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ABSTRACT: Mislocalization is a quantitative measure of the
inability to locate the positions of individual molecular emitters
in plasmon-enhanced super-resolution fluorescence micros-
copy. It is due to an unfortunate side-effect that scrambles the
spatial profile of a molecule’s fluorescence signal when
plasmonic nanoantennas are introduced to boost that signal.
In this article, we present an understanding of the
mislocalization problem in plasmon-enhanced super-resolution
fluorescence microscopy based upon a simple and intuitive
theoretical model. In particular, we derive an analytic
expression for mislocalization and demonstrate explicitly how it depends upon both the macroscopic interference of the
coherent emission from molecular and plasmonic emitters and the microscopic dynamics of the coupled system. To derive this
expression, we draw upon an analogy to the Fano interference problem and show that the spatial asymmetry in the intensity
profile can be encapsulated into a single effective parameter that depends rigorously upon basic system properties. We further
elucidate the causes of mislocalization within the context of hybridization between molecular and plasmonic emitters and show
analytically how the localization error depends upon the relative separation, orientation, detuning, and polarizability of the
emitters. Lastly, we derive a new model-based form of the plasmon-enhanced single-molecule fluorescence image for specified
molecular dipole orientations and demonstrate that it significantly outperforms standard Gaussian fitting in locating the position
of the molecule.
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S uper-resolution fluorescence microscopy1−7 has today
reached spatial resolutions on the order of 20 nm8 while

providing molecular specificity in environments inaccessible to
near-field probing such as live biological systems.9−11 By
switching molecules one at a time between emissive and
nonemissive states,12,13 such microscopies infer the location of
each emitter from the centroid position of their isolated
fluorescence signals. The intrinsically weak intensity of these
images, however, limits localization precision and has motivated
the incorporation of plasmonic nanoantennas known to boost
the signal from individual molecules.14−16 Unsurprisingly
though, the image centroid no longer encodes the exact
molecular position when both molecule and plasmonic
nanoantenna are within the same diffraction-limited spot.
Instead, the Airy disk pattern associated with a microscope’s
point spread function (PSF) reports a convolution of the
emission from both sources, with its maximum lying along the
line connecting the two, potentially even lying external to the
sources. Naively, one might subtract the isolated nanoantenna’s
PSF from the observed image to reclaim the location of the
molecule as the centroid of a two-dimensional Gaussian fit.
However, the plasmon-enhanced image is not simply the sum
of PSFs of each emitter, but instead depends upon both the (1)
underlying microscopic dynamical interaction between molec-

ular emitter and induced polarization in the nanoantenna and
(2) the macroscopic radiative interference between their
resulting fields. The difference between the apparent position
dictated by the Gaussian maximum and the exact molecular
position is commonly called the localization error or
mislocalization.
Here we present an idealized yet fully analytical model of

mislocalization based upon the radiative emission of two
coupled and interfering dipoles, one representing the
fluorescent molecule and the other representing the polar-
ization induced in a nearby metallic nanoantenna. A vast body
of literature has already been devoted to imaging molecular
emitters in the vicinity of plasmonic metal surfaces and
nanoparticles; see, for example, ref 17 for a recent review.
Among this work, both experimental and computational efforts
have been made to elucidate the physical phenomena
underlying mislocalization in plasmon-enhanced single-mole-
cule optical imaging. Specifically, the image centroid has been
observed to shift toward the geometric center of the
nanoantenna, even at molecule−nanoantenna separations
where enhancement is not expected, a feature that has been
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related to the portion of radiated power directed through the
nanoantenna instead of emitted directly from the molecule to
free space using numerical electrodynamics simulation.18 By
specifying the exact molecule location relative to the nano-
antenna with molecular spacers, mislocalization has been
quantitatively extracted from experiment,19,20 even for three-
dimensional systems with additional geometric mislocalization
caused by projection onto a two-dimensional image.21

Unintuitively, the image centroid has also been observed
outside of the region between the emitters in both experiment
and simulation.22−25 Reference 23 suggested this observation to
be a result of interference between the molecule and
nanoantenna emission and presented an intuitive explanation
based on Young’s interference. References 18−25 use electro-
magnetic simulation to interpret observation as well as to
explore dependence upon certain experimentally accessible
parameters. Such simulations are useful for these purposes, but
can obscure the physics in that they provide no analytic
understanding of the underlying physical mechanisms. For
spherical nanoantenna geometries, Mie theory provides a
middle ground, combining analytical insight with simulation.
Toward understanding the origins of mislocalization in surface-
enhanced Raman scattering,26 generalized Mie theory has
demonstrated the importance of interference among higher-
order plasmon modes on image distortion when the molecule is
located within the fluorescence quenching zone (≲5 nm from
the nanoantenna surface) necessary for Raman scattering.
Despite this body of work, to date, there has been no simple
theoretical model that describes the mislocalization problem
completely analytically. Such a model is important because it
makes explicit the dependence of mislocalization upon each
parameter, devoid of the complexity of Mie theory and
obfuscation by electrodynamics simulation. It is the purpose

of this paper to provide a model containing the minimal
ingredients necessary to reproduce observation while clearly
demonstrating the dependence of mislocalization on basic
system parameters.
In the following, we begin by reviewing Young’s double-slit

experiment and make an analogy between the wave mechanics
of two-slit diffraction and a pair of radiating dipole oscillators as
suggested in ref 23. With the second dipole representing the
nanoantenna polarization induced by the first, we then develop
a description of their coupled dynamics and resulting
electromagnetic radiation. After focusing this radiation with a
lens, parallels are drawn between Young’s diffraction pattern
and the image, where the latter incorporates the mutual, self-
consistent coupling between molecular dipole and plasmonic
nanoantenna. In analogy to Fano’s characterization of spectral
antiresonance line shapes in terms of basic parameters,27 we
derive an analytical measure of the system’s fluorescence
mislocalization that depends only upon the distance- and
orientation-dependent dipole−dipole coupling strength and
nanoantenna polarizability. Lastly, we compare our analytical
image intensity to that of full-wave numerical electrodynamics
simulation of the coupled system and demonstrate that fitting
our model to the numerically exact image of a dipole-driven
gold nanoantenna significantly outperforms Gaussian fitting to
the same image in the determination of molecular position.
Taken together our work provides a critically needed
understanding of the origins of mislocalization in plasmon-
enhanced super-resolution fluorescence imaging and can be
used to extract a more accurate estimate of the molecule’s
position than is provided by current methods.

Figure 1. Plasmon-enhanced single-molecule fluorescence images. (a) Illustration of a fluorescent molecule (green dipole) and plasmonic
nanoantenna (blue dipole) separated by the distance d = dex̂. The dipole radiation fields are diffracted through a lens and imaged on the screen at (x,
y, z = h). (b) Calculated intensity images (black) for all three unique dipole emitter orientations are displayed; from top to bottom, the orientations
are named as coaxial (p̂ = eẑ), perpendicular (p̂ = eŷ ⊥ d), and parallel (p̂ = ex̂ ∥ d). Also plotted are the molecule PSF (green), plasmon
nanoantenna PSF (blue), and interference function (red) that sum to form each image. Comparison between the image and its components
illustrates the complexity of the observable. (c) A progression of images versus molecule−nanoantenna separation is displayed for dipoles oriented ⊥
d. The true position of the molecule has been explicitly labeled on the axis (thin tick marks) and curves (green circles) as an aid for the eye.
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■ ANALOGY BETWEEN TWO-SLIT INTERFERENCE
AND TWO-DIPOLE EMISSION

An illustration of a coupled molecule−nanoantenna system
together with a convoluted signal typical of plasmon-enhanced
single-molecule fluorescence is displayed in Figure 1a. The
system image behaves according to the following generic
intensity
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measured on a photodetector positioned at height z = h above
and parallel to the (x, y) plane containing the sources.
Independent molecule and nanoantenna PSFs ( f PSF) contrib-
ute to this signal, as does an interference function ( f IF). Each
component is scaled by a separation- and orientation-
dependent dipole amplitude (p0 for the molecule and p1 for
the nanoantenna) that determines the relative weighting of
their individual PSFs as well as that of the interference; the
latter is further modulated by a phase Φ dictating the sign of
the interference, i.e., constructive or destructive. Figure 1b and
c show the effects of dipole orientation relative to separation (d
= dex̂) upon the image as well as its underlying components.
Although the intensity in eq 1 is expressed in the language of

diffracted-limited imaging, it is a general description of wave
interference from two distinct sources. With the functional
form of f PSF and f IF kept general for now, qualitative intuition
for the shape and apparent centroid position of a plasmon-
enhanced fluorescence image can be gained by analogy to the
double-slit experiment. When the slit size is small in
comparison to the slit separation d and distance to the detector
h, the diffracted waves emanating from the slits appear spherical
as if emitted by two oscillating dipoles pi(t) = |pi|e

−i(ωt−ϕi)p̂i (i =
0, 1), each located within a slit. Figure 2 displays the duality
between a plane wave passing through two slits and two dipole
emitters. Panel a illustrates the case of normal incidence where
there is no inherent phase difference between spherical wave
sources, while panel b illustrates the case of oblique incidence
with phase difference Δϕ = ϕ1 − ϕ0 depending upon the
incident field direction.
If the distance h between the dipole emitters and the

observation screen is much larger than the emission wavelength
λ = 2π/k = 2πc/ω, then the fields from each dipole take their
radiation zone forms Hi(rin̂i) = k2n̂i × pi(t)e

ikri/ri and Ei(rin̂i) =
Hi(rin̂i) × n̂i in free space, where ri connects the location of
each dipole to the observation point rin̂i as displayed in Figure
1a; i.e., r0n̂0 = x − d for the molecule and r1n̂1 = x for the
nanoantenna. Inserting these radiated fields into eq 1 makes
explicit the form of the radiative intensity I from two dipoles in
free space. Visualization and discussion of this intensity is
facilitated by limiting the observation to points along the x-axis
of the photodetector. In the form of eq 1, the unfocused image
of the intensity from two ⊥-polarized (p̂ = eŷ ⊥ d) dipoles
along the line (x, 0, h) is
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where (kri)
−2 and [(kr0)(kr1)]

−1 are the free space equivalents
of f PSF and f IF. Similar forms for I can be derived for the parallel
(p̂ = ex̂ ∥ d) and coaxial (p̂ = eẑ) dipole orientations. While the
free space PSFs are different than in the focused image, they are
similarly peaked above the source locations as dictated by the
denominator ri = ((x − xi)

2 + h2)1/2, where x0 = d and x1 = 0.
The latter spatially dependent interference function is the
product of two functions peaked respectively at the location of
each dipole emitter. For h ≫ d, the widths of the free space
PSFs in eq 2 are large in comparison to d and combine to
produce a single-peaked envelope modulated by interference
fringes.
Analogy to the double-slit experiment is better demonstrated

by equating the dipole amplitudes p0 = p1 = p and
approximating r0 ≈ r1 = r in the denominators of the free
space PSFs. Care must be taken, however, in evaluating the
spatially dependent phase k(r1 − r0) = kd sin θ, which can be

Figure 2. Analogy between Young’s double slit and a pair of radiating
electric dipoles. (a) A normally incident plane wave emerges from the
slits as two spherical waves of equal phase, as if two dipole emitters
aligned with the field polarization and oscillating in phase are located
within each slit. Constructive interference appears along rays of equal
path length, placing the maximum intensity between the slit/emitter
positions. (b) An oblique-incident plane wave produces a relative
phase that depends upon the incident angle. The case of Δϕ = π is
illustrated to demonstrate that destructive interference displaces the
maximum intensity away from the emitters’ center. Regardless of
incident angle, the relative emitter brightness can shift the interference
maximum asymmetrically toward and even past the brighter emitter
location. Wavelength, screen height, slit/emitter separation, and
interference pattern (from eq 2) are drawn to scale for dipoles of
equal amplitude; however, the slit widths are not.
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well approximated for small diffraction angles by kdθ. Taken
together, these approximations lead to the familiar Young’s
interference pattern:

θ θ ϕ→ + + ΔI I kd( ) [2 2 cos( )]inc (3)

with Iinc = ck4p2/8πr2 inheriting the role of incident field
intensity and with an additional phase factor Δϕ dictated by the
incidence angle or equivalently the relative phase between
dipoles. For an aberration-free but diffraction-limited micro-
scope, the ray interference due to the spatially dependent phase
kdθ is negligible, leaving the sign of the interference dependent
only on Δϕ. This absence of optical path length dependence in
the phase changes the qualitative nature of the interference.
Without spatial oscillations, the interference is either
constructive or destructive across the entire observation
window and biases the centroid toward (if constructive) or
away (if destructive) from the center of the two emitters. This
intuition is the beginning of understanding how observed
trends in mislocalization are manifested in Young’s interference.
Inserting a lens between the dipole emitters and detector

changes the spatial form of the intensity quantitatively, but the
PSFs remain peaked about their respective source position. The
interference term is similarly peaked but at the midpoint
between the emitters resulting from the cross product of the
focused fields from each dipole. This means that the intuition
gained from understanding the image as composed of three
distinct peaked functions in double-slit interference may be
applied directly to the diffraction-limited image of a microscope
by replacing the fields in eq 1 with the focused and diffracted
dipole fields. Analytic forms for f PSF and f IF for all three unique
dipole orientations can be approximated by assuming the
microscope to be an ideal, infinity-corrected and aberration-free
optical system with numerical aperture NA = 1. Details of
computing the image fields via the Debye−Wolf diffraction
integral are presented in the Methods section.

■ COUPLED DIPOLE INTERACTION MODEL

Up to this point, the underlying microscopic dynamics of the
dipole emitters and associated relative phase have been left
unspecified. We now show how to model the interacting
molecule−nanoantenna system as a pair of coupled dipole
oscillators. In previous work,28,29 we demonstrated the mapping
of multipolar localized surface plasmon resonances onto
corresponding mechanical oscillators, each with an associated
effective mass ml and resonance frequency ωl in the quasistatic
limit. l = 1 corresponds to the dipole plasmon mode. However,
for any l, the mass is inversely proportional to the static (zero-
frequency) polarizability αsp and resonance frequency, the latter
determined by material- and geometry-specific parameters
related to both the bound and free conduction electronic
response of the plasmon nanoantenna, as will be discussed later.
Similar correspondence between a molecular transition (i.e.,
fluorescence emission) dipole moment and a harmonic
oscillator follows directly from Schödinger’s equation, with
the transition’s effective mass m0, transition frequency ω0, and
damping constant γ0 parametrized by the free molecule’s
fluorescence spectrum.
The interaction between molecular dipole and plasmonic

nanoantenna is well-known to involve higher-order plasmon
modes beyond the dipole whenever the two are in close
proximity (shown in ref 30 to be d − a ≲ 10 nm for a spherical
gold nanoantenna of radius a = 40 nm). At such close distances,
inefficient coupling of the higher-order plasmon modes to the

radiation field quench the molecule’s fluorescence and allow
weaker molecular optical processes to persist, such as Raman
scattering.31−34 However, since this paper focuses only on
understanding mislocalization in the regime where fluorescence
emission is dominant (d − a ≳ 10 nm) using the most simple
analytic model possible, we neglect all higher-order plasmon
multipole moments and couple the remaining nanoantenna
dipole mode to the molecular transition via the fully retarded
dipole−dipole interaction. The resulting equations of motion
describing the plasmon-enhanced single-molecule fluorescence
are classical in appearance,
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where the physical oscillation amplitude and phase of each
dipole moment are determined by the complex magnitude |pi|
and phase angle ϕi = tan−1 Im pi/Re pi. Here, (e

2/m0)p̂0·E1(d)
≡ (g/m0)p1 and (e

2/m1)p̂1·E0(0) ≡ (g/m1)p0, where g ≡ g(d) ≡
e2p̂0·G(d)·p̂1 is the dipole−dipole coupling strength between
molecular transition dipole p0 and the induced polarization in
the nanoantenna, the latter treated as a point dipole p1 located
at the center of a sphere of radius a. G(d) = [(3d̂d̂ − 1)(1/d3 −
ik/d2) − (d̂d̂ − 1)k2/d]eikd is the dyadic Green’s function,35 γ1
is the nanoantenna’s nonradiative line width, and the dipole
jerk terms account for the effects of radiation reaction. E1(d)
and E0(0) are the electric dipole fields of the nanoantenna at x
= 0 and molecule at x = d, each evaluated at the position of the
other. Note that g is identical for the coaxial and perpendicular
dipole orientations illustrated in Figure 1, and the orientation of
the induced dipole p1 is completely determined by the
molecular transition dipole p0 and d since p1 = α1E0(0) =
α1G(d)·p0. The form of G(d) also reveals that the induced
plasmon dipole p1 in the nanoantenna will be parallel to the
molecule dipole moment p0 only when p0 ∥ d or p0 ⊥ d.
A fictitious harmonic electric field EF of frequency ω is

applied to the molecular oscillator to model the population of
the emissive state by absorption of the real excitation field and
subsequent vibrational relaxation characteristic of fluorescence.
In this way the molecule oscillator represents the emissive
transition dipole, and ω can therefore be interpreted as a single
Fourier component of molecular fluorescence, taken here to be
at the peak of the emission spectrum, i.e., at ω = ω0. At this
Stokes-shifted frequency the plasmon oscillator is not directly
driven by EF because plasmon photoluminescence is negligible
in comparison to the molecule’s fluorescence.36

Although the intense near field of the plasmonic nano-
antenna will enhance molecular absorption, mislocalization is
independent of the absorption rate37 modeled here by EF. This
absorption independence of the coupled system’s radiative
emission profile takes its origin as a linear dependence between
p1 and p0 in the steady-state solution to eq 4, i.e., p1 = α1E0(0)
= α1G(−d)·p0. Using this result, the focused diffraction-limited
intensity at height z = h presented in eq 1 can be normalized by
the molecule emission I0 ≡ (ck6/8π)|p0|

2 without loss of spatial
information contributing to mislocalization. The image shape is
then defined by
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Note that EF = |EF| only appears within I0 because p0 = α0[EF +
E1(d)] = [α0

−1 − G(d) α1G(0)]
−1EF, which clearly

demonstrates that the absorption rate only scales the intensity
profile and does not contribute to mislocalization. What is
critical in controlling the shape of the system image is the
relative amplitude of the two emitters, p1/p0 = |p1/p0|e

iΔϕ.
The ratio of dipole amplitudes p1/p0 can be determined by

the equations of motion in eq 4, which approximate the
electronic response of the plasmon nanoantenna as a free-
electron gas. But better quantitative agreement with simulation
is achieved by generalizing the nanoantenna polarizability to
account for the response of the metal’s bound and free
electrons as
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where ε(ω) = ε∞ − ωp
2/ω(ω + iγD) is the bulk Drude

dielectric function expressed in terms of the standard Drude
parameters. The first term in square brackets, α∞ = a3(ε∞ −

1)/(ε∞ + 2), represents the instantaneous response of the
nanoantenna’s bound core electrons to the molecular dipole
field, while the second term, αf(ω0) = αspω1

2/(ω1
2 − ω0

2 −

iω0γ1
R), with αsp = 3a3/(ε∞ + 2) = e2/m1ω1

2, represents the
causal response of its free conduction electrons. It is the
dynamic polarizability in the second term that is important and
that is described completely by the coupled equations of
motion (eq 4). Writing the ratio p1/p0 = α1(ω0)(g/e

2), where
α1(ω) = α∞+αf(ω) is the polarizability of the plasmon
nanoantenna, emphasizes the generality of this model since
the nanoantenna may be of arbitrary shape or size as long as its
polarizability can be determined.
The relative contributions to the imaged intensity in eq 5

from molecule, nanoantenna, and interference are compared as
functions of separation in the insets in Figure 3a. The three
terms composing eq 5 are each plotted as a function of position
in the image plane in the Supporting Information to gain

Figure 3. Gaussian mislocalization in modeled and simulated plasmon-enhanced single-molecule fluorescence images as a function of molecule−
nanoantenna separation d. (a) Mislocalization for p̂ ∥ d (top) and p̂ ⊥ d (bottom) determined by fitting a two-dimensional Gaussian to
electrodynamics simulation (gray circles) or to the image intensity given in eq 5 (black circles) is compared to prediction using the analytic
mislocalization measure Δxmisloc(d) in eq 10 (yellow). An a = 40 nm spherical gold nanoantenna in a vacuum is used in each case. The location of the
molecule (green) and the locations of the center and edges (gray) of the nanoantenna are plotted for reference. Three qualitatively distinct
separation regimes are marked by Roman numerals for both the ∥ and ⊥ orientations: (I) Mislocalization is negligible for d ≳ 300 nm due to
fulfillment of both the Rayleigh criterion and weak coupling as |p1/p0| ≲ 0.1. (II) As the molecule approaches the nanoparticle, the interference term
scales linearly with coupling and produces significant mislocalization, while |p1/p0| < 1. (III) For d ≲ 100 nm, the image centroid collapses onto the
nanoantenna due to the quadratic scaling with coupling of the nanoantenna PSF amplitude. In this regime, |p1/p0| ≳ 1 and, therefore, the magnitude
of the nanoantenna PSF surpasses both molecule PSF and interference. (b) Normalized plasmon-enhanced single-molecule images (red-purple)
calculated from eq 5 are overlaid with two-dimensional Gaussian fits (gray, dashed) for both ∥ (left) and ⊥ (right) dipole orientations at separations
d = 50−150 nm. Δxmisloc is plotted in black along with the true locations of the nanoantenna (gray circles) and molecule (green circles) as a guide for
the eye. Note that the Gaussian fits are nearly indistinguishable from the main peak of the Airy disk for most separations, even when Δxmisloc ≳ 10
nm.
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intuition on the image composition. In these plots and in what
follows, the parameters describing the isolated plasmon
oscillator are determined by fitting the scattering cross section
derived from the equation of motion for the uncoupled
plasmon p ̈1 + γ1

Rṗ1 + ω1
2p1 = (e2/m1) Ee−iωt to the simulated

scattering cross section of an a = 40 nm gold sphere in vacuum,
but could also be obtained from experiment. Radiation reaction
effects increase the line width according to γi

R = γi + (2e2/
3mic

3)ω2. The resonance energy, line width, and effective mass
of the nanoantenna plasmon are ℏω1 = 2.55 eV, ℏγ1 ≡ ℏγD =
0.06 eV, and m1 = 8.31 × 10−7me. The fluorophore parameters
are obtained from the same procedure, but using the equation
of motion for the uncoupled molecule emission p ̈0+γ0

Rp ̇0+ω0
2p0

= (e2/m0) Ee−iωt to fit typical fluorescence cross sections for
dyes commonly used in super-resolution imaging. The
resonance energy, line width, and effective mass of the
molecule’s transition dipole are ℏω0 = 2.60 eV, ℏγ0 = 0.075
eV, and m0 = 1.22 × 103me. All other parameters, such as the
coupling strength and radiation reaction force are computed
from these parameters (and fundamental constants such as the
mass me and charge − e of the electron). Note that the effective
mass of the plasmon is 10 orders of magnitude smaller than
that of the molecular transition dipole, a fact that will be of
importance in the following. This scale difference is due to the
difference in polarizabilities between the two emitters, since
effective mass is inversely proportional to polarizability as
described above. Also note that the above parameters make the
nanoantenna-molecule detuning ω1

2 − ω0
2 negative. However,

a positive detuning would only interchange the role of
constructive and destructive interference.
To aid in the analysis and interpretation of the PSF image

and resulting mislocalization, it is instructive to revisit eqs 5 and
6 from the viewpoint of hybridized modes. The response of the
nanoantenna core electrons and friction are temporarily
neglected and the dipole−dipole coupling is restricted to the
near-field interaction. These approximations, while not
quantitatively exact, retain the essential features of the system
while providing intuition about mislocalization based upon
hybridization. As a function of dipole−dipole separation,
orientation, detuning, and relative polarizability, the molecule
and nanoantenna dipoles will mix to varying extent as described
b y t h e m i x i n g a n g l e
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with radiative spatial profiles that reflect the degree of mixing in
their asymmetry. β takes values between 0 and ± π/4, with β =
0 corresponding to no mixing and |β| = π/4 corresponding to
maximal mixing of the uncoupled molecule and nanoantenna
modes. In terms of β, eq 5 becomes
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where β π β= | |I k p m m( ) (c /8 cos ) /0
6 2

0
2

0 1 and where the

relative brightness β=p p m m/ (1/2) / tan 2
1 0 0 1 can be

interpreted as a measure of mixing p0 and p1 into the
hybridized molecular excitonic-plasmonic normal modes p+ and
p−. As discussed previously, the degree of mislocalization is
determined entirely by the relative weights of the three
prefactors of the individual PSFs and interference function. At
the separations distances of interest (i.e., d − a ≈ 10−450 nm),

ω ω− ≪g m md2 ( )/ ( ) 10 1 1
2

0
2 and β ≪ 1, justifying the

small angle approximation, i.e., β≈p p m m/ / tan
1 0 0 1 . For

oscillators of equal mass, this would indicate weak hybridization
and produce an image dominated by the molecule PSF.
However, here, the extreme mismatch in oscillator masses (or,
equivalently, polarizabilities) causes the amplitude of the
nanoantenna PSF to be appreciable and even dominant over
the molecule PSF for relatively small values of the mixing angle,
reflecting the non-negligible contribution of the plasmon
nanoantenna to the normal modes of the composite system.
Fitting a two-dimensional Gaussian function to the plasmon-

enhanced fluorescence image in eq 5 quantifies the balance of
the molecule, nanoantenna, and interference PSFs. The
resulting Gaussian centroid location relative to the exact
location of the moleculecalled the centroid offset or
mislocalizationis plotted in Figure 3 for dipoles oriented
parallel and perpendicular to d; the third orientation with
dipoles aligned along the optical axis, displayed in Figure 1a, is
not shown because it is nearly identical to that of the
perpendicular orientation as described above. Three qualita-
tively different regimes (denoted by I, II, III) are identified in
Figure 3: At separations d greater than the diffraction limit, i.e.,
d ≳ λ/2NA ≈ 240 nm, two uncorrelated emitters would be
resolvable by the Rayleigh criterion. But in this system,
mislocalization remains beyond 240 nm because of the
coupling-induced interference between coherent molecule and
nanoantenna emission. I) This means that mislocalization is
negligible only at separations d ≳ 300 nm, where both the
Rayleigh criterion holds and the contribution from interference
is bounded by |p1/p0| ≲ 0.1. At these large separations, the
coupling strength |g/e2| ≲ 0.1/|α1(ω0)| and the mixing angle β
≈ 0 as the plasmon receives minimal energy from the
molecule’s emissive transition. In this regime the normal
modes are very weakly mixed and the molecule PSF dominates
the image as in normal super-resolution microscopy. II) As the
molecule approaches the nanoantenna, g and β increase and the
relative amplitude |p1/p0| ∼ 1. While |p1/p0| < 1, the
interference begins to impact the image before the nanoantenna
PSF because of its linear scaling with Re[p1/p0] = |p1/p0|cos
Δϕ. If the interference is destructive, f IF will subtract from the
imaged intensity between the emitters and shift the centroid to
the right (see Figure 1a for an illustration). If the interference is
constructive, the system image is weighted toward the center of
the emitters even before the nanoantenna PSF contributes. III)
For d ≲ 100 nm, g and β increase further and |p1/p0| ≳ 1. In this
regime, the quadratic scaling of the nanoantenna PSF’s
amplitude causes the nanoantenna to dominate the image,
shifting the total image onto the nanoantenna emission center
or even past it slightly if the interference remains destructive.
The preceding analysis of mislocalization versus separation

explains the dominant experimental observation: the centroid is
much more likely to collapse onto the nanoantenna than to
shift away due to destructive interference. It is only in the
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intermediate separation region (II) where interference can shift
the image centroid outside the two emitters. This occurrence is
made more rare by the fact that interference will only be
destructive for certain dipole orientations, given the nature of g
to change sign as a function of p̂·d. Because the molecular
dipole is randomly oriented in most experiments, destructive
interference will often be washed out by molecules located at
the same location but of different orientation. In simulation, the
dipole orientation can be set explicitly and observation of
positive mislocalization is more accessible. Because the plasmon
PSF is always positive, the image centroid inevitably collapses
onto the nanoantenna at close proximities regardless of dipole
orientation. As discussed previously, this collapse of the system
image centroid onto the plasmonic nanoantenna is well
documented in the plasmon-enhanced single-molecule fluo-
rescence literature. See, for example, ref 17 for a recent review.

■ FANO-LIKE ASYMMETRY AS A MEASURE OF
MISLOCALIZATION

While the centroid offset can be predicted for arbitrary
molecule-nanoantenna separation via a Gaussian fit of the
intensity in eq 5, it is also possible to derive an analytic
expression for the centroid offset directly from the imaged
intensity function. In 1961, Fano described asymmetric
antiresonance lineshapes in Helium autoionization spectra in

terms of the interference between bright and dark scattering
channels, and encapsulated the deviation from a symmetric line
shape into an effective parameter that depends upon basic
system properties.27 The problem considered here of two
coupled oscillators, one driven (i.e., the molecule, in analogy to
the bright mode) and one undriven (i.e., the plasmon
nanoantenna, in analogy to the dark mode), is of similar
form. Interestingly, not only can such interferences arise in
spectra38 but so too can they manifest in the spatial profiles of
absorbed39 and emitted radiation. We make this analogy by
factoring eq 5 into even and odd contributions about the
location of the molecule projected onto the image screen, thus
separating the terms that do not contribute to the centroid
offset from those that do. Factoring out the spatially symmetric
terms renders the image as a product of a symmetric function
and a factor that is inherently antisymmetric. Taylor expansion
allows us to map this factored form onto the product of a
Gaussian (centered at the molecule location projected onto the
image screen) with amplitude A and variance σ2, and a line with
slope η, all rigorously defined in terms of the nanoantenna
polarizability α1 and coupling strength g. All together, the
spatial asymmetry of the image is characterized by the
approximate image function

Figure 4. Correlation between mislocalization and interference quality. (a) Contour maps of mislocalization as a function of molecule emission
energy ℏω0 and emitter separation d for ∥ (left) and ⊥ (right) dipole orientations. The fixed plasmonic nanoantenna resonance energy ℏω1 is
marked by the horizontal line. Based on the system illustration in Figure 1a, positive mislocalization corresponds to centroid displacement to the
right of the antenna and negative mislocalization corresponds to the image centroid appearing between the two emitter locations except for when
Δxmisloc < −d (white outline) where the centroid lies to the left of the nanoantenna. (b) Binary interference quality maps show the sign of cos Δϕ =
Re[p1/p0]/|p1/p0| as a function of ℏω0 and d. The inset displays the correspondence between mislocalization, interference quality, and centroid
location. With constructive interference (cos Δϕ > 0), the centroid appears in the region between the molecule and the nanoantenna. With
destructive interference (cos Δϕ < 0) the centroid may appear in either the region to the right of the molecule location or in the region to the left of
the nanoantenna location, depending on the strength of the emitter−plasmon interaction. The latter case is outlined in white in (a) and (b) as well
as in the inset.
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with its maximum defining the apparent molecule location, or
mislocalization,
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This mislocalization function is plotted versus molecule-
nanoantenna separation d in Figure 3 alongside the
mislocalization resulting from numerical Gaussian fits to images
computed from the oscillator model as well as from full-wave
numerical electrodynamics simulation of the coupled-dipole
system. It is evident that Δxmisloc(d) not only recovers both
Gaussian-fit-based measures of mislocalization, but more
importantly, makes explicit the parameters that mislocalization
depends upon. Further, Δxmisloc(d) enables prediction of
mislocalization without need for simulation once the
independent oscillators are parametrized. Although simple to
implement, the explicit dependence of η and σ on d is
complicated and reserved for the Supporting Information.
Details of the procedure for obtaining eq 10 are presented in
the Methods section.
Up to this point, the nanoantenna−molecule detuning has

been fixed so that the parallel dipole orientation produces
primarily destructive interference at close proximity while the
perpendicular orientation is constructive. The interference
quality of these two orientations has resulted in different
mislocalization trends as the molecule approaches the antenna,
but the relationship between mislocalization sign and
interference quality (cos Δϕ) is ubiquitous across detuning.
Figure 4 expands upon this concept for a range of molecular
emission energies (corresponding to the observation energy)
relative to the fixed plasmon resonance energy, ℏω1 = 2.55 eV.
For all separations, detunings, and orientations investigated, the
image centroid appears between emitters when interference is
constructive and outside emitters when destructive. At
separations d > 300 nm, coupling is weak and mislocalization
is minimal in all cases. Regions of large mislocalization
appearing as dark red and blue in Figure 4a dominate at
close molecule−nanoantenna proximity, but persist to larger
separations when ℏω1 ≈ ℏω0 because α1(ω0) ∝ (ω1

2 − ω0
2)−1.

Near-zero detuning, the largest mislocalization at midrange 150
< d < 250 nm lies in the regions of destructive interference for
both orientations, indicating a stronger impact on the
observable than constructive interference at equal coupling
strength. The tendency for interference quality and mislocaliza-
tion direction to be opposite for dipoles ∥ and ⊥ d can be
qualitatively understood by considering the lowest energy
arrangement of dipoles interacting through the near field only
(gNF ∝ d−3), i.e., head-to-tail. With fixed orientation, head-to-
tail dipoles will be in-phase if p̂ ∥ d but out-of-phase for p̂ ⊥ d.
Quantitatively, this result appears in the opposite sign of g for
these orientations, which determines the relative phase of
oscillation through Re[p1/p0]. The transition between dark red
and dark blue regions indicates a sharp change of the image
centroid from one side of the molecule to the other as it
approaches the nanoantenna. This type of transition can be
seen in Figure 3a for the ∥ orientation at d = 100 nm and is due
to a flip in interference quality while the coupling is relatively
strong, as illustrated in Figure 4b.

■ ALTERNATIVE TO GAUSSIAN FITTING

From Figure 3, it is clear that Gaussian fitting performs poorly
when both emitters are located within the same diffraction-
limited spot. Instead, we propose to use the derived analytic
form for the image shape in eq 5 as a super-resolution fit
function. Assuming that the observed dipole orientation is fixed
relative to d by a polarizing filter,23 eq 5 can be applied directly
to experimental data using only d as a fit parameter. For an
arbitrarily oriented molecular emitter, the fields presented in
the Methods section for the three orthogonal dipole
orientations can be weighted and summed to yield a more
general analytic expression for the image where both d and the
two angles specifying the molecular transition dipole
orientation are fit parameters. As a proof of concept in the
former case, the image shape on the right-hand side of eq 5 is fit
to the diffraction-limited image produced by a full-wave
numerical electrodynamics description of a dipole-driven gold
nanosphere together with numerical evaluation of the Debye−
Wolf diffraction integral. The performance of this new
localization procedure is assessed by inference of the molecule
position d by fitting both the analytic image function in eq 5
and a two-dimensional Gaussian function to the same
electrodynamics simulation. These two procedures are
contrasted in Figure 5 for two of the three unique dipole
orientations; again the third orientation is identical to the ⊥

case and is included in the SI. The average, maximum, and
minimum mislocalization across a + 5 ≤ d ≤ 350 nm are
presented for various spherical nanoantenna radii from 10−70
nm. Across all radii considered, the model fit is superior to the
Gaussian fit, both in the average mislocalization and in the
minimum and maximum localization errors.
In conclusion, we have presented a simple and intuitive

theoretical model of plasmon-enhanced single-molecule fluo-
rescence microscopy. The model draws on an analogy between
Young’s two-slit interference and a pair of radiating dipoles to
organize the diffraction-limited image of the system into the
superposition of three distinct contributions: the molecule PSF,
nanoantenna PSF, and interference that can shift the intensity
distribution toward or away from the center point between
emitters. The relative weight of each resulting mislocalization is
determined by the underlying microscopic coupled-dipole
dynamics. Modeling the molecule−nanoantenna system by a
pair of coupled oscillators accurately recovers the mislocaliza-
tion calculated in full-wave electrodynamics simulation of a
dipole-driven plasmonic nanoantenna. With this model, we
draw on hybridization theory to discuss mislocalization from
the perspective of mode mixing between molecule and plasmon
degrees of freedom. We find that significant plasmon character
is inherited by the hybrid modes at larger than expected
separation distances due to the nanoantenna’s significantly
larger polarizability. Inspired by the Fano interference problem,
we further derive an analytic measure of mislocalization that
depends explicitly upon fundamental system parameters such as
the relative separation, orientation, detuning, and polarizability
of the emitters. This measure can be used to predict
mislocalization without simulation, requiring only knowledge
of the uncoupled emitters’ emission/scattering spectra. Lastly,
we propose a new model-based form of the plasmon-enhanced
single-molecule fluorescence image that is appropriate for
specified molecular dipole orientations and demonstrate that it
significantly outperforms standard Gaussian fitting in locating
the molecule’s position in electrodynamics simulation. This
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model provides a clear path toward generalizing the fit function
to account for unknown molecular orientation, which will form
the basis for future work.

■ METHODS

Calculation and Analytic Approximation of Image
Fields. The Debye−Wolf integral40 allows accurate calculation
of the PSF produced by diffraction-limited optical systems with
large numerical aperture common in single-molecule fluo-
rescence imaging.41 For an idealized infinity-corrected micro-
scope, the field composing the image is constructed by
refraction at the objective lens and then focusing at a top
lens into image space, where it is subject to diffraction. As
outlined in ref 42, both the objective and top lens are
considered spherical refracting surfaces with focal lengths fobj
and f, respectively. The objective is defined by spherical
coordinates (ξobj, ζobj, fobj) relative to the antenna location. The

top lens is defined by (ξ, ζ, f) relative to the focal point in
image space.
The image field is related to the scattered field at the

objective by

∫ ∫ρ φ
π
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= −
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The scattered field is evaluated at points on the objective by the
relationship sin ξ = ( fobj/f)sin ξobj and ζ = ζobj. The ratio of
cosines appearing in the square root accounts for the two
refractions. The term eik(z−h) cos ξ describes defocusing and
defines the focal plane at z = h. The rotational symmetry of the
lens/aperture allows analytic solution of the azimuthal ζ
integral, leaving cylindrical Bessel functions. The remaining
polar integral is evaluated numerically to produce images from
all field data computed via full-wave electrodynamics
simulation.
To obtain a simple closed form for the image fields, the

numerical aperture is fixed at NA = 1 as well as the
magnification, f/fobj = 1. The effect of magnification can be
restored theoretically by choosing a small, high-resolution
image detection plane.26 Under these conditions, the image
field in the focal plane produced by a single dipole source
located along the optical axis (eẑ) and oriented in (x, y)-plane is

ρ φ

φ ψ φ ψ
ρ

ρ
φ ψ ρ

φ ψ φ ψ ρ

φ ψ
ρ

ρ

= = − ×

+ + + + +

+ +

− +

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

z h ik p

j k

k
j k

j k

J k

k

E ( , , ) e

[cos ( ) cos(2 2 )]
( )

sin( ) ( )

sin( ) cos( ) ( )

cos( )
( )

i
ikf

i

3 2

2 1 2
0

2

2

(12)

where the dipole moment points at an angle ψ relative to ex̂.
For a dipole moment parallel to the optical axis, the field takes
the form
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The analytic expressions for plasmon-enhanced single-molecule
fluorescence images are obtained by summing the dipole image
fields above with the molecule translated to match its location
in the scattering plane, i.e.,

π
= | − = + = |I x y d

c
x d y z h x y z hE E( , ; )

8
( , , ) ( , , )0 1

2

(14)

We have found that these analytic images are numerically
equivalent to direct computation of the Debye−Wolf integral
for the combined scattered field from both emitters. The
analytic PSFs and interference function are obtained simply
from the expansion of eq 14. The one-dimensional PSFs used
throughout this paper are

Figure 5. Extraction of molecule location from simulated plasmon-
enhanced single-molecule fluorescence images using the analytic image
function I(x, y; d) (orange) derived in eq 5 and a two-dimensional
Gaussian fit (blue). Both fitting methods are tested against molecule−
nanoantenna separations a + 5 ≤ d ≤ 350 nm for a range of spherical
nanoantenna radii a in both ∥ (a) and ⊥ (b) dipole orientations. For
each radius, the average, minimum, and maximum mislocalization are
determined by comparing d to the fit position d0 in I(x, y; d0) or to the
centroid position (x0) in a two-dimensional Gaussian function. The
corresponding average mislocalization is denoted as a rectangle and
the minimum and maximum mislocalization are indicated by vertical
bars. I(x, y; d) in eq 5 and the two-dimensional Gaussian are both fit to
the same set of numerical electrodynamics simulations of a dipole-
driven gold nanoantenna in a vacuum. Across the wide range of
nanoantenna radii sampled, fits to eq 5 provide a better estimate of
molecule position than standard Gaussian fitting techniques.
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and for the coaxial orientation,
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The one-dimensional interference function follows by replacing
xi → x − d and xi → x in the first and second term, respectively,
of each square as well as multiplication by 1/2.
Analytic Analysis of the Gaussian Mislocalization. To

derive the parameters in eq 10, we start with the intensity
evaluated along (x, 0, h),
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Note that, contrary to the main text, we have placed the
molecule at the origin x = 0. It is then straightforward to split
I(x; d) into even and odd contributions about the molecule’s
position. Factoring out the even terms and noting that all
resulting singularities are far outside the separation distances of
interest, we have
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We then Taylor expand both Ieven(x, d) and Iodd(x, d)/Ieven(x;
d) in powers of kx and approximate their functional forms by a
Gaussian and a line, respectively. That is
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Computing η is straightforward, as it is nothing more than a
first-order expansion coefficient. To compute A and σ, we
match expansion coefficients of Ieven(x; d) with those of a
Gaussian up to second order. Doing so, we find A = I(0) and

σ = −k I I(1/ ) /(0) (2) . All expansion coefficients are reported
in the SI.
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