 6.6. Let (z,) be a Riesz basis of a Hilbert space H, and 0 < 3~ loj]? < oo

Then there exists an isomorphism T : fo — H such that T'(e,,) = 2, for all n. Put
fin = ajzy, for all x € H, we have

Dol fiadP =) e agza) P =D [, 20) Pl
J.m Jsm 7,
=Y 1P K Tl =D lay? D> (T (@), en)|
J n J n
= Z o 21T ()]
It implies that {f;,};n is a frame of H. For any scalars §; with
0< Z|ﬁj|2 < oo and ZoTij =1
J J
Thus, {g;.n} = {B;(T*) " (e,)} is a frame of H. For all z € H,

Z@; fim)gim = Z(x,a] (en))B;(T ZO‘JBJ Z a,T(en))(T) " (en)

Jsn Jin

= ()™ <Z<T*(x),en>6n> = (T")"H(T"()) = =.

n

Thus {g;,»} is a dual frame of {f;}, and thus {g;, f;»} has bounded 2-variation.
For any p < 2 and = € H, we have

> @, findginl
im

= Z [, 0 T (en)) P11 (T7) ™ (en) 1P

=D s en)Play B PI(T7) ~ (en) 17

Jm
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=D laBP Y e en)PIT) ™ en) 1P
7 n

It is easy to see that {g;n, fjn} is not p-summable for any p < 2.

Next example shows that it is possible that an operator valued measure could have
bounded variation and unbounded p-variation, but still p-summable for every p < 2.

Example 6.7. There exists a Parseval frame such that its induced framing is p-summable
for any 1 < p < 2, but still has unbounded g¢-variation for any ¢ < 2. Let (e,) be an
orthonormal basis of a Hilbert space H. Define

1

2—nen, 1<j<4" neN.

fj,n -

Then { f; »};n is a Parseval frame of H, and also a framing of H with bounded 2-variation.
For any x € H with ||z| < 1, we have

1 1
Y e fiadPlfallP =" > o [(@en)l? ZZWK%%W

jn n 1<j<4n n

1" 1
p
< max [(z, )P ) <4(p_1)> S o1

n

But it is still type 2, since for the partition as follows:

p p

MDD @rfiall =D D <m’2inen>2in€n =3l en) .

n ||1<i<4n n ||1<i<4n n
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