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This paper applies kinematic synthesis theory to obtain the dimen-
sions of a constrained spatial serial chain for a valve mechanism
that cleans and closes a soil conditioning port in a tunnel boring
machine. The goal is a smooth movement that rotates a cylindrical
array of studs into position and then translates it forward to clean
and close the port. The movement of the valve is defined by six
positions of the revolute-prismatic-revolute (RPR) serial chain.
These six positions are used to compute the dimensions of the two
spherical spherical (SS) dyads that constrain the RPR chain to
obtain a one degree-of-freedom spatial mechanism. An example
design of this valve mechanism is provided in detail.
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1 Introduction

This paper presents the kinematic synthesis of a spatial mecha-
nism that is proposed for use to clean and close the soil condition-
ing ports on a tunnel boring machine, Fig. 1. The mechanism
combines a rotation and slide of a cylindrical array of studs con-
figured to clean and close the port, when the flow of soil condi-
tioning fluid is stopped. The design process begins with the
selection of a spatial revolute-prismatic-revolute (RPR) serial
chain that provides the desired rotational and sliding movement.
Then two spherical-spherical (SS) linkage are designed to con-
strain this chain, resulting in an RPR-2SS spatial linkage that
moves with one degree-of-freedom, Fig. 2.

The conceptual design of the self-cleaning valve required a sys-
tem driven by a check valve opening that both cleans the injection
port and prevents back flow of soil into the port. An RPR serial
chain satisfied these three criteria. The rotation, 6, of a pressure
plate in the soil conditioning line is used to generate two output
movements: (i) a slide d, of an array of studs that clean the port,
and (ii) a rotation 03 that seals the port. This mechanism provides
a regular cleaning operation to remove soil build-up from the soil
conditioning ports when pressure is relieved during the ring build
phase, or during any required down-time, which is a regular part
of the tunneling process. Currently, ports are cleaned infrequently
when there is a complete blockage. This regular cleaning
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operation provided by this mechanism can reduce wear and power
consumption in mechanized tunneling [1-4].

2 Literature Review

A spatial linkage that coordinates the input angle, 0, with out-
puts such as the slide d, and rotation 03 is called a function gener-
ator [5]. Cervantes-Sanchez et al. [6,7] provide design equations
for function generators formed using the single-loop spatial link-
ages revolute-prismatic-spherical-prismatic-revolute and revolute-
revolute-revolute-cylindrical-revolute, and note that C denotes a
cylindrical joint. A general formulation of the design equations
for spatial linkages is provided by Chen and Roth [8]; also, see
McCarthy and Soh [9].

The control of two outputs for a given input is achieved by a
two-loop spatial mechanism, see Sandor et al. [10] and Chiang
et al. [11]. Chung [12] designs a two-loop spatial linkage to draw
a specified curve. This paper follows the kinematic synthesis
methodology introduced by Wang et al. [13], who constrained a
spatial RRR serial chain to obtain an RRR-2SS spatial linkage
that controls the wing swing and pitch angles for a micro air vehi-
cle. Here, we provide the first design procedure for the RPR-2SS
spatial linkage.

3 The Spatial Revolute-Prismatic-Revolute Chain

To design the RPR-2SS spatial six-bar linkage, the RPR chain
must first be specified by the designer. The Denavit-Hartenberg
parameters in Table 1 are shown in Fig. 2, where 0,d,, and 05
are joint variables and 6,, d,, ds, o;,i = 1,2, and a;,i = 1,2 are
specified by the designer.

As shown previously by Wang et al. [13], let L;,i = 1,2,3 be
the coordinate frames. The z-axis lies along the ith joint, while the
x-axis lies along the common normal to the next joint axis. The
following kinematics equations define the position of these links
relative to the ground frame:

T, =Z(0,,d;)
T2 = Z(@l,dl)X(Otl,al)Z(ez,dz) (1)
T3 = Z(G],d])X(O{]7al)Z(HZ,d2)X(a27a2)Z(63ad3)

where Z(0;,d;) and X(oy,a;) are the 4x4 homogeneous
transforms

[ cos 0; —sinf; 0 O
sinf; cosf; 0 O
ZO0ud) = | 0 1 d
0 0 0 1
(10 0 a]
0 coso; —sino; O )
X(ahai) = . , 1= 172>3 (2)
0 sino; cosoy O
0 0 0 1

These kinematics equations are used in the design procedure.

4 Spherical Spherical Constraint Synthesis

The joint trajectories 0;(¢), da(t), and 63(¢) are prescribed func-
tions of parameter ¢ that define the movement of the RPR serial
chain. To create a one degree-of-freedom system, the RPR chain
can be constrained by two SS constraints. The SS dyad BC con-
nects frame L, on link AD to the ground frame, and the other SS
dyad EF connects frame L3 on link DE to the ground frame,
shown in Fig. 2. The loop OABC is an RPSS four bar linkage,
which Chen and Roth [8] show has a maximum number of five
relative positions that results in a solution space that is a
twentieth-order space curve. See Innocenti [14] and McCarthy
and Soh [9] for the SS link design equations.
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Fig. 1 Photograph of a tunnel boring machine cutter with
arrows identifying the soil conditioning ports

For an SS dyad, the design equations have the linear product
decomposition [9] <x,y,z,1 ><u,v,w,1 >= 0, and has the fol-
lowing expanded form:

XU, XV, XW, YU, YV, YW, ZU, ZV, ZW, X, Y, Z, U, VW, 1 > 3)

However, in the case of constraining an RP serial chain, the poly-
nomial is structured such that xw = yw = uz = vz = zw = 0. This
structure allows for a maximum of six precision points leading to
five design equations, leaving a free parameter in the z direction.
To constrain this parameter, an additional constraint equation that
contains either w, z, or both must be added.

To design the one degree-of-freedom system, select six preci-
sion points from the three joint trajectories denoted as
q; = (f)lj,dzj,63j)7j: 1, ...,6.

The configurations of the RPR chain are defined by q;. The
moving pivots are measured in ground frame F. The moving piv-
ots attached to L, and L3 have their coordinates denoted by B/ and
E/, respectively, for each configuration q;. The relative displace-
ments are introduced

Ry =Ta(q)T(q;) " and S;; = T5(q)Ts(qr) ' (@)
which yields
B/ =R;;B' and E' = S;E! ®)

Fig. 2 The spatial RPR-2SS linkage constructed by constrain-
ing a spatial RPR serial chain using two SS dyads that connect
the second and third links to the ground frame
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Table 1 Denavit-Hartenberg table for the RPR serial chain.
01,d>, and 0; are joint variables. The remaining parameters are
selected by the designer.

Link i 0, d; % o
1 0 1 d 1 o a

62 dz 25 az
3 0, d = -

The SS dyad BC has coordinates that must satisfy the constraint
equations

R,B'—C). (R;B' = C) =12, j=1,...,6 (6)
j j
where

B' = (*y,2), C=(u,v,w) (@)

Similarly, the SS dyad EF has coordinates, which must satisfy
(S;E' =F) - (S,E' =F) =k, j=1,...,6 ®)
where
E' = (m,n,0), F=(p,q,r) 9)

where the lengths of BC and EF are % and &, respectively. Both
sets of Egs. (6) and (8) can be simplified by subtracting the first
equation in the set from the remaining five equations. This
removes the squared terms for all 12 coordinates of BC and EF
and the constants 4> and k*. The result is the two sets of design
equations

A: (R;B'-C)- (RyB'-C) - (B'-C)- (B'-C) =0
j=2,...,6
(10)

and
B;: (SyE' —F) - (S,E' —F) —(E' -F) - (E' =F) =0
Jj=2,...,6

(11)

Fig. 3 The mechanism is mounted inside a T pipe that has one
end capped. Flow enters at the bottom left and exits at the top
left.
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The designer-specified parameter for constraints BC and EF must
be added to the sets of equations .A; and B;, respectively. For link
BC, the free parameter equation must include either z or w. There
is an additional free parameter for the EF constraint that must
include either o or r. For example, the free parameter equation of
link BC can be the length of link OC, where u? + v> +w? = 0 or
to fix joint B or C to a plane in space, where z xx = 0 or w=0,
respectively.

The two sets of equations can be solved independently to find
pairs of SS dyads that guide the RPR serial chain through six pre-
cision points q;,j = 1,...,6. The maximum number of SS dyads
depends on chosen free parameter equations.

5 Soil Conditioning Valve Mechanism

Our soil conditioning valve mechanism fits within the 4 in
diameter pipe that leads to the 3 in diameter port, Fig. 3. This
packaging limits the physical dimensions of the RPR spatial
chain, which are listed in Table 2. The RPR mechanism uses the
prismatic joint to control the plunger, and final revolute joint to
control the sealing operation, and the system is actuated by the
first revolute joint, Fig. 4. In this figure, fluid flows into the pipe
from the bottom left and exits from the top left. Fluid does not
flow around the circular pressure plate. The RPR serial chain is to
be mounted to the pipe as link L;, so the ground link F is rotated
by the fluid pressure within the pipe similar to a swing check
valve. Closure of the valve is actuated by a spring when fluid pres-
sure is relieved.

Figure 5 shows the S-joints C and F are connected to a single
crank that drives the slide of link ABD and the rotation of link
DE. The slide of the plunger and the sealing rotations are specified
by the designer.

For this design, the trajectory of the slide d» () was chosen to
be a cubic function that provides a decreasing rate of slide relative
to the input rotation. The sealing rotation 05(¢) is a linear function
that stops when the slide reaches 1.75 in. This allows the plunger
to slot into the port closing the valve. These joint trajectories are
given by

0, =t
dy = —1.25 +6.37t — 4.561* + 1.161
15 (12)
0 — ~5g! +065 1<087
0 r>0.87

These functions have been plotted in Fig. 6. The six precision
points selected from these trajectories are given in Table 3. The
free parameters were chosen such that the joints C and F are fixed
to planes w =0 and r =0, respectively.
The precision points are substituted into the design equations
A;i,j =2, ...,6 for the link BC, which results in the following:
Ay 0.09ux — 0.58uy + 0.21u + 0.58vx 4+ 0.09vy — 0.06v
+0.22w — 0.22x — 0.22z 4 0.023 =0
Az 0.34ux — 1.12uy + 0.34u + 1.12vx 4 0.34vy — 0.23v
+0.41w —0.41x — 04124+ 0.09 =0
As: 0.49ux — 1.31uy + 0.4u + 1.31vx + 0.49vy — 0.35v
+0.53w —0.53x — 0.53z+0.14 =0
As: 0.58ux — 1.41uy + 0.49u + 1.41vx + 0.58vy — 0.49v
+0.69w — 0.69x — 0.692+0.24 =0
As: 0.97ux — 1.71uy + 0.72u + 1.71vx 4+ 0.97vy — 1.21v
+1.41w —141x— 14124099 =0
(13)

From Chen and Roth [8], we find that the RPSS chain can be
obtained as the intersection of a fourth order surface with a fifth-

Journal of Mechanisms and Robotics

Table2 Denavit-Hartenberg table for the RPR serial chain

Joint 0; d; o a;

1 0, 0. 0.79 1
0. d, 0. 0.

3 03 1. — —

order surface to obtain a 20th order space curve in the moving
body. Intersecting the 20th order curve with the hyperplane w =0
should yield 20 solutions. Based on the design parameters we
specified, our solver yielded only five solutions, four complex val-
ued solutions and one real valued solution for B! = (x,y,z) and
C = (u,v,w). The real valued solution is listed in Table 4.

The precision points are substituted into the design equations
Bi,j =2,...,6 for the link EF, which results in the following:

Plunging Studs

Fig. 4 When the valve closes, it also plunges grate as a self-
cleaning action. The studs of the plunger can be seen during
the extension phase.

Fig. 5 The link OA of the RPR-2SS linkage is held fixed. Points
C and F are connected to a single crank which drive links ABD
and DE.
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Fig. 6 The desired slide and rotation function and the respec-
tive precision points are shown. The precision points have
been adjusted from the curves during design process.

By: 0.09mp + 0.58mqg — 0.22m — 0.58np + 0.09nqg — 0.220
+0.21p — 0.06g + 0.22r +0.023 = 0

Bs: 0.34mp 4+ 1.12mqg — 0.41m — 1.12np + 0.34nqg — 0.410
+0.34p — 0.23¢ + 0.41r + 0.086 =0

By: 0.49mp 4+ 1.31mg — 0.53m — 1.31np + 0.49nqg — 0.530
+0.4p —0.35¢ +0.53r +0.14 =0

Bs: 0.57mp + 1.4mg — 0.67m — 1.4np + 0.57ng — 0.02nr
+0.010p + 0.010g — 0.710 + 0.48p — 0.48¢ + 0.71r
251070 — 1% 10 *mr + 1% 10 *or + .24 =0

Bs: 0.67mp + 1.49mq — 0.04mr — 1.03m — 1.46np
+0.69ng — 0.37nr — 0.07n + 0.30p + 0.220g + 0.040r
—1.780 +0.47p — 0.92¢ + 1.78r +1.06 = 0

(14)

The solution of these equations together with the constraint equa-
tion 7 =0 produce six complex valued solutions and four real val-
ued solution for E! = (m,n,0) and F = (p,q,r). The real valued
solutions are listed in Table 5.

The set of one solution and four solutions combine to create
four candidate linkages that are analyzed to verify performance.

6 Analysis of RPR-2SS Mechanism

The RPR-2SS mechanism is comprised of two loops: (i) OABC
forms an RPSS closed chain, (ii)) OADEF forms an RPRSS closed
chain. The determination of the two SS dyads gives the coordi-
nates of B!C and E'F and the lengths 4 = |B!C| and k = [E'F]|.

Table 3 Six precision points (radians and inches) of the RPR
spatial chain chosen from the joint trajectories to design the SS
dyads

Point g, 0, d, 05
1 1.57 2.03 0.
2 1.28 1.87 0.
3 0.98 1.73 0.
4 0.86 1.65 0.
5 0.79 1.54 0.0
6 0.54 1.03 0.27

To determine the movement of the system, first specify the input
crank angle 6, then solve the loop constraint equations for d, and
05.

The loop OABC has the loop constraint equation

(Ri4(A01,Ad>)B' — C) - (R1,(A01,Ad>)B' —C) = 1> (15)
where
Ri, (A0, Ady) = Ts(01,do)To(011,d) (16)
and A0y = 01 — 011 and Ad, = dy — dy;.
Expanding this equation yields
A(A0,)AdS + B(AO,)Ady + C(AO)) =0 17)

where the coefficients are listed in Appendix Eq. (A1). The solu-
tion to this equation is

—B++vB?2 —4A
Ay = BEVE ZHE ¢ (18)

The loop OADEF has the loop constraint equation

(S14(A01, Ady, AO3)E' —F) - (S1,(A0y,Ad>, AO3)E' — F) = &*
(19)

where

S14(A0y, Ady, AO3) = T5(01,dy, 05)T3(011,da1, 031) " (20)

and A0z = 03 — 03,. Expand this equation to obtain
D(A0;,Ady)cos Al + E(AOy, Ady)sin A0z = F(AO,,Ady) (21)

where the coefficients are listed in Appendix Eq. (A2). The solu-
tion to this equation is

E
Az = arctanB *arccos (22)

F
VD? + E?

Each value of 6, gives two values for d, and two values of 03,
which we label as dj, d5, and 07, 05 . The combinations of these
values yield four possible joint trajectories

a' = (01.41.03). 4" = (01.45.0;)

q = (91,d5,93+), and q* = (0,,d,,05) @3
Each of these trajectories represents one branch of the linkage.
The selected precision points are compared to the four branches to
verify they lie on a single branch. The branch is then checked for
continuity between the precision points, which will allow the link-
age to smoothly move through all the precision points, thus avoid-
ing branch defects.

7 Analysis of the Valve Mechanism

Substitute the coordinates of each of the four combinations of
solutions to BC and EF into Egs. (18) and (22). From the four
candidates, the combinations of solution 1 for BC and solutions 2
and 4 for EF created linkages that moved smoothly through all
the precision points.

Table 5 Real-valued solutions to design equations 3; for EF

Table 4 Real-valued solutions to design equations .4; for BC

u v w X y z

1 1.24 1.29 0.00 0.26 0.49 0.30

p q r m n 4
1 3.78 3.41 0.00 0.31 0.56 0.78
2 4.99 —4.04 0.00 —0.14 0.14 5.30
3 1.78 1.53 0.00 0.30 0.49 0.47
4 0.39 —0.02 0.00 —0.33 —0.20 1.00

044504-4 / Vol. 10, AUGUST 2018
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Fig. 7 The movement of the plunger slide with link BC and
sealing rotation with link EF

The selected mechanism combines solution 1 for BC and solu-
tion 4 for EF. Solution 2 for EF was eliminated because the link
lengths would have been too long to fit in the desired pipe. The
performance of the mechanism to control the slide and sealing
rotation is compared to the desired curves in Fig. 7 and the
selected linkage coordinates are shown in Table 6.

The valve can be seen opening and in the closed position in
Figs. 8 and 9. The valve opens when fluid pressurizes the pipe
rotating the circular pressure plate. The rotation of the pressure
plate drives the slide of the plunger and the sealing rotation.

Table 6 The links selected for the valve mechanism
BC u v w X y z
1.24 1.29 0 0.26 0.49 0.30
EF P q r m n o
0.39 —0.02 0 —0.33 -0.20 1.00

Fig. 8 The valve is in the process of opening

Fig. 9 The fluid pressure inside of the pipe has decreased
below the desired thresh hold, so the mechanism cleans and
seals the port

Journal of Mechanisms and Robotics

Pressure

Fig. 10 This figure shows mechanism with the sealing drum
transparent and the pipe hidden. The plunging studs are now
visible through the sealing drum.

When fluid pressure decreases, a spring behind the pressure plate
will reset the valve to a closed position.

The mechanism can be seen in detail in Fig. 10. The sealing
drum is shown to be transparent and the pipe is hidden. Pressure
plate is connected to the crank link OCF. The plunger is con-
nected to link ABD. The sealing rotation is controlled by link DE.
Link BC connects the crank and the plunger. Link EF, which con-
nects the sealing rotation link to the crank.

Select Spatial RPR Serial
Chain

p—

Select Precision Points in
Tolerance Zones

o

Repeat Until Sufficient
Solutions are Obtained

e

Solve SS Design Equations

-

Evaluate Designs to Verify
Performance

Collect Successful Designs

Fig. 11 The process involves adjustment of the precision
points within user defined tolerance zones to find successful
designs. Iteration of this procedure produces a large number of
design candidates.

Table 7 The specified tolerance zones from which the preci-
sion points are chosen in each iteration

Point ql 01 d2 93
1 1.57 2.00 = 0.05 0.00
2 1.31 = 0.09 1.88 £ 0.05 0.00
3 1.05 = 0.09 1.75 = 0.05 0.00
4 0.87 = 0.09 1.60 * 0.05 0.00
5 0.79 = 0.09 1.50 = 0.05 0.07 = 0.09
6 0.52 = 0.09 1.00 = 0.05 0.26 = 0.09

AUGUST 2018, Vol. 10 / 044504-5

Downloaded From: http://mechanismsrobotics.asmedigitalcollection.asme.org/ on 07/26/2018 Terms of Use: http://www.asme.org/about-asme/terms-of-use



8 Design Process

The design process of soil conditioning valve mechanism fol-
lows a similar design process as Wang et al. [13] shown in Fig.
11. First, the designer chooses the functions of the slide and seal-
ing rotation and chooses precision points on those curves within a
specified tolerance zone. The design equations for the slide and
sealing rotation are solved to find design candidates. The design
candidates are then analyses to confirm its performance.

The tolerance zones used are detailed in Table 7. The zones
with no allowable deviation were points that the designer could
not have deviate. For example, the precision points 1, 2, 3, and 4
for 65 are zero with no allowable deviation are because the mech-
anism must not rotate while plunging the port. However, the
plunging distance and input crank rotation are not as constrained,
thus can be varied.

The design process was iterated 2600 times resulting in 459
successful designs. For each iteration, the design equations are
solved using new precision points chosen at random within the
tolerance zones.

The algorithm was run using Mathematica 10.3 (Champaign,
IL) on a workstation with dual 8 core Xeon E5-2620 v4 CPUs
running at 2.1 GHz using 16 total threads. The average time of
0.069 s per iteration was found by running the algorithm 11 addi-
tional times varying the number of iterations from 2500 to 5200.

The successful designs are sorted in ascending order of the
ratio, x, of the longest to shortest link lengths. Designs with a link
length ratio x > 10 were eliminated, leaving 185 designs. The

Appendix: Coefficients for the Analysis Equations
The coefficients for Eq. (17) are listed here

A(A0 ) 1

remaining designs were sorted by the root-mean-square error of
the plunge slide and sealing rotations versus their desired move-
ments defined by Eq. (12). Geometric models of the designs are
made and animated starting from the designs with the lowest
root-mean-square error. The animation allows the designer to
determine whether the linkage stays within the desired envelope,
the valve body, throughout its movement. The animation also
helps the designer determine the feasibility of avoiding interfer-
ence when physically constructing the linkage. The designer then
choses the mechanism that best fits both the physical constraints
and the desired performance.

9 Conclusion

This paper presents a mathematical procedure for the design of
the RPR-2SS spatial six bar linkage that coordinates a user-
defined output slide and output rotation to a specified rotational
input. This procedure was demonstrated by designing a valve
mechanism to coordinate the plunging and sealing motion of a
cylindrical array of studs clean and close a soil conditioning port
in a tunnel boring machine. A solid model of the valve is pre-
sented, and a prototype is under construction.
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= (2d, cos(on) — 2usin(o)sin(A0, ) + 2v sin(a; )cos(Ad) ) —2w cos (o) + 2z)

(—2ajucos(A0y) — 2a;vsin(A0;) + 2a;x cos(0,)—2ayy sin(0,) + a% — b* = 2dw + 2dyx sin(o;)sin(0s)
+2d,y sin(a;)cos(0y) + 2dyz cos(ar) + &+ u2+2uxcos(oc1)sin(AHl)sin(Og) — 2ux cos(A0)cos(0,)
+2uy cos(ay )sin(Ab; )cos(6) + 2uy cos(Ab; )sin(6,)—2uz sin(oy )sin(A0;) 4+ v* — 2vx cos(o; )cos(A0; )sin(6;)
—2vxsin(A0;)cos(0) — 2vy cos(ay )cos(Al; )cos(02)-+2vy sin(A0 )sin(0,) + 2vz sin(a; )cos(Al; )
+w? —2wx sin(o )sin(6;) — 2wzcos(oy ) +x% + 7 + 2%)

( )

— 2wysin(a)cos(6) (A1)

The coefficients for Eq. (21) are listed here:

D(A0) = (2aymcos(02) + 2a,m — 2ayn cos(o)sin(02) + 2dym sin(oy )sin(02) + 2dyn sin(o )cos(az)cos(62)

+2dnsin(ap)cos(ay ) + 2mp cos(ay )sin(A0; )sin(6,) — 2mp cos(A0; )cos(0,) — 2mq cos(ay )cos(A0; )sin(0;)
—2mg sin(A0;)cos(6)

+2np cos (o )cos(A0; )sin(0;)

— 2mr sin(oy )sin(62) + 2Adynsin(o) + 2np cos(ay )cos(oz)sin(Af; )cos(6s)
— 2np sin(ay )sin(op )sin(A0;)

—2ngq cos(oy)cos(o)cos(Ab; )cos(02) + 2ng cos(op)sin(A0; )sin(0s)

+2ng sin(a; )sin(o )cos(AO; ) — 2nr sin(oy )cos (o )cos(0)

— 2nrsin(o )cos(ay)) (A2)

E(A0;) = (—2aymcos(up)sin(0z) — 2a1ncos(0y) — 2azn + 2dym sin(oy )cos(op)cos(02) + 2dym sin(o )cos (ot )
—2d;nsin(a)sin(6z) + 2Adym sin(o) + 2mp cos(ory )cos (o )sin(A6, )cos(6,)

+2mp cos(2)cos(A0y )sin(02) — 2mp sin(a )sin(2)sin(A0))

—2mg cos(ocl )cos(o)cos(Aby)cos(62) + 2mg cos(oz)sin(AB) )sin(6)

o1 )sin(o )cos(A0;)
)

—2mr sin(op)cos (o) — 2np cos(oy )sin(Ab;)sin(6,) + 2np cos(Af; )cos(62) + 2ng cos(ay )cos(AB; )sin(6;)

_|_
N
3
2
2.
5
—~

— 2mr sin(oy )cos(op )cos(0,)

+2ng sin(A0, )cos(0,) + 2nr sin(oy )sin(0;))
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F(A0,) = (2axd, sin(ay)sin(02) + 2a;ds sin(on)sin(602) + 2 cos(ay ) (azp sin(A0; )sin(6,)
+ay(—q)cos(A0;)sin(0,) + dy Ady + sin(az)(ds + 0)cos(02) (g cos(AO;) — psin(A6;))
+cos(op)(ds + 0)(dy — r) — Adar) + 2aya; cos(0) + 2ay0 sin(op)sin(0,) — 2azp cos(AB; )cos(6;)
—2a;p cos(A6y) — 2a,q sin(A0;)cos(62) — 2a;gsin(AB;) — 2ayr sin(oy )sin(6,) + a% + a% — b
—2d,d5 sin(o )sin(oz )cos(602) — 2d; o0 sin(or )sin(on)cos(62)
+2cos(oz)(ds + 0)(Ady — psin(oy)sin(A0y) + g sin(o )cos(A0y)) + 2dz0
—2dsp sin(ay )cos(A0,)sin(60,) — 2dsq sin(o )sin(A0; )sin(6;)
+2d5r sin(o )sin(oa)cos(02) — 2dyr + di + di + Ad + m* 4+ n* + 0* — 20p sin(ay)cos(A0; )sin(0,)
—20q sin(a )sin(A0; )sin(0,) + 2or sin(a; )sin(o )cos(6,) + p?
—2Adop sin(o )sin(A0;) + ¢* + 2Adq sin(ay )cos(A0;) + 17)
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