


(·)T || · || || · ||2 E[·]

tr(X) λ (X) λ (X)

X
⊗ [a, b] U(a, b)

μ σ2 N (μ, σ2)
φ(t) = (1/

√
2π) (−t2/2)

Q(z) :=
∫ +∞

z
φ(t)dt

J
G := {V, E} V

|V| = J E
j

Nj ⊂ V

s0 ∈ R
p t = 1, 2, . . . j

xj(t) s0

hT
j (t) xj(t) = hT

j (t)s0 + εj(t)
εj(t) ∼ N (0, σ2

j )

ŝewls(t) := arg min
s

1
2

t∑
r=1

J∑
j=1

λt−r[xj(r) − hT
j (r)s]2

ŝewls(t) t λ ∈ (0, 1]

λ = 1

t j xj(t) hT
j (t)

p × p

Φ−1
j (t) = λ−1Φ−1

j (t − 1)

− λ−1Φ−1
j (t − 1)hj(t)hT

j (t)Φ−1
j (t − 1)

λ + hT
j (t)Φ−1

j (t − 1)hj(t)

p × 1

ψj(t) = λψj(t − 1) + hj(t)xj(t).

Φ−1
j (t) ψj(t) j

sj(t) = Φ−1
j (t)

[
ψj(t) − 1

2

∑
j′∈Nj

(
vj′

j (t − 1) − vj
j′(t − 1)

) ]

vj′
j (t − 1) j

j′ t−1



ρ > 0

vj′
j (t − 1) = vj′

j (t − 2) + ρ
[
sj(t − 1) − sj′(t − 1)

]
.

sj(t)

sj(t) = sj(t − 1) + Φ−1
j (t)hj(t)

[
xj(t) − hT

j (t)sj(t − 1)
]

− ρΦ−1
j (t)δj(t − 1)

δj(t)

δj(t) = δj(t − 1) +
∑

j′∈Nj

[sj(t) − sj′(t)]

− λ
∑

j′∈Nj

[sj(t − 1) − sj′(t − 1)].

δj(t)
j

δj(t) = 0
δj(0) = 0 sj(t)

xj(t)−hT
j (t)sj(t−1)

δj(t)
{xj(t)}

ρΦ−1
j (t)δj(t − 1)

O(p2) Φ−1
j (t − 1)hj(t)

Φ−1
j (t − 1)ψj(t) O(p2)

O(p2)
Φ−1

j (t)hj(t)
Φ−1

j (t)δj(t − 1)
t j

sj(t)
sj′(t) j′ ∈ Nj

j j′ vj(t)
vj′(t) sj(t) sj′(t)

(xj(t),hj(t))

j
{τσj(t)}

cj(t) :=

{
0, |xj(t) − hT

j (t)sj(t − 1)| ≤ τσj(t)
1, |xj(t) − hT

j (t)sj(t − 1)| > τσj(t).

τσj(t)
(xj(t),hj(t)) (xj(t),hj(t))

τ σ2
j (t)

hj(t) = 0

Φ−1
j (t) = λ−1Φ−1

j (t − 1).

xj(t) = 0 hj(t) = 0

sj(t) = sj(t − 1) − ρΦ−1
j (t)δj(t − 1).

2/7

λ−1Φ−1
j (t−1) Φ−1

j (t)

O(p2)
Φ−1

j (t)hj(t)
O(p2) Φ−1

j (t)δj(t − 1)



δj(0) {sj(0)}J
j=1 {Φ−1

j (0)}J
j=1

t = 1, 2, . . .
j ∈ V

|xj(t) − hT
j (t)sj(t − 1)| ≤ τσj(t)

Φ−1
j (t)

sj(t)

Φ−1
j (t)

sj(t)

sj(t) sj′(t) j′ ∈ Nj

δj(t)

δj(0) {sj(0)}J
j=1 {Φ−1

j (0)}J
j=1

t = 1, 2, . . .
j ∈ V

|xj(t) − hT
j (t)sj(t − 1)| ≤ τσj(t)

sj′(t) j′ ∈ Nj

sj′(t − 1) j′ ∈ Nj

Φ−1
j (t)

sj(t)
sj(t) sj′(t) j′ ∈ Nj

δj(t)

Nj j

dmax

dmax

τσj(t)

δj(0) {sj(0)}J
j=1 {Φ−1

j (0)}J
j=1

t = 1, 2, . . .
j ∈ V

|xj(t) − hT
j (t)sj(t − 1)| ≤ τσj(t)

sj′(t − 1) j′ ∈ Nj

Φ−1
j (t)

sj(t)
sj(t) sj′(t) j′ ∈ Nj

δj(t)

j′ ∈ Nj dmax

sj′(t)

fj,t(s) :={
0, |xj(t) − hT

j (t)s| ≤ τσj(t)
1
2 [xj(t) − hT

j (t)s]2 − 1
2τ2σj(t)2, |xj(t) − hT

j (t)s| > τσj(t)

{s : |xj(t) −
hT

j (t)s| = τσj(t)}
[xj(τ) − hT

j (τ)s]2

min
s

t∑
r=1

J∑
j=1

λt−rfj,r(s).

sj j z̄j′
j

z̃j′
j (j, j′)

t

min
{sj}j∈V

t∑
r=1

J∑
j=1

λt−rfj,r(sj)

s.t. sj = z̄j′
j , sj′ = z̃j′

j , z̄j′
j = z̃j′

j , j ∈ V, j′ ∈ Nj .

L(s, z,v,u) =
∑
j∈V

t∑
r=1

λt−rfj,r(sj)

+
J∑

j=1

∑
j′∈Nj

[
(vj′

j )T (sj − z̄j′
j ) + (uj′

j )T (sj′ − z̃j′
j )

]



s := {sj}j∈V z := {z̄j′
j , z̃j′

j }j′∈Nj

j∈V
v := {vj′

j ∈ R
p}j′∈Nj

j∈V u := {uj′
j ∈

R
p}j′∈Nj

j∈V

Lρ(s, z,v,u) = L(s, z,u,v)

+
ρ

2

J∑
j=1

∑
j′∈Nj

[||sj − z̄j′
j ||2 + ||sj′ − z̃j′

j ||2]
ρ

z
Cz := {z|z̄j′

j = z̃j′
j , j ∈ V, j′ ∈ Nj , j �= j′}

t > 0

s(t) = min
s

L(s, z(t − 1),v(t − 1),u(t − 1))

z(t) = min
z∈Cz

Lρ(s(t), z,v(t − 1),u(t − 1))

vj′
j (t) = vj′

j (t − 1) + ρ
[
sj(t) − z̄j′

j (t)
]

uj′
j (t) = uj′

j (t − 1) + ρ
[
sj′(t) − z̃j′

j (t)
]
.

vj′
j (t − 1) + uj′

j (t − 1) = 0

sj′(t) + sj(t) = z̃j′
j (t) + z̄j′

j (t) z̃j′
j (t) = z̄j′

j (t).

vj′
j uj′

j

vj′
j (0) + uj′

j (0) = 0
vj′

j (0) = uj′
j (0) = 0 t ≥ 0

vj′
j (t) + uj′

j (t) = 0.

uj′
j

vj′
j (t) = vj′

j (t − 1) +
ρ

2
[
sj(t) − z̄j′

j (t) − sj′(t) + z̃j′
j (t)

]
= vj′

j (t − 1) +
ρ

2
[
sj(t) − sj′(t)

]

z̃j′
j (t) = z̄j′

j (t)
z̃j′

j z̄j′
j

vj′
j vj′

j (0) = 0
r = 1 r = t

vj′
j (t) =

ρ

2

t∑
r=1

[
sj(r) − sj′(r)

]
.

J

sj(t) = min
sj

t∑
r=1

λt−rfj,r(sj)

+
∑

j′∈Nj

[vj′
j (t − 1) − vj

j′(t − 1)]T sj .

vj′
j

sj(t) = min
sj

t∑
r=1

λt−rfj,r(sj)

+ ρ
t−1∑
r=1

∑
j′∈Nj

[
sj(r) − sj′(r)

]T
sj

sj(t) = min
sj

t∑
r=1

λt−rfj,r(sj)

+
t∑

r=1

λt−rρ
∑

j′∈Nj

[
sj(r − 1) − sj′(r − 1)

+ (1 − λ)
r−1∑
ξ=1

(
sj(ξ − 1) − sj′(ξ − 1)

)]T

sj .

δj(0) = 0
ξ = 1 ξ = r − 1

δj(r − 1) =
∑

j′∈Nj

[
sj(r − 1) − sj′(r − 1)

+ (1 − λ)
r−1∑
ξ=1

(
sj(ξ − 1) − sj′(ξ − 1)

)]
.

sj(t)

sj(t) = min
sj

t∑
r=1

λt−rgj,r(sj)

t

gj,t(sj) := fj,t(sj) + ρδT
j (t − 1)sj .

∇gj,t(sj(t − 1))

= − cj(t)
[(

xj(t) − hj(t)sj(t − 1)
)
hj(t)

]
+ ρδj(t − 1).

Mj(t) = E[∇2gj,t(sj(t − 1))] = E[cj(t)hj(t)hT
j (t)]



λ �= 1

Mj(t) =
1
t

t∑
r=1

λt−rcj(r)hj(r)hT
j (r)

= λ
t − 1

t
Mj(t − 1) +

1
t
cj(t)hj(t)hT

j (t).

M−1
j (t) =

t

t − 1

[
λ−1M−1

j (t − 1)

− cj(t)
λ−1M−1

j (t − 1)hj(t)hT
j (t)M−1

j (t − 1)

(t − 1)λ − hT (t)M−1
j (t − 1)hj(t)

]

1/t

sj(t) = sj(t − 1) − 1
t
M−1

j (t)∇gj,t(sj(t − 1)).

Φ−1
j (t) := M−1

j (t)/t

Φ−1
j (t) = λ−1Φ−1

j (t − 1)

− cj(t)
λ−1Φ−1

j (t − 1)hj(t)hT
j (t)Φ−1

j (t − 1)

λ + hT
j (t)Φ−1

j (t − 1)hj(t)
.

∇gj,t(sj(t− 1)) Φ−1
j (t)

sj(t) = sj(t − 1) + cj(t)Φ−1
j (t)hj(t)

[
xj(t) − hT

j (t)sj(t − 1)
]

− ρΦ−1
j (t)δj(t − 1)

λ = 1 λ < 1

λ = 1

xj(t) = hj(t)s0 +
εj(t) εj(t) ∼ N (0, σ2

j ) j
t hT

j (t)
εj(t) Rhj

:= E[hj(t)hT
j (t)] �

0p×p

{cj(t)hj(t)hT
j (t)} {εj(t)}

{cj(t)} Φj(t)/t

E[cj(t)hj(t)hT
j (t)]

t

(t) :=

⎧⎨
⎩E

[( J∑
j=1

||sj(t) − s0||2
) 1

2
]⎫⎬
⎭

2

.

ej(t) := sj(t) − s0 ∈ R
p

j e(t) := [eT
1 (t), . . . , eT

J (t)]T ∈ R
Jp

(t) = {E[‖e(t)‖]}2 (t)

(t) := E[‖e(t)‖2]
{E[‖e(t)‖]}2 ≤ E[‖e(t)‖2]

σj(t) = σj Φ−1
j (0) = γIp j

μ := min{λmin(Rhj
), j ∈ V} 0 <

ρ < 1/(γλmax(L))
0 < ρ < ρ0 L

ρ0 λmax(L), γ, τ, μ
hj(t) t0 > 0

t > t0⎧⎨
⎩E

[( J∑
j=1

||sj(t) − s0||2
) 1

2
]⎫⎬
⎭

2

≤
J∑

j=1

γ−1||sj(0) − s0||2 + γt0σ
2
j tr(Rhj

)
2Q(τ)μt

+
γσ2

j λmax(R−1
hj

)tr(Rhj ) ln(t)

4Q2(τ)μt
.

O(ln(t)/t)
Rhj

λmax(R−1
hj

) tr(Rhj
) μ

σ2
j τ Q(τ)

γ sj(0)
O(1/t) ρ

{sj(t)}J
j=1

∀t ≥ 0

O(ln(t)/t)



σj(t) = σj Φ−1
j (−1) = γIp j

0 < ρ < ρ0

t0 > 0 ∀t > t0⎧⎨
⎩E

[( J∑
j=1

||sj(t) − s0||2
) 1

2
]⎫⎬
⎭

2

≤ a + b ln(t)
t

a b
hj(t) sj(t) ρ τ

Rhj
(t) L t0

lim supt→∞ (t) = 0

τ

τ
π∗

τ π∗

t

t s s0

xj(t) − hT
j (t)sj(t − 1) ≈ xj(t) − hT

j (t)s0 =
εj(t) ∼ N (0, σ2

j ) Pr(cj(t) = 0) =
Pr(|xj(t) − hT

j (t)sj(t − 1)| ≤ τσj) ≈ Pr(|εj(t)| ≤
τσj) = Pr(|εj(t)/σj | ≤ τ) = 1 − 2Q(τ)

εj(t)/σj ∼ N (0, 1)
π∗ = limt→∞ 1

t

∑t
τ=0 E[cj(τ)] ≈ 1−2Q(τ)

τ = Q−1((1 − π∗)/2) .

π∗

p

p
2p|E|/J

2p|E|(1 − π∗)/J

2p|E|(1−π∗)2/J

O(7p2/2)
O(p2)

π∗

2p|E|/J 7p2/2 + O(p)
2p|E|/J 7p2(1 − π∗)/2 + p2π∗ + O(p)

2p|E|(1 − π∗)/J 7p2(1 − π∗)/2 + O(p)
2p|E|(1 − π∗)2/J 7p2(1 − π∗)/2 + O(p)
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σj(t) = σj σj
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j (t+1) ≈ t−1

∑t+1
τ=1[xj(τ)−hT

j (τ)s0]2 = (t−1)σ2
j (t)/t+

[xj(t + 1) − hT
j (t + 1)s0]2/t

σ2
j (t+1) = (t−1)σ2

j (t)/t+[xj(t+1)−hT
j (t+1)sj(t)]2/t .
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Φj(t)sj(t) − λΦj(t − 1)sj(t − 1)

=
[
ψj(t) − 1

2

∑
j′∈Nj

(vj′
j (t − 1) − vj

j′(t − 1))
]

− λ
[
ψj(t − 1) − 1

2

∑
j′∈Nj

(vj′
j (t − 2) − vj

j′(t − 2))
]
.

Φj(t) = λΦj(t − 1) + hj(t)hT
j (t).

ψj(t) − λψj(t − 1) = hj(t)xj(t)
λΦj(t− 1) = Φj(t)−hj(t)hT

j (t)

Φj(t)
[
sj(t) − sj(t − 1)

]
= hj(t)

[
xj(t) − hT

j (t)sj(t − 1)
]

− 1
2

∑
j′∈Nj

(vj′
j (t − 1) − λvj′

j (t − 2))

+
1
2

∑
j′∈Nj

(vj
j′(t − 1) − λvj

j′(t − 2)).



δ(t)

δ(t) :=
1
2ρ

∑
j′∈Nj

(vj′
j (t) − λvj′

j (t − 1))

− 1
2ρ

∑
j′∈Nj

(vj
j′(t) − λvj

j′(t − 1))

t t−1
vj′

j

Φj(t)
[
sj(t) − sj(t − 1)

]
= hj(t)

[
xj(t) − hT

j (t)sj(t − 1)
]

− ρδ(t − 1).

Φ−1
j (t) sj

X, X1, X2, ...
Xn → X Pr(|Xn| ≤

k) = 1 n k Xn → X r
r ≥ 1

Φj(t) t λ = 1

Φj(t) = Φj(t − 1) + cj(t)hj(t)hT
j (t).

r = 1 r = t

Φj(t) =
t∑

r=1

cj(r)hj(r)hT
j (r) + γ−1Ip.

Φj(t)/t
E[cj(t)hj(t)hT

j (t)] t → ∞
E[cj(t)hj(t)hT

j (t)]

=E
[
hj(t)hT

j (t)E[cj(t)|hj(t), sj(t − 1)]
]

=E[hj(t)hT
j (t) Pr(cj(t) = 1|hj(t), sj(t − 1))].

=E

[
hj(t)hT

j (t)

(
1 −

∫ τ+σ−1
j [hT

j (t)(sj(t−1)−s0)]

−τ+σ−1
j [hT

j (t)(sj(t−1)−s0)]

φ(x)dx

)]
.

1 >1 −
∫ τ+σ−1

j [hT
j (t)(sj(t−1)−s0)]

−τ+σ−1
j [hT

j (t)(sj(t−1)−s0)]

φ(x)dx

≥1 −
∫ τ

−τ

φ(x)dx = 2Q(τ)

≥ >

E[cj(t)hj(t)hT
j (t)] ≺ E[hj(t)hT

j (t)] = Rhj

E[cj(t)hj(t)hT
j (t)] � 2Q(τ)E[hj(t)hT

j (t)] = 2Q(τ)Rhj .

Φj(t)/t E[cj(t)hj(t)hT
j (t)]

t → ∞ hj(t)
Φj(t)/t E[‖Φj(t)/t‖2]

E[‖cj(t)hj(t)hT
j (t)‖2] t → ∞

2Q(τ)Rhj
≺ E[cj(t)hj(t)hT

j (t)] ≺ Rhj

t1 > 0 ∀t ≥ t1

2Q(τ)‖Rhj‖2 < E[‖Φj(t)/t‖2] < ‖Rhj‖2

Φj(t)

2Q(τ)λmax(Rhj
)t < E[λmax(Φj(t))] < λmax(Rhj

)t.

tΦ−1
j (t)

{
E[cj(t)hj(t)hT

j (t)]
}−1

t → ∞ Φj(t)/t
E[cj(t)hj(t)hT

j (t)] Φj(t)/t
t

t2 > 0 tΦ−1
j (t) ∀t ≥ t2

∀t ≥ t2

λmax(R−1
hj

)/t < E[λmax(Φ−1
j (t))] < λmax(R−1

hj
)/(2Q(τ)t).

t0 := max(t1, t2) ∀t ≥ t0
sj

sj(t) = sj(t − 1) + cj(t)Φ−1
j (t)hj(t)

[
xj(t) − hT

j (t)sj(t − 1)
]

− ρΦ−1
j (t)δj(t − 1).

λ = 1 δj

δj(t − 1) =
∑

j′∈Nj

[
sj(t − 1) − sj′(t − 1)

]
.

ej(t) := sj(t)− s0

ej(t) = ej(t − 1) + cj(t)Φ−1
j (t)hj(t)[xj(t) − hT

j (t)sj(t − 1)]

− ρΦ−1
j (t)

∑
j′∈Nj

[
ej(t − 1) − ej′(t − 1)

]
.

xj(t) = hj(t)s0 + εj(t) sj(t − 1)

ej(t) = ej(t − 1) − cj(t)Φ−1
j (t)hj(t)hT

j (t)ej(t − 1)

+ cj(t)Φ−1
j (t)hj(t)εj(t)

− ρΦ−1
j (t)

∑
j′∈Nj

[
ej(t − 1) − ej′(t − 1)

]
.



Φj(t)

Φj(t)ej(t)

=Φj(t)ej(t − 1) − cj(t)hj(t)hT
j (t)ej(t − 1)

+cj(t)hj(t)εj(t) − ρ
∑

j′∈Nj

[
ej(t − 1) − ej′(t − 1)

]
=Φj(t − 1)ej(t − 1)

+cj(t)hj(t)εj(t) − ρ
∑

j′∈Nj

[
ej(t − 1) − ej′(t − 1)

]
.

j
e(t) := [eT

1 (t), . . . , eT
J (t)]T ∈ R

Jp ε(t) :=
[εT

1 (t), . . . , εT
J (t)]T ∈ R

J

Φ(t) := diag({Φj(t)}) ∈ R
Jp×Jp C(t) := diag({cj(t)}) ∈

R
J×J H(t) := diag({hj(t)}) ∈ R

Jp×J

Φ(t)e(t)
=

[
Φ(t − 1) − ρL ⊗ Ip

]
e(t − 1) + H(t)C(t)ε(t)

Φ− 1
2 (t)

Φ
1
2 (t)e(t) =Φ− 1

2 (t)
[
Φ(t − 1) − ρL ⊗ Ip

]
e(t − 1)

+Φ− 1
2 (t)H(t)C(t)ε(t).

⊗

E[eT (t)Φ(t)e(t)]

=E[eT (t − 1)(Φ(t − 1) − ρL ⊗ Ip)T Φ−1(t)
× (Φ(t − 1) − ρL ⊗ Ip)e(t − 1)]

+2E[eT (t − 1)(Φ(t − 1) − ρL ⊗ Ip)T Φ−1(t)H(t)C(t)ε(t)]

+E[εT (t)CT (t)HT (t)Φ−1(t)H(t)C(t)ε(t)].

C(t) ε(t)

E[eT (t)Φ(t)e(t)]

=E[eT (t − 1)(Φ(t − 1) − ρL ⊗ Ip)T Φ−1(t)
×(Φ(t − 1) − ρL ⊗ Ip)e(t − 1)]

+E[εT (t)CT (t)HT (t)Φ−1(t)H(t)C(t)ε(t)].

L
U = (L ⊗ Ip)

1
2 L ⊗ Ip = UT U

(Φ(t − 1) − ρL ⊗ Ip)−1

=(Φ(t − 1) − ρUT U)−1

=Φ−1(t − 1) + ρΦ−1(t − 1)UT

×(IJp − ρUΦ−1(t − 1)UT )−1UΦ−1(t − 1).

λ = 1 Φ−1(t − 1) −Φ−1(t) �
0Jp Φ−1(0) = γIJp Φ−1(t−1) � γIJp

t ≥ 1

IJp − ρUΦ−1(t − 1)UT � IJp − ργUUT = IJp − ργL ⊗ Ip.

0 < ρ < 1/(γλmax(L)) t ≥ 1

IJp − ρUΦ−1(t − 1)UT � 0Jp.

Φ−1(t) � Φ−1(t − 1) � (Φ(t − 1) − ρL ⊗ Ip)−1

E[eT (t − 1)(Φ(t − 1) − ρL ⊗ Ip)T Φ−1(t)
× (Φ(t − 1) − ρL ⊗ Ip)e(t − 1)]

≤E[eT (t − 1)(Φ(t − 1) − ρL ⊗ Ip)T e(t − 1)]

≤E[eT (t − 1)Φ(t − 1)T e(t − 1)].

E[εT (t)CT (t)HT (t)Φ−1(t)H(t)C(t)ε(t)]

=E[tr(εT (t)CT (t)HT (t)Φ−1(t)H(t)C(t)ε(t))]

=E[tr(CT (t)HT (t)Φ−1(t)H(t)C(t)ε(t)εT (t))]

=E[tr(CT (t)HT (t)Φ−1(t)H(t)C(t)diag({σ2
j })].

diag({σ2
j }) ∈ R

J×J

{σ2
j }J

j=1

cj(t) ≤ 1

E[εT (t)CT (t)HT (t)Φ−1(t)H(t)C(t)ε(t)]

≤
J∑

j=1

σ2
j E[hT

j (t)Φ−1
j (t)hj(t)].

Φ−1
j (t− 1) � Φ−1

j (t)

E[εT (t)CT (t)HT (t)Φ−1(t)H(t)C(t)ε(t)]

≤
J∑

j=1

σ2
j E[hT

j (t)Φ−1
j (t − 1)hj(t)]

≤
J∑

j=1

σ2
j E[λmax(Φ−1

j (t − 1))‖hj(t)‖2].

Φ−1
j (t−1) hj(t) ∀t > t0

E[λmax(Φ−1
j (t − 1))‖hj(t)‖2]

=E[λmax(Φ−1
j (t − 1))]E[‖hj(t)‖2]

<
λmax(R−1

hj
)

2Q(τ)(t − 1)
tr(Rhj

).



E[λmax(Φ−1
j (t))] <

λmax(R−1
hj

)/(2Q(τ)t) ∀t ≥ t0 E[‖hj(t)‖2] =
tr(E[hj(t)hT

j (t)]) = tr(Rhj
)

E[εT (t)CT (t)HT (t)Φ−1(t)H(t)C(t)ε(t)]

≤ 1
2Q(τ)(t − 1)

J∑
j=1

σ2
j λmax(R−1

hj
)tr(Rhj )

∀t > t0
t ≤ t0 Φ−1

j (t) � Φ−1
j (0) = γIp

J∑
j=1

σ2
j E[hT

j (t)Φ−1
j (t)hj(t)]

≤
J∑

j=1

γσ2
j E[hT

j (t)hj(t)] = γ
J∑

j=1

σ2
j tr(Rhj

).

t ≤ t0

E[εT (t)CT (t)HT (t)Φ−1(t)H(t)C(t)ε(t)]

≤γ
J∑

j=1

σ2
j tr(Rhj

).

t > t0

E[eT (t)Φ(t)e(t)]

≤E[eT (t − 1)Φ(t − 1)e(t − 1)]

+
1

2Q(τ)(t − 1)

J∑
j=1

σ2
j λmax(R−1

hj
)tr(Rhj )

t ≤ t0

E[eT (t)Φ(t)e(t)]

≤E[eT (t − 1)Φ(t − 1)e(t − 1)] + γ

J∑
j=1

σ2
j tr(Rhj ).

r = t0 +1 r = t r = 1
r = t0

Φ(0) = γ−1IJp t > t0

E[eT (t)Φ(t)e(t)]

≤γ−1||e(0)||2 + (γt0 +
t∑

r=t0+1

λmax(R−1
hj

)

2Q(τ)(t − 1)
)

J∑
j=1

σ2
j tr(Rhj

)

≤γ−1||e(0)||2 + (γt0 +
λmax(R−1

hj
)

2Q(τ)
ln(t))

J∑
j=1

σ2
j tr(Rhj

).

E[eT (t)Φ(t)e(t)] ≥ E[‖e(t)‖2/λmax(Φ−1(t))]

≥ E[‖e(t)‖]2/E[λmax(Φ−1(t))]

E[‖e(t)‖2/λmax(Φ−1(t))]E[λmax(Φ−1(t))]

=E[
(
‖e(t)‖/λmax(Φ−1(t))

1
2

)2

]E[
(
λmax(Φ−1(t))

1
2

)2

]

≥E[‖e(t)‖]2.

E[λmax(Φ−1
j (t))] < λmax(R−1

hj
)/(2Q(τ)t) =

1/(λmin(Rhj )2Q(τ)t) μ :=
min{λmin(Rhj

), j ∈ V}

2Q(τ)μtE[||e(t)||2] ≤ E[eT (t)Φ(t)e(t)], t > t0.

2Q(τ)μtE[||e(t)||]2

≤γ−1||e(0)||2 + (γt0 +
λmax(R−1

hj
)

2Q(τ)
ln(t))

J∑
j=1

σ2
j tr(Rhj

).

||e(t)||2 :=
∑J

j=1 ||ej(t)||2 =
∑J

j=1 ||sj(t) −
s0||2

ej(t − 1) − ej′(t − 1)
cj(t)

[
ej(t − 1) − ej′(t − 1)

]
Φj(t)ej(t)

=Φj(t − 1)ej(t − 1) − cj(t)hj(t)hT
j (t)ej(t − 1)

+cj(t)hj(t)εj(t) − ρ
∑

j′∈Nj

cj(t)
[
ej(t − 1) − ej′(t − 1)

]
.

E[eT (t)Φ(t)e(t)]

=E[eT (t − 1)(Φ(t − 1) − ρ(C(t)L) ⊗ Ip)T Φ−1(t)
× (Φ(t − 1) − ρ(C(t)L) ⊗ Ip)e(t − 1)]

+E[εT (t)CT (t)HT (t)Φ−1(t)H(t)C(t)ε(t)].

E[eT (t − 1)(Φ(t − 1) − ρ(C(t)L) ⊗ Ip)T Φ−1(t)
× (Φ(t − 1) − ρ(C(t)L) ⊗ Ip)e(t − 1)]

≤E[eT (t − 1)Φ(t − 1)e(t − 1)].

λ = 1

E[eT (t − 1)C(t) ⊗ IpH(t)HT (t)

× (IJ + HT (t)Φ−1(t − 1)H(t))−1 ⊗ Ipe(t − 1)]

≥ρE[eT (t − 1)We(t − 1)]



W :=W1 + WT
1 − W2 − (LC(t)) ⊗ Ip − (C(t)L) ⊗ Ip

+ρL ⊗ IpΦ−1(t − 1)(C(t)L) ⊗ Ip

W1 :=C(t) ⊗ IpH(t)HT (t)Φ−1(t − 1)

×((IJ + HT (t)Φ−1(t − 1)H(t))−1L) ⊗ Ip

W2 :=(LC(t)) ⊗ IpΦ−1(t − 1)H(t)HT (t)Φ−1(t − 1)

×((IJ + HT (t)Φ−1(t − 1)H(t))−1L) ⊗ Ip.

2Q(τ) ≤ E[cj(t)|hj(t), sj(t− 1)]
C(t)

E[eT (t − 1)C(t) ⊗ IpH(t)HT (t)

× (IJ + HT (t)Φ−1(t − 1)H(t))−1 ⊗ Ipe(t − 1)]

≥2Q(τ)E[eT (t − 1)H(t)HT (t)

× (IJ + HT (t)Φ−1(t − 1)H(t))−1 ⊗ Ipe(t − 1)].

Φ−1(t − 1) � Φ−1(0) = γIJp

[
IJ + HT (t)Φ−1(t − 1)H(t)

]−1 � [
IJ + γHT (t)H(t)

]−1
.

{hj(t)}
hT

j (t)hj(t) ≤ K j = 1, . . . , J

[
IJ + HT (t)Φ−1(t − 1)H(t)

]−1 � 1
1 + γK2

IJ .

E[eT (t − 1)C(t) ⊗ IpH(t)HT (t)

× (IJ + HT (t)Φ−1(t − 1)H(t))−1 ⊗ Ipe(t − 1)]

≥ 2Q(τ)
1 + γK2

E[eT (t − 1)H(t)HT (t)e(t − 1)]

=
2Q(τ)

1 + γK2
E[eT (t − 1) {Rhj

}e(t − 1)]

≥ 2Q(τ)μ
1 + γK2

E[||e(t − 1)||2].

ρE[eT (t − 1)We(t − 1)]
≤ρE[(2||W1||2 + ||W2||2 + 2||L||2

+ ρ||L||22||Φ−1(t − 1)||2)||e(t − 1)||2]
cj(t) C(t)

[0, 1] ||W1||2

||W1||2 ≤||C(t)||2||H(t)||22||Φ−1(t − 1)||2
×||(IJ + HT (t)Φ−1(t − 1)H(t))−1||2||L||2.

||C(t)||2 ≤ 1 ||H(t)||22 ≤ K2

||Φ−1(t − 1)||2 ≤ ||Φ−1(0)||2 = γ ||(IJ + HT (t)Φ−1(t −
1)H(t))−1||2 ≤ 1 ||L||2 ≤ λmax(L)

||W1||2 ≤ γλmax(L)K2.

||W2||2
||W2||2 ≤ γ2λmax(L)2K2.

ρE[eT (t − 1)We(t − 1)]

≤ρ(2γλmax(L)K2 + γ2λmax(L)2K2 + 2λmax(L)

+ργλmax(L)2)E[||e(t − 1)||2].

ρ0 :=

√
2Q(τ)μ

γλmax(L)2(1 + γK2)
+ (

γK2

2
+

γK2 + 1
γλmax(L)

)2

−(
γK2

2
+

γK2 + 1
γλmax(L)

)

ρ
[0, ρ0] t ≥ 1

∀t >
t0
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