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Adaptive Dynamic Programming for Decentralized
Stabilization of Uncertain Nonlinear Large-Scale
Systems With Mismatched Interconnections

Xiong Yang

Abstract—This paper presents a novel decentralized control
strategy for a class of uncertain nonlinear large-scale systems
with mismatched interconnections. First, it is shown that the
decentralized controller for the overall system can be represented
by an array of optimal control policies of auxiliary subsystems.
Then, within the framework of adaptive dynamic programming, a
simultaneous policy iteration (SPI) algorithm is developed to solve
the Hamilton—Jacobi-Bellman equations associated with auxil-
iary subsystem optimal control policies. The convergence of the
SPI algorithm is guaranteed by an equivalence relationship. To
implement the present SPI algorithm, actor and critic neural
networks are applied to approximate the optimal control policies
and the optimal value functions, respectively. Meanwhile, both
the least squares method and the Monte Carlo integration tech-
nique are employed to derive the unknown weight parameters.
Furthermore, by using Lyapunov’s direct method, the overall
system with the obtained decentralized controller is proved to be
asymptotically stable. Finally, the effectiveness of the proposed
decentralized control scheme is illustrated via simulations for
nonlinear plants and unstable power systems.

Index Terms—Adaptive dynamic programming (ADP), decen-
tralized control, large-scale systems, mismatched interconnec-
tions, reinforcement learning (RL).

I. INTRODUCTION

HARACTERIZED by high dimensionality, uncertainty,
C and information structure constraints, large-scale systems
have emerged in many real world applications, such as power
systems, socioeconomic systems, and transportation systems.
The design of stabilizing controllers for large-scale systems
often cannot use one-shot methods [1]. Under this circum-
stance, the decentralized control approach was introduced. The
key of the decentralized control method is to break down the
control problem of the overall plant into several subproblems
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which can be handled independently. Thus, the overall sys-
tem is controlled by a series of independent controllers that
all together constitute a decentralized controller. A distinct
advantage of the decentralized control approach is that it only
requires local subsystem knowledge rather than the whole sys-
tem information. Owing to this advantage, many studies on
decentralized control have been reported [2]-[5].

Among the existing literature, Saberi [2] provided an opti-
mal control method to design the decentralized controller for
nonlinear large-scale systems. To be specific, the decentral-
ized control of nonlinear interconnected systems was linked to
the optimal control of each isolated subsystem. In this paper,
we will follow the line of [2] to solve the decentralized con-
trol problem of uncertain nonlinear large-scale systems with
mismatched interconnections from an optimal control the-
ory perspective. Different from [2], we present an adaptive
dynamic programming (ADP) method to solve the nonlinear
decentralized control problem. An advantage of ADP lies in
that it can avoid the well-known “curse of dimensionality”
while dealing with optimal control problems of complex non-
linear systems [6]. ADP was first introduced to solve optimal
control problems in 1970s [7]. A common structure used in
ADP is the actor-critic architecture [8]. This architecture can
be described as follows: the actor performs an action to the
controlled system, and the critic evaluates the value of that
action and gives feedback information to the actor. It should
be noted here that, when solving optimal control problems,
reinforcement learning (RL) [9] is almost in the same spirit as
ADP. Thus, RL is often regarded as the synonym for ADP.
Since 1970s, many ADP and RL methods have been pro-
posed, such as policy iteration (PI) ADP [10], [11], value
iteration ADP [12]-[14], robust ADP [15], [16], goal represen-
tation ADP [17], [18], single network ADP [19], [20] integral
RL [21], [22], off-policy RL [23]-[25], online RL [26], [27],
and Q-learning [28]-[30] (note: Q-learning is generally con-
sidered as a kind of ADP [31]).

The past several years have witnessed considerable applica-
tions of ADP to decentralized feedback control. Mu et al. [32]
presented an ADP-based decentralized optimal control scheme
for a class of continuous-time (CT) nonlinear large-scale
systems with matched interconnections. To implement the
control scheme, an initial admissible control was neces-
sary. Qu et al. [33] proposed an adaptive-critic architecture
to solve the decentralized tracking control problem of CT
nonlinear large-scale systems in the framework of ADP.
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The initial admissible control condition was relaxed in [33].
Later, Wang et al. [34] applied the same architecture as [33]
to solve the decentralized stabilization problem of CT non-
linear interconnected systems. In all the above mentioned
literature, the interconnections satisfied the matched condi-
tion. Generally, decentralized control approaches for nonlinear
large-scale systems with matched interconnections do not
hold for those systems with mismatched interconnections.
Recently, Zhao et al. [35] designed a decentralized con-
troller for large-scale nonlinear systems subject to unknown
mismatched interconnections via ADP. After that, by using
ADP, Tong et al. [36] presented an observer-based fuzzy
decentralized optimal control scheme for strict-feedback non-
linear large-scale systems with unknown internal dynamics
and unknown mismatched interconnections. In [35] and [36],
the unknown functions (including unknown interconnections)
were approximated either using radial basis functions or using
fuzzy logic systems. Instead of approximating unknown func-
tions of large-scale systems, Bian et al. [37] developed a robust
ADP to obtain the decentralized optimal control of linear
large-scale systems with unknown mismatched interconnec-
tions. The proposed robust ADP only used the available system
states. In this sense, it was actually a data-based method.
Although there already existed literature applying the data-
based method (i.e., the robust ADP) to study decentralized
control problems of nonlinear large-scale systems, it required
the interconnections to satisfy the matched condition [38]. To
the best of our knowledge, there are few studies employing
the data-based method to solve the decentralized stabilization
problem of CT nonlinear large-scale systems with mismatched
interconnections. This motivates this paper. On the other hand,
the persistence of excitation (PE) condition or the PE-like con-
dition is necessary when implementing all the aforementioned
decentralized control strategies. In general, it is challenge-
able to find appropriate probe noises or signals to satisfy the
PE conditions for nonlinear systems, especially for nonlinear
large-scale systems. This difficulty also motivates our research.

In this paper, a novel ADP-based decentralized control
strategy is developed for a class of uncertain nonlinear large-
scale systems with mismatched interconnections. To begin
with, we prove that the decentralized controller for the over-
all system can be represented by an array of optimal control
policies of auxiliary subsystems. Then, within the framework
of ADP, we present a simultaneous PI (SPI) algorithm to
solve the Hamilton—Jacobi—Bellman (HJB) equations related
to auxiliary subsystem optimal control policies. Meanwhile,
we establish an equivalence relationship to show the conver-
gence of the SPI algorithm. To implement the SPI algorithm,
we use actor neural networks (ANNSs) and critic neural net-
works (CNNs) to estimate the optimal control policies and
the optimal value functions, respectively. By using the least
squares method and the Monte Carlo integration technique,
we obtain the unknown weight parameters without the PE
condition. Moreover, we demonstrate that the derived decen-
tralized controller guarantees asymptotic stability of the overall
system.

The reminder of this paper is arranged as follows. After
briefly presenting the problem description in Section II, we
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propose the decentralized control strategy in Section III.
In Section IV, we develop the SPI algorithm to solve HIB
equations related to auxiliary subsystems. In Section V, we
implement the SPI algorithm via the actor-critic architecture.
To validate the present decentralized control scheme, we pro-
vide two examples in Section VI. Finally, Section VII gives
concluding remarks and discussions.

Notation: R denotes the set of all real numbers. N represents
the set of all non-negative integers. Z* denotes the set of all
positive integers. R™ and R™>" represent the Euclidean space
of all mj;-vectors and the space of all n; x m; real matrices,
respectively. I,; is the identity matrix with the dimension n; x
n;. T is the transposition symbol. ; is a compact set of R,
For A € R™" |A|| = /tr(ATA) is the Frobenius-norm, and
tr(ATA) is the trace of ATA.

II. PROBLEM DESCRIPTION

Consider the CT nonlinear large-scale system described by
equations of the form

Xi(t) = fi(xi(®) + gi(xi(0)ui(t) + Afi(x(1))
i=1,2,...,N (1)

where x; € R™ is the measurable state of the ith subsys-
tem, u; € R™ 1is the control input of the ith subsystem,
X = [x-lr,x;, .. .,x;[,]T eR" (n= Zivzl n;) is the overall state,
fi(x) € R, g;i(x;) € R"*™i and Afi(x) € R" are the unknown
internal dynamics, the known input matrix, and the uncertain
interconnection of the ith subsystem, respectively.

To facilitate subsequent analyses, we impose the following
basic assumptions. The similar assumptions have been used
in [31] and [39].

Assumption 1: For the ith subsystem, f;(x;) and g;(x;) are
Lipschitz continuous in their arguments. Meanwhile, f;(0) = 0,
i.e., x; = 0 is an equilibrium point of the ith subsystem given
in (1) when u;(r) = 0 and Afij(x(t)) = 0 for all > 0.

Assumption 2: For the ith subsystem, the interconnection
Afi(x) satisfies the mismatched condition, that is

Afi(x) = ki(x)wi(x)  (ki(x) # gi(xi)
where k;(x;) € R™%*li is an unknown smooth function and

wi(x) € R% is an uncertain function bounded as
N

xio = x;(0),

o)l <> aieis(Ix1) )

s=1
where «;5(+),s = 1,2,..., N, are class K functions [40] and
ais,s = 1,2,..., N, are non-negative constants. Meanwhile,

wi(0)=0,i=1,2,...,N and o;5(0) =0,i,s=1,2,...,N.
Let

oi([lxill) = max{ay;(llxill), c2i(llxlD, - . ., ani(llxilD}-

Then, (2) can be further written as

N
el < bisers(llxs)

s=1

3)

negative constants.
Similar to (3), we impose another assumption as follows.

where by > ajseis(l|xgll) /s (llxgll), s = 1,2,..., N, are non-
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Assumption 3: There exist class I functions B,(-), t =
1,2,...,N, such that

N
| o Afi] < Bl )
=1

where g;’ (x;) is the Moore—Penrose pseudo-inverse of g;(x;)
and ¢j, t = 1,2, ..., N, are non-negative constants.

Objective of Control: This paper aims at finding a feed-
back control pair (u1(x1), ua(x2), ..., un(xy)) for large-scale
system (1), subject to Assumptions 1-3, which guarantees the
closed-loop system (1) to be asymptotically stable.

In the above mentioned control pair, the control policies
ui(x;), i = 1,2,..., N, constitute the decentralized control
of system (1). Meanwhile, u;(x;) is the control policy for
the ith subsystem. Therefore, to achieve the goal (i.e., obtain
the decentralized control), we need to derive the control pol-
icy for each subsystem. However, the internal dynamics f;(x;)
and the interconnections Af;(x;) are unavailable. Thus, it is
hard to design the controller for each subsystem directly. To
address this issue, we first transform the decentralized control
problem of the overall system into optimal control problems
of auxiliary subsystems. Then, we solve these optimal con-
trol problems in the framework of ADP, which does not
require the information of the internal dynamics f;(x;) and the
interconnection Af;(x;).

III. DECENTRALIZED CONTROL STRATEGY

This section consists of two parts. First, we develop the HIB
equation for the ith auxiliary subsystem. Then, we demon-
strate that the decentralized controller for system (1) can be
obtained via solving the HIB equations related to the auxiliary
subsystems.

A. HJB Equation for the ith Auxiliary Subsystem

For the ith subsystem, projecting Afj(x) onto the range of
gi(xi), we have

Afi(x) = gi(x)g () Afi(x)
+ (I, — 88T () Afi(x) (5)

where the first term is the matched component of g;(x;) and
the second term is the mismatched component of g;(x;).

Based on (1) and (5), the ith auxiliary subsystem can be
described as

i = fi) + giteui + (I, — gixg; () kixyvi (6)

where v; € RY is the auxiliary control applied to cope with
the mismatched component of g;(x;).

Let the augmented control w; € R™ %% and the associated
augmented input matrix G;(x;) € R%* "+ pe denoted as

wi =l T’ ™)
Gi(xi) = [gi(xi). (In; — &i(x)g; (xi))ki(xi) - 3

Then, the ith auxiliary subsystem (6) can be rewritten as
X = fi(x) + Gi(xi) ;. )

Associated with the ith auxiliary subsystem (9), the value
function is given in the form

JiCxi(1), i) =/ (Ti(xi (7)) + rixi(7), wi(r)))dr - (10)
t

where T';(x;) = 17,~Pl-2(x,~), n; > 0 is a design parameter, P;(x;)
is a positive-definite function satisfying

Hl’aX{Oéi(llxill), Billlxi D} < Pi(xi) (11)

and
rixi, i) = Qi(xi) + 1] Rigi

where Q;(x;) is a symmetric positive-definite function, R; =
diag{l,...,1,€;,...,€}, and €; > 0O is a constant. Owing to
mi li
the characteristic of R;, we have R; = R;l/ ? REI/ 2.
The optimal value function is formulated as [9]
Vi) =

min  J;(x;, g 12
e i (X, 1) (12)

i€

with &7 (R2;) the set of admissible control defined on £;.
According to [9], V;k (x;) can be obtained via solving the
following HIB equation:

-
(VVE@D)) (fitx) + Gilx ] (i)

+ Ti(xi) + ri(xi, 1) (x)) =0 (13)
where VVi(x;) = 9V (x;)/0x; with V*(0) =0, and pu}(x;) is
the optimal control. Based on the stationarity condition [41],
the closed-form optimal control is formulated as

1
Wi (x) = —ER,-_IG,-T(X:')VV?(XD- (14)
Substituting (7) and (8) into (14), we have
* 1 T *
u; (x;) = 58 () VVi(xi) (15)
1
Vi) = ——h] () V Vi (x) (16)
26[
where h;(x;) is defined as
hi(xi) = (I, — i(x)g; (xi) ) ki(xi). (17)

Combining (13) and (14), the HJB equation for the ith
auxiliary subsystem can be developed as

1 2
(VV?(Xi))Tﬁ'(xi) + Qi(x) — ' Eg;'—(xi)VV;"(xi)
LS D L
- H Z_ﬁhi (xz)vvi x)| +Ti(x)=0 (18)

with V*(0) = 0.
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B. Decentralized Controller Design Based on Solutions of
the HJB Equations

In this section, we establish a theorem to show that the
decentralized controller for system (1) is composed of optimal
control policies u}(x1), u5(x2), ..., uy(xn).

Theorem 1: Consider N auxiliary subsystems and the asso-
ciated value functions sharing the same expressions as (9)
and (10), respectively. Let Assumptions 1-3 hold. If v} (x;),
i=1,2,...,N, given as in (16) satisfy

lvf@)|* < Qii®). 1=, i=1.2,....N (19
where 7 is a non-negative threshold, and the parameters ¢;,
i=1,2,...,N, are selected as

O<e<1/2, i=12,...,N (20)
then there exist N constants n?‘ >0,i=1,2,...,N, such
that, for every n; > 17;“, i =1,2,...,N, the control poli-
cies u?‘(xi), i = 1,2,...,N, given in (15) can guarantee
asymptotic stability of the closed-loop system (1). That is,
the feedback control pair (u}(x1), u5(x2), ..., uy(xy)) is the
decentralized control of system (1).

Proof: Choose the Lyapunov function candidate as

N
Lix) =) Vi(x)
i=1

where V7 (x;), i =1,2,..., N, are the optimal value functions
defined as in (12). According to the definition of V}(x;), we
have V¥(x;)) > O Vx; # 0 and Vi(x;)) =0 & x; =0, i =
1,2,..., N. Therefore, L(x) is positive definite.

Differentiating L(x) with respect to the time variable ¢ and
using the trajectory X; = fi(x;) + gi(xpui (x;)) + Afi(x), i =
1,2,..., N, it follows:

N

L = 30V ) (it + gt ()

i=1

+ (VW) af ). @1)

By using (5) and Assumption 2, we can see that (21) yields

N
L@ = Y {(VVie) e + (V¥ ) i)
i=1

x uf () + (VVEG) i g (o) Afi(x)

+ (V7 @) e | 22)
with h;(x;) defined as in (17).
From (15), (16), and (18), we find
(VVEGD)) FiG) = —niP2(x) - Qi) 2
+ Jure | +elvi@l” o3

(VV;k(xi))Tgi(xi) = —2(u} (xi))
(VVl'*(xi))Thi(Xi) = —2€i(v;“(x,~))T.
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Substituting (23) into (22), we obtain
N
Loy=Y" { — P () — Qi(xi) — [Juf G|
i=1
+ el v |® =20 ) g () A ()
£1(x)

—2¢(vf (x,-))Ta)i (x) } ) (24)

£2(0)

Applying the Cauchy—Schwarz inequality to £ (x) in (24) and
using (3) and (11), it follows:

£10) < 2] uf el g oy Afi) |

A

N
20 ) | Y bisPs(xs).-

s=1

IA

(25)

Similarly, using (4) and (11) and noting that 0 < ¢; < 1/2
in (20), we can conclude that £5(x) in (24) implies

£200 < 2€|vf @) |l

N
<2fvr )| D cli(x).

=1

From (24)-(26), we can see that

(26)

N N
L = =Y 26(0i) - [vfe[) = Y20 = 26000
i=1 i=1

N
- Z{mP%(x,-) +uten | + e v

i=1

N N
— 2] || D bisPs(xe) — 2] vF ) | Y ealux) }

s=1 =1
(27
Denote
Ay = diag{ni, n2, ..., nn}
Ay =diagy1,1,...,1
———
N
A3 = diag{eq, €2, ..., en}
biy -+ bin il CIN
boy bon 21 C2N
B=| . . and C=| .
byt by CN1 CNN
Let
¢ =[PixD), ... PnGn), |uf ) |- fluy Gew) |
T
[oieen ], - uy@m ]

Then, by using (19) and (20), we can conclude that (27) yields
(for every t > tg)

N
Ly < =) (1= 26)0i(x) — £ TAC (28)

i=1
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where IV. SPI ALGORITHM TO SOLVE HJB EQUATIONS
Ay BT cT This section first introduces the traditional PI algorithm.
A=| B Ay On N (29) Then, based on the traditional PI algorithm, the SPI algorithm
C  Oyxn A3 is developed.

and Oyxy = diag{0,0, ..., 0}. Observing the expression A
—_——
given in (29), we can ﬁﬁd that A is able to be kept positive
definite by choosing sufficiently large n;, i = 1,2,..., N, in
A1. Therefore, there exist n7, i =1,2,..., N, such that n; >
nf,i=1,2,...,N, imply —¢TA¢ < 0. Thus, from (28), we
obtain
N
Lix(0) < — Z(l —26)Qi(xi(1)), t=to. (30)
i=1
Note that, for each index i, the positive definite matrix Q;(x;)
implies ,o,-xiTx,- < Q;(x;) with the constant p; > 0, Then,
from (30), we have

N
L) < =) il =26 @I, 1> 10.

i=1

€2y

Integrating both sides of (31) over the time interval [fy, 00),
it follows:

Z pi(1 — 2€) / I (0)11%de < L(x(t9)) — L(x(00)).

i=1

Then, after some computations, we derive

/""”x.(t)”zdt _ Lix(10) — L(x(c0))
0]

pi(1 —2¢)
with i = 1,2, ..., N. Because the right side of (32) is finite,
using Barbalat’s

lemma [42], we obtain
lim [lx; ()| = 0,
11— 00

(32)

i=1,2,...,N

This verifies that system (1) is asymptotically stable with
optimal control policies ul* (x), i=1,2,...,N. [ |

Remark 1: Generally, the condition (19) cannot be veri-
fied directly. This is mainly because vj(x;) given in (16)
has no direct connection with the positive-definite function
Qi(x;). We only know that both v} (x;) and Q;(x;) are functions
with respect to the state x;. Moreover, as indicated in (16),
vf(x;) is linked with VV¥(x;). The explicit expression of
VVi(x;) usually cannot be obtained. Owing to this difficulty,
the validity of (19) is often verified via simulation results
(see [43], [44]). In this paper, we will illustrate the validity
of (19) in Section VI.

Theorem 1 indicates that the decentralized controller for
system (1) can be represented by an array of optimal con-
trol policies u}"(xi), i = 1,2,...,N. Hence, we need to
solve the HIB equation (18) for the ith auxiliary subsystem.
However, (18) is a nonlinear partial differential equation with
respect to V(x;), which often does not exist the closed-form
solution. In addition, the knowledge of f;(x;) and G;(x;) (note:
Gi(x;) contains k;(x;)) is unavailable, which increases the dif-
ficulty in solving (18). To overcome these difficulties, we will
present a SPI algorithm to approximately solve (18) in the
framework of ADP.

For the ith auxiliary subsystem, the HJB equation is
described as (18). According to [45], (18) can be solved via
the traditional PI algorithm as follows.

1) Find an initial control ,u( )(x,) € ().

2) For every j € N, obtain V (x,) by solving

(WO)' (i + Gixon? )

+ L) + i (5 @) =0 (33)
with V?(0) = 0.
3) Update the control policy via
W) = —-RIGTa vV ). (34

To illustrate the convergence of PI (33) and (34), we
establish the followmg theorem

Theorem 2: Let V (x,) and ui(i) (x;) be generated
from (33) and (34). If u”(x) € (), then, for every
Xx; € Q;

lim V() = Viee) and  lim 1 () = pd ().
]—)OO ]—)OO

Proof: Since the proof is almost the same as [45, Th. 4],
we omit it here. |

Remark 2: To implement the PI (33) and (34), the priori
knowledge of fi(x;) and Gj(x;) is required to be available.
Owing to the unavailability of the knowledge of fi(x;) and
Gi(x;), the PI (33) and (34) cannot be employed to solve (18).

For the sake of solving (18), we develop a SPI algorithm
based on (33) and (34). By using the SPI algorithm, we no
longer need the priori knowledge concerning system dynamics
fi(x;) and G;(x;).

Rewrite the ith auxiliary subsystem (9) as

i = fitw) + G @) + G (i — ). 35)

Differentiating Vl-(i) (x;) with respect to the time variable ¢ and
using the trajectory (35) as well as (33) and (34), it follows:

s : T .
7P = (VP (i) + G ()
. T .
+ (V) Gito (i — u )
= —Ti(x;) —ri (xi» M,@ (xi))
- Z(M(’—H)(xi)) Ri(ui - M,@ (Xi))-
Integrating (36) over the time interval [z, ¢ + At] we have

[note: for brevity, we write /LU (xi(r)) and ,ul (xl(r)) as
,(’)(t) and ,ul(’Jr )(‘L'), respectively]

VP (it + An) — VP (xi(0)
t+At 0
= — Fi i + i 1 ) 1 d
/t (Rt + (o), 10 @) )dr

t+At X T .
—2 / (19 @) (i) — 1) )ar

(36)
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Let

ne; = i — 1 (x). (37)
Then the SPI algorithm can be described as follows.
1) Find an initial control ;@ (x;) € & ().
2) For every j € N, derive V(] (x;) and /,L(H_

neously via solving

(x;) simulta-

) -+ At
V9 (i) = / (Cix(0) + Qil(0))de
t
t+At
+ / (u O>(r)) Riu? (1)dr
t

At X T
+ 2/ (u}’“)(r)) Rine, (1)dt
t

+ VO (it + Ap)). (38)

Remark 3: Two notes about the SPI algorithm are given as
follows [in what follows we call the present SPI algorithm as
the SPI (38) for convenience].

1) The key of implementing the SPI (38) is to find an ini-

tial admissible control, i.e., 11; ¥ (x;) € <7 (S;). However,
there is no general method proposed to find such a
control. In this paper, the initial admissible control
is obtained through the trail-and-error method, which
shares the same spirit as [46].

2) From the expression (38), we can see that the knowledge
of fi(x;) and Gj(x;) is not necessary while implement-
ing the SPI (38). Actually, only data pairs (xl, (’)) are
used. In comparison with the PI (33) and (34), this is
an advantage of the SPI (38).

As for the SPI (38), two questlons will be asked.

(I) TIs it possible to obtain V (xl) and /L(]+ )(x,
neously only by solving (38)‘?

(II) For every x; € Q2;, will the sequences

[Vi(j) (x:')} and {MOH) (Xz)}

generated from (38) be convergent?

Next, we first answer the question (II). Then, we answer
the question (/) in Section V.

Lemma 1: Assume that the mappings y; : €; — R™+li,
di + Q — R,and y; € R™itli is the variable function. If, for
every x; € Q; and y; # 0, the equality yiT(xi)yi = d;(x;) holds,
then y;(x;) = 0 and d;(x;) = 0.

Proof: Given that there exists a fixed y? # 0 such that

) simulta-

yl-T(x,-)y? = d;(x;). Then, we have
) (ni—2?) =0 Va, vyi#o.
If denoting F(x;, y;) = yiT(xi)(yi — y?), then we obtain
Fxi,y) =0 Vx;, Vy; #0. (39)

Taking the partial derivative of (39) with respect to y;, we can
see that

F@iy) 3 @i =)
0= = = yi(xp).
dyi ayi
Thus, d;(x) = ;" (x:)y; = 0. =
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Theorem 3: The SPI (38) is valid if and only if the PI (33)
and (34) holds. _ _

Proof (Necessity): Owing to V,.(’) (x;) and u?+l>(xi) gen-
erated from (33) and (34), we can easily obtain (38) by
using (35)-(37).

(Sufficiency): Let At — 0. Then (38) yields

() 0
= A%Z(V (il + An) = VY @)

t+At
(FG(0) + QiC(2))dr
t+At . .
im [ (1) R e

li
At—0 At

t+ At
+ olim = / (10@) Rine (rrdr. (40)

= lim —
At—0 At [,

At—0 At

According to the definition of derivative [41], (40) implies
(W) b = T + 01t
(1) =
+ Z(MUH)(xi))TRinei.
Note that (35) and (37) yield
i = fie) + G () + GiGxine,.
Then (41) can be developed as
- [(VV,-“’ )" Gitx) +2(uf (x,-))TR,-]ne,.
= (vO) () + Gioml )
i) + 0 + (1 ) R ).

Owing to the validity of (42) for arbitrary n,,, we can conclude
that (42) holds for every n,; # 0. Then, by Lemma 1, we have

i (x;)

(41)

(42)

(vv}") (xi))T<fi(x,') + Gixyp? (x,~)> + i)
+ Oi(xi) + ( g)(xi)) t/v% )(x)) =0

( V(’)(x,)) +2( H)(xl))TRi:O.

From (43) and (44), one can easily obtain (33) and (34). ®

Theorem 4: Let ¥ (x) € /(). If the sequence
pairs {Vi(’)(x,-), M?) (x;)} are determined by (38), then, for
every x; € ;

(43)

(44)

Jim V) = Vi) and - lim gl () = g )
where V7 (x;) is the optimal value function given in (12) and
i (x;) is the associated optimal control defined as in (14).
Proof: According to Theorem 3, the sequence pairs
{Vl-(j)(x,-),u?)(xi)} determined by (38) can be viewed as
the sequence pairs {V(’)(x,) /,Ll (x,)} generated from (33)
and (34). Thus, by using Theorem 2, we can conclude
limj_, o0 V' (x;) = V7(x;) and lim;_, o ul (x,) = uf(x;) for
every x; € ;. |
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Remark 4: Theorem 4 shows that the sequences {Vl-(i) )}

and { ,LLZQ—H) (xl-)} generated from (38) are convergent. Hence,
the question (/I) has been well addressed.

V. IMPLEMENT THE SPI ALGORITHM VIA ACTOR-CRITIC
ARCHITECTURE

Based on the definition wu; given in (7), we let
A T A 7
1 1 1
) = [(u?+ @) (v ) }

a0 @) = [uf Ve
o) = [u .

with u/"V () € R,k =
m=12,....1.

Accordmg to the approx1mat10n theory proposed in [47],
V(/) (xi), u; +1)(xl) and v(’ (x;) can be, respectively, approx-
1mated by the CNN and ANNS over 2; as

where
1
)]
-
1
(1+ )(xz)]

m; and Ui?j])(xi) e R,

(45)
(46)

1,2,...,

N oo T
700 =3 00wt = (67) oitx)

7)
=1
; oo T
i) = 3000 i) = (AD) dicw) @8
p=1
‘ B T
00 ) = 3 v pir g = (30) in ) (49)
q=1

where Qi(j) = [91(1’), ...,Hl(n])]T R™ is the constant CNN
weight vector, k(]) [Al(f()l, .. )Ll(,]()nz]T R™ and Dl.(j? =
[v 1(7’2 oo t(zlr)n ]T € R are the constant ANN weight vec-
tors, ny € Z7 is the number of neurons in the CNN,

ny € 27" and fi3 € Z* are the numbers of neurons in ANNs,
oi(x)) = lon(xi), ..., 0, (x)]T € R™ is the vector activation
function of the CNN_with oie(x)) € CH() and 6;(0) = O
(€= 1.2 i), D) = Wied 0 Vi 01T
R™ and ¢z (X)) = [Gin,1(X), ..., Dix, n”;(xl)] e R™ are
the vector activation functions of ANNs with ¥ ,(x;) €
CY (0, Yiep©) = 0 (p = 1,2,...,72), and ¢izg(x) €
C'(Qi). ix, 40 = 0@ =1, 2 ., 713). Moreover, the
sets {0 (xz)}g 10 {Vix p(-xl)} and {d’m g} 3_1 are linearly
independent, respectively.

By using (48) and (49), we approximate u(’+ )(x,) given
in (45) and vV (x;) given in (46) via ANNs over €; as

a ) = [(ig)yl/_fil(xz‘), (WQL)TW,-(X:')]T

: T T T
o ) = [(sz)) B (7)) ¢ﬂ[<xl-)] . 60)
Then the estimated value of u(’+ )(x,) is
. . T . 77
At ) = [(ﬂ?*”(xo) (3 w) } . 6D

Rewrite (38) as
0= V90t + an) — VO ()
t+ At
" 2/ ( <’“>(r)) Ritte, (T)dt
t -
+ 3 (w1 o) (52)

where

) +At
= (1 @) = / (Ti(xi()) + Qixi(r)))de
t

t+At . T .
+ f (k@) Rin @)dr.
1

Due to 1., € R+l we denote

nei(m[+1_)i| € le'-‘rli .

In (52), let V(]) (x;) and /,L(]+ )(xl) be replaced by V(’) (x;) given
in (47) and /l(’+ )(x,) given in (51), respectively. Then, the
residual error 5(] (x;, ne;) € R [48] is formulated as

Ne; = [ng“, oo Mgy s My, gy e e

51_(/') (xr. ne;) = <9i(/)> (oi(xi(t + AD)) — 0;(x;(1)))
mi +Ar, (T
+ ZZ/ ()\.E,?) Yic (xi(f))nei;( (v)dr
t

k=1
li

ALY T
> [ () o

=1
X Tey i) (r))dr

+ 26,‘

+ 3 (w0 10 ().

Note that, for M'N € R, the equality MTN = N"M holds.
Therefore, from (53), we have

(53)

89 (xi, ne;) = (0i(xi(t + A1) — 0i(xi(1)) 76
[ ST 2 0)
+2) [ @0l
k=1 ¢
i prvae -
#2630 [ e OB G
=1 !
x 50+ 2 (i, 2 () )
— W+ ) s
= \I‘,l(-xl’ ne;)cbl' + X x, M (xi) (54)
where

. N T . T
() ) () ) =0) —(1)
q)i = |:<ei ) ’ <)‘i1 ) ’ (%m,) ’ vll [ zl i| (55)

and

Wi(xi, ne;) = [Aoi(xi(0). &it. - . s Eimgo Dt - -, B ]
with Ao;(x;(1)) = [0i(x;(t + A1) — 0;(x;(1)]T and
+At
=2 @Il k=1
t

t+At -1
h’iﬂ = ZEI/ nei(m[+,,) (T)¢lj'[ ('xl(f))dr’ T = 19 B ll'
t
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To calculate CD(’) in (54), we use the method of weighted resid-
uals [48]. To be spemﬁc we can obtain d>(’ by projecting the

residual error 8 (xl, ne;) onto the term 88 g (x;, ne;) /0 d>(’) nd
letting the result be zero. This procedure can be formulated as

85»0) X, Ne; -
(e )

=0
o 5

Q;

(56)

where (-, -)Q’, denotes the £, inner product defined on Q[ [49],
Qi = {(xi, ne,) |x; € i, ne; € &}, and &; is the set of n,,.
Substituting (54) into (56), it follows:

<lpi(xi’ ”e,—), \Iji(xi’ "6‘:‘))@,-@?)
+ <‘l’,-(x,-, ngi), E(xi, ﬁ#l(/)(x,)>>S~2 =0.

In order not have to calculate the £, inner product in (57),
we employ the Monte Carlo integration method [50]. Define
the set {(x nel)|x € Q;, nel e&,c=1,2,...,z}, and z is
the number of sample points. Let

T
.
3= [ A (0]

Then, letting z; — 0o, we get
(i 1) Wi e,

I(fz,-) 5

(57)

= Z_limoo : Z \I/;r(xf, ng ) Wi(x7, ng)
i~ Zi
s=1
I(fzi)
= lim —2XTx, (58)
Zi—> 00 Zi
with Z($2)) = ffzi d(x;, ne;) the Lebesgue integral [49].
By the same token, we obtain
<‘I’i(xi, ne), T (xh ﬁ,@ (Xi))>§zv
I(Q,-)
= lim —2X"),. (59)

Zi—> 00 Zi

Using (57)—(59) and selecting sufficiently large z;, we have
(AT 2x) o + 2Ty =0, (60)

If there exists the number of sampling points zg (zo > n; +
m;ny + [;713) such that

rank{X;} = ny + m;ny + Lin3
then (60) yields

(61)

oV —

-1
P =—(xTx) ATy (62)
When the sequence { be)} generated from (62) is convergent,
we can obtain the CNN and ANN weights simultaneously
through (55). Then, by using (50), we can derive the approx-
imate optimal control for the ith auxiliary subsystem.
Remark 5: To guarantee the validity of (61), one often can

select large enough number of sampling points z;. Moreover,
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Initialization
For ith subsystem, give &, x,,€ Q,,

n, €&, @ and obtain 4" via (51)

|

Auxiliary system
%= [()+G(x)A” +G(x)n,

v

Data collection
Derive data set {(x],n] )},

and calculate X, and )]
v

Update 2 and 7" simultaneously|
Update @’ using (62). Then, obtain

V9 via (47) and derive 2V*" via (51)

YES
h 4

Derive u, =#’*". Then, obtain the control pair

(u: Sy, u;,) and apply it to uncertain system (1)

Fig. 1. Block diagram of the present control strategy.

W;(x;, ne;) is unnecessary to be persistently exciting, for the
sampling points are collected offline.

The block diagram of the present control strategy is illus-
trated in Fig. 1 (note: g9 is a small positive computation
accuracy, and x;p € ; is the initial state of the ith subsystem,
where i =1,2,...,N).

VI. SIMULATION RESULTS

This section presents two examples to illustrate the effec-
tiveness and applicability of the developed control strategy.
First, we consider a nonlinear plant consisting of two intercon-
nected subsystems. Then, we study the power system proposed
in [51], which includes three interconnected subsystems.

A. Example 1: Nonlinear Plant
Consider the nonlinear interconnected system given in the
form

= —X11 + X12 n 0 |,

P71 =0.5x11 — 0.5x12 cos?(x11) sinCxyp) |
1]

+ 0 (81()611 -+ Xx22) sin (82x12)COS(0-5X21))

—x21 + 0.5x22 n 0 "
—x21 — 0.5x20 + 0.5xz1x%2 X21 2

0 (83 (x12 + x22) cos (846)%1)) (63)

where x; = [xl],X]z]T € R? and Xy = [xz],xzz]T € R? are
the states of subsystems 1 and 2, respectively, u; and u; are
the control inputs for subsystems 1 and 2, respectively, and
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o 4 ; ‘ ‘ ‘
e € R (s =1,2,3,4) are unknown parameters. For simplic- “ B - -G~ — 8- - —& — B — - -0 —& —
. . . . . =~ . . .
ity, we choose ¢; (i = 1, 2) and ¢ (I’ = 3, 4) randomly within 2f Pey -0 —5-9l) —o— o) ]
/

the intervals [—1, 1] and [—0.5, 0.5], respectively. Observing
the expressions of the interconnections given in (63), we let
ai(x1) = pi(x) =[xl and a2(x2) = Pa(x2) = [Ix2f. To
satisfy Assumption 2, the parameters are designed as fol-

lows: b1 = 1, b1 = 1, bo;y = 0.5, and by, = 0.5. Owing
to g1(x1) = [0,sin(x;)]", g2(x2) = [0,%21]7, and k;(x;) =
[1,0" (i = 1,2), we derive that ||g;" (x)ki(x)wi(x)| = 0

(i =1, 2). Thus, we can choose parameters ¢;, =0 (i,t = 1,2)
to satisfy Assumption 3.

By using (9), the auxiliary subsystems 1 and 2 for (63) can
be obtained. To derive the decentralized control of system (63),
we first solve the optimal control problems of two isolated
auxiliary subsystems. According to (11), we let Py(x1) = ||x1]|
and Py(x2) = ||x2]|. Meanwhile, we choose n; = 3 and 1y =
3 to make the matrix A [see (29)] positive definite. Then,
selecting ¢; = 0.25 (i = 1, 2) (note: according to Theorem 1,
we have 0 < ¢ < 1/2. Therefore, we can let ¢; = 0.25),
Q1(x1) = [x1]1%, and Q2(x2) = 2|lx2]|?, we can propose the
value functions for auxiliary subsystems 1 and 2 as

o0
Ji(x1, up,vy) = / <4||)c1||2 + u-]rul + 0.25v;|-v1)dt
0

o0
Jr(xp, up, vy) = / (5||)c2||2 + u-zrug + 0.251);—1)2)(11‘.
0

For auxiliary subsystem 1, the vector activation functions
for the CNN and ANNs are, respectively, selected as (note:
ny =3,7p =3, and 713 = 3)

T
or(xy) = [x%prz,xnxlz

Y1) = [xir, xi2, xi1x12]"

d1(x1) = [xi1, x12, xnx121T

The associated CNN and ANN weight vectors are denoted

as 00 = (60,090,091, 2V = VA0 A0, and

(’) = [VYB’ VYZ’ v%]T, respectively. The initial weight vec-

tors for CNN and ANNSs are set as follows: 6’(0) [0, 0, 0]T
WO =1-2,-2,-2]T, and v{¥ = [—1, -1, —1]T.

For auxiliary subsystem 2, we choose the vector activation
functions for the CNN and ANNSs as (note: 711, 712, and 713 are
the same as in auxiliary subsystem 1)

_ 2 2 T
o2 (x2) = [le,xzz, X21X22

T

Yo (x2) = [x21, x22, X21X22]
T

@2(x2) = [x21, X22, X21X22] .

Meanwhile, we denote the associated CNN and ANN weight
vectors as 6, 0 _ [92(’1), 92(’2),0 ]T A(’) [A(’) 29 A(])]T

210 422>
(’) [vé’l), vé’z) , v23]T respectively. The initial weight vectors

for CNN and ANNs are given as follows: 9(0) [0, 0, O]T
AW = [=2,-2,-2]", and v{¥ = [-2, -2, 2]T. Moreover,
we set the initial state xo = [1, —1, 1, O.S]T and the sampling
period At = 0.01 s. The compact sets 2;, i = 1, 2, are both
chosen to be the interval [—1, 1], that is, Q; = [—1,1], i =
1,2.

P O T SN R U S NN NP ST U S N

o oA Al e ey ol el
0 3 6 9 12 15
Iteration ()

(b)

Fig. 2. (a) Performance of the CNN weight vector 01(" ). (b) Performance of
ANN weight vectors AY) and vY ).

Fyea

[N I s S 35S gewé

Ow eeoeeee )
2 -5 05 —& -0 —o—63) -

l\)

0 5 10 15 20 25
Iteration (j)
(@)
5 a . JJ
i, _E_E—E-E—B—E—E—E-EI—D—EE—D—E-E—B-

\ 90—96—0—66%}90—060—060—96«)—96«
N

-5
\8/ _p_)\n _.*4_)\2J2) ......... 23 -5 - ”éjl g - l,( ) .- V(J)
10 \ \ \ \
0 5 10 15 20 25
Iteration (j)
(b)
Fig. 3. (a) Performance of the CNN weight vector 9 G . (b) Performance of
ANN weight vectors A(’) and v(’).

Remark 6: To our knowledge, the selection of the proper
number of neurons for neural networks remains an open ques-
tion. To address this issue, here we choose the number of
neurons through computer simulations. After choosing three
neurons for the CNN and ANNSs, respectively, we can obtain
desirable simulation results. In addition, it should be men-
tioned that the number of neurons used in the following
Example 2 is also determined by computer simulations.

The computer simulation results are depicted in Figs. 2-5.
Figs. 2 and 3 describe the performance of CNN and
ANN weight vectors used in solving optimal control prob-
lems of auxiliary subsystems 1 and 2, respectively. From
Fig. 2(a) and (b), we can observe that the weight vec-
tors 0, ), AY), and vl(’) are all convergent after twelve

iterations. The converged value of the sequence {A?)}
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Fig. 5. States of system (63) under the obtained control pair (uy, us).

is A1 =[-0.0349,0.0092, —1.8599]". Fig. 3(a) and (b)
indicate that the weight vectors G(j), Ag), and vg) are all
convergent after twenty iterations. The converged value of
the sequence {1y} is 25°” = [—1.0817, —1.3033, —0.0280]".
Thus, substituting )\ilz) and )L(220) into (50), we can obtain the
control pair (u1, up). Fig. 4 is provided to validate the condi-
tion (19) for isolated subsystems. As indicated in Fig. 4, the
condition (19) holds when r > max{0.3, 1.2} = 1.2 s (i.e,,
to = 1.2 s). Fig. 5 shows the states of system (63) under the
obtained control pair (u1, u2). As shown in Fig. 5, system (63)
is asymptotically stable.

B. Example 2: Application to Power Systems

Consider the large-scale power systems described by [51]

d(Aﬁi(Z)) 1 A (l) + Af (t) + : (t)
— T = AV, i T, M
dt Ty, Re; Ty “ Ty
d(AP,h.(l)) K; 1
———— = L AY(t) — —AP;,. (¢
i 7, O] T (0
d(AfG,(0) Ky, Ba D Ky,
M = AP (1) — Aai(1) “LLAPG (1) (64)
dr Ty, ' pi Ty,
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TABLE I
PARAMETERS FOR THE POWER SYSTEM

Parameter Meaning Value 1 Value 2 Value 3
Kp, (HzZ/MW)  generator model gain 120 120 120
Ky, (s) turbine model gain 1 1 1
Ry, (HzZ/MW)  feedback regulation constant 2.5 2.6 2.7
Ty, (s) governor time constant 0.08 0.1 0.2
Tp; () generator model time constant 20 20 20
T, (s) turbine time constant 0.1 0.2 0.3

Iteration ()

(b)

Fig. 6. (a) Performance of the CNN weight vector 91(j ). (b) Performance of

ANN weight vectors )»%j) and ul(j).

where d(F;(¢))/dt denotes the time derivative of F;(f) (note:
Fi() = A1), APz, (1), or Afg,(®), i = 1,2,...,N,
AD(t) € R is the incremental change in governor value posi-
tion, APj,(t) € R is the incremental change in generator
output, Afg,;(f) € R is the incremental frequency deviation,
u; € R is the control input, APg,(#) € R is the incremen-
tal change in the electrical power, and the rest are constant
parameters.

A three-machine power system (i.e., N = 3) is studied in
this simulation. The parameters are displayed in Table 1. We
assume that APg, () = Y;(?) sin(AP5, () Afg, (1), i =1,2,3,
where Y1(1) = Y0 e A%i(0), Yat) = i, e2iAP; (1),
Y3(t) = Z?:l e3iAfG; (1), and g, i, s = 1,2, 3, are unknown
parameters. For simplicity, we randomly choose €11 € [—1, 1],
e, € [-0.5,0.5], &1 € [-0.5,05] (t = 2,3), and ¢, €
[—0.25,0.25] (¢, j =2, 3).

Let xi = [ADi(D), AP, (1), Af,(OIT = [xit, xio, xi3]7,
i = 1,2,3. Then, based on aforementioned characteristic of
APg,(t), we choose o;(x;)) = Bi(xi)) = |lxll, i = 1,2,3.
Note that g;(x;) = [1/Tg;,0,0]" and ki(x;) = [0, 0, K,,/T}, 1"
(i = 1,2,3). Thus, to satisfy Assumptions 2 and 3, we can
design the parameters as follows: by} = 1, b1, = 0.5 (1t = 2, 3),
by = 0.5, by, = 025 (1 = 2,3), b3; = 0.5, b3, = 0.25
t=2,3),and ¢;s =0 (G,s=1,2,3).
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Fig. 7. (a) Performance of the CNN weight vector 9 . (b) Performance of
ANN weight vectors A(/) and v(/).

By using (9), the auxiliary subsystems 1-3 for (64) can be
derived. To obtain the decentralized controller for system (64),
we first solve the optimal control problems of three isolated
auxiliary subsystems. According to (11), we select P;(x;) =
llxill, i = 1,2, 3. Meanwhile, we choose n; =3 (i = 1,2, 3)
to keep the matrix A [see (29)] positive definite. Then, letting
€, = 0.25 and Q;(x;) = ||x,-||2, i=1,2,3, we present the value
functions for auxiliary subsystems 1-3 as

o0
Tiei, i, vy) = / (4||x,-||2 +ulu; +0.250] u,»)dz
0

with i = 1,2,3. For each auxiliary subsystem, the vector
activation functions for the CNN and ANNs are, respectively,
given as (note: 711 = 6, np = 3, and 113 = 6)
2 2 2 T
oi(xi)) = [x,-l, Xin, Xi3, XilXi2, Xi1Xi3, xi2xi3]
T
Vi(xi) = [xi1, xi2, xi3]
-
Gi(xi) = [xi1, Xi2, Xi3, Xi1Xi2, Xi1Xi3, Xi2Xi3] " -

The associated CNN and ANN weight vectors are writ-

() 0 0 W4T D G 4O 4 O4T
ten as 0, = [911,612,...,016] A= A A A
and v(’) [vl({), VY e i((’)) ]T, respectively. The ini-

tial welght vectors for CNN and ANNs are given as
follows: 6 = 10,0,...,0I"T ¢ = 1,2,3), A =
[-25,-25,-251", 0 = A = [—2,—2, -2,
ul.(o) = [—1, —1,...,—1]T (i = 1,2,3). Moreover, the ini-
tial state is xo = [1,—0.5,0.5,1, —0.2,0.2,2, —1,0.5]"

the sampling period is Ar = 0.02 s. The compact sets €2;,
i =1,2,3, are all chosen to be the interval [—2, 2], that is,
Qi =[-2,2],i=1,2,3.

The computer simulation results are displayed in Figs. 6-10.
Figs. 6-8 depict the performance of CNN and ANN weight
vectors used in solving optimal control problems of auxil-
iary subsystems 1-3, respectlvely Fig. 6(a) and (b) show
that the weight vectors 91 s E]), and vf’) are all conver-
gent after twelve iterations. The converged value of the

and

0 o 0 -0 = 0]

= _egii)

Mg -— B -—-B-——8-—— -0
----- —e e

M +V§]1) e (]) —6- Vég) "*"V:gi) T gy TRy
0 2 4 6 8
Iteration (j)
(b)
Fig. 8. (a) Performance of the CNN weight vector 9 . (b) Performance of
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Fig. 9. Verification of condition (19) for isolated subsystems.

sequence {1} is A\'? = [-0.9547, —0.3251, —1.8187]".
Fig. 7(a) and (b) describe that the weight vectors 9(’),
kg), and v(’) are all convergent after eight iterations.

The converged value of the sequence {A(/)} is A(S) =
[—0.9681, —0.5386, —1 6280]". Fig. 8(a) and (b) 1nd1cate that
the weight vectors 93 s g’) , and vé’) are all convergent after
six iterations. The converged value of the sequence {Ag’)}
is 1% = [~1.1288, —0.4696, —1.6144]". Then, substituting
A(lz) A(S), and Ag6) into (50), we derive the control pair
(u 1, U2, u3) Fig. 9 is provided to validate the condition (19) for
isolated subsystems. As illustrated in Fig. 9, the condition (19)
holds when ¢ > max{0.05,0,0.1} = 0.1 s (i.e., fop = 0.1 s).
Fig. 10 presents the evolution of AY;(t), APj,(¢), and Afg, (1)
(i = 1,2,3) under the obtained control pair (ug, us, u3). As
shown in Fig. 10, system (64) is asymptotically stable.
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VII. CONCLUSION

We have presented a novel decentralized control scheme
for uncertain nonlinear large-scale systems with mismatched
interconnections. Specifically speaking, we first partition the
given decentralized control problem into optimal control prob-
lems of auxiliary subsystems. Then, the SPI algorithm is
developed to solve these optimal control problems within the
framework of ADP. When developing the decentralized control
scheme, we have to calculate the Moore—Penrose pseudo-
inverse of the control matrix beforehand. This is mainly
because the pseudo-inverse of the control matrix is a part of
the value function for each subsystem. This requirement is a
limitation of the present method. In our consecutive work, we
will focus on removing this condition. On the other hand,
it is observed that system (1) is composed of input-affine
nonlinear subsystems. In general, the design of controllers
for input-nonaffine nonlinear systems is more intractable
than for input-affine nonlinear systems [52], [53]. Therefore,
how to extend the present decentralized control strategy to
input-nonaffine nonlinear interconnected systems is also one
direction of our future works.
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