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Abstract

The simplest string theory compactifications to 3D with 16 supercharges – the
heterotic string on T 7, and type II strings on K3 × T 3 – are related by U-duality,
and share a moduli space of vacua parametrized by O(8, 24;Z) \ O(8, 24) / (O(8)×
O(24)). One can think of this as the moduli space of even, self-dual 32-dimensional
lattices with signature (8,24). At 24 special points in moduli space, the lattice splits
as Γ8,0 ⊕ Γ0,24. Γ0,24 can be the Leech lattice or any of 23 Niemeier lattices, while
Γ8,0 is the E8 root lattice. We show that starting from this observation, one can
find a precise connection between the Umbral groups and type IIA string theory
on K3. This provides a natural physical starting point for understanding Mathieu
and Umbral moonshine. The maximal unbroken subgroups of Umbral groups in
6D (or any other limit) are those obtained by starting at the associated Niemeier
point and moving in moduli space while preserving the largest possible subgroup of
the Umbral group. To illustrate the action of these symmetries on BPS states, we
discuss the computation of certain protected four-derivative terms in the effective
field theory, and recover facts about the spectrum and symmetry representations of
1/2-BPS states.

1 Introduction

Since the discovery of Mathieu moonshine in the elliptic genus of K3 [1, 2], it has been
an interesting problem to physically explain the appearance of M24 symmetry. It soon
emerged that M24 is not a symmetry of any K3 sigma model, though the group Co0

does play a preferred role in that any automorphism group of the K3 CFT appears as a
subgroup of Co0 [3].

More recently, a family of 23 moonshines – the “Umbral moonshines” [4,5] – has been
described, with the M24 moonshine being a special case. Umbral moonshine associates
to each of the 23 Niemeier lattices – the even, positive-definite, unimodular lattices in
24 dimensions with some vectors of length2 = 2 – a symmetry group (the automorphism
group of the corresponding lattice), and a set of (vector-valued) mock modular forms.
The instances of Umbral moonshine are all also conjecturally tied to K3 geometry – see
e.g. [6, 7].

In this paper, we provide a precise connection between the Umbral groups and string
theory on K3. We observe that each of the Umbral groups – as well as the symmetry group
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of the Leech lattice (the 24th positive even unimodular lattice in dimension 24), Co0 –
can be found in a very natural way as a symmetry of a preferred compactification of string
theory to three dimensions with 16 supercharges.1 This compactification has two natural
avatars – via heterotic strings on T 7, and via type II strings on K3× T 3. We shall show
that the points in moduli space which enjoy the closest connection to the Umbral groups
can be described as perturbative heterotic models with generic gauge group U(1)30. All
such models, however, are necessarily “non-perturbative” in the type II frame.

This construction sheds direct light on various aspects of Umbral moonshine. The
Umbral groups now appear as precise symmetries of string compactification; and upon
decompactification to type II on K3 (where their existence was originally inferred), we
obtain a clear picture of which subgroups should remain unbroken, at which loci in K3
moduli space. This should provide a physical derivation of the relevance of “Niemeier
markings” in studies of Umbral moonshine and K3 twining genera, as well as explaining
why only 4-plane preserving subgroups of various symmetry groups appear manifestly in
the 6D limit [8–10]. In addition, we can directly see the contributions of BPS states of
string theory in 3D to the computation of certain “protected” F 4-type terms [11]. This
allows us to read off the degeneracies and representations of 1/2-BPS states directly from
a quantity appearing in the space-time effective action.

The organization of this note is as follows. In §2, we review basic facts about heterotic
strings on T 7 / type II strings on K3×T 3, and identify 24 points of special interest in their
moduli space. In §3, we describe the computation of a class of F 4-type terms which are
governed by 1/2-BPS states in the vicinity of these special points. In §4, we describe some
weak-coupling limits of our picture. We conclude with a discussion of the implications
of our results for Umbral moonshine in §5. Several technical details are relegated to the
appendices.

2 Welcome to Flatland

2.1 Basic facts about 3D theories with sixteen supercharges

Here, we review the simplest story of string compactification to three dimensions preserv-
ing sixteen supercharges [12] (see also [13]). Compactifying either the E8×E8 or SO(32)
heterotic string on T 7, one finds a Narain moduli space of vacua [14]

SO(7, 23;Z) \ SO(7, 23) / (SO(7)× SO(23)) (2.1)

given by geometric moduli, B-fields, and Wilson lines on the torus.
One can explicitly parametrize this space as follows. The low-energy effective action

in 3D is given by

S =
1

4

∫
d3x
√
−g[Rg − gµν∂µΦ∂νΦ−

1

12
e−4Φgµµ

′
gνν

′
gρρ

′
HµνρHµ′ν′ρ′ (2.2)

− e−2Φgµµ
′
gνν

′
F (a)
µν (LML)abF

(b)
µ′ν′ +

1

8
gµνTr(∂µML∂νML)] .

1The existence of the Leech lattice point in the moduli space and a possible connection with Mathieu
moonshine was suggested to one of us (R.V.) by Boris Pioline.
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Here, g is the 3D metric, Φ is the 3D heterotic dilaton, and a = 1, · · · , 30 parametrizes
the 30 abelian gauge fields present at generic points in the moduli space of vacua.

The moduli themselves appear in M , a 30× 30 matrix: G−1 G−1(B + C) G−1A
(−B + C)G−1 (G− B + C)G−1(G+B + C) (G− B + C)G−1A

ATG−1 ATG−1(G+B + C) I16 + ATG−1A

 . (2.3)

This matrix satisfies

MLMT = L, MT = M, L =

 0 I7 0
I7 0 0
0 0 −I16

 . (2.4)

The entries in M should be thought of as follows. Let Gmn, Bmn and AIm be 7× 7, 7× 7,
and 7 × 16 matrices parametrizing the metric, B-field, and Wilson lines along T 7 in the
obvious way. Then Cmn = 1

2
AImA

I
n is a 7 × 7 matrix as well. Altogether, this gives 28 +

21 + 112 = 161 moduli, as is appropriate for the coset (2.1).
The action (2.2) is manifestly invariant under the transformations

M → ΩMΩT , A(a)
µ → ΩabA

(b)
µ (2.5)

with g,B,Φ invariant, as long as Ω is an O(7, 23) matrix satisfying

ΩLΩT = L . (2.6)

However, this story can be be improved. In three dimensions, one can dualize an
abelian vector field and trade it for a scalar. In this case, it is useful to define the scalars
via √

−ge−2Φgµµ
′
gνν

′
(ML)abF

(b)
µ′ν′ =

1

2
εµνρ∂ρψ

a . (2.7)

In terms of these scalars and the original moduli, one obtains a new improved matrix of
moduli, the 32× 32 matrix M:

M =

 e2Φ −e2ΦψT −1
2
e2ΦψTLψ

−e2Φψ M + e2ΦψψT MLψ + 1
2
e2Φψ(ψTLψ)

−1
2
e2ΦψTLψ ψTLM + 1

2
e2ΦψT (ψTLψ) e−2Φ + ψTLMLψ + 1

4
e2Φ(ψTLψ)2

 .

(2.8)
This matrix satisfies

MT =M, MTLM = L (2.9)

with

L =

 0 0 1
0 L 0
1 0 0

 . (2.10)

It will be convenient for us later to express M in terms of a vielbein, similarly to [11],

e8,24 =

 g2
3H

e7,23

g−2
3H

 ·
 1 −ψT −ψTLψ/2

I30 Lψ
1

 , eT8,24Le8,24 = L (2.11)
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in terms of which M = eT8,24e8,24. Here, g2
3H = eΦ is the 3D heterotic string coupling

constant, and e7,23 is the vielbein of the perturbative heterotic moduli on T 7 satisfying
eT7,23Le7,23 = L, eT7,23e7,23 = M .

In terms of these 192 scalars – the original moduli, the dilaton, and the 30 dualized
photons – the action simplifies to

S =
1

4

∫
d3x
√
−g
(
Rg +

1

8
gµνTr(∂µML∂νML)

)
. (2.12)

Here and in the following, we restrict ourselves to backgrounds Hµνρ = 0. S is now
invariant under O(8, 24) transformations

M→ ΩMΩT (2.13)

where Ω is any 32× 32 matrix satisfying

ΩLΩT = L . (2.14)

It is a familiar fact, however, that the O(8, 24) group of naive symmetries will be
broken to a discrete group by non-perturbative effects (and charge quantization). The non-
perturbative duality group acting on the matrixM is in fact O(8, 24;Z). One can roughly
see this from the fact that the duality group of heterotic strings on T 6 is O(6, 22;Z) ×
SL(2,Z) where the first factor is the T-duality group, and the second is the famous S-
duality of 4D N = 4 string compactifications. We can view the 3D theory as arising from
a 4D theory in 7 different ways, as any of the circles of the T 7 can be made large to give
a 4D N = 4 limit. This means that in addition to the O(7, 23;Z) symmetry expected
from Narain compactification to 3D as a T-duality group, we should expect 7 different
ways of finding extensions by SL(2,Z). The combination of these seven non-commuting
S-duality groups with O(7, 23;Z) naturally enlarges the duality group to O(8, 24;Z). In
any case, the final non-perturbative moduli space of this connected component of the
space of theories with 16 supercharges is

O(8, 24;Z) \ O(8, 24) / (O(8)×O(24)) . (2.15)

We close by noting that all of these facts have a dual interpretation in type II string
theory on K3 × T 3. Type II strings on K3 and heterotic strings on T 4 already enjoy a
string-string duality in 6D [15].

2.2 Enter the Niemeier lattices

The moduli space of vacua (2.15) can be thought of as the space of 32-dimensional even
unimodular lattices with signature (8,24). These lattices can be parameterized in terms
of the splitting of Γ8,24 ⊗ R into an orthogonal sum R8 ⊕ R24 of a positive-definite and a
negative-definite subspace. Perforce, a (non-perturbative) string vacuum in this moduli
space can be specified by the choice of such a lattice. It is important to emphasize,
however, that unlike the case with heterotic compactification to 2D, where such a lattice
would specify a point in Narain moduli space, here the lattice does not (generically) have
a purely worldsheet description. It is parametrizing a point in the full moduli space
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of vacua, generically with a string coupling of O(1) in every perturbative string duality
frame.

A particularly nice set of choices give lattices of the form

Γ8,0 ⊕ Γ0,24

with both factors being even unimodular lattices. In dimension 8 there is a unique such
object – the E8 lattice. For Γ0,24, however, we have 24 choices.2

• We can choose the Leech lattice, the unique positive-definite even unimodular lattice
of rank 24 with no roots. It has a symmetry group Co0, closely related to the sporadic
simple group Co1.

• There are also 23 Niemeier lattices LX , associated to the 23 Niemeier root systems X.
The root systems X are unions of A-D-E root systems that have total rank 24 and share
a Coxeter number. We list the Niemeier lattices (labelled by the A-D-E root systems of
which they are comprised), as well as the associated Umbral symmetry groups, in the table
below. The Umbral symmetry group should be thought of as the automorphism group
of the lattice Aut(LX), modulo any Weyl group elements. It is important to recall that
the Niemeier lattices contain additional gluing vectors in addition to the lattice spanned
by the A-D-E root system, so the symmetry groups are not completely obvious given the
root system.

Niemeier root system X Umbral group GX

A24
1 M24

A12
2 2.M12

A8
3 2.AGL3(2)

A6
4 GL2(5)/2

A4
5D4 GL2(3)
A4

6 SL2(3)
A2

7D
2
5 Dih4

A3
8 Dih6

A2
9D6 Z4

A11D7E6 Z2

A2
12 Z4

A15D9 Z2

A17E7 Z2

A24 Z2

D6
4 3.Sym6

D4
6 Sym4

D3
8 Sym3

D10E
2
7 Z2

D2
12 Z2

D16E8 1
D24 1
E4

6 GL2(3)
E3

8 Sym3

2See e.g. [16] for a discussion of even unimodular lattices of definite signature in various dimensions.
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3D

6D

Figure 1: The Umbral groups arise as symmetries of string theory near the 23 Niemeier
points in the moduli space of 3D vacua. Decompactification to 6D breaks (some of) the
Umbral symmetry, leaving the groups known to appear in K3 compactification of IIA
string theory.

When we choose Γ0,24 = LX(−1) for some X,3 we find a theory whose symmetry group
is the product of the Umbral group GX and a continuous non-abelian gauge symmetry,
whose Lie algebra is specified by the root system X. Due to this enhanced gauge symme-
try, these theories cannot be described by the simple effective action (2.12). Furthermore,
various BPS-saturated threshold corrections (including the ones we will consider in the
next sections) diverge at these enhanced gauge symmetry points. We will show that there
exist deformations of the moduli that break the enhanced gauge group to the generic
U(1)30 while preserving the whole finite symmetry group GX . In fact, GX is the maximal
subgroup that can be preserved for a model with generic gauge group U(1)30, at least in
a neighborhood of a ‘Niemeier point’ in the moduli space.

This means that each Umbral symmetry group GX arises as the symmetry group
of the low energy effective action (2.12) (which extends to a symmetry of the full high
energy theory). In particular, starting from Γ0,24 = LA

24
1 (−1), we will find a theory on

the moduli space of type II compactifications on K3 × T 3, with full M24 symmetry. It
is not a perturbative string theory.4 Our thesis is that this M24 explains the appearance
of M24 representations in type IIA compactifications on K3, and the fact that one must
‘decompactify’ to get to the 6D limit (breaking some of the symmetry, as we shall discuss
in §4), is behind the need to study only proper subgroups in 6D. For instance, choosing

3Here and in the following, L(−1) denotes a lattice L where the sign of the quadratic form is flipped.
4Though one could find a perturbative description upon further reduction to 2D, if one desired.
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instead the Leech lattice, we would find a Co0 symmetry in 3D; but the need to choose
a decompactification limit to 6D would reduce manifest symmetries in the 6D theory to
subgroups of Co0 that preserve a 4-plane in the 24, as described in [8]. The 3D origin of
the Umbral symmetries therefore dovetails nicely with the higher-dimensional description,
which sees only symmetries that are preserved in a given choice of the decompactification
limit from 3D to 6D. Our philosophy is encapsulated in Figure 1.

3 Threshold corrections in 3D theories

Although the discussion thus far already makes it clear that Umbral symmetry groups
arise in the low-energy physics, and hence will act non-trivially on the BPS states of type
II string compactifications on K3×T 3, it is nice to add some more flesh to the discussion.
Therefore, we discuss a class of amplitudes which are saturated by the contributions of
BPS states. These are terms that were studied in the earlier literature by Obers and
Pioline [11].

3.1 Basic facts

The two-derivative effective action in theories with 16 supercharges does not receive in-
teresting quantum corrections. However, there are four-derivative terms which do receive
corrections, entirely from BPS states. In higher dimensions, these terms would be of the
schematic form

L ⊃ f(φ)Tr(F 4)

and the function of moduli f(φ) would be the object of interest. In 3D, at generic points
in moduli space where the gauge group is a product of abelian factors, one can dualize all
30 of the gauge fields to scalars. The U-duality group should mix the scalars φ amongst
themselves, so we are really interested in terms of the schematic form

f(φ)(∂φ)4 .

Starting with the 1-loop computation in perturbative heterotic string theory and pro-
moting it to a U-duality invariant expression, Obers and Pioline were led to propose that
these terms take the form

I(∂φ)4 = g2
3H lH

∫
d3x
√
g

∫
F

d2τ

τ 2
2

Z8,24(G/l2H , B, ψ, g
2
3H)

η24
t8[(e−1

8,24∂µe8,24)iap
a
L]4 . (3.1)

Very roughly speaking, one should think of the (e−1
8,24∂µe8,24)ia term, as a particular com-

ponent of (∂φ)4, for some of the moduli φ; more formally, it is (the pullback to spacetime
of) a left-invariant one-form on the coset space (SO(8) × SO(24))\SO(8, 24). t8 is a
standard eight-tensor which is given explicitly in, e.g., appendix 9A of [17]. Finally, Z8,24

is the theta function of the non-perturbative Γ8,24 lattice specifying the point in moduli
space where we are computing the coupling. In more explicit terms, it takes the form

Z8,24(τ, τ̄) = (τ2)4
∑

v∈Γ8,24

Exp
(
−πτ2v

TMv + πiτ1v
TLv

)
= (τ2)4

∑
(pL,pR)∈Γ8,24

q
p2L
2 q̄

p2R
2 . (3.2)
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Here, v is the vector of momenta, windings, and gauge charges, taking values in the even
unimodular lattice Γ8,24 with quadratic form L. We also defined the left- and right-moving
momenta

pL =
132 − L

2
e8,24v, pR =

132 + L
2

e8,24v, v ∈ Γ8,24 . (3.3)

Our convention will be the “left” or “holomorphic” side is the 24-dimensional side, so
that a vector (pL, pR) ∈ Γ8,24 has norm p2

R − p2
L. Expanding about a Niemeier point, paL

is a vector in the Niemeier lattice.
We can unpackage this formula a little bit as follows. The p4 insertion in the integral is

a schematic notation for a set of derivatives that has nice modular properties, c.f. appendix
A. Choosing a single vector in the left-moving lattice we can even more explicitly write
the integral we need to evaluate to compute the four-derivative coupling in the space-time
action, as

I =

∫
F

d2τ

τ 2
2

τ 4
2

 ∑
(pL,pR)∈Γ8,24

4(p4
L,1 −

6

4πτ2

p2
L,1 +

3

16π2τ 2
2

)q
p2L
2 q̄

p2R
2

 1

η24(τ)
, (3.4)

where pL = (pL,1, . . . , pL,24). It is this expression that we will evaluate.

3.2 Evaluating the integral near Niemeier lattice points in mod-
uli space

Using the techniques for evaluating integrals like (3.4) developed in [18] and references
therein (see appendix A), we find

I = lim
t→0

∑
(pL,pR)∈Γ8,24

p2R−p
2
L=−2

G(p2
L, p

2
L,1, t) (3.5)

where

G(p2
L, p

2
L,1, t) =

4

13!

1

(4π)3

(
Γ(16 + t)p4

L,1 2F1

(
1 + t, 16 + t, 14 + 2t,

2

p2
L

)
(p2
L/2)−16−t

+ 6Γ(15 + t)p2
L,1 2F1

(
1 + t, 15 + t, 14 + 2t,

2

p2
L

)
(p2
L/2)−15−t

+ 3Γ(14 + t) 2F1

(
1 + t, 14 + t, 14 + 2t,

2

p2
L

)
(p2
L/2)−14−t

)
Unfortunately, one cannot simply evaluate I by replacing the value t = 0 in each terms of
the right-hand side of (3.5), because the sum only converges for <t > 1. The right-hand
side of (3.5) should be really interpreted as the analytic continuation to t = 0 of the
function I(t) which, for <t > 1, is defined by the series on the right-hand side.
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In any case, it is useful to study the general term of the sum for t = 0,

G(p2
L, p

2
L,1, 0) =

4

13!

1

(4π)3

(
Γ(16)p4

L,1 2F1

(
1, 16, 14,

2

p2
L

)
(p2
L/2)−16

+ 6Γ(15)p2
L,1 2F1

(
1, 15, 14,

2

p2
L

)
(p2
L/2)−15

+ 3Γ(14) 2F1

(
1, 14, 14,

2

p2
L

)
(p2
L/2)−14

)
The hypergeometric functions are given by

2F1 (1, 16, 14, z) = (1− z)−3
2F1 (13,−2, 14, z) = (1− z)−3

(
1− 13

7
z +

13

15
z2

)
(3.6)

2F1 (1, 15, 14, z) = (1− z)−2
2F1 (13,−1, 14, z) = (1− z)−2

(
1− 13

14
z

)
(3.7)

2F1 (1, 14, 14, z) =
1

1− z
(3.8)

where we used the identity

2F1 (a, b; c; z) = (1− z)c−a−b 2F1 (c− a, c− b; c; z) . (3.9)

We notice immediately that the sum diverges whenever there are momenta (pL, pR) with
p2
L = 2 and p2

R = 0, i.e. at the points of enhanced gauge symmetries.
Let us now specialize this result to the points in the moduli space where Γ8,24 ∼=

E8⊕L(−1), where L is a positive-definite, even, unimodular lattice. For each such lattice
L and vector λ ∈ L, we consider the theta series

ΘL,λ(τ, z) =
∑
λ′∈L

q
(λ′)2

2 yλ
′·λ =

∑
n,r∈Z

cL,λ(n, r)q
nyr , (3.10)

which is a Jacobi form of weight w = 1
2

dim(L) and index m = λ2

2
[19]. The Fourier

coefficients cL,λ correspond to

cL,λ(n, r) = #{λ′ ∈ L | λ′2 = 2n, λ · λ′ = r} . (3.11)

Notice that since (λ′ · λ)2 ≤ λ2λ′2, one has cL,λ(n, r) = 0 whenever r2 > 4mn, so that
ΘL,λ(τ, z) is actually holomorphic, rather than weak. For z = 0, we recover the standard
theta series

ΘL(τ) = ΘL,λ(τ, 0) =
∑
λ′∈L

q
(λ′)2

2 =
∑
n∈Z

cL(n)qn , (3.12)

where cL(n) =
∑

r∈Z cL,λ(n, r).
When L is the Leech lattice and we take pL,1 to be the component of pL in the direction

of a vector λ ∈ L, the integral becomes

I = lim
t→0

∞∑
n=2

∑
r∈Z

cLeech,λ(n, r)cE8(n− 1)G(2n,
r2

λ2
, t). (3.13)
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Each term in the sum is finite as t → 0, since G(x, y, 0) only diverges for x = 2 and the
Leech lattice has no roots. We stress again that the left-hand side should be interpreted
as the analytic continuation to t = 0 of the series on the right-hand side, which converges
only for <t > 1.

When L is a Niemeier lattice with roots, then we have to take care of the divergence
of G due to states with p2

L = 2, p2
R = 0. We regularize the sum by taking an infinitesimal

deformation along a null direction in the moduli space. To be explicit, let us define two
orthonormal bases of vectors ei ∈ L ⊗ R, i = 1, . . . , 24, and ẽj ∈ E8 ⊗ R, j = 1, . . . , 8.
In the undeformed model (i.e. at the point of enhanced gauge symmetry), the left- and
right-moving momenta have components

pL,i(λ, µ) = λ · ei , pR,j(λ, µ) = µ · ẽj , λ ∈ L , µ ∈ E8 (3.14)

Now we deform the moduli in a null direction along the plane spanned by e1, ẽ1 so
that the new components in the 1-direction are given by(

pL,1
pR,1

)
=

(
cosh ε sinh ε
sinh ε cosh ε

)(
λ · e1

µ · ẽ1

)
λ ∈ L, µ ∈ E8 , (3.15)

for some small real parameter ε; the other components pL,i, pR,j, i, j > 1, are unchanged.
Notice that even in the deformed theory the momenta satisfy

p2
R − p2

L = µ2 − λ2 ∈ 2Z . (3.16)

Choosing e1 = λ
|λ| , where λ ∈ L, and ẽ1 = µ

|µ| , for some µ ∈ E8, the deformed momenta
are

p2
L,1(λ′, µ′) = cosh2 ε

(λ′ · λ)2

λ2
+ 2 cosh ε sinh ε

(λ′ · λ)

|λ|
(µ′ · µ)

|µ|
+ sinh2 ε

(µ′ · µ)2

µ2
(3.17)

p2
L(λ′, µ′) = λ′

2
+ sinh2 ε

(λ′ · λ)2

λ2
+ 2 cosh ε sinh ε

(λ′ · λ)

|λ|
(µ′ · µ)

|µ|
+ sinh2 ε

(µ′ · µ)2

µ2
(3.18)

By specializing these formulae to the case where λ′2 = 2 and µ′ = 0, we get

p2
L,1(λ′, 0) =

(λ′ · λ)2

λ2
cosh2 ε (3.19)

p2
L(λ′, 0) = 2 +

(λ′ · λ)2

λ2
sinh2 ε (3.20)
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and

I =
∑
r∈Z

cL,λ(1, r)G

(
2 + sinh2 ε

r2

λ2
, cosh2 ε

r2

λ2
, 0

)
(3.21)

+ lim
t→0

∞∑
n=2

∑
r∈Z

cL,λ(n, r)cE8(n− 1)G(2n,
r2

λ2
, t) +O(ε2) (3.22)

=
∑
r∈Z

cL,λ(1, r)
4

(4π)3

(
16

r2/λ2
ε−6 +

40

r2/λ2
ε−4 + (

56

5r2/λ2
+ 6

r2

λ2
)ε−2 (3.23)

− 544

189r2/λ2
− 536

r2

λ2
− 949

r4

λ4

)
(3.24)

+ lim
t→0

∞∑
n=2

∑
r∈Z

cL,λ(n, r)cE8(n− 1)G(2n,
r2

λ2
, t) +O(ε2) (3.25)

Notice that the dependence on µ (i.e. on the direction of the deformation in the E8 ⊗ R
space) only appears at O(ε2). The n = 1 term is convergent for ε 6= 0, provided that

cL,λ(1, 0) = 0 . (3.26)

This means that λ cannot be orthogonal to any root.

The choice of λ breaks the group of automorphisms of the lattice L down to the
subgroup Hλ ⊆ Aut(L) fixing λ. The group of automorphisms of LX has the form
Aut(LX) = W o GX where W is the Weyl group and GX is the Umbral group, as in
section 2.2. The condition that λ is not orthogonal to any root implies that λ is in the
interior of a Weyl chamber. Therefore, the group Hλ is contained in the subgroup of
Aut(LX) preserving the given Weyl chamber as a set. The latter group is isomorphic to
GX , so that, in general, Hλ ⊆ GX . In particular, if we choose λ to be (proportional to)
the Weyl vector relative to a given Weyl chamber, then the group fixing λ is isomorphic
to the whole GX , Hλ

∼= GX . We conclude that the Umbral group GX is the maximal
subgroup of Aut(LX) that can be preserved by an infinitesimal deformation of the model
to a point with generic gauge group U(1)30.

In appendix B we give a more detailed description of the example of the Niemeier
lattice with root system X = A24

1 and the vector λ equal to a Weyl vector. We present a
decomposition of the first few coefficients c(n, r) into GX = M24 irreps:

c(1, 1) = 24 = 1 + 23

c(2, 4) = 759 = 1 + 23 + 252 + 483

c(2, 3) = 6072 = 1 + 2× 23 + 2× 252 + 253 + 483 + 1265 + 3520

...

4 Weak coupling limits

In the previous section, we showed that there are 3D models with generic gauge group
U(1)30 whose group of symmetries is one of the Umbral groups GX . These models are
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infinitesimally close to the Niemeier points in the moduli space, and as such they are
intrinsically strongly coupled.

In this section, we shall deform the models to reach the weak coupling limits in the
heterotic and in the type IIA frames. In general, these deformations will break the
symmetry groups of the model. The idea is to choose the deformations so as to preserve
the largest possible groups. Our main goal is to understand the action of the residual
groups on the BPS states of the weakly coupled theory.

4.1 Perturbative heterotic limit

Let us first consider a deformation to the weak coupling limit of the heterotic string on
T 7. There are many possible ways of taking this limit, corresponding to the choice of a
splitting of the lattice Γ8,24 ∼= E8 ⊕ L(−1) into a sum Γ8,24 = Γ1,1 ⊕ Γ7,23. The summand
Γ7,23 will be interpreted as the Narain lattice in the perturbative limit.

To be explicit, choose bases λ1, . . . , λ24 of L and µ1, . . . , µ8 of E8 and let µ∗1, . . . , µ
∗
8 be

the dual basis of E8, satisfying µi · µ∗j = δij. For the sake of simplicity, we also assume
that

λ2
1 = (µ∗1)2 . (4.1)

For any choice of λ1, . . . , λ24, this can be always satisfied by a suitable choice of µ1, . . . , µ8.
Then, we define

u := λ1 + µ∗1 v := −µ1 +
µ2

1

2
u , (4.2)

and

λ′i = λi − λi · λ1(u+
µ2

1

2
v), i = 2, . . . , 24 , (4.3)

µ′i = µi + µi · µ1u i = 2, . . . , 8 . (4.4)

Then, u, v generate Γ1,1 with standard quadratic form ( 0 1
1 0 ) and λ′2, . . . , λ

′
24, µ

′
2, . . . , µ

′
8

generate a unimodular lattice Γ7,23 orthogonal to Γ1,1. We denote by Q7,23 the quadratic
form of signature (7, 23) of the lattice Γ7,23.

Let us now consider the heterotic string frame where Γ7,23 is the Narain lattice of wind-
ing and momenta. The most general vielbein parametrizing cosets in SO(8, 24)/(SO(8)×
SO(24)) can be written, generalizing (2.11), as

e8,24 =

g2
3H

e7,23

g−2
3H

1 −ψT −1
2
ψTQ−1

7,23ψ
0 130 Q−1

7,23ψ
1

 , (4.5)

where g3H is the three dimensional heterotic string coupling constant, e7,23 is the vielbein
parametrizing the Narain moduli space SO(7, 23)/(SO(7)× SO(23)) and satisfying

eT7,23Q7,23e7,23 = Q7,23 , (4.6)

and ψT := (ψ1, . . . , ψ30) are the vevs of the scalars obtained by dualizing the 30 gauge
fields in three dimensions.

Let us start with the values of the moduli g3H , ψ, e7,23 corresponding to one of the
Niemeier points in the moduli space, and then send g3H → 0 while keeping the other
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moduli fixed. We will prove that the perturbative heterotic string obtained in this way has
a discrete symmetry group G isomorphic to the subgroup of Aut(L) preserving the vector
λ1 ∈ L. Furthermore, the symmetry acts trivially on the right-moving (supersymmetric)
string oscillators, while the 23 left-moving (bosonic) oscillators in the internal directions
form a 23 dimensional representation of G.

In general, the symmetries of a model at a given point e8,24 in the moduli space are
really dualities that fix that point, i.e. h ∈ O(Γ28,4) such that

h · e8,24 = e8,24 · ρ , (4.7)

where ρ ∈ SO(8)×SO(24), so that e8,24 and h·e8,24 denote the same coset in SO(8, 24)/(SO(8)×
SO(24)). Furthermore, if ρ ∈ SO(24) (respectively, ρ ∈ SO(8)) then the symmetry acts
non-trivially only on the left-moving (resp., right-moving) oscillators.

In the case where e8,24 is one of the Niemeier lattice points, any h ∈ Aut(L) is a
symmetry and the corresponding ρ is contained in SO(24) ∼= SO(L⊗R). Let us consider
symmetries h in the subgroup H ⊆ Aut(L) fixing the vector λ1 in (4.2). Such an h fixes
both u and v, so that it only acts non-trivially on its orthogonal complement Γ7,23. Thus,
h must satisfy

h · e8,24 =

1
h′

1

 · e8,24 = e8,24 ·

1
ρ′

1

 , (4.8)

where h′ ∈ O(Γ7,23) and ρ′ ∈ SO(23) ⊂ SO(7) × SO(23), where SO(23) acts on the
orthogonal complement of λ1 in L ⊗ R. By plugging the expression (4.5) into e8,24, it
is then clear that (4.8) holds independently of g3H . Therefore, h must be a symmetry
also of the weakly coupled model and it only acts non-trivially on the left-moving bosonic
oscillators.

When L is one of the 23 Niemeier lattices with roots, the analysis of the unbroken
group of symmetries H is exactly as in section 3.2. We can choose λ1 to be the Weyl
vector of the corresponding root lattice (for some choice of positive roots). In this case,
the perturbative heterotic string has generic gauge group U(1)30 (no enhanced gauge
symmetry) and the unbroken group of symmetries is the Umbral group associated with
the root lattice X, H ∼= GX . For all the other choices of λ leading to a theory with generic
gauge group U(1)30, the symmetry group is a subgroup of the Umbral group.

When L is the Leech lattice, H is any subgroup of the Conway group Co0 fixing a
one-dimensional subspace of L⊗R. Some interesting choices lead to H being the Mathieu
group M24 or the Conway groups Co2 or Co3.

4.2 Perturbative type IIA limit

Analogous considerations hold for deformations of the Niemeier models leading to a per-
turbative type IIA limit. As a first step, we split the lattice Γ8,24 into the orthogonal sum
Γ4,4⊕Γ4,20. Roughly speaking, this corresponds to writing the non-perturbative torus T 8

of the heterotic string (combining the geometric T 7 torus and the non-perturbatively gen-
erated circle of radius 1/g2

3H) as a product T 8 = T 4×T̃ 4. Here, the non-perturbative torus
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T 4 is associated with the Γ4,4 summand in Γ8,24, while the Γ4,20 summand is interpreted
as the Narain lattice for heterotic strings on the geometric T̃ 4.

Explicitly, the lattice splitting can be done as follows. Choose, as above, bases
λ1, . . . , λ24 of L and µ1, . . . , µ8 of E8, with µ∗1, . . . , µ

∗
8 be the dual basis of E8. We also

assume that
λi · λj = µ∗i · µ∗j i, j = 1, . . . , 4 . (4.9)

For any choice of λ1, . . . , λ24, there is always a basis of E8 for which this is true.5 Then,
the lattice Γ4,4 is generated by

ui = λi + µ∗i vi = −µi +
µ2
i

2
ui +

4∑
k=i+1

µi · µkuk i = 1, . . . , 4 (4.10)

and the orthogonal complement Γ4,20 by

λ′i = λi −
4∑
j=1

λi · λj(vj +
µ2
j

2
uj)−

4∑
j,k=1
j<k

(λi · λk)(µj · µk)uj , i = 5, . . . , 24 , (4.11)

µ′i = µi +
4∑

k=1

µi · µkuk , i = 5, . . . , 8 . (4.12)

We denote by Q4,20 the quadratic form of the lattice Γ4,20.
Given a decomposition of the non-perturbative heterotic T 8 into T 4 × T̃ 4, it is useful

to take a metric

L′ =

 14

Q4,20

14

 (4.13)

for the lattice Γ4,4 ⊕ Γ4,20. The vielbein parametrizing cosets in SO(8, 24)/(SO(8) ×
SO(24)) and satisfying eT8,24L′e8,24 = L′ can be written as [11]

e8,24 =

v−T e4,20

v

14 −ψT B − 1
2
ψTQ−1

4,20ψ
0 124 Q−1

4,20ψ
14

 , (4.14)

where, in heterotic string frame, v is the vierbein of the non-perturbative torus T 4 (includ-
ing a T 3 space-time torus and the dynamically generated circle of radius 1/g2

3H), whose
metric is given by G = l2Hv

Tv, with lH the heterotic string length. Furthermore, B is
the B-field along the non-perturbative T 4, ψ is a (24 × 4)-dimensional matrix of Wilson
lines and e4,20 is the vielbein parametrizing the Narain moduli space for heterotic strings
on T̃ 4. In the language of type IIA on K3 × T 3, the three-dimensional effective string
coupling constant g3IIA is related to the volume of the non-perturbative T 4 torus in units
of heterotic strings length [11], i.e.6

1/g2
3IIA = |det v|2 , (4.15)

5This is equivalent to the fact that every even positive lattice of rank at most 4 can be primitively
embedded in E8; see [6] for a proof.

6Recall that, in six dimensions, the coupling constants and string lengths of type IIA on K3 and
heterotic on T 4 are related by g6IIA = 1/g6H and lH = g6IIAlIIA.
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so that the perturbative type IIA limit corresponds, in the heterotic string frame, to the
limit of large volume of the non-perturbative T 4 torus. The geometry of T 3 in type IIA
strings units is also encoded in the moduli v. The vielbein e4,20 parametrizes the moduli
(metric and B-field) of type IIA on K3 and ψ include the Wilson lines of the 6D gauge
bosons along T 3 as well as the moduli for the 3D scalars dual to these gauge fields.

Let us consider a Niemeier point in the moduli space, where Γ8,24 ∼= L⊕ E8(−1) and
let H ⊆ Aut(L) ⊂ O(8, 24,Z) be the subgroup of automorphisms of the Niemeier lattice
L that fixes Γ4,4 pointwise. Then, by the same argument as in the previous subsection,
any h ∈ H satisfies

h · e8,24 =

14

h′

14

 · e8,24 = e8,24 ·

14

ρ′

14

 , (4.16)

where h′ ∈ O(Γ4,20) and ρ′ ∈ SO(20) ⊂ SO(4) × SO(20). By plugging the expression
(4.14) into this equation, it is clear that h is a symmetry of the model independently
of the volume |det v|2, so that the limit |det v|2 → ∞ (large volume of the perturbative
T 4 torus in heterotic string units) is a weakly coupled type IIA string theory on K3×T 3

with discrete symmetry group H. One can also deform the geometry of the torus T 3

(in particular, decompactify the type IIA theory up to six dimensions) without further
breaking the symmetry group H.

If we choose u1, . . . , u4, v1, . . . , v4 such that no root in L is orthogonal to Γ4,4, then
the weakly coupled model has generic gauge group U(1)30 and the perturbative type IIA
string is described by a non-linear sigma model on K3× T 3. On the contrary, when the
model has enhanced (non-abelian) gauge symmetry, the world-sheet CFT describing the
type IIA fundamental string is believed to be singular even for small values of the coupling
constant g3IIA, due to exactly massless D-brane states.

At the points of generic gauge group, the groups H obtained in this way are therefore
symmetries of the corresponding non-linear sigma model on K3. In particular, the 20-
dimensional representation ρ′ ∈ SO(20) is the representation on the 20 Ramond-Ramond
ground states of the model that are singlets under the worldsheet SU(2)L × SU(2)R
R-symmetries. Consistently, the groups H are exactly of the form expected from the
classification of symmetries of K3 sigma models in [3] and [21]. In the heterotic frame,
the representation ρ′ ∈ SO(20) acts on the 20 left-moving bosonic oscillators along the
internal directions of heterotic on T 4. From this construction, it is clear that the symmetry
groups H of non-linear sigma models on K3 can get enhanced (at least in some cases) to a
full Umbral group or to Co0 when the model is ‘embedded’ in a certain non-perturbative
limit of type IIA on K3×T 3.

4.3 Threshold corrections in perturbative limit

Let us now analyze the threshold correction (3.1) to the four scalar coupling in the per-
turbative heterotic string (g3H → 0). The leading term in this limit is the standard
1-loop threshold correction (which itself was the starting point of [11] for the conjectural
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expression (3.1))

g8
3H

∫
F

d2τ

τ 2
2

p4
LZ7,23

1

η24
. (4.17)

The integrand clearly encodes the spectrum of perturbative 1/2 BPS string states in this
model: the theta series Z7,23 is the sum over the left- and right-moving momenta along
the internal Narain lattice Γ7,23 and 1/η24 is the contribution of the 24 bosonic (left-
moving) oscillators in the transverse directions. The 1/2 BPS condition is implemented
by turning off all right-moving transverse oscillators; finally, the contribution of ghosts
and superghosts cancels against the longitudinal oscillators, as usual. The level-matching
condition for 1/2 BPS states

1

2
(p2
R − p2

L) = N − 1 , (4.18)

where N is the level of the bosonic oscillators, is not a priori imposed on the integrand.
Rather, it is implemented through the integration over τ1 (upon unfolding the integral
over the fundamental domain F into an integral over a vertical strip −1/2 < τ1 < 1/2,
τ2 > 0). After imposing the level matching condition, the Fourier coefficients of

1

η(τ)24
=

∞∑
n=−1

d(n)qn , (4.19)

are interpreted as the multiplicities d(n) of 1/2 BPS states with electric charge (pL, pR),
such that p2

R − p2
L = 2n.

In subsection 4.1, we have seen that there exist perturbative heterotic models with
generic gauge group U(1)30 and with a symmetry group G equal to any of the Umbral
groups (or to any subgroup of Co0 fixing a 1-dimensional space). Furthermore, we showed
that the 23 bosonic oscillators along the internal compactified directions transform in the
standard 23-dimensional representation of G, while the transverse oscillator along the
uncompactified space-time direction is fixed by G. This means that the multiplicities
d(n) of 1/2 BPS states naturally decompose into representations of G.

Notice that, in general, the group G acts also on the charges (pL, pR) – in fact, it is
this action of G that is visible in the decompositions in section 3.2. This means that
the symmetry group G maps the space HBPS

pL,pR
of 1/2-BPS perturbative states with fixed

charges pL, pR to the space HBPS
g(pL,pR), where g(pL, pR) ∈ Γ7,23 is a vector of the same norm

as (pL, pR). Therefore, strictly speaking, there is no well-defined action of G on a single
space HpL,pR , unless pL, pR is fixed under G. However the full space ⊕pL,pRHBPS

pL,pR
has a

natural decomposition as (a sum over) tensor products of G-representations⊕
(pL,pR)∈Γ7,23

HBPS
pL,pR

=
⊕
n∈Z

⊕
(pL,pR)∈Γ7,23

p2R−p
2
L=2n

HBPS
pL,pR

=
⊕
n∈Z

(Hmom
n ⊗Hosc

n ) , (4.20)

where Hmom
n is the G-representation spanned by vectors of norm 2n in Γ7,23 and Hosc

n is
the G-representation of dimension d(n) induced by the action over the bosonic oscillators.
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5 Discussion

The 3D picture of the Umbral symmetry groups we have advocated here fits naturally into
the developing understanding of the Mathieu and Umbral moonshines. However, many
questions require further exploration.

• It has been advocated that all 23 Niemeier lattices play an important role in the geometry
of K3 surfaces, most concretely via Nikulin’s geometry of ‘Niemeier markings’ [6]. In IIA
string theory on K3, then, it is natural to hope that symmetry groups at a given point
in moduli space can be naturally associated with automorphisms of a Niemeier lattice
marking the given K3 surface [20] (though the concept must be suitably extended to the
full moduli space of conformal field theories, or even string theories, on K3). Results
in this direction will appear in [21]. Our 3D starting point of a set of compactifications
which enjoy the automorphisms of each Niemeier lattice as a symmetry, together with the
precise way in which one can track decompactification limits as described briefly in §4,
suggests that one should be able to derive the appropriate marking of symmetries directly
from 3D.

• The elliptic genus of K3 was the starting point for investigation of new moonshines.
Mathieu moonshine was discovered there [1], and the full set of Umbral mock modular
forms have a suggestive relationship with the K3 elliptic genus [7]. Can we recover facts
about the elliptic genus, and the associated mock modular forms which appear in its
character expansion, from the 3D perspective? This suggests two avenues of investigation:
direct study of spectra of space-time BPS states, and generalization of the elliptic genus
to a more refined index (which absorbs the torus zero modes) which may be non-trivial
on K3 × T 3, and which could include the data stored in the K3 elliptic genus. Such a
refinement may be readily available by generalizing [22].

• We have focused on a three-dimensional description of gravity theories with Umbral
symmetry. Further compactification to 2D would allow us to discuss Niemeier compact-
ification of the heterotic string (dual to type II on K3 × T 4), where now the lattices we
discuss would show up literally on the worldsheet, instead of capturing the more abstract
geometry of moduli in 3D. This picture should have some advantages – for instance, the
standard techniques of vertex operator algebra, so prominent in earlier studies of moon-
shine [23,24], will apply. In particular, the constructions in [25] might generalize to these
cases. From the point of view of explaining symmetries, it has one drawback – one has
“used up” more dimensions to get to the same global symmetry, so in this sense our 3D
story is stronger, requiring less specialization to get back to 6D compactifications.

• The best known component of the moduli space of theories with 16 supercharges –
that which holds heterotic strings on T 7 and type II strings on K3 × T 3 – has yielded
a rich story involving algebraic geometry, lattice theory, number theory, and so forth.
There are other components of the moduli of theories with 16 supercharges, however (see
e.g. [26] for some discussion of this fact). Could equally rich stories be hiding in the other
components?

• The story we have told could be discussed in the duality frame of M-theory on K3×T 4,
where it becomes entirely geometric (in the sense that no B-fields or worldsheet quantities
are involved in the description, though preferred points in moduli space can have O(1)
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volumes in Planck units). This suggests that there may be interesting viewpoints on
Mathieu, Umbral and other moonshines hidden in the geometry of 8-manifolds.
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A Evaluating the integral

We can readily compute the one-loop integral in the main text using the techniques
developed in [18], whose treatment we follow. To be precise, we are faced with a modular
integral of the form∫

F
dµ

(
τ
−λ/2
2

∑
pL,pR

ρ(pL
√
τ2, pR

√
τ2)qp

2
L/2q̄p

2
R/2

)
Φ(τ). (A.1)

The integral is over the fundamental domain, dµ = d2τ/(τ2)2 is the modular-invariant
measure, the sum is over a lattice of signature (d, d + k) = (8, 24), and Φ(τ ) is, in
general, an almost-holomorphic modular form of weight w (i.e. it is an element of the
graded ring generated by E4, E6, 1/∆, Ê2). The term in parenthesis is a modular form
of weight (λ + d + k/2, 0) and so the integrand is modular invariant as required if we
impose λ + d + k/2 = −w. Moreover, the polynomial ρ(xL, xR) must be annihilated by
the modular covariant derivative

d+k∑
i=1

∂2
xL,i
−

d∑
i=1

∂2
xR,i
− 4π(

d+k∑
j=1

xL,j∂xL,j −
d∑
j=1

xR,j∂xR,j − λ− d)ρ(xL, xR) = 0. (A.2)

Here, xL/R,i denotes the ith component of the (d+ k)- (respectively, d-) dimensional mo-
mentum vector, multiplied by

√
τ2. One can check that the covariantized four-momentum

insertion x4
L,1− 3

2π
x2
L,1 + 3

16π2 = τ 2
2

(
p4
L,1 − 3

2πτ2
p2
L,1 + 3

16π2τ22

)
is annihilated by this operator

if λ = 4 − d, where we have chosen the momenta to all point in the 1-direction. Notice
that this gives an additional overall power of τ 2

2 , which includes the usual contribution

τ
d/2
2 from the lattice.

Incorporating the results of [18], this means we can instead evaluate an integral of the
form ∫

F
dµτ

−λ/2
2

∑
pL,pR

ρ(pL
√
τ2, pR

√
τ2)qp

2
L/2q̄p

2
R/2F(s, κ, w) (A.3)

where F(s, κ, w) is a Niebur-Poincare series, κ is the width of the cusp at τ → i∞, w
is the weight, and s is an analytic continuation parameter. For suitable values of s, the
Niebur-Poincare series recovers the original Φ(τ) 7. The benefit of using a Niebur-Poincare

7In general, one must take a linear combination of Niebur-Poincare series to recover one’s original
form, but our case is particularly simple.
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series representation is that it provides a natural regularization of the Poincare series for
a negative weight (weak) almost holomorphic modular form, and moreover has the nice
property that it is annihilated by the Laplacian on the upper half plane. Explicitly, one
can write the series as

F(s, κ, w) =
1

2

∑
γ=Γ∞\Γ

Ms,w(−κτ2)e−2πiκτ1 |w,γ (A.4)

and Ms,w(y) is the Whittaker function.
In particular, if the weight is negative, w < 0, one is in the region of absolute conver-

gence of this series and can analytically continue the series to the value s = 1−w/2, where
it becomes precisely the (weak) holomorphic modular form of interest. Namely, for our
purposes Φ(τ ) = 1

∆(τ)
(see appendix B), with κ = 1, w = −12. With this specialization

one has, in the s→ 1− w/2 = 7 limit, F(1− w/2, 1, w)→ F(7, 1,−12) = 13!/∆.
The authors of [18] then show that given an integral in the form of A.3, if ρ is a

polynomial in paL, p
b
R, can be evaluated term-by-term as 8∫

F
dµτ δ2 (

√
2)

∑α
i=1 ai+

∑β
i=1 bi

∑
pL,pR

pa1L . . . paαL p
b1
R . . . p

bβ
R q

p2L/2q̄p
2
R/2F(s, κ, w)

= (4πκ)1−δ(
√

2)
∑α
i=1 ai+

∑β
i=1 biΓ(s+ |w|/2 + δ − 1)

×
∑

p2R−p
2
L=−2

pa1L . . . paαL p
b1
R . . . p

bβ
R 2F1

(
s− |w|/2, s+ |w|/2 + δ − 1, 2s,

2κ

p2
L

)
× (p2

L/(2κ))1−s−|w|/2−δ

where δ = (α + β + δ)/2. In our particular case, we will fix κ = 1 and divide by 13! per
the relation between the Niebur-Poincare series and 1/∆. We will always have β = 0, and
three terms with α = 4, 2, 0 and δ = 4, 3, 2, respectively. We will also have the constants
1, 3/(2π), 3/(16π2), fixed by the modular derivative, multiplying the three terms.

If we specialize all of these quantities then the answer is

4

13!

1

(4π)3

∑
p2R−p

2
L=−2

Γ(16)p4
L,1 2F1

(
1, 16, 14,

2

p2
L

)
(p2
L/2)−16

+ 6Γ(15)p2
L,1 2F1

(
1, 15, 14,

2

p2
L

)
(p2
L/2)−15

+ 3Γ(14) 2F1

(
1, 14, 14,

2

p2
L

)
(p2
L/2)−14

8The extra factors of
√

2 come from a rescaling of the momenta in our conventions relative to those
of [18].
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or, equivalently, the summand becomes

2981888p4
L,1

π3
(

1− 2
p2L

)3

p36
L

−
3194880p4

L,1

π3
(

1− 2
p2L

)3

p34
L

+
860160p4

L,1

π3
(

1− 2
p2L

)3

p32
L

−
319488p2

L,1

π3
(

1− 2
p2L

)2

p32
L

+
172032p2

L,1

π3
(

1− 2
p2L

)2

p30
L

+
3072

π3
(

1− 2
p2L

)
p28
L

B The theta series of the Niemeier lattice A24
1

As an example of the construction in section 3.2, let us take LX to be the Niemeier lattice
with root lattice X = A24

1 and λ is the Weyl vector corresponding to a choice of positive
roots. The theta series ΘL(A24

1 ),λ is a Jacobi form of weight 12 and index λ2/2 = 6, which
can be found by expanding on a standard basis of Jacobi forms. The final result is

ΘL(A24
1 ),λ =

1

2985984
B6E3

4 −
1

497664
B5AE2

4E6 +
5

995328
B4A2E4

4 −
5

746496
B3A3E3

4E6

+
5

995328
B2A4E5

4 −
1

497664
BA5E4

4E6 +
1

2985984
A6E6

4 −
7

31104
B6∆

− 29

5184
B4A2∆E4 +

29

7776
B3A3∆E6 −

31

3456
B2A4∆E2

4

+
7

2592
BA5∆E4E6 −

7

7776
A6∆E3

4 +
14

9
A6∆2

=1 + q

(
24y +

24

y

)
+ q2

(
759y4 +

759

y4
+ 6072y3 +

6072

y3
+ 21528y2 +

21528

y2

+42504y +
42504

y
+ 53682

)
+ . . .

Here, A and B are the standard weak Jacobi forms of index 1 and weights, respectively,
−2 and 0 (see [19])

A = φ−2,1(τ, z) =
ϑ1(τ, z)2

η(τ)6
=

1

y
− 2 + y + . . . (B.1)

B = φ0,1(τ, z) = 4
4∑
i=2

ϑi(τ, z)2

ϑi(τ, 0)2
=

1

y
+ 10 + y + . . . , (B.2)

with ϑi the standard Jacobi theta series, Ek are the Eisenstein series of weight k

Ek(τ) = 1− 2k

B2k

∞∑
n=1

σk−1(n)qn , (B.3)

with B2k the Bernoulli numbers and σk−1(n) =
∑

d|n d
k−1. Finally, ∆ is the cusp form of

weight 12

∆(τ) = η(τ)24 = q
∞∏
n=1

(1− qn)24 . (B.4)
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The Fourier coefficients of ΘL(A24
1 ),λ decompose naturally into representations of the asso-

ciated Umbral group GX = M24

c(1, 1) = 24 = 1 + 23

c(2, 4) = 759 = 1 + 23 + 252 + 483

c(2, 3) = 6072 = 1 + 2× 23 + 2× 252 + 253 + 483 + 1265 + 3520

...
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