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We present a class of nonsingular, bouncing cosmologies that evade singularity theorems through the
use of vorticity in compact extra dimensions. The vorticity combats the focusing of geodesics during the
contracting phase. The construction requires fluids that violate the null energy condition (NEC) in
the compact dimensions, where they can be provided by known stable NEC violating sources such as
Casimir energy. The four dimensional effective theory contains an NEC violating fluid of Kaluza-Klein
excitations of the higher dimensional metric. These spacetime metrics could potentially allow dynamical
relaxation to solve the cosmological constant problem. These ideas can also be used to support traversable
Lorentzian wormholes.
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I. INTRODUCTION

Could the Universe have gone through a bounce? This
question is of significant import: a bouncing universe could
be past eternal and avoid the big bang singularity. It could
even potentially permit a new background for cosmological
relaxation processes to explain hierarchy problems [1,2], or
provide an alternative to the inflationary paradigm [3,4] as
the origin of the hot, radiation dominated epoch in our past,
see e.g. [5–7]. Reliable implementations of these phenom-
ena require a nonsingular, calculable bounce within semi-
classical general relativity, the only known experimentally
consistent low energy theory of gravity. Cosmic behavior
is constrained by the energy conditions obeyed by matter.
For example, it can be shown that a homogeneous,
isotropic, positively curved space-time can bounce if the
matter violates the strong energy condition [8]. It is of great
interest to see if the requirement of positive curvature can
be relaxed, permitting a broader range of phenomenologi-
cal applications. In particular, as we will describe below, a
spatially flat bouncing cosmology may permit a solution to
the grandest hierarchy problem in physics—namely, the
cosmological constant problem.
Singularity theorems would seem to preclude a bounce.

It can be shown that a spatially flat, homogeneous and

isotropic space-time cannot undergo a nonsingular bounce
unless the matter violates the null energy condition (NEC)
[8]. There are interesting NEC violating theories that could
allow a bounce or other “restart” of the universe (see e.g.
[9–11]). However it is difficult to violate the NEC without
triggering disastrous short distance instabilities [12]. There
are known stable sources that violate the NEC in compact
dimensions such as Casimir energy densities and orienti-
folds [13]. The NEC violation from these sources is an
essential ingredient in stabilizing Ricci flat extra dimen-
sions (such as Calabi-Yau compactifications) in an accel-
erating universe (either during primordial inflation or
present day dark energy domination) [14]. But, the NEC
violation from these sources is inversely proportional to the
volume of the compact space and thus they cannot be used
to trigger bounces in a noncompact/large universe.
In this paper, we construct a new class of metrics that

permit calculable, nonsingular bouncing cosmologies. The
space-time geometry is of the form R4 × X where X is a
compact manifold with dimensionality ≥ 3. Importantly,
we endow this manifold with a nonfactorizable metric
containing vorticity.1As we will show, the existence of
vorticity enables a nonsingular bouncing cosmology with-
out the need for NEC violation along the noncompact

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

1The use of vorticity in extra-dimensions to construct non-
singular bouncing cosmologies without the need for NEC
violation was consisdered in [15]. However, the metrics in
[15] possess coordinate singularities over which there is a
discontinuity in the extrinsic curvature. It can be shown that
the localized stress-tensor implied by this discontinuity violates
the NEC along the noncompact directions.
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dimensions. In our solutions the NEC is violated, but the
violation is along the compact space X and can be provided
by stable sources such as Casimir energies. Though we
have not constructed the microscopic model of the remain-
ing part of the stress tensor, this part preserves the NEC.
In the specific example we study, we will take X ¼ T3,

though it should be possible to construct similar solutions
for other choices of X. We will begin by first presenting the
metric in Sec. II and describe the matter necessary to create
the bounce. In Sec. III, we show how this metric evades
arguments from singularity theorems. The 4D effective
theory is discussed in Sec. IV and finally, in Sec. V we
comment on possible applications of our ansatz to solve the
cosmological constant problem and support traversable
wormholes.

II. THE METRIC ANSATZ

We take our space-time to be of the form R4 × T3 with
the metric:

ds2 ¼ −dt2 þ aðtÞ2ðdx2 þ dy2 þ dz2Þ
þ b2ðdθ2 þ dϕ2

1 þ dϕ2
2Þ

− 2ϵbðsin θdtdϕ1 þ cos θdtdϕ2Þ ð1Þ

where aðtÞ is the scale factor for R4 and b the stabilized
radius for T3. This metric is isotropic and homogeneous
in the spatial R3. Importantly, due to the last two terms
in (1), the metric is inhomogeneous along T3 and does not
factorize, yielding vorticity. This is the central element that
permits our class of solutions. This metric is non-singular for
any value of ϵ. Einstein’s equations can be used to calculate
the stress tensor Tμν necessary to support this metric ansatz.
From this, we can identify if the stress tensor needs to violate
the NEC and if the required NEC violation exists only along
the compact T3 where it could be provided by stable NEC
violating sources such as Casimir energies. We present the
required stress tensor assuming ϵ ≪ 1 only for algebraic
convenience, as this is sufficient to highlight the effects of
vorticity in (1), and a useful limit for calculating Casimir
energy. However, Einstein’s equations yield a simple exact
expression for the stress tensor and this limit is not necessary
for the model’s success.
The four-dimensional components of the stress-energy

tensor which satisfies Einstein’s equations to Oðϵ2Þ are

Ttt¼−M5
7

�
3ϵ2a00ðtÞ
aðtÞ þ3ðϵ2−1Þa0ðtÞ2

aðtÞ2 −
3ϵ2

4b2

�
Txx¼Tyy¼Tzz

¼−M5
7

�
−2ðϵ2−1ÞaðtÞa00ðtÞ−ðϵ2−1Þa0ðtÞ2þϵ2aðtÞ2

4b2

�
ð2Þ

HereM7 is the 7 dimensional Planck scale. Consider a null
ray Uμ along R4. Due to homogeneity and isotropy, we can
pick Uμ to lie along the x direction and check if the NEC is
violated along this direction. This yields:

TμνUμUν ¼ ðUtÞ2
�
Ttt −

gxx
gtt

Txx

�

¼ M5
7

�
ϵ2
�
−
a00ðtÞ
aðtÞ −

2a0ðtÞ2
aðtÞ2 þ 1

2b2

�

−
2ðaðtÞa00ðtÞ − a0ðtÞ2Þ

aðtÞ2 aðtÞ2
�

ð3Þ

where we have used the fact that Uμ ¼ ðUt; Ux; 0; 0;
0; 0; 0Þ is a null vector. We can now see the effects of the
vorticity terms ∝ ϵ2. In their absence, the metric factorizes
and yields the standard FRWequations for R4 × T3, with T3

stabilized. For a bouncing metric, this leads to a violation of
the NEC since at the bounce, a0 ¼ 0 while a00 > 0. The
vorticity terms contribute positively to this expression and
can thus support a bounce without violating the NEC for any
null vector entirely along the noncompact directions x, y, z.
For example, if aðtÞ ¼ a0 cosh ðαtÞ, the vorticity can sup-
port a bounce without NEC violation along Uμ as long as
ϵ ≫ αb. This implies that the Hubble scale during the
bounce is much smaller than the inverse size of the extra-
dimensions. It should thus be possible to describe the bounce
using a 4D effective theory, see Sec. IV.
For this metric ansatz, there are null rays Vμ that have

components along the extra-dimensions for which the
NEC is violated, i.e., TμνVμVν < 0. This NEC violation
is independent of the behavior of aðtÞ but is instead
a requirement of the non-zero vorticity in the extra-
dimensions. Much like the case of stabilized extra-
dimensions in an accelerating universe, we will split the
required stress-tensor (Tμν) into two pieces: Tμν ¼
TC þ TD. TC is composed of a suitable choice of
Casimir energy densities that will provide a stable NEC
violating source along the extra-dimensions. TD is the
additional source necessary to satisfy Einstein’s equations.
For a given aðtÞ, the form of TD can be obtained from
solving Einstein’s equations. We will show that it is
possible to find TC such that TD preserves the NEC even
when the 4D scale factor aðtÞ undergoes a bounce. We do
not have a microscopic field theory that provides TD—thus,
we cannot ensure that the source responsible for TD is
devoid of pathologies. However, since TD respects the
NEC, we are optimistic that there might be stable sources of
matter that can produce it, and leave this for future work.2

2Moreover, since any NEC preserving fluid can be decom-
posed into a sum of a fluid that preserves the dominant energy
condition (DEC) and a cosmological constant, it might be
possible to find classical DEC preserving matter that supports
our construction.
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In Appendix A, we show that the relevant components of TC, the Casimir part of the stress tensor, can be expressed to
Oðϵ2Þ in the form:

TC ¼

0
BBBBBBBBBBBBBBBBBB@

ρ1 0 0 0 0 −bϵ sinðθÞρ3 −bϵ cosðθÞρ3
0 −aðtÞ2ðρ1 þ ϵ2ðs1ρ1 þ s3ρ3ÞÞ 0 0 0 0 0

0 0 −aðtÞ2ðρ1 þ ϵ2ðs1ρ1 þ s3ρ3ÞÞ 0 0 0 0

0 0 0 −aðtÞ2ðρ1 þ ϵ2ðs1ρ1 þ s3ρ3ÞÞ 0 0 0

0 0 0 0 b2ρ2 0 0

−bϵ sinðθÞρ3 0 0 0 0 b2ρ2 0

−bϵ cosðθÞρ3 0 0 0 0 0 b2ρ2

1
CCCCCCCCCCCCCCCCCCA
ð4Þ

There are additional Oðϵ2Þ contributions to TC that are not
shown above, for example, to Tϕ1ϕ1

, Tϕ1ϕ2
, Tϕ2ϕ2

. These
corrections are subdominant and do not alter our conclu-
sions, as we show in Appendix B. With suitable choice of
bosonic and fermionic particles and their massesM, we can
independently choose ρ1, ρ2, and ρ3.
Exploiting this freedom, we take

ρ2 ∼ −
M5

7

b2
; jρ1j⪅jρ2j; jρ3j ≪ jρ2j;�

a0ðtÞ
aðtÞ

�
2

;
a00ðtÞ
aðtÞ ≪

jρ1 þ ρ2j
M5

7

: ð5Þ

In Appendix B, we show that this choice ensures that
TD obeys the NEC for every null vector Vμ as long
as the Hubble scale during the bounce is sufficiently
small, with ðTDÞμνVμVν strictly positive. The positivity of
this quantity implies that the system can support (para-
metrically) small oscillations of the extra-dimensional
moduli without triggering NEC violation. Thus, the stress
tensor TD can also accommodate the stabilization of the
compactification. The above parameters are simply a range
where the NEC is preserved—it is straightforward to find
other such ranges as well. The energy densities necessary
for the bounce are sub-Planckian as long as the radius b of
the extra-dimension is greater than 1=M7, in other words
the extra-dimensions are large in Planck units.3 In our
ansatz, the vorticity in the extra-dimensions was assumed
to be a constant during the bounce. This assumption
was made for convenience: the vorticity can change
during the evolution of the universe. As long as it is
not zero, we can still find stress tensors TD that satisfy the
NEC during the bounce, exploiting the freedom in
choosing TC.

III. SINGULARITY THEOREMS

Let us see how the metric in (1) avoids singu-
larity theorems [8] that preclude nonsingular bouncing
cosmologies. The central element of these theorems is
Raychaudhuri’s equation which computes the expansion
ðθ̂Þ of null (and time-like) congruences. For a null con-
gruenceUμ parametrized by an affine parameter λ, we have:

dθ̂
dλ

¼ −
1

2
θ̂2 − 2σ̂2 þ 2ω̂2 − TμνUμUν ð6Þ

where θ̂, σ̂ and ω̂ are the expansion, shear and vorticity of
the congruence. A nonsingular bounce would require a
converging congruence to become diverging. From (6), this
is possible only when either ω̂ is nonzero or if the matter
violates the NEC.
In our solution, we exploit the fact that the NEC can be

violated along the extra dimensions by stable sources such as
Casimir energies. This prevents the focusing of null rays that
are oriented well inside the extra dimensions. But, this would
not prevent the focusing of null congruences that are along
the noncompact dimensions R4. The only other way to make
these geodesics diverge is to make use of vorticity, i.e., a
“centrifugal force” that fights off gravitational focusing. This
is the case in our nonfactorizable metric: geodesics that are
entirely along R4 have nonzero vorticity—they are forced to
rotate into the extra-dimensions. This centrifugal force
prevents them from converging during a bounce into a
singularity, without having to violate the NEC along the
noncompact R4. Since we need to prevent the convergence
of all 4d null geodesics, we need a compact space where the
vorticity can be nonzero everywhere. Vorticity is effectively
the curl of a velocity field, and thus we need a compact
space X where such a curl can be nonzero everywhere.
Topologically, this appears to require at least 3 dimensions.
Hence for simplicity we take X ¼ T3, a torus.4

3In Appendix B, we comment on the number of species
necessary to satisfy the conditions (5) and their effect on the
gravitational cutoff of the theory.

4ABC flows are a well-studied example of fluid flow in T3 with
nonvanishing vorticity everywhere.
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The ability of vorticity to combat the focusing of
geodesics is well known. However, its existence is often
in conflict with the demand of global hyperbolicity.
Vorticity is zero for a congruence that is everywhere
hypersurface orthonormal. But, global hyperbolicity is
guaranteed as long as we can find a set of surfaces that
are orthonormal to a timelike congruence—this congruence
need not be a geodesic congruence. Thus global hyper-
bolicity by itself does not preclude the possibility that
geodesics (whose behavior is important for a bounce)
possess vorticity.
Nevertheless, the existence of nonvanishing vorticity

can cause trouble for global hyperbolicity. A well-known
example is that of the Gödel metric where vorticity prevents
matter in the universe from undergoing gravitational
collapse. But, the rotation results in the existence of closed
timelike curves. In our metric, the vorticity moves geo-
desics into a compact extra-dimension. While the vorticity
is nonzero everywhere in the extra-dimensions, its compact
size prevents the formation of closed timelike curves. It is
straightforward to show that the metric (1) does not possess
any closed timelike curves. Consider a curve γðτÞ ¼
ðtðτÞ;…Þ in this space-time. If it were to be a closed
timelike curve, there must be a point where dt

dτ is zero. But,
at this point (1) is positive definite and the curve is thus
spacelike. A similar argument also establishes that causal
curves cannot intersect surfaces of constant t more than
once. These spacelike surfaces are thus Cauchy surfaces
and our space-time is globally hyperbolic.
Every element of our construction is necessary to evade

the power of the singularity theorems: NEC violation along
compact directions and nonzero vorticity for 4D geodesics
evades gravitational focusing, while the restriction of
vorticity into just compact dimensions prevents the for-
mation of closed timelike curves enabling the space-time
to be globally hyperbolic. Our metric is an example that
shows that there are no obstacles in a 7D universe to realize
a nonsingular bounce and still retain a homogeneous,
isotropic 4D cosmology. The phenomena described by
us should thus be a generic feature of metrics with non-
vanishing vorticity in the compact space X. For example,
starting with (1), we can get a large class of bouncing
metrics by replacing the sin θ, cos θ terms by sin ðnθÞ,
cos ðnθÞ where n ⊂ Z. We also present an example where
X ¼ S3 in Appendix B.

IV. EFFECTIVE THEORY

In our scenario, the Hubble scale during the bounce can
be parametrically smaller than the compactification scale.
In this limit, the entire evolution should be describable in a
four-dimensional effective theory. Since there is no vor-
ticity in four dimensions, the singularity theorems imply
that the matter that drives the bounce in the four dimen-
sional description must violate the NEC.

This is indeed the case. As we will see below, the four
dimensional description is that of a NEC violating fluid
where the fluid consists of a density of Kaluza Klein modes
obtained from the decomposition of the higher dimensional
metric. Generically, one would expect instabilities in such a
fluid. But, these instabilities exist above the mass scale of
the particles that compose the fluid. In our case, this mass
scale is the compactification scale above which the four-
dimensional theory breaks down and the higher dimen-
sional picture becomes relevant. Importantly, the Hubble
scale during the bounce can be parametrically (∝ ϵ2) lower
than the compactification scale since the Hubble scale is
determined by the density of these massive modes which
can be small. In effect, our solution can be viewed as a way
to UV complete four dimensional NEC violating matter
into a higher dimensional theory, though since the NEC
violating matter is parametrically at the same scale as the
cutoff of the 4D effective theory, there is not a large range
of validity where it would truly be called a 4D, NEC-
violating theory.
First, break down the metric into four-dimensional

components [16]:

gð7ÞAB ¼ ðdetΦÞ−1=5
�
gμν þ Ba

μBb
νΦab Bc

μΦca

Bc
νΦcb Φab

�
ð7Þ

where Greek indices cover the noncompact four dimen-
sions and lower-case latin indices the three compact
dimensions. This parametrization is not an approximation,
and it is convenient because Einstein’s equations are exact
to quadratic order in the vector fields Ba

μ. The fields, g, B,
andΦ can be expanded in Kaluza-Klein (KK) modes along
the compact dimensions. We see that the off-diagonal part
of the metric is effectively a vacuum expectation value for
the vectors Bϕ1

μ , Bϕ2
ν in the time-direction, specifically, the

first-level KK modes along the θ coordinate.
The four-dimensional components of the Einstein tensor

can now be written as:

Gð7Þ
tt ¼ Gtt −

1

4
ðð∂θB

ϕ1
t Þ2 þ ð∂θB

ϕ2
t Þ2Þ

− ðBϕ1
t ∂2

θB
ϕ1
t þ Bϕ2

t ∂2
θB

ϕ2
t Þ þ � � � ð8Þ

Gð7Þ
xx ¼ Gxx −

aðtÞ2
4

ðð∂θB
ϕ1
t Þ2 þ ð∂θB

ϕ2
t Þ2Þ þ � � � ð9Þ

where the ellipses contain, for example, terms with Φ
fields, terms higher order in the vectors B, and other terms
with derivatives with respect to compact coordinates. The
Gμν are components of the four-dimensional Einstein
tensor, which contains only the zero-mode (θ-, ϕ1-, and
ϕ2-independent part) of gμν. The other terms shown on the
right hand sides can now be considered part of the stress-
energy tensor in the four-dimensional effective theory.
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The relevant terms in the off-diagonal components of
Einstein’s equation are

−
1

2
∂2
θB

ϕ1
t − 3b2

�
a02

a2
þ a00

a

�
Bϕ1
t þ � � � ¼ Gð7Þ

tϕ1
¼ 1

M5
7

Ttϕ1

ð10Þ

and similarly for the t − ϕ2 component. In the limits we are
interested in, the first term dominates. The right-hand side
represents a source, that we take as a background field. It,
through this equation, is responsible for giving the vector a
nonzero expectation value, namely hBϕ1

t i ¼ ðϵ=bÞ sin θ
and hBϕ2

t i ¼ ðϵ=bÞ cos θ.
Thus, we can define

M5
7T

eff
tt ≡ ðBϕ1

t ∂2
θB

ϕ1
t þ Bϕ2

t ∂2
θB

ϕ2
t Þ

þ 1

4
ðð∂θB

ϕ1
t Þ2 þ ð∂θB

ϕ2
t Þ2Þ → −

3ϵ2

4b2
ð11Þ

M5
7T

eff
ii ≡ aðtÞ2

4
ðð∂θB

ϕ1
t Þ2 þ ð∂θB

ϕ2
t Þ2Þ → aðtÞ2 ϵ2

4b2
ð12Þ

where the index i ¼ x, y, z. If one checks the NEC for
this effective matter, we see that nμnνTeff

μν ¼−ðϵ2=2b2Þ<0,
for a lightlike vector nμ pointing any direction in the
4-dimensional subspace. Thus these terms violate the NEC.
Note that the Hubble scale as well as the 4D energy

density of the KK modes of the metric can both be
parametrically lower than the cutoff of the 4D effective
theory. So it would appear that this solution could be
described fully in four dimensions, where the fluid can
actually be thought of as a dilute condensate of very heavy
particles. However the mass of the individual particles
making up this fluid are at the cutoff (since they are KK
modes). Any potential instability in such a theory lies above
the mass scale of the particles, where the 4D effective
theory is no longer valid. Thus one interpretation of our
model is a UV completion of an NEC-violating four-
dimensional theory into extra dimensions, but with no
parametric separation between the mass of the NEC-
violating 4D matter and the scale where the theory is
really seven dimensional.

V. DISCUSSION

Vorticity in extra-dimensions thus provides a NEC
violating source in 4D noncompact space-times. This class
of metrics can be used to consistently describe bouncing
cosmologies that have been considered in the past (e.g. the
Ekpyrotic scenario [17]). It is also straightforward to extend
solutions such as the simple harmonic universe [18,19] that
avoided cosmological singularity theorems using positively
curved spaces into this framework where such solutions can
also now describe non-compact geometries. In addition to

these possibilities, we discuss two novel applications for
these kinds of metrics—relaxation of the cosmological
constant and traversable wormholes.

A. Relaxation of the cosmological constant

Cosmic evolution can allow parameters in the
Lagrangian that are not protected by symmetry to naturally
relax to fine-tuned values. There are three critical steps in
this process. First, there must be a “scanning” mechanism
that allows the parameter to change during cosmic history.
Second, a “sensor” must be present that realizes that the
parameter has attained the desired (fine-tuned) value.
Finally, this “sensor” must trigger a backreaction that stops
the scanning. It is straightforward to conceive of scanning
and backreaction mechanisms. For example, a rolling scalar
field provides a natural scanner while the requisite back-
reaction can be provided by triggering the growth of a
potential barrier to prevent further motion of the scalar
field. The sensor mechanism however depends on the
parameter that is being fine-tuned. In the case of the
cosmological relaxation of the gauge hierarchy problem
[2], the breaking of electroweak symmetry as the Higgs
mass squared goes through zero was used as a sensor to
trigger the backreaction that stops the scanning of the
electroweak scale.
It is challenging to create a similar sensing mechanism

for the cosmological constant, see Abbott’s attempt [1].
Any such mechanism has to operate solely through gravity
since the cosmological constant does not have any other
interactions. But, gravity couples to the entire stress-
energy tensor. Thus, a sensing mechanism that is able to
trigger a back-reaction to stop the scanning of the
cosmological constant can do so only when the energy
density in the universe is smaller than the desired fine-
tuned value of the cosmological constant. While such a
mechanism can be constructed to naturally tune the
cosmological constant to small values, the universe thus
produced will have an energy density comparable to the
observed energy density today, in contradiction with the
observational fact that our universe was radiation domi-
nated in the past with temperatures being at least as large
as ∼MeV. Thus, as Abbott pointed out, this model has an
“empty universe” problem.

Our bouncing cosmology might be able to get around
this problem.5In Abbott’s approach [1], the motion of a
scalar field changes the value of the cosmological con-
stant. With technically natural parameters, the scanning
can be stopped when the cosmological constant is either
slightly positive or negative. Suppose the scanning is
stopped when the cosmological constant is slightly

5See [20] for an attempt similar in spirit to our approach.
Another possibility, see e.g. [21], is to use an NEC-violating fluid
to get around the empty-universe problem. This mechanism also
has significant challenges to overcome.
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negative. The universe will then undergo a crunch. If the
universe can go through a calculable, nonsingular bounce
it might be possible to reheat the universe to high
temperatures while retaining the naturally small value
of the cosmological constant.6

This framework circumvents several issues that normally
plague attempts to solve the cosmological constant prob-
lem. First, the large density of local minima for the scalar
field whose motion scans the cosmological constant evades
Weinberg’s so called “no-go theorem” [22]. This theorem is
fundamentally based on the argument that a dynamical
solution to the cosmological constant requires two con-
ditions to be simultaneously satisfied—the net potential V
of the scanning scalar field must be zero (or close to it) and
∂V
∂ϕ must also be zero so that the field is stabilized in a
minimum (or near it). For a generic potential, while it is
possible to engineer one of these two conditions, they
cannot both be satisfied without fine-tuning. In the Abbott
potential, where there is a large density of minima, the
second condition is easy to satisfy. It is thus sufficient to
engineer dynamics that can satisfy the first condition,
namely, making the net cosmological constant/potential
energy small.
A second issue arises if one tries to solve the cosmo-

logical constant problem when the universe is at high
temperatures. At high temperatures (e.g. prior to the QCD
phase transition), the cosmological constant is expected
to have been significantly higher than it is today. Any
mechanism that operates at this time would have to rapidly
adjust the value of the cosmological constant in the short
time between the QCD phase transition and the time of
recombination. This is hard since the cosmological con-
stant is a small contribution to the energy density of the
universe at these early times and if it only couples
gravitationally, it is difficult to see how any such mecha-
nism could operate. In our scenario, the tuning of the
cosmological constant occurs when the energy densities in
the universe are comparable to the mean density of the
universe today—i.e., the standard model is in its vacuum
and thus the tuned value of the cosmological constant will
correspond to the vacuum value and not some high
temperature value. As the universe undergoes a bounce
and becomes hot, the cosmological constant will change
as expected during a phase transition. But, during this
time, since the universe is radiation dominated, the effects
of the large cosmological constant are not observable (as
in our own universe). The subsequent expansion and
cooling of the universe will move the cosmological
constant back to its vacuum value, where the scalar field
has appropriately tuned it to be small.
Thus, the “empty universe” problem of Abbott is

actually a virtue since it results in tuning the cosmological

constant in the correct vacuum. A bounce that reheats the
universe could complete the Abbott model and solve the
cosmological constant problem.7 We leave further study of
this possibility for future work.

B. Wormholes

The behavior of geodesics during a bounce wherein a
converging congruence has to become diverging is also
shared by wormhole geometries. Since vorticity can pre-
vent the focusing of geodesics in space-times filled with
NEC preserving matter, it is interesting to ask if a
construction similar to (1) can yield traversable worm-
holes.8 We present an example that realizes the Morris-
Thorne wormhole [23] which connects two asymptotically
flat spatial regions together:

ds2 ¼ −dt2 þ dr2 þ ðl2 þ r2Þdθ2 þ ðl2 þ r2Þ sin2 θdϕ2

þ b2ðdψ2
1 þ dψ2

2 þ dψ2
3Þ

þ 2ϵbðsinψ1dtdψ2 þ cosψ1dtdψ2Þ ð13Þ

Here ðt; r; θ;ϕÞ are the coordinates on R4, ðψ1;ψ2;ψ3Þ are
the coordinates on T3 and l parametrizes the size of the
wormhole’s throat. Much like the analysis for the bounce,
we can now use Einstein’s equations to compute the stress
tensor necessary to support this wormhole and check if it
violates the NEC. For null geodesics Uμ that are entirely
along R4, we find:

TμνUμUν ¼ ϵ2ðl2 þ r2Þ2 − 4b2l2

2b2ðl2 þ r2Þ2 ð14Þ

In the absence of vorticity, the stress tensor necessary to
support (13) violates the NEC, while in its presence the
NEC need not be violated along R4. Similar to the case of
the bounce, there are null-vectors Vμ that are pointed into
the extra-dimensions for which the NEC is violated. But,
one may again provide the required NEC violation in the
extra-dimensions using stable sources such as Casimir
energy densities. We leave further exploration of these
matters for future work.

VI. CONCLUSIONS

We have shown that qualitatively new phenomena are
possible in 7D space-times of the form R4 × X where the
metric is nonfactorizable and possesses vorticity in the
extra-dimensions. These phenomena arise from the fact that

6A universe thus born again might potentially be free of the sin
of fine-tuning.

7This harmonious marriage of inflation and ekpyrosis could
thus potentially allow for concurrent solutions to both the gauge
hierarchy and cosmological constant problems through dynamic
relaxation.

8The potential use of extra-dimensions to produce wormholes
was first considered in the film Interstellar.
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vorticity prevents the focusing of null congruences, a
central need for the construction of nonsingular bounces
and traversable wormholes. These metrics require the
presence of a NEC preserving source whose microphysics
we have not identified. It would be interesting to see if there
are restrictions from particle physics on such sources when
they carry vorticity. If so, it could lead to a new class of
conditions on viable stress-energy tensors where the
dynamic behavior of the source is restricted, and a new
class of singularity theorems. On the other hand, if viable
sources are found, they could greatly enlarge the phenom-
enology of general relativity.
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APPENDIX A: CASIMIR CALCULATIONS

The stress energy tensor necessary to create the metric in
(1) violates the null energy condition (NEC) for geodesics
that extend into T3. This violation is dominantly due to the
existence of vorticity in the extra-dimensions and is
essentially independent of the bouncing behavior of the
4D scale factor aðtÞ. For the purpose of an existence proof,
we show below that with suitable choice of parameters, the
stress tensor of Casimir energies in the T3 can provide a
safe NEC violating source to support (1).
We work in the limit aðtÞ ¼ a0, a constant. To see that

this is sufficient, observe that in the limit ϵ → 0, the metric
factorizes and thus the Casimir energies in T3 contribute
like a cosmological constant along 4D, their assumed form
in (4). Corrections to the Casimir stress tensor arising from
vorticity and a time-dependent scale factor are parametri-
cally of order ϵa00=a; ϵa0=a. Since we work in the limit
a00=a; ða0=aÞ2 ≪ ϵ2=b2, these corrections are parametri-
cally smaller than the required NEC violation ∼ðϵ=b2Þ.
Rescaling away a0, our problem reduces to finding the
Casimir energies for R4 × T3 with the metric:

ds2 ¼ −dt2 þ ðdx2 þ dy2 þ dz2Þ þ b2ðdθ2 þ dϕ2
1 þ dϕ2

2Þ
− 2ϵbðsin θdtdϕ1 þ cos θdtdϕ2Þ: ðA1Þ

Clearly, in the limit ϵ ≪ 1, the vorticity terms can be treated
as a perturbation over a flat Minkowski background. I.e.,
gμν ¼ ημν þ ϵhμν where ημν is the flat Minkowski metric
obtained from gμν in the limit ϵ → 0. The Casimir energies
for a field Ψ can be computed by treating the perturbation
ϵhμν as a background insertion.

To Oðϵ2Þ, the Casimir energy for Ψ takes the form:

0
BBBBBBBBBBBB@

ρ1 0 0 0 0 −ϵ sinðθÞρ3 −ϵ cosðθÞρ3
0 −ρ1 þ ϵ2 ~ρ1 0 0 0 0 0

0 0 −ρ1 þ ϵ2 ~ρ1 0 0 0 0

0 0 0 −ρ1 þ ϵ2 ~ρ1 0 0 0

0 0 0 0 ðρ2 þ ϵ2 ~ρ5Þ 0 0

−ϵ sinðθÞρ3 0 0 0 0 ðρ2 þ ϵ2 ~ρ6Þ ϵ2 ~ρ67

−ϵ cosðθÞρ3 0 0 0 0 ϵ2 ~ρ67 ðρ2 þ ϵ2 ~ρ7Þ

1
CCCCCCCCCCCCA

ðA2Þ

As explained in Appendix B, the terms ~ρ5, ~ρ6, ~ρ7, ~ρ36, ~ρ37
and ~ρ67 do not affect the proof that the vorticity inducing
stress tensor TD preserves the null energy condition at
Oðϵ2Þ. Thus, we will not compute them.

For a given field, ρ1, ~ρ1, ρ2 and ρ3 are functions of
the mass M of the field and the radius b. Our
computations below show that ~ρ1 is a linear combination
of ρ1 and ρ3, while ρ1, ρ2 and ρ3 are algebraically
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independent, i.e., there is no fixed function f such that
ρi ¼ fðρj; ρkÞ. This is not a surprise—the algebraic
independence of ρ1 and ρ2 for a massive scalar field
is well established, while ρ3 depends upon the specific
metric perturbation9 Thus, while they are all functions
of M (and b), by picking various masses and exploiting
the relative minus sign between fermions and bosons
(for periodic boundary conditions), we can find a set of
bosons and fermions whose net Casimir energy takes the
form (5).
We now establish the algebraic independence of ρ1, ρ2

and ρ3 for a scalar field Ψ of mass M. To Oðϵ2Þ, the
Lagrangian is

L ⊃ −
1

2

ffiffiffiffiffiffi
−g

p
 
ημν∂μΨ∂νΨþM2Ψ2 þ ϵ2ð∂tΨÞ2|fflfflfflfflffl{zfflfflfflfflffl}

O1

−
2ϵ

b

 
∂tΨ∂ϕ1

Ψ sin θ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
O2

þ ∂tΨ∂ϕ2
Ψ cos θ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

O3

!

þ −
ϵ2

b2
ðsin θ∂ϕ1

Ψþ cos θ∂ϕ2
ΨÞ2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

O4

1
CA: ðA3Þ

The stress energy tensor for this field is calculated
from the Green’s function through the relation Tμν ¼
limx2→x1 ∂μ∂νGðx2; x1Þ, where the partial derivatives are
taken to be symmetrized on the x1, x2 coordinates as
∂μ∂ν ≡ ð∂2

μ∂1
ν þ ∂1

μ∂2
νÞ=2. This Tμν contains a divergent

Poincaré invariant contribution to the cosmological
constant—upon subtracting this piece, the remainder
is the Casimir energy. The boundary conditions neces-
sary to obtain Gðx2; x1Þ in R4 × T3 can be incorporated
by first starting with the corresponding Green’s function
G∞ðx2; x1Þ in R7 and using the method of images to
enforce periodic boundary conditions along the θ, ϕ1

and ϕ2 directions: Gðx2; x1Þ ¼
P

n⃗G
∞ðx2; x1 þ 2πn⃗Þ

where n⃗ ¼ lθ̂ þmϕ̂1 þ nϕ̂2, ðl; m; nÞ are integers, and
(θ̂, ϕ̂1, ϕ̂2) are unit vectors along θ, ϕ1, and ϕ2.
Corrections to G∞ðx2; x1Þ from the operators in (A3)
can be calculated perturbatively. The operators O4

preserve 4D Lorentz invariance—they can thus at most
contribute to renormalizations of ρ1 at Oðϵ2Þ and are
thus irrelevant. O1, O2 and O3 in (A3) are the leading
contributions to ρ1, ρ2, ρ3 and ~ρ1 through the Feynman
diagrams in Fig. 1.

The Casimir stress tensor is

Tμν ¼ lim
x2→x1

�
∂μ∂ν

X
n⃗

G∞ðx2; x1 þ 2πn⃗Þ
�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
S

− lim
x2→x1

ð∂μ∂νG∞ðx2; x1ÞÞ: ðA4Þ

This difference is independent of the regulator used to
compute the divergent contributions to the cosmological
constant. The integrals over the momenta pθ;ϕ1;ϕ2 in the
sum (labeled S) in (A4) can be performed using the Poisson
summation formula, reducing these integrals to sums
over n⃗. The resulting expressions can be regulated using
dimensional regularization for the integrals and Zeta
function regularization [24] for the sums. As a check
on our calculations, we also calculated the relevant com-
ponents of the Casimir tensor numerically. This avoids the
use of any regulators for the sums or integrals as the CC
term (n⃗ ¼ 0) in the above sum is the only term that is
actually divergent and it is subtracted off. The numeric
results agreed with our analytic expressions given below to
many digits.
The perturbed propagators (Fig. 1) are

G∞
0 ðx2; x1Þ ∝ i

Z
d7p
ð2πÞ7

eip·ðx2−x1Þ

p2 þM2
ðA5Þ

G∞
1aðx2; x1Þ ∝ −iϵ

Z
d7p
ð2πÞ7

eip·ðx2−x1Þðiptpϕ1Þ
p2 þM2

×

�
e−ix

θ
1

p2þ þM2
−

eix
θ
1

p2
− þM2

�
ðA6Þ

G∞
1bðx2; x1Þ ∝ −iϵ

Z
d7p
ð2πÞ7

eip·ðx2−x1Þðptpϕ2Þ
p2 þM2

×

�
e−ix

θ
1

p2þ þM2
þ eix

θ
1

p2
− þM2

�
ðA7Þ

G∞
2aðx2; x1Þ ∝ iϵ2

Z
d7p
ð2πÞ7

eip·ðx2−x1Þpt2

ðp2 þM2Þ2 ðA8Þ

G∞
2bþ2cðx2; x1Þ ∝ −iϵ2

Z
d7p
ð2πÞ7

eip·ðx2−x1Þpt2

p2 þM2

×

�
pϕ1 2 þ pϕ2 2

p2 þM2

�
1

p2
− þM2

þ 1

p2þ þM2

�

þ ðpϕ2 2 − pϕ1 2Þ2 cos ðxθ1 þ xθ2Þ
ðp2

− þM2Þðp2þ þM2Þ
�

ðA9Þ
9For example, it can be shown that for metrics where the sin θ,

cos θ terms are replaced by sin ðnθÞ, cos ðnθÞ for n ⊂ Z, ρ3 scales
as 1=n2, while ρ1, ρ2 are unaltered. The conditions (5) are easily
satisfied in this case.
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G∞
2dðx2;x1Þ∝−iϵ2

Z
d7p
ð2πÞ7

eip·ðx2−x1Þpt2pϕ1pϕ2 sinðxθ1þxθ2Þ
ðp2þM2Þðp2

−þM2Þðp2þþM2Þ
ðA10Þ

where for example G∞
1a corresponds to the correction to

the propagator from the diagram labeled “1(a)” in Fig. 1.
We define p2

�¼−pt2þ p⃗:p⃗þðpθ�1=b2Þ2þpϕ1 2þpϕ2 2

where pμ is the momentum along the μ direction. Note

that G2d and the second term in G2bþ2c do contribute to the
Casimir tensor but their contributions do not need to be
calculated exactly because they are not relevant for our
purposes (e.g. it can be easily shown that G2d contributes
only to ~ρ67). Moreover, since our argument relies on the
functional independence of the terms ρ1, ρ2 and ρ3 we did
not compute overall numerical prefactors for the above
Green’s functions.
The leading order contributions to ρ1, ρ2, ρ3 and ~ρ1 are

ρ1 ∝ −
45e−2πbM

32π7b7
−
45Me−2πbM

16π6b6
−
9M2e−2πbM

4π5b5
−
3M3e−2πbM

4π4b4
þ higher order exponentials

ρ2 ∝ −
15e−2πbM

8π7b7
−
15Me−2πbM

4π6b6
−
27M2e−2πbM

8π5b5
−
7M3e−2πbM

4π4b4
−
M4e−2πbM

2π3b3
þ higher order exponentials

ρ3 ∝ −
1

64π6b7

Z
1

0

daðπy21K2ð2π
ffiffiffiffiffi
y1

p Þ þ πy22K2ð2π
ffiffiffiffiffi
y2

p Þ þ 2y3=21 K3ð2π
ffiffiffiffiffi
y1

p Þ þ 2y3=22 K3ð2π
ffiffiffiffiffi
y2

p ÞÞ

þ rapidly converging exponentials and Bessels

where y1 ¼ ð1þ b2M2 − aÞ and y2 ¼ ðb2M2 þ aÞ,

~ρ1 ¼ s1ρ1 þ s3ρ3: ðA11Þ

One can show that the coefficients s1 and s3 are nonzero,
but their exact values do not matter for our analysis. All of
these expressions can be numerically evaluated for various
values of M, establishing their algebraic independence.
Using the fact that there is a relative minus sign between the
Casimir energies for bosons and fermions, it is possible to

find a suitable combination of fermions and bosons to
obtain the desired values of ρ1, ρ2 and ρ3.

APPENDIX B: THE NULL ENERGY CONDITION

In this section, we prove that with the choice of
parameters in (5), the stress tensor TD obeys the NEC.
We work in the limit ða0=aÞ2, a00=a ≪ ϵ2=b2. To prove that
TD obeys the NEC, we need to show that ðTDÞμνVμVν > 0

for every null vector Vμ, where the vector can be located at
any point in R4 × T3. Without loss in generality, we may

FIG. 1. Corrections to the propagatorG∞ðx2; x1Þ from the perturbationsO1,O2 andO3. There is also a diagram 2.d which is similar to
2.b and 2.c except that it has one sin θ vertex and one cos θ vertex and they are summed in both orders.
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choose Vμ ¼ ð1; βx; 0; 0; βθ; βϕ1
; βϕ2

Þ. Fix βx by the con-
dition gμνVμVν ¼ 0. For any point on R4 × T3,
ðTDÞμνVμVν is now a function ðβθ; βϕ1

; βϕ2
Þ. Compute

the Hessian of this function and observe that the eigen-
values are of the form −ðρ1 þ ρ2Þ þOðϵ2Þ. In the limit of
small ϵ, by taking ðρ1 þ ρ2Þ < 0, we can ensure that all the
eigenvalues of the Hessian are positive. This implies that

ðTDÞμνVμVν is a convex function of ðβθ; βϕ1
; βϕ2

Þ at any
point on R4 × T3. Minimize ðTDÞμνVμVν as a function of
ðβθ; βϕ1

; βϕ2
Þ. Since ðTDÞμνVμVν is convex, this minimum

is the global minimum. We demand that for any point on
R4 × T3, this minimum is positive, ensuring that the NEC is
preserved everywhere.
To Oðϵ2Þ, this minimum is

ϵ2ð4b4ðρ21ðs1 þ 1Þ þ ρ1ðρ2s1 þ ρ3ðs3 þ 2ÞÞ þ ρ3ðρ3 þ ρ2s3ÞÞ − 2b2M5
7ðρ1 − ρ2 þ 2ρ3Þ þM10

7 Þ
4b4ðρ1 þ ρ2Þ

: ðB1Þ

To make this minimum positive, start by taking ρ2 < 0 and jρ1j < jρ2j so that ρ1 þ ρ2 < 0 (ensuring that we are at a
minimum). Choosing ρ3≊0 and ρ1 ¼ δρ2, the minima are of the form:

ðTDÞμνVμVνjmin ¼
ϵ2ð−4b4δs1ρ22 þ 2b2ð2δþ 1ÞM5

7ρ2 þ ðδþ 1ÞM10
7 Þ

4b4ρ2
þOðδ2Þ ðB2Þ

It is clear that by choice of the sign of δ and making ρ2
sufficiently negative, the above expression can be made
positive for any given nonzero values of s1 and s3. This
analysis also makes it clear that terms such as ~ρ5 in (A2) are
irrelevant to this calculation—they do not appear in (B1).
The most dangerous terms for the NEC check are terms
where βx is large. These null rays do not extend much into
the extra-dimension where the NEC violating Casimir
energies have most of their impact. For these rays, ~ρ1
matters since the contribution from the ρ1 terms in (A2) are
effectively canceled. This is not the case for terms such
as ~ρ5—the null rays that would cancel contributions from
ρ2 benefit from the NEC violating Casimir and are not
dangerous.
The tuning in (5) requires densities ρ2 ∼M5

7=b
2, whereas

the typical Casimir energy densities for a single species are
∼κ=b7 [see (A11)] where κ is the 7D loop factor. The
number of species required to accomplish this goal is
N ∼ ðbM7Þ5=κ. This large number of species will renorm-
alize the Planck scale, lowering the cutoff Λ of the theory
below the 7D Planck scale M7 (although this could be
avoided at the cost of tuning the Planck scale). Requiring
that the natural value for the renormalized Planck scale
∼κNΛ5 not be larger than M7 implies ðbΛÞ ∼Oð1Þ. Thus,
in this model, parametric separation between the compac-
tification scale 1=b and the cutoff Λ of the theory cannot be
achieved without tuning in the gravitational sector. In the
absence of tuning, one might worry that these large energy
densities that are at the cutoff of the theory may invalidate
our classical analysis, for example, by sourcing higher
dimensional operators in the gravitational action. But, even
though these Casimir energy densities are large, in our
solution, they are canceled to high accuracy by TD, leading
to curvature scales ∝ ϵ2=b2 ≪ Λ2. Since the curvature is

small, the higher dimensional gravitational corrections are
not relevant.
Casimir energies are an inefficient way to violate the

NEC. It is thus of interest to investigate other sources that
can more efficiently violate the NEC in compact directions.
This includes examples such as orientifolds and compact
space-times with positive curvature. For example, since
positive curvature effectively contributes as a NEC violat-
ing source in Einstein’s equations, it can be used to
significantly decrease the need for additional NEC viola-
tion. Consider the space-time R4 × S3 with the metric:

ds2 ¼ −dt2 þ aðtÞ2ðdx2 þ dy2 þ dz2Þ
þ b2ðdΨ2 þ sin2Ψdθ2 þ sin2Ψ sin2 θdϕ2Þ ðB3Þ

−2ϵbðcosθdtdΨ−sinΨcosΨsinθdtdθ−sin2Ψsin2θdtdϕÞ
ðB4Þ

where the coordinates on R4 are ðt; x; y; zÞ while ðΨ; θ;ϕÞ
are the coordinates on S3. This metric possesses vorticity
and similarly allows a bounce without the need for NEC
violating sources along R4. NEC violation is necessary
along the extra-dimensions—but the amount necessary is
∼a00=a, parametrically smaller than the violation necessary
in the case of R4 × T3. This significantly reduced NEC
violation could potentially be provided by Casimir ener-
gies, which would require far fewer species than the case
considered above. Although we have not explicitly calcu-
lated the Casimir energies for this geometry, we expect
the different components of the Casimir stress tensor to be
sufficiently independent to allow this construction. The
detailed calculation is left for future work.
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