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ABSTRACT: Facile control of the radiative and nonradiative properties of plasmonic nano-
structures is of practical importance to a wide range of applications in the biological, chemical,
optical, information, and energy sciences. For example, the ability to easily tune not only the
plasmon spectrum but also the degree of coupling to light and/or heat, quality factor, and optical
mode volume would aid the performance and function of nanophotonic devices and molecular
sensors that rely upon plasmonic elements to confine and manipulate light at nanoscopic dimen-
sions. While many routes exist to tune these properties, identifying new approachesespecially
when they are simple to apply experimentallyis an important task. Here, we demonstrate the
significant and underappreciated effects that substrate thickness and dielectric composition can
have upon plasmon hybridization as well as downstream properties that depend upon this hybrid-
ization. We find that even substrates as thin as ∼10 nm can nontrivially mix free-space plasmon
modes, imparting bright character to those that are dark (and vice versa) and, thereby, modifying
the plasmonic density of states as well as the system’s near- and far-field optical properties.
A combination of electron energy-loss spectroscopy (EELS) experiment, numerical simulation, and analytical modeling is used to
elucidate this behavior in the finite substrate-induced mixing of dipole, quadrupole, and octupole corner-localized plasmon
resonances of individual silver nanocubes.

D ue to their ability to capture and convert light into intense,
nanoscopic surface-bound electric fields, localized surface

plasmons (LSPs) in noble metal nanostructures are currently
the focus of a vigorous worldwide research effort.1−8 The high
sensitivity of LSPs to subtle changes in their host environ-
ment make them excellent candidates for a wide range of biolog-
ical,9−12 chemical,13−16 and optical sensing applications,17−19

and their giant absorption cross sections20,21 and extraordinarily
small mode volumes22−24 hold great promise in future photo-
voltaic and nanophotonic devices.2,25−30

Past theoretical studies have addressed the interaction of plas-
monic nanoparticles with both homogeneous dielectric environ-
ments31−33 and semi-infinite substrates,34−39 but only few37,40

have explicitly accounted for the influence of the latter upon
higher-order LSP modes. Effects of substrates of finite thickness
are even more unexplored, as doing so is computationally
demanding41 and experimental data is lacking due to the weak
coupling of higher-order LSP modes to the radiation field.
Electron energy-loss spectroscopy (EELS), performed in a
scanning transmission electron microscope (STEM), offers a
route to overcome this challenge by using fast electrons as a
probe of matter instead of light. Due to its high degree of spatial
confinement and broad spectral range, STEM/EELS can access
the complete plasmonic response (i.e., collective electronic exci-
tations of both surface and bulk character), providing detailed
spatial and spectral information on the influence of the sub-

strate’s dielectric properties and thickness upon the full plas-
monic spectrum. This was clearly demonstrated in 2015 when
Li et al.39 used STEM/EELS to characterize the complete surface
and bulk plasmon responses of truncated silver nanospheres
ranging from 20−1000 nm in diameter on semi-infinite substrates.
While having played an important role in the discovery and

early understanding of the surface and bulk plasmon,42,43 the
past decade has witnessed a renaissance in the application of
fast electron spectroscopy to plasmonic nanoparticles and their
assemblies.44−46 Unlike in optical spectroscopies where support-
ing substrates can be millimeters thick and well-approximated as
semi-infinite, typical substrates in STEM-based electron spec-
troscopies must be thin enough to allow the electrons to pass
through and reach the EEL detector. This requirement translates
to substrates on the order of 1−100 nm, thicknesses comparable
to the plasmonic specimens themselves. In this regime, substrate
effects can be surprisingly nontrivial and distinctly different from
semi-infinite substrates, uniform background environments, and
vacuum, motivating the need for careful study.
Electrodynamics dictates that each plasmonmode (here referred

to as a multipole) will interact and hybridize with its own image as
well as with those of all other plasmon multipoles through the
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substrate. It is often assumed that only dielectric composition, i.e.,
refractive index, affects this image hybridization and that otherwise
all substrates behave nearly identically, independent of thickness.
It might also be expected that thin substrates, i.e., those that are of
the same thickness as the plasmonic target specimens or thinner,
would resemble vacuum and have little influence upon the LSP
resonances, leaving each LSP mode essentially unhybridized.
Surprisingly, however, neither presumption is true.
Here we demonstrate the nontrivial impact that substrates of

finite thickness (t) and varying refractive index (n) have upon
LSP + image LSP mode mixing in individual silver nanocubes
using monochromated and aberration-corrected STEM/EELS
experiment combined with full-wave numerical electrodynamics
simulations of the fast electron probe. Further analytical model-
ing serves as a basis to qualitatively and even semiquantitatively
expose the relevant hybridization physics. Most interesting is the
“hall of mirrors” image effect produced uniquely by finite sub-
strates,47 which, depending upon t, n, and the particle−substrate
separation distance s, can mix LSPs in such a way that significant
hybridization occurs even with substrate thicknesses well below
100 nm. Figure 1 compares the evolution of the optical scattering
spectrum of a silver nanocube with s at fixed t and n to that of
EELS, which is a near-field probe of extinction (i.e., the sum of
absorption and scattering).44−46 In the following we will show
that varying these parameters provides an opportunity to control
the degree of LSP hybridization, even for higher-order modes
beyond the usual dipole and quadrupole LSP resonances.37,48−50

Taken together, the presented work provides a new pathway to
understand and exploit plasmon mode mixing to employ even
intrinsically dark plasmons for nano-optical applications.

Nanocubes, in particular, have recently garnered significant
attention51,52 due to the localization of their low-lying LSP modes
to the cube’s corners. Each so-called corner mode can either be
dark or bright depending on the mode’s coupling efficiency to the
radiation field. The high degree of curvature at the corners induces
exceptionally strong electric near-fields there, leading to stronger
LSP-environment coupling than in other nanoparticle shapes (e.g.,
spheres and rods). For this reason, nanocubes make an excellent
platform for careful investigation of finite-substrate effects.
It is well-known that the performance of nanocube-based

sensors can be furthered enhanced via substrate interactions.
For example, their free-space dipole LSP modes parallel to the
substrate can mix with free-space quadrupole modes37,48−50 to
produce hybridized surface charge oscillations that take on the
same asymmetric character of the environment, i.e., with effective
dipolar surface charge distributions localized toward (proximal)
and away (distal) from the substrate. When excited by light, these
hybridized modes can be made to interfere and produce Fano
antiresonances in the scattering spectrum,37 which have been suc-
cessfully implemented for use in asymmetric color routing,53,54

ultrafast spontaneous emission,55 and a variety of solar light
harvesting applications.40,56,57 For example, Li et al.40 used
STEM/EELS to image the flow of energy between the pro-
ximal LSP modes of individual nanocubes and excitonic transi-
tions in their supporting semiconductor substrates with nano-
scopic precision, demonstrating that environmental transitions can
be resonantly tuned to enhance plasmonic energy transfer.58,59

As demonstrated in Figure 1 and shown schematically in
Figure 2a, the symmetry of the nanocube dictates that the only
distinct corner-localized free-space charge distributions are the

Figure 1.Computed evolution of nanocube LSP mode mixing versus separation distance in a substrate of refractive index n = 3 and thickness t = 10 nm.
(a) Aloof EEL and (c) optical scattering spectra showing the progression of the nanocube’s free-space dipolar (Dx, Dz), quadrupolar (Qxy, Qxz), and
octupolar (Oxyz) modes with substrate-separation distance s interacting through either finite (black) or semi-infinite (gray) substrates. The vertical
curves are provided only as a guide to the eye. An illustration of the system is shown in panel (b) together with a schematic of the finite-substrate-induced
hybridization diagram in panel (d). The y-oriented LSPmodesDy andQyz are not indicated explicitly since they are degenerate with those oriented in the
x-direction. Of the five hybridized modes displayed, all are evident in the EEL spectrum, while only those that are bright (red) are accessible via optical
scattering. Note that significant LSP mode mixing occurs even on substrates as thin 10 nm in thickness.

The Journal of Physical Chemistry Letters Letter

DOI: 10.1021/acs.jpclett.7b03271
J. Phys. Chem. Lett. 2018, 9, 504−512

505



triply degenerate dipole (Dx, Dy, Dz) and quadrupole (Qxy, Qxz,
Qyz) modes as well as the single octupole mode, Oxyz. All other
LSP modes involve some amount of surface charge localized at
the edges and/or faces of the structure and are of higher energy
and are ignored in the following. We approximate each nano-
cube corner mode as a pure Cartesian multipole, associating the
two via their respective surface charge distributions.60 Within a
finite substrate, each LSP multipole induces an infinite collection
of images of itself as illustrated in Figure 2b. These images,
in turn, act back on the LSP, allowing each LSP to couple to its
own images (self-interactions) as well as to those of other LSPs
(cross-interactions). The relative orientation between the free
space modes and their images determines the selection rules:
each mode interacts with its own image, but only the two pair-
wise cross-interactions betweenDi andQiz andQxy andOxyz, with
i ∈ {x, y}, are allowed.
All self- and cross-interaction strengths are determined from

the electrostatic image response
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of a finite substrate of thickness t to a point charge q located a
distance d from the top layer in the z-direction. Despite its com-
plicated form, eq 1 has a simple interpretation, which is illustrated
in the first column of Figure 2b. The first term is nothing more

than the image potential of the semi-infinite substrate with image
charge q0′ = Δ21q located at r0′ = (0, 0,−d). The second term
accounts for the finiteness of the substrate and is a sum over the
potentials of image charges qj′ = Δ23[1−Δ21

2 ](Δ21Δ23)
j−1q located

at rj′ = (0, 0,− d− 2jt), with j a nonzero integer. The strength of all
image charges is proportional to the surface jump conditionΔab =
(εa− εb)/(εa + εb) with a, b∈ {1, 2, 3}. As displayed in Figure 2b,
ε1 is the dielectric constant in the upper half space, ε2 is the
dielectric constant of the finite substrate, and ε3 is the dielectric
constant in the lower half space, with ε=na a . t can be larger or

smaller than d, however, we note that Φind→ − q0′/ε1|x − r0′| as
t→∞ and Φind→ 0 as t→ 0.
Based on the image potential in eq 1, an LSP Hamiltonian45,60

can be written with Φind parametrizing the substrate-mediated
multipolar LSP−LSP interaction energies (seeMethods). Its dia-
gonalization produces the amplitudes of the hybridized modes of
the interacting nanocube−substrate system
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Figure 2. (a) Computed quasistatic surface charge distributions of the lowest-lying five nondegenerate free space LSP corner modes of the nanocube.
Explicitly shown are the triply degenerateDz andDi, andQiz andQxymodes (i∈ {x, y}), as well as the single corner octupole modeOxyz. (b) Schematic of
the image response of a finite substrate to these LSP modes, with the interaction between source and image organized into “self-interactions”,
represented by black arrows, and “cross-interactions”, represented by green arrows. The relative phase between successive image multipoles is
determined by the particular values of the dielectric constants ε1, ε2, and ε3; the configuration shown here corresponds to ε2 > ε1 = ε3. (c) Computed
mixing of the nanocube’s free space LSP modes into substrate-dressed, hybridized LSP modes. The in-phase and out-of-phase modes Di

+ and Di
− are

linear combinations of the bright Di and the dark Qiz modes. The former (latter) has a dipolar surface charge distribution localized to the corners
proximal (distal) to the substrate. The in-phase and out-of-phase modesQxy

+ andQxy
− are linear combinations of the dark modesQxy andOxyz. The former

(latter) has a quadrupolar surface charge distribution localized to the corners proximal (distal) to the substrate.

The Journal of Physical Chemistry Letters Letter

DOI: 10.1021/acs.jpclett.7b03271
J. Phys. Chem. Lett. 2018, 9, 504−512

506



as well as their natural frequencies
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with i ∈ {x, y}. Here, αi, βi, δ, and γ are expansion coeffi-
cients derived from eq 1 and indicate that the degree of mode
mixing and corresponding amount of surface charge localiza-
tion increases with increasing t or ε2. Explicitly, these expansion
coefficients are defined as αi = cos θi, βi = sin θi, γ = cos θxy,

and δ = sin θxy, where tan 2θi = gi/(ωiz
2 − ωi

2 + f i − f iz) and tan
2θxy = gxy/(ωxyz

2 − ωxy
2 + f xy − f xyz).

60 Figure 2c (upper panel)
shows that the surface charge distributions resulting from
interaction amongDi andQiz are effective substrate- and vacuum-
localized hybridized LSP modes of dipolar character, labeled as
Di

+ and Di
− for i ∈ {x, y}, while coupling among Qxy and Oxyz

(bottom panel, Figure 2c) leads to effective substrate- and
vacuum-localized quadrupole modes, labeled as Qxy

+ and Qxy
− .

Interestingly, due to its symmetry,Dz does not efficiently interact
with any LSP multipole other than itself. Nonetheless, the spatial
profile of its field is substrate-localized as the in-phase, collinear
arrangement of the dipole and image dipoles within the self-
hybridized mode induces a capacitive junction, biasing the field
profile downward in the upper half plane; while counterintuitive,
this means that the EEL profile of the Dz mode is vacuum
localized as the probability to excite this in-phase arrangement of
dipoles is largest immediately above the cube and falls to zero in
the junction. The cross- and self-interaction coupling constants g

Figure 3. Experimental (a) and simulated (b) point spectra for tilted 76 nm nanocubes supported by t = 10, 30, 50, and 100 nm SiNx substrates with
nSiNx

= 2.1. EEL spectra are acquired at two aloof beam positions: one at a distal corner of the cube (blue) and the other at a proximal corner (red). In each

panel, the spectral position of each LSP mode is estimated from the model. (c) Experimental and simulated EEL mode maps corresponding to the
resonance energies in the EEL spectra for the t = 100 nm SiNx substrate. The upper panels correspond to superpositions of the substrate-localized
Di

+ andQxy
+ modes, and theDzmode. The lower panels show an experimental EEL mode map that is a superposition ofDi

− andQxy
− , alongside EELmaps

of the same modes individually resolved via simulation.
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and f are determined from the interaction energy of the ( , m)th

multipole with the induced potential of the ( ′, m′)th image

multipole, i.e., ∫ ρ Φ ′ ′d x x x( ) ( )
m m

3 ind , and dictate the substrate-

induced mode-mixing experienced by the uncoupled, free-space
corner modes of natural frequency ωi, ωz, ωiz, ωxy, and ωxyz.
Further details of the model can be found in theMethods Section
as well as in ref 60.
Figure 3a shows experimental STEM/EELS point spectra for

individual 76 ± 5 nm wide silver nanocubes with 13 ± 1 nm
corner radii, supported on SiNx substrates with t = 10, 20, 30, and
100 nm. Figure 3b shows analogous simulated STEM/EELS
spectra for a 76 nm wide silver nanocube with 12.5 nm corner
radii supported on an identical set of substrates. In both experi-
ment and simulation, the entire system is first tilted and then
excited using an aloof electron beam positioned at a distal corner
(blue) and at a proximal corner (red) of the cube. At t = 10 nm
(nSiNx

= 2.1), mode mixing is weak but, surprisingly, not negligible.

As t increases, so too does the strength of the interaction between
nanocube and substrate, leading to a pronounced red-shifting
of the proximalDi

+modes. As dictated by eqs 1−3, their energy is
lowered twice: once by self-interaction, and again by cross-
interaction. Conversely, these two effects competewith the self-
interaction red-shifting and the cross-interaction blue-shifting the
resonance positionto cause a relatively small energetic shift in
the distal Di

− modes relative to Qiz. Indeed, simulations show a
slight red-shift; however, limitations in the resolution of the
experiment (≈ 200 meV) and presence of the nearby Qxy

− mode
make its independent spectral identification challenging. Never-
theless, a small red-shift in the superposition ofDi

− andQxy
− peaks

(Figure 3a) is experimentally observed in the t = 10−30 nm data.
Due to its symmetry, the remaining quadrupolar corner mode

Qxy does not interact with any of the three dipole modes nor
any other quadrupole mode. Its substrate-induced localization,
therefore, must be generated by interaction with the image of the
octupole mode Oxyz in addition to its own. These couplings lead

Figure 4. Experimental (a) and simulated (b) point spectra for tilted 76 nm nanocubes supported on single layer graphene (modeled as vacuum in
simulation), t = 30 nm SiNx, t = 30 nm BP, and t = 35 nm c-Si. The system is excited at two electron beam positions, one at a distal corner (blue) and the
other at a proximal corner (red) of the nanocube. In each panel, the spectral position of each LSP mode is estimated from the model. (c) Experimental
and simulated EEL maps for the peaks found in the spectra of the t = 35 nm c-Si nanocube−substrate system. The upper panels correspond to a
superposition of the substrate-localized Di

+ and Qxy
+ modes with the vacuum-localized Dz mode, as well as the isolated vacuum-localized Dz mode.

The lower panels display an experimental EEL map corresponding to a superposition of Di
− and Qxy

− , alongside maps of the same modes individually
resolved in simulation.
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to a significantly red-shifted Qxy
+ in comparison to Qxy, and a

slightly red-shifted Qxy
− in comparison to Oxyz; the reasons for

these energy shifts are identical to those explained previously for
the Di

± modes. Figure 3a,b shows the appearance of the Qxy
+ peak

only in the proximal beam position (red). In the simulations (b),
this occurs at t = 30 nm, while, in experiment (a) it occurs at
t = 50 nm. Again the vacuum-localized Qxy

− mode can clearly be
seen in all simulated spectra for all substrate thicknesses
considered, but limitations in energy resolution cause both the
Qxy

− andDi
− to appear as a single∼3.2 eV peak in the data. In both

experiment and theory, Qxy
− and Di

− are identified as vacuum-
localized since they are only significantly excited from the distal
beam position. The (lack of) evolution of these modes with
substrate thickness is representative of the more general behavior
that higher-order LSP modes quickly saturate to a final energy
due to the competing effects of self- and cross-interactions as well
as the more rapid falloff of the electric fields.
EEL probability maps for the nanocube on a t = 100 nm SiNx

substrate are shown in Figure 3c for all five distinct hybridized
modes. In the upper panel, we see that, because Dz does not
hybridize with any other LSPmode, it retains its spectrally bright,
free-space character, causing its broad resonance profile to
overlap with both Qxy

+ and Di
+. Thus, Dz appears as a background

signal and only superpositions of Dz with Di
+ and Qxy

+ can be
measured. Easier to resolve in both experiment and simulation
and shown in the lower panel of Figure 3c is the vacuum local-
ization expected of the Di

− and Qxy
− modes. Again, as for the data

presented in Figure 3, limitations in experimental resolution
means that Di

− and Qxy
− can only be measured simultaneously in

experiment, but individually in simulations.
The experimental and simulated data presented in Figure 4

demonstrate that, as predicted by eqs 1−3, mode hybridization
can be controlled either by changing the substrate’s thickness or
dielectric composition. To explore the remainder of this param-
eter space, individual 76 ± 2 nm nanocubes are prepared on four
different dielectric substrates and excited under the same condi-
tions described above. Rather than vary substrate thickness, EEL
spectra are collected for both proximal and distal beam positions
for individual nanocubes deposited on (i) single layer graphene
(modeled as vacuum in simulation), (ii) t = 30 nm silicon nitride
(SiNx, nSiNx

= 2.1), (iii) t = 30 nm boron phosphide (BP, nBP = 3),

and (iv) t = 35 nm crystalline silicon (c-Si, nc‑Si = 3.7). As
expected, the spectra presented in Figure 4 exhibit a spectral
evolution similar to what was shown previously in Figure 3 where
substrate thickness was increased at constant composition.
In examining eq 1, it is evident that maximum coupling occurs

when the first term dominates over the second. As described
previously, this is the limit of the semi-infinite substrate. How-
ever, independent of t, the same qualitative behavior can be
attained by increasing the substrate’s dielectric constant, as
qj′ → 0 (j ≥ 1) when ε2 ≫ ε1. In this limit, the maximum
amount of mode mixing is determined by the jump condition
Δ21 = (ε2 − ε1)/(ε2 + ε1). Figure 5 highlights the symmetry
between increasing t and increasing ε2. The strength of each
LSP + image LSP interaction is comparably magnified as the
substrate’s polarizability is increased, either by an addition of
dielectric material (t) or an increase to the permittivity of the
existing substrate (ε2). Surprisingly, substrates composed of high
dielectric materials such as c-Si can more strongly mix LSP
modes at t = 35 nm than a t = 100 nm SiNx substrate can. This is
most clearly evident in the experimental and simulated EEL
mode maps of the c-Si nanocube-substrate system displayed in

Figure 4c. The high value of ε2 produces a significant enough
splitting that the vacuum-localized Dz mode can be isolated in
between Di

+ and Qxy
+ . As predicted by the model, the competing

nature of self- and cross-interactions dictates that the lower-
energy member of a hybridized pair can continue to red-shift
until Δ21 ∼ 1, eliminating the second term in eq 1 and
maximizing the associated image response. This implies that Di

+

and Qxy
+ have the most potential for application, as they can

Figure 5. Spectral evolution of the nanocube’s lowest-lying five
nondegenerate corner-localized LSP modes versus (a) substrate
thickness and (b) substrate dielectric constant. In both panels, the
bullets correspond to the simulated resonance peak positions, and
the lines correspond to the energies predicted by the model.
Quantitative disagreements between the two arise because the
projection of the spherical plasmon modes onto the basis of the cube
with rounded corners is approximate and because the simulations are
fully retarded while themodel is derived in the quasistatic limit; the latter
approximates the interaction between each LSP and the higher-order
images, which fall offmore quickly with t than would be predicted by the
full field. Nonetheless, both display the same symmetry between
increasing dielectric constant and thickness. The t values in panel
(a) and ε2 values in panel (b) span the full range of substrate thicknesses
and refractive indices considered in our reported experimental data.
Panel (a) uses the SiNx dielectric constant value εSiNx

= 4.41, while panel

(b) uses the same experimental substrate thicknesses from Figure 4b for
single-layer graphene (t = 0 nm, εg = 1), SiNx (t = 30 nm, εSiNx

= 4.41),

BP (t = 30 nm, εBP = 10), and c-Si (t = 35 nm, εc‑Si = 13.7). In comparing
both panels, it is evident that thinner substrates of higher index
can mix LSP modes equally as efficiently as thicker substrates of lower
index.
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conveniently be tuned across a wide range of frequencies simply
by adjusting substrate thickness and/or refractive index.
In conclusion, we have combined STEM/EELS experiment

with numerical simulation and analytical modeling to elucidate
the behavior of plasmon mode mixing in substrates of finite
thickness. Substrate-induced hybridization of the seven lowest-
lying LSP modes of individual silver nanocubes are investigated,
with both the spectral and spatial behavior of their hybridization
imaged by the fast electron probe. Varying substrate thickness
from 10−100 nm at constant refractive index as well as varying
substrate refractive index from 1−4 at constant thickness reveals
that substrates as thin as 10 nm can significantly mix free-space
LSP modes, imparting bright character to initially dark LSPs and
vice versa, thereby strongly modifying the radiative and nonradia-
tive properties of the resulting hybridized modes. The surprising
fact that substrate thickness matters and can be readily changed
in the laboratory has far-reaching impact across a wide range of
applications.

■ METHODS

STEM/EELS Experiments. EEL spectra were acquired in a mono-
chromated Carl Zeiss Libra 200MC (S)TEM operated with an
accelerating voltage of 200 kV. Each spectrum acquisition was
executed with a collection semiangle of 12 mrad, a convergence
semiangle of 9 mrad, and a dispersion of 29 meV per channel.
Energy resolution, defined as the full width at half-maximum of
the zero-loss peak, for each acquisition is 150 meV with the
electron beam probing only the substrate. For each nanocube,
EEL spectrum images responsible for producing LSPmodemaps
were collected by defining a pixelated region of interest around
the particle, where 1 pixel is ∼4 × 4 nm2.
Experimentally obtained EEL mode maps are analyzed using

the Gatan Digital Micrograph software. Such maps are generated
by removing the background using the reflected-tail model and
normalized to the total spectral area. LSP mode maps were
prepared by plotting spectral intensities from energy slices in
which the peak maxima of the distal/proximal point spectra are
located.
Substrate and Nanocube Preparation. The 10, 30, 50, and 100 nm

thick silicon nitride membranes were purchased fromNorcada Inc.
The part numbers are NT050Z, NT050X, NT050A, andNT050C,
respectively. All of the silicon membranes were synthesized via
lower-pressure chemical vapor deposition (LPCVD). They have
the same refractive indices according to the specification sheet
from the company. The single-layer graphene substrate was
purchased from Ted Pella Inc. The part number is 21710−5.
The crystalline silicon substrate was purchased from the
TEMwindows Company. The part number is US100-C35Q33.
The crystalline boron phosphide substrate was prepared by
milling a boron phosphide thin film with a focused ion beam
(FIB). The thickness was calculated by applying the log-ratio
method to an EELS spectrum of the substrate. The calcula-
tion was performed using the Gatan DigitalMicrograph software.
The silver nanocubes were purchased from NanoComposix Inc.
The part number is DSS1572. All samples used in the EELS
experiments were prepared by dropcasting the nanocubes onto
the substrates and then letting the water solution dry.
LSP + Image LSP Hybridization Model. Details of rigorously

mapping the solutions of Maxwell’s equations in the quasistatic
limit onto a multipolar LSP Hamiltonian can be found in ref 45.
Each spherical free-space LSP oscillator inherits an effective
massm m and natural frequency ω m, defined completely in terms
of the plasma frequency as well as its multipole number ( , m),

high-frequency and background dielectric functions ε∞ and εb, and
radius a. To model the nanocube, we scale the effective mass and
resonance frequency of each spherical LSP mode to reproduce
the analogous free-space nanocube LSP mode in EELS. The
(corner) LSP masses of the nanocube are in general lighter than
those of the nanosphere, implying that the nanocube is more
polarizable than the nanosphere.
Important to this work is the interaction Hamiltonian

∫∑ ρ= Φ
′ ′

′ ′H d x x x
1

2
( ) ( )

m m
m mint

,

3 ind

(4)

describing the coupling between LSP modes as mediated by the
image response of the substrate. Here
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is the charge density of the ( , m)th LSP multipole located at the
origin and

∫ ρΦ = ′ ′ ′′ ′ ′ ′d x Gx x x x( ) ( , ) ( )m m
ind 3

ind (6)

with Poisson Green function Gind(x, x′) directly proportional to
eq 1 by a factor of charge, q. The coordinates ≡Q Q t( )

m m
of the

multipole plasmons in the spherical basis45 can be projected onto
their Cartesian analogues.61 The corner modes of the nanocube
are each approximated as a single Cartesian plasmon coordi-
nate, leading directly to the definition of the free-space plasmon
Hamiltonian. The interactions between the corner modes are
limited by symmetry, with Hint determining the self-coupling
constants

∑

∑

∑

∑

∑

ε ε

ε ε

ε ε

ε ε

ε ε

=
Δ

−
Δ − Δ Δ Δ

+

=
Δ

−
Δ − Δ Δ Δ

+

=
Δ

−
Δ − Δ Δ Δ

+

=
Δ

−
Δ − Δ Δ Δ

+

=
Δ

−
Δ − Δ Δ Δ

+

=

∞ −

=

∞ −

=

∞ −

=

∞ −

=

∞ −

f
e

m a

e

m a jt

f
e

m a

e

m a jt

f
e a

m a

e a

m a jt

f
e a

m a

e a

m a jt

f
e a

m a

e a

m a jt

2

(2 )

2 [1 ]( )

(2 2 )

4

(2 )

4 [1 ]( )

(2 2 )

4

3 (2 )

4

3

[1 ]( )

(2 2 )

12

(2 )

12 [1 ]( )

(2 2 )

16

(2 )

16 [1 ]( )

(2 2 )

i
i b j

j

i b

z
z b j

j

z b

xy
xy b j

j

xy b

iz
iz b j

j

iz b

xyz
xyz b j

j

xyz b

2
21

3
1

2
23 21

2
21 23

1

3

2
21

3
1

2
23 21

2
21 23

1

3

2 2
21

5
1

2 2
23 21

2
21 23

1

5

2 2
21
5

1

2 2
23 21

2
21 23

1

5

2 4
21
7

1

2 4
23 21

2
21 23

1

7

(7)

and cross-coupling constants
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for i ∈ {x, y}. Each coupling constant, here derived in the case
of the nanosphere on a finite substrate, is scaled to reproduce
the EEL spectrum of the nanocube on a finite substrate. In gen-
eral, the nanocube’s (corner mode) coupling constants are lar-
ger than those of the nanosphere, implying that the nanocube
couples more readily to the substrate than the nanosphere.

The Journal of Physical Chemistry Letters Letter

DOI: 10.1021/acs.jpclett.7b03271
J. Phys. Chem. Lett. 2018, 9, 504−512

510



Diagonalization of the total Hamiltonian produces the hybrid-
ized LSP modes and frequencies defined in the text.
EELS Simulations. Simulations were performed using both the

electron-driven discrete dipole approximation (e-DDA)62,63 and the
metal nanoparticle boundary element method (MNPBEM14).64

In these codes, a nanoparticle’s volume or boundary surfaces are
divided into a collection of discrete elements that are polarized by
an external field as well by each other. Using a plane wave and
an electron beam as a source, scattering and EEL spectra were
calculated. The electron beam was given an initial energy of
200 keV and an impact parameter of 0.5 nm from the specified
proximal or distal corner of the cube. As was done experi-
mentally, EEL maps were calculated by filtering the EEL spectra
acquired within a region of interest surrounding the target at a
specific loss energy value.
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(64) Hohenester, U.; Trügler, A. MNPBEM−AMatlab toolbox for the
simulation of plasmonic nanoparticles. Comput. Phys. Commun. 2012,
183, 370−381.

The Journal of Physical Chemistry Letters Letter

DOI: 10.1021/acs.jpclett.7b03271
J. Phys. Chem. Lett. 2018, 9, 504−512

512


