MaAy 2018

On the Dynamics of Adjustment in the f~Plane Shallow Water Adjoint System

MORGAN

MICHAEL C. MORGAN

Department of Atmospheric and Oceanic Sciences, University of Wisconsin—Madison, Madison, Wisconsin

(Manuscript received 4 April 2017, in final form 19 December 2017)

ABSTRACT

Analytic results and numerical experimentation reveal that a “‘backward” integration of the adjoint of the
shallow water system linearized about a basic state at rest on an f plane is characterized by a radiation of
gravity wave-like structures and the emergence of a steady adjoint state. The earlier adjoint states are linked
to the prescribed adjoint state (i.e., the adjoint forcing) through the locally conserved dynamical adjoint
variables of the shallow water system: the sensitivity to ‘‘balanced height” (7,,) and the sensitivity to potential
vorticity (PV) . The sensitivity to balanced height is determined by the prescribed adjoint sensitivity forcings
for the flow, & and 9, and height (fluid depth), 7: 9, = % — (g/f)(30/0x — di/dy). The sensitivity to PV is
diagnosed from the inversion of an elliptic operator relating the sensitivity to PV to the distribution of 7,.

The sensitivity to PV determines the long-time (t — ), steady behavior of the adjoint sensitivity to height,
Ao —w= —(fIH?)§. In the vicinity of the initial adjoint forcing, the long-time, steady-state behavior of the
adjoint system (linearized about a state at rest) is characterized by nondivergent sensitivities to the flow that
resemble geostrophic balance: i, —..= (1/H)dq¢/dy and v, —..= (1/H)94/9x. The process by which this long-
time, nondivergent, adjoint state emerges is termed adjoint adjustment. For the system considered, sensi-
tivities to the ageostrophic and irrotational components of the flow vanish for the adjusted state near the

1571

prescribed adjoint forcing.

1. Introduction
a. Background

The adjoint of a numerical weather prediction (NWP)
model evaluates the sensitivity of a differentiable func-
tion of the model forecast state (known as the response
function) to changes in the forecast trajectory and
boundary conditions at earlier times. The adjoint-derived
sensitivity is defined as the gradient of the response
function with respect to the model state, including the
boundary conditions. Adjoints of NWP models are de-
veloped from the tangent linear model (TLM) of the
corresponding NWP model linearized about a specific
forecast trajectory. At the coding level, the adjoint model
represents the line-by-line transpose of the coded TLM.

Adjoint-derived forecast sensitivity gradients are used
in a variety of meteorological applications. For four-
dimensional variational data assimilation (4DVAR), the
adjoint model is used along with minimization algorithms
to determine an optimal analysis of a model initial state
by combining knowledge of the misfit between a model
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forecast trajectory and observations, as well as knowledge
of the error covariances associated with each (e.g.,
Talagrand and Courtier 1987). In this context, the adjoint
model integrates backward in time the gradient of a re-
sponse function defining the weighted misfit between
observations and an initial forecast trajectory. Adjoint
models have been applied also to problems concerning
parameter estimation and stability analysis (e.g., Hall
et al. 1982). The computation of optimal perturbations,
and in particular ‘‘singular vectors” (Farrell 1989; Buizza
et al. 1993), requires also an adjoint model. Assuming a
perfect model and some measure of forecast error, an
adjoint model can be used also to evaluate possible initial
condition errors (Rabier et al. 1996; Klinker et al. 1998;
Langland et al. 2002). Adjoints of NWP models are used
also in case studies of weather systems. In such studies,
physical interpretations of the sensitivity fields, their
evolution, and their relation to the basic-state model
fields from which they are described are used to appre-
hend the impacts of perturbations to dynamical processes
associated with the weather systems (e.g., Errico and
Vukicevi¢ 1992; Vukicevi¢ and Raeder 1995; Keller et al.
2006; Kleist and Morgan 2005a,b; Hoover and Morgan
2011; Doyle et al. 2014; Hoover 2015).
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b. Motivation

From these earlier synoptic case studies, an interesting,
but as yet unexplained, behavior of the adjoint-derived
forecast sensitivity gradients (senmsitivity gradients for
short) has been noted—short-term (i.e., less than 6h)
backward integrations of sensitivity gradients for partic-
ular response functions are characterized by a ‘‘gravity
wave like” structure in the sensitivities to the wind
components [e.g., Figs. 9 and 11 of Errico and Vukicevi¢
(1992)]. Errico and Vukicievici assert that the patterns
seen in the sensitivities to the horizontal wind compo-
nents for short-term adjoint integrations describe the
sensitivity to the specification of gravity wave (wind)
components at an earlier time. For longer time adjoint
integrations, the sensitivity to gravity wave-like struc-
tures is significantly reduced, producing features that are
more coherent in space [e.g., Figs. 7 and 13 of Errico and
Vukicevi¢ (1992)]. Further, Errico and Vukicevic¢ (1992,
p. 1652) suggest that for these longer-time adjoint in-
tegrations, the adjoint sensitivities imply that “‘the impact
of geostrophic perturbations on [the response function,
surface pressure at a point] is described by the combined
[horizontal] velocity and height adjoint [sensitivities].”

Despite these intriguing emergent relationships be-
tween sensitivities to wind and height that are suggestive
of some sort of dynamical “‘balance” seen in NWP adjoint
model output in these and other cases, there are no
published studies exploring the dynamics of the emer-
gence of balanced adjoint states, as the adjoint state
evolves backward in time. Further, there are no discus-
sions of under what circumstances this balance might not
be expected to emerge. The emergence of balanced ad-
joint states and the transient behavior of the sensitivity to
the imbalance are the central focuses of this paper.

¢. Approach and paper structure

This work explores the (backward) evolution of
adjoint-derived forecast sensitivities and the emergence
of a “balanced” adjoint state. Specifically, a fundamental
question of adjoint sensitivity gradient evolution will be
addressed, How is adjoint state information ‘‘accumu-
lated”” dynamically within and across variables as an ad-
joint model is integrated (backward in time)? This will be
accomplished by performing a set of numerical experi-
ments verifying analytical results (described below) that
provide a solid theoretical underpinning for an adjust-
ment process during adjoint model integrations suggested
empirically in the literature referenced above.

The adjoint of a shallow water (SW) system linearized
about an at-rest basic state is used to demonstrate and
interpret analytically and numerically the adjustment
process observed in prior studies. The analysis reveals
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the existence of a conserved dynamical variable that
describes the long-term (balanced) adjoint state that
emerges after a period of adjustment. In section 2 the
shallow water system is reviewed briefly and its adjoint
system is developed. The conserved dynamical variable
is derived and additional diagnostics useful in inter-
preting the backward evolution of the sensitivity fields
are also derived. In section 3 the experimental setup and
results of numerical experiments affirming the results of
section 2 are discussed. A discussion of these results and
their significance, as well as an outline for future studies,
is found in the concluding section.

2. SW forward and adjoint systems
a. SW system and geostrophic adjustment

The SW system over a flat lower boundary linearized
about a basic state at rest on an f plane is given by

ou’ , on N , an
M= Yoy — %M and
TV T8y T Mgy, an
! /
m_ gy, ’ 1)
ot ox  dy

where ' and v’ represent departures of the zonal and
meridional flows from rest, respectively, and 4 repre-
sents the perturbation fluid depth (or “height’’) from
the at-rest depth, H. The system possesses a locally
conserved, dynamical variable, the linearized shallow
water potential vorticity (SWPV), ¢’ = (1/H)(ou'/ox) +
(1/H)(8v'/ax) — (fn)/ H>.

The forward SW system may be combined to form a
single wave equation,

62_77_62V2 + 2 :_H2/ —

Frs n+fm=—fHq (x,y,t=0), (2)
where ¢ = gH is the phase speed and group velocity of
nonrotating shallow water gravity waves. The homoge-
neous solution to this equation is characterized by in-
ertial gravity waves, while the forced, steady response
height field to an initial distribution of PV is given by
the distribution of 7, the ““balanced height field.”” The
statement of PV invertibility for the shallow water
system,

2 Hf
Ve —f—n =—q'(x,y,t=0), 3
relates a given distribution of a SWPV ¢’ to the geo-
strophically balanced height 7, through the solution of an
elliptic (3). Recall that the height n and =, differ in that
the balanced height is diagnosed from first calculating the
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SWPV associated with the horizontal velocity field («/
and v') and 7, and then solving (3) for 7.

From (2) it is seen that solutions to the linearized
shallow water system on an f plane are characterized
by a steady height field (7)) and a geostrophically bal-
anced wind [V, = (g/f)k X Vn,] associated with a steady
distribution of PV. Superposed on this solution are un-
balanced fields of height and wind associated with
propagating gravity waves with zero PV.

The shallow water system provides the underpinnings
of our understanding of the prevalence of (near) geo-
strophic balance in rotating fluids. Geostrophic (or
Rossby) adjustment is the process by which a distribu-
tion of mass and wind fields that are not locally geo-
strophically balanced will tend to become balanced
locally (Rossby 1938; Washington 1964; Errico 1989).
Any initial geostrophic imbalance projects onto the in-
ertial gravity waves of the system and will propagate
away from the region of initial imbalance. If the imbal-
ance is restricted to a local region, it will eventually leave
behind a stationary geostrophic field of linearized po-
tential vorticity from which a steady height field, n = 7,
and steady geostrophic winds, ' = u, = —(g/f)(mdy)
and v = v, = (g/f)(9mdx), may be diagnosed.

b. Adjoint of system

The adjoint shallow water system' is given by

. A 9% 9
M o H " Y4+ HS and
ot t ay
87] ou oJv
at g(a_+_>' @)
x  Jy

It is readily shown that the system possesses a locally
conserved, dynamical variable, termed (for reasons to
be discussed later) the “‘sensitivity to balanced height,”

. _ . _g(ov du
=155 5) ©

The adjoint SW system [(4)] may be combined to form a
wave equation,
a0

24 L 2. —

o OVt =00y, 0=1). (6)
The homogeneous wave solution to (6) is characterized
by a dispersion relation identical to that of shallow water
inertia—gravity waves, while the forced, steady response

'In the discussion to follow, variables with a “hat” are adjoint
variables; that is, the gradient of a response function R with respect
to a model state x, dR/dx, is written as X.
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(sensitivity to height) to a final time distribution of the
sensitivity is given by the distribution of 7,.

It is worth noting that, with the exception of an ex-
change of variables, g and H, systems (1) and (4) are
algebraically identical and are self-adjoint as the wave
equations derived from systems (2) and (6).

The adjoint to the shallow water PV inversion [(3)] is

2
v~ Lna="Ta =), ™)

The sensitivity to shallow water PV ¢ is therefore
(within a fluid column) also steady in time (locally
conserved) and is diagnosable by inverting the sensi-
tivity to balanced height given above. It is seen that 4, is,
in fact, the sensitivity to balanced height as it appears in
the adjoint of the statement of invertibility [(3)] that
relates 7), to ¢’. The nature of the elliptic operator re-
lating ¢ to 1), implies that ¢ will be smoother and of
larger scale than 7),—just as the sensitivity to barotropic
vorticity is of larger scale than the sensitivity to
streamfunction (Kleist and Morgan 2005a).

¢. Diagnostics

Below we develop diagnostics for sensitivities to other
nonmodel variables, including streamfunction, velocity
potential, and the components of the horizontal ageo-
strophic flow. To derive sensitivities to streamfunction
(¥) and velocity potential (), each component of the
wind is Helmholtz partitioned into nondivergent and
irrotational parts,

oy Ay Iy

W=—-——+-"= and VvV =—-"=-.
Jy ox ox dy

The adjoint of this partitioning yields

~ v oul 2% N oul v 24
v (ax 6y) Ve and X <8x 8y> v

where the last equalities for sensitivity to vorticity and
divergence follow from Kleist and Morgan (2005a). To
calculate sensitivity to the imbalanced (ageostrophic)
flow, we write the ageostrophic components of the flow
as the difference between the full flow and the geo-
strophic flow:

ow ax g am oy ax g am

=—— =—+-= d
Hag 8y dx fay Yag T gy ay f ox’ an
1 fn
R
T=EV

The adjoint of this partitioning, coupled with the defi-
nition of PV, provides expressions for the sensitivities to
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streamfunction (), velocity potential (%), and a diag-
nostic for sensitivities to perturbation height:

U
a;

N 8ﬁag . -

¢=ﬁVq— ) =V, (8a)
Py | oy V?5 8b

= — + =

X ax oy > : (8b)

R f R g 6f)ag auag

=——_qg+=
K w2 f\ ox ay (8c)

We may combine (8b) with (8c) to derive diagnostics for the
sensitivities to the ageostrophic components of the flow:

Vi =-— f: 09 _ox_[fom

—— — 9
ag gH? 9y ox gy (a)

and

_ P g _9x  fom

Vi
Vag gH? ax 9y gox

(9b)

d. Long-term behavior of the adjoint system

The shallow water adjoint system [(4)] has a steady, non-
divergent solution obtainable by setting the time tendencies
in the system to zero: i = —(H/f)an/dy andv = (H/f)o7n/dx.
This solution is degenerate in the sense that any 7 would
satisfy the condition of nondivergence. Following a period of
adjustment, during which sensitivities to ageostrophic mo-
tions have propagated out of the region of the initial adjoint
forcing, a unique, steady solution is determined from the
sensitivity to PV, §; from (8c) for t — —oe, §) = —(fIH))q +
(8lf)(0Dagldx — Diiggldy) = —( fIH?)G @S liag and irgg — O.
Recall that g is the solution to (7) via the inversion of the
sensitivity to balanced height, 7. In the near-field (in the
vicinity of the adjoint forcing at t = t;), the long-term be-
havior of the system in the near-field is therefore

R .
—— (10a)
H a1 1 9g
i = __hz_a_q’ (10b)

(10c)

Using (10b) and (10c), the sensitivities to the ageo-
strophic components of the flow for long ‘“‘backward”
integrations (i.e., as t — —o°) may be written as

! (—u + L2V —E—G"H—*>
t— — r X

= \37
oL fooay K

X

Vi

IR

and
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H o7
v+ L2V 4+ Do) o gy
t— —x X f 0x X

This result suggests that, in the vicinity of the prescribed
adjoint forcing, where adjustment has taken place, sen-
sitivities to ageostrophic motions are equivalent to
sensitivities to the irrotational flow.

A summary of these diagnostic results is found in
Table 1.

3. Model setup and experiments
a. Description of model setup

Numerical experiments are used to test the analytical
results of the prior section. The linearized shallow wave
equations (SWEs) are discretized on a 64000km X
64 000 km periodic Arakawa C grid with a uniform grid
spacing of Ax = Ay =100km (i.e., 640 X 640 grid points.
Centered finite differencing of spatial derivatives is
used. The model is numerically integrated using the
leapfrog scheme after a forward Euler time step. The
time step chosen for the model is At = 120s. The model
is on an f plane at 38.25°N. The depth of the system at
rest is H = 84854 m. These parameters yield a de-
formation radius, L, = (gh)"?/f = 3194 km. The model
code is developed as a line-by-line transpose of the code
for the linearized system and is independent of the
analytical analysis presented in the prior section. The
diagnostic calculations of sensitivities to nonmodel
variables are coded directly from the analytical results of
the prior section. All variables plotted are calculated at
or interpolated to the n grid points. The results are
presented on a much smaller 120 X 120 gridpoint do-
main (centered on the computational domain). There is
no qualitative or quantitative impact of the periodic
boundary conditions of the larger domain on the solu-
tions presented in this subset of the computational do-
main for the period of integration chosen.

b. Experiments

To illustrate the implications of the analytical results,
we will consider first the adjustment of sensitivities for
three adjoint forcings: (i) the sensitivity to an un-
balanced zonal wind averaged over a box; (ii) the sen-
sitivity of a nondivergent wind; and (iii) the sensitivity of
an unbalanced height. The first case is similar to that
associated with the R, response function considered by
Kleist and Morgan (2005a, their Fig. 17) within the MM5
adjoint modeling system. In the final two cases, the form
of the initial perturbation is based on a Gaussian func-
tion like those used in the geostrophic adjustment study
of Barwell and Bromley (1988). The adjoint forcing
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TABLE 1. Comparison of the forward and adjoint shallow water systems (rows 1-6), including diagnostics (rows 7-9) for the sensitivities
to streamfunction (¢) and velocity potential (y); sensitivities to vorticity ({) and divergence (8); sensitivities to PV (¢) and balanced height
(7); and sensitivity to the ageostrophic flow (i, Uag ), and sensitivities to the “‘adjusted”” flow. Results in rows 4-6, 8, and 9 for the adjoint

system are entirely new.

Forward system

Adjoint system

Zonal momentum
Meridional momentum
Mass continuity

ou'lot = f — ganlox
wW'lot = —fu' — ganldy
anlot = —H(ou'ldx + /'/dy)

Combined system
Inversion
Diagnostics (part 1)

NN R LN

u' = —Yldy + dxlox
v = 0 19y + dx/dy
8 Diagnostics (part 2)

9 Adjusted flow
up = —(g/f)amyldy
v, = (g/)ams/ox

Conserved variable q = —(/H)(au'lay) + (11H)(V/'19y) — fnH>
Pl — AV + iy = —fH*q/(x, y, t = 0)
Vin, = (f2gH)my = (HfIg)q (x, y, t = 0)

—ailot = —fo + H(97/dx)

—avlat = +fi + H(d7/dy)

—an/ot = g(ou/dx + av/ay)

7, = 01— (g/H(ov/ax —onldy)

PR’ — OV A+ P = iy, 0= 1)
Yqu - (fz/gH)q = (Hﬂg)ﬁng’ »t= tf)

& = —(9vlox — anlay) = V¢

x = —(oii/ox + avlay) = V%

Uag = =0 19y + dxl0x + (g/f)am/dy Vi, = —(f*1gH)(0G/0y) — (9%/ox) — (F/g)(97/dy)
Uag = 0P /0x + dxldy — (glf)am/ox
1 from forward PV inversion (6)

Vo, = (f2gH*)(3410%) — (9x19y) + (#/8)(97/ox)
”f’)tﬂ,x = _(ﬂHz)é

Ui = —(HIf)on,_, _./3y = (1/H)dqldy

o — = (HIf)N,_, _,/0x = —(1/H)dGldx

(i.e., the adjoint state used to initialize the adjoint
model) for each of the three cases are shown in Fig. 1. In
addition, the sensitivities to the balanced height, 7, are
also shown. For the last two experiments, we specify the
final time adjoint state without reference to the specific
response functions from which they were derived.

1) ADJUSTMENT OF AN UNBALANCED
SENSITIVITY OF ZONAL WIND IN A BOX

The adjoint state used to initialize the adjoint model at
t = t;(i.e., the adjoint ““forcing”) for this experiment is
given by

(305 =i=335,305=j=335,1=1,) = 10,
(i, j,t = tf) =0, 7n(i,j,t= tf) =02

This adjoint initial condition is proportional to that as-
sociated with the sensitivity of the average zonal flow in a
box of 31 grid points (3100 km) on a side centered in the
middle of the model domain. At each grid point, the sen-
sitivity to the zonal flow is a specified constant (Fig. 1a),
with no sensitivities to the meridional component of the
flow v or to the height field 7). The sensitivities to wind
(Fig. 1a) are displayed as sensitivity vectors (Kleist and
Morgan 2005a).> For this case then, the sensitivity to bal-
anced height is entirely associated with the curl of the
sensitivity to wind and is confined to the northern and
southern boundaries of the box.

The evolution of the sensitivities to the flow and
height are shown in Figs. 2a,ce. Instantaneous

2 The indices i and j represent the gridpoint numbers in the zonal
and meridional directions, respectively.
3 For clarity, only every third vector is plotted.

sensitivities to height are shown as fill patterns and
sensitivity to wind as vectors. The long-term (i.e., for
t — —oo) sensitivity to height as predicted by the dis-
tribution of the sensitivity to PV, 7) & — (f/H?*)q, is shown
as contours. Figure 2a is of the adjoint forcing for this
experiment (repeated from Fig. 1a) along with the sen-
sitivity to the long-term height field. Note that this
sensitivity to long-term height, which is proportional to
the sensitivity to PV, is much broader than the sensitivity
to balanced height—a result of the inversion in (7).

Two hours into the backward integration (Fig. 2c), a ro-
bust sensitivity to height has developed. This sensitivity is
consistent with a southwest-to-northeast dipole of positive
to negative height perturbations placed in the system
to instantaneously “slosh” fluid to the northeast. This
northeastward-directed flow would then be torqued clock-
wise by the Coriolis force to create a zonal flow 2 h later. The
sensitivity vectors (for the sensitivity to wind) indicate a
northeastward-directed flow that would be similarly torqued.

Six hours back into the integration (Fig. 2e), a north-to-
south dipole emerges in the sensitivity to height near the
region of the initial imbalance, while farther out from the
location of the forcing, evidence for shallow water gravity
wave-like features appear. The maximum in the amplitude
of the sensitivity to height are collocated with the sensitivity
to balanced height (Fig. 1a) but are of larger scale as an-
ticipated from (7). The sensitivity to the horizontal flow is
characterized by a dipole in the curl of the sensitivities to
the horizontal wind components, with a cyclonic curl to the
north and an anticyclonic curl to the south.

Figures 2b,d,f show the evolution of the sensitivity to
the divergent flow and the sensitivity to divergence (5)
at the initial time, 2h back, and 6h back. At ¢t = ¢
(Fig. 2b), the sensitivity to divergence is oriented in an
east-to-west dipole straddling the box in which the
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FiG. 1. Final time adjoint sensitivities to wind
(vectors) and balanced height (contours) for (a)
EXP1, sensitivities to wind (reference vector length,
1m™'s) and sensitivities to balanced height (contours,
interval 50 X 10"2m™1); (b) EXP2, sensitivities to wind
are 107'm™'s and sensitivities to balanced height
(contours, interval 50 X 10>m™"); and (c) EXP3,
sensitivities to balanced height (contours, interval
40 X 10> m™ ") and sensitivities to height with fill in-
terval 40 X 10 3 m™ .

40 80 160 320 640

adjoint forcing for this experiment was constructed. At
t =t;— 2h, the amplitude of 5 has significantly decreased
and the dipole has rotated counterclockwise. By t = 7 —
6 h, the distribution of § is characterized by two crescents
farther removed from the location of the initial forcing.
The maxima of the crescent-shaped 8 distribution are
positively correlated with 7). The sensitivities to the di-
vergent wind are maximized initially in the vicinity (both
upstream and downstream) of the adjoint forcing
(Fig. 2b), but 6 h later they have all but vanished at the
site of the initial forcing while maintaining amplitude in
the vicinity of the maxima in the crescent pattern of 5
described earlier.

2) ADJUSTMENT OF AN UNBALANCED
SENSITIVITY OF NONDIVERGENT WIND

The adjoint state used to initialize the adjoint model
for experiment 2 (EXP 2) is

~ r2 . _r2
u(r,e,fZIf)ZU 1—Esm0 exp 57 )

~ Ur2 . —r2 .

o(r,0,t= tf) = Wsmze exp (ﬁ) , (r,0,t= tf) =0.

This initial condition for this experiment is shown in
Fig. 1c (and in Fig. 4a). As with EXP1, the sensitivity
to balanced height is entirely determined by the curl
of the sensitivity to wind; however, in this case (as was
the case for EXP2) the smoothness of the initial
forcing results in a smooth north-to-south dipole of
7, (Fig. 3a).

The evolution of the sensitivities to the flow and
height are shown in Figs. 3a,c,e. As the adjoint in-
tegration proceeds backward in time, a dipole pattern
of sensitivities to height develops within just 2h
(Fig. 3c). This rapid development of a sensitivity to
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FIG. 2. For experiment EXP1 (a) sensitivity to wind, sensitivity to height (color fill, interval 2 X 107*m™'), and
sensitivity to height for f — —o as diagnosed from (10b) and (10c) (contours, interval 2 X 10> m ™) at ¢ = t; (b) sensitivity to
divergence (color fill, interval 2 X 10~ s) and sensitivity to the irrotational wind, at = 24 h; (c) as in (a), but for t = tr—2h;
(d) as in (b), but for t = t, — 2h; (e) as in (a), but for t = #; — 6h; and (f) as in (b), but for r = ¢, — 6 h.
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FIG. 3. For experiment EXP2 (a) sensitivity to wind, sensitivity to height (color fill, interval 20 X 10> m™?), and sen-
sitivity to height for r — —o as diagnosed from (10b) and (10c) (contours, interval 20 X 10 *m ™) atr = t5; (b) sensitivity to
divergence (color fill, interval 2 X 10> s) and sensitivity to the ageostrophic wind, at t = 24 h; (c) as in (a), but for t = ty—2h;
(d) as in (b), but for t = t; — 2 h; (e) as in (a), but for t = t; — 4 h; and (f) as in (b), but fort = t, — 4 h.
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height can be seen as consistent with the sensitivities
to the ageostrophic wind and sensitivity to divergence
supporting a dipole pattern of sensitivities to di-
vergence (convergence) and divergent (convergent)
ageostrophic flow of fluid to the south (north). By ¢t =
ty — 6h (Figs. 3e,f), while the dipole pattern persists,
the sensitivities to height have diminished from their
earlier values, and a gravity wave-like structure in the
sensitivity to height propagating northward and
southward from the location of the prescribe adjoint
forcing is evident. Further, the sensitivities to the wind
and divergence (Fig. 3f) support this interpretation.

3) ADJUSTMENT OF AN UNBALANCED
SENSITIVITY OF HEIGHT

The adjoint state used to initialize the adjoint model
for EXP3 is given by

) —r
N(r,0,t =0) = h,exp (ﬁ) ,
u(r,0,t =0)=0(r,0, =0)=0 with h,=10.

The initial condition for this experiment is shown in
Figs. 1d, 4a. In contrast to the prior experiments, in this
experiment because the sensitivity to the flow field is
zero, the sensitivity to the conserved dynamical variable
in the adjoint model, balanced height, is determined by
the sensitivity to the height field (Fig. 5a), and therefore
7, = 7 (Fig. 4a). The sensitivity to the ageostrophic wind
is purely nondivergent and cyclonic (Fig. 4b).

Two hours into the (backward) integration of the
adjoint model (Fig. 4c), the initial maximum in the
sensitivity to height has collapsed to a minimum and
spread out radially from its initial location with a gravity
wave-like structure (Barwell and Bromley 1988). The
sensitivity to wind is largely convergent with an anticy-
clonic curl (Fig. 4c). Consistent with this description, the
sensitivity to divergence is negative with the sensitivity
to the ageostrophic wind dominated by a convergent,
nearly irrotational component (Fig. 4d). Four hours
later, near the location of the initial forcing, the sensi-
tivity to height has returned to positive, with the flow
predominantly anticyclonic and weakly divergent
(Figs. 4e,f). Farther out from the location of the initial
forcing, the gravity wave-like structure is evident in al-
ternating rings of positive and negative sensitivity to
height and a ring of negative sensitivity to divergence.
The distribution of sensitivity to the ageostrophic wind is
nearly zero in the location of the initial forcing, while
farther out it is of large amplitude and consistent with
convergence into the region of negative sensitivity to
divergence (Fig. 4f).
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The initial distribution of sensitivities to ageo-
strophic flow (Fig. 4b) may be understood by combin-
ing (8c) and (10a) to form 9v,,/0x — dl,e/dy = (fIg)
() — M, _.)- As noted above, the final time sensitivity
to height is more spread out and of far less amplitude
than its initial value. As a consequence, 7 — 1),_, _,, > 0,
implying that the sensitivity to the ageostrophic flow
field is cyclonic.

4) RESULTING ADJOINT STATE FOLLOWING
LONG-TERM ADJOINT INTEGRATION

By 24h of adjoint integration, there is no longer
evidence of the gravity wave-like structures in the sub-
domains shown, as those structures have now propa-
gated out of view, away from the initial adjoint forcing.
The sensitivities to the ageostrophic wind and to di-
vergence are both zero within the domain (not shown).
The long-term numerical solutions to the adjoint shal-
low water system agree with the anticipated results de-
rived analytically. Specifically, the resulting long-term
integration (24 h back) produces a steady-state distribution
of sensitivities to height that are exactly equal to the ex-
pected distribution given by (10a) [#) 2 — (f/H?)G] while the
long-term sensitivities to wind, V,_, .., are given by
V.= (HI)k X V#,_, _,. It is this long-term state that
we term the adjusted adjoint state. That this adjusted
adjoint state is determined by the sensitivity to PV§
implies that ¢, and that as a consequence of (7), the
sensitivity to balanced height 7, are indeed conserved.

Experiment EXP4 provides an excellent example of
the conservation of the sensitivity to balanced height.
For EXP4, at the adjoint initialization time, ¢ = ¢, be-
cause i = v =0, the sensitivity to height and the sensi-
tivity to balanced height are equivalent [see (5)]. As
seen in Figs. 4a,c,e, Sc, as the adjoint fields evolve
(backward in time), sensitivities to height become
smaller so that 7, < My, for t < t5 Conservation of 1,
requires that the curl of the sensitivity to wind becomes
anticyclonic during the integration of the adjoint model
so that 7,= 7 — (g/f)(00/ox — di/dy) is constant. The
two prior experiments in which the adjoint state is
initialized with the sensitivities to wind alone also re-
veal evidence of this conservation. For those experi-
ments, the dipoles (negative to the north, positive to
the south) in the adjusted adjoint state (Figs. 5a,b) are
centered precisely in the locations where dipoles in the
vertical component of the curl of the initialized adjoint
state sensitivity to wind exist (cyclonic to the north,
anticyclonic to the south). The decrease in the absolute
value of the curl of the wind sensitivity requires, via
conservation of balanced height, a corresponding change
in the sensitivity to height.
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4. Summary, discussion, significance, and future
work

a. Summary

Analytic results and numerical experimentation have
revealed that the dynamics of the adjoint SW system
are similar to those of the forward SW system in that
“backward” (forward) evolution of an adjoint (forward)
model from an “unbalanced” final (initial) adjoint (forward)
state is characterized by a radiation of gravity waves and
emergence of a steady state. The earlier adjoint states
are linked to the prescribed, final state (adjoint forcing)
through the locally conserved dynamical variables of the
shallow water system: the sensitivity to ‘“‘balanced
height” %), and sensitivity to PV §. The sensitivity to
balanced height is determined from the adjoint sensi-
tivity forcings for 7, v, and 7 initialized at time ¢ = ¢

FIG. 5. Sensitivities to height (color fill) and wind
(vectors) at t = t; — 24 h for (a) EXP1 (color fill, interval
2% 1073 m™Y); (b) EXP2 (color fill, interval 20 X 10> m™1);
and (c) EXP3 with (color fill, interval 40 X 10~?m ™). Solid
contours as in Fig. 1 for long-term sensitivity to height.

using (5). The sensitivity to PV is diagnosed from an
inversion of the distribution of ), from (7). That the
sensitivity to PV is conserved locally (i.e., is steady in
time) is anticipated, as the PV of a fluid column in the
forward shallow water system is conserved locally.

The sensitivity to PV determines the long-time
(t = —w=), steady behavior of the adjoint model sensi-
tivity to height, #,_, _.. = —(f/H*)¢ [(10a)]. In the vicinity
of the initial adjoint forcing, the long-time, steady-state
behavior of the adjoint system (linearized about a state
at rest) is characterized by nondivergent flow resembling
geostrophic balance, with sensitivities to the wind com-
ponents proportional the gradients of the sensitivity to
PV: i, .= (1/H)8g/9y [(10b)] and ¥, —.. = (1/H)9q/dx
[(10c)]. The process by which this long-time adjoint state
emerges during the backward-in-time adjoint integration
is termed adjoint adjustment.
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During adjoint adjustment, in the single layer, f-plane
shallow system gravity wave-like structures in the adjoint
sensitivity fields radiate away from the region of the speci-
fied adjoint forcing. As a consequence, at the location of the
adjoint forcing, there is no “memory” of any initial imbal-
ance (part of forcing that would project onto the gravity
wave-like structures). These structures are characterized by
sensitivities to the ageostrophic flow and divergence. For
the portions of the flow that have achieved balance (i.e.,
where the adjustment has completed), sensitivities to both
the ageostrophic and the irrotational flows are zero.

b. Discussion

1) WHY FOCUS ON PRESCRIBED (LE., t = t5)
UNBALANCED SENSITIVITIES?

Unbalanced sensitivities (as defined in this paper) do not
describe sensitivities to unbalanced flow components, but
rather they describe adjoint sensitivities that do not satisfy
(10). The focus of the manuscript is on the backward-
in-time evolution of the adjoint model solution from un-
balanced adjoint forcings. Such forcings are, in fact, the
most common type of sensitivity encountered in most ex-
tant adjoint studies. While a final time model state may be
balanced (in the traditional sense), it is the gradient of a
chosen response function with respect to that model state
that is the adjoint forcing (adjoint input). In general, the
choice of an arbitrary response function results in sensitiv-
ities that do not satisfy (10)—for example, a response
function measuring the pressure at a point, areal-averaged
vertical component of vorticity in a two- (or three-) di-
mensional domain, or, in a 4DVAR context, the gradient
of the observational cost function. During the backward
adjoint integration, the gradients of these response func-
tions will radiate ultimately gravity wave-like structures
from the region of the prescribed adjoint forcing (adjoint
model initial condition). If one were to specify gradients
of a response function that did satisfy (10), then the
adjoint sensitivities i, v, and %) would be steady.

2) SENSITIVITY TO BALANCED HEIGHT VS.
“BALANCED”’ SENSITIVITY TO HEIGHT

As described in this paper, within the context of the
rotating shallow water system, a balanced adjoint state
emerges after sufficiently long integration backward in
time from an arbitrary distribution of sensitivities to
height and horizontal velocity. The (balanced) long-term
sensitivity to height #,_,_,. is distinguished from the
conserved sensitivity to balanced height 7),. The sensi-
tivity to balanced height is the variable that carries with
it, the memory of the adjoint forcing [(5)]. The two sen-
sitivities are equivalent only if the long-term sensitivity to
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horizontal velocity field vanishes, which would imply no
horizontal variation in the long-term sensitivity to height.

3) INTERPRETATION OF RESULTS

The preceding work has shown that whenever there is
an adjustment process that leads to a ““balanced state” in
the forward equations, there will be a corresponding
adjustment process in the backward adjoint equations.
The adjoint sensitivities to unbalanced flow (divergent
or ageostrophic) calculated for the various response
functions in this system imply that unbalanced pertur-
bations that locally influence the final time response
function must be associated with locally decreasing
sensitivities as the backward integration proceeds.

An anonymous reviewer has suggested the following
thought experiment: Consider a dynamical system,
the state (x) of which is defined by two components,
xr and xs. The temporal evolution of the system is such
that the component x acts only weakly on xg and that in
addition any solution tends over a time scale 7 to a
balance B(xg, X) = 0, which defines X as a function of
X so that x5 can be said to be “‘slaved” to xz (e.g., Warn
et al. 1995). This is essentially what happens in rotating
geophysical flows, with Xz and x; being, respectively,
the Rossby wave and gravity wave components of the
flow. In the simple linear case considered in this paper,
the balance condition is simply xg = 0 (geostrophic
balance, no gravity waves).

Consider now a balanced state (x4, x%) with balance
condition B(x%, x%) = 0, at some diagnostic time #, and a
perturbation to component X at some earlier time ¢ <
ty— T. By the time the system evolves to ¢, adjustment to
the balanced state will have taken place and nothing will
remain of the perturbation imposed at ¢. Thus, the adjoint
integration corresponding to any response function R
defined on the balanced state (X}, Gp,) must lead at any
t <ty — T to the sensitivity with respect to X, Xg, that is,
equal to 0. For some response functions (e.g., R = xg), the
sensitivity to x will be zero from the start of the adjoint
integration at time ¢ For other response functions (such
as R = x), the sensitivity will tend to 0 through an ad-
justment process —the adjoint of the direct adjustment
process. Fundamentally that is what has been observed
in this study, and what Errico and Vukicevi¢ (1992) ob-
served in their study. Indeed, the results presented in this
manuscript are consistent with, and provide an explana-
tion for, the interpretation of the results of Errico and
Vukicevi¢ (1992), wherein short-term MM4 adjoint
model adjoint sensitivities were dominated by response
function sensitivity (to the horizontal velocity) structures
describing the impact of external gravity wave velocity
perturbations, while longer-term integrations yield
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velocity and height sensitivities describing the impact of
geostrophic perturbations (in the shallow water context,
these are precisely the geostrophic perturbations noted in
the preceding section. In short, what has been presented
in this paper is a particular case of a much more general
fact: whenever an adjustment process results in the forward
integration in the “‘slaving” of some component X to other
components, then there must be a process in the adjoint
integration leading to a damping of the sensitivity with
respect to Xg.

That the sensitivity to PV determines the long-term
backward sensitivity distribution for this system means
that once ¢ is evaluated, the long-term distributions of
u, v, and7n are determined. This allows a convenient
single scaling of the perturbation horizontal velocity
distribution, consistent with the perturbation height.
Recalling the algebraic “swapping of variables,” g and
H, when compared with the forward system mentioned
in section 2, one could readily determine (for any time,
t < ty) the geostrophically balanced wind and height
perturbations needed to change the response function at
the final time, 7 = ¢

c. Significance

The results of the present study would imply that that
there exists a quasi-conserved dynamical variable in (at
the very least) hydrostatic models that determines to
what adjoint state the sensitivities would adjust. It is
possible that this variable is (closely related to) the
sensitivity to (Ertel) potential vorticity. Arbogast (1998)
demonstrates a variational minimization procedure for
calculating the sensitivity to Ertel PV and sensitivities to
the unbalanced horizontal flow from sensitivities to
temperature and horizontal velocity. A similar pro-
cedure, applied to the adjoint f-plane shallow water
system of the present study, would produce the same
results shown in Table 1.

Kleist and Morgan (2005a) provide evidence that for
nearly adiabatic forecast trajectory evolution, adjoint-
derived sensitivities appear to follow isentropic surfaces.
The results of the current study, coupled with the Kleist
and Morgan (2005a) result, suggest an additional char-
acteristic of the sensitivity to PV—that for an adiabatic
and inviscid forecast trajectory, the sensitivity to Ertel
PV would be nearly conserved following the (time-evolving)
flow described by the NWP model basic-state forecast
trajectory. The choice of ‘“nearly conserved” versus
“conserved” arises because the adjustment process in
time-dependent nonlinear flows (Kuo and Polvani 2000)
has been demonstrated to lead to irreversible de-
formation of PV attributed to the gravity waves gener-
ated during the adjustment process. If the PV were not
conserved in the forecast trajectory, then it is doubtful
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the sensitivity to PV would be conserved during the
backward integration. As a consequence, unlike the
sensitivity to PV in a shallow water system linearized
about a basic state at rest, however, it is anticipated that
the distribution of sensitivity to PV would be susceptible
also to deformation by the time-evolving, basic-state
flow. The conservation and invertibility of the sensitivity
to balanced height and the relationship between the
sensitivity of balanced height and sensitivity to PV make
these sensitivities valuable in identifying the salient
features contained in sensitivities to the model state
variables for quasi-balanced weather systems.

Knowledge of the nonconservation of PV (in partic-
ular, PV redistribution) coupled with sensitivities to PV
would also be useful in synoptic case studies. Because
“physical processes that produce large tendencies in
regions of strong adjoint sensitivity are significant to
the feature ... represented by the [response function]”
(Langland et al. 1995, p. 1369), the key to interpretation
of an adjoint sensitivity of a response function with re-
spect to some function of the model state f(x), dR/9f(x) is
the coincidence of the adjoint sensitivity field, with the
Lagrangian tendency in that function Df(x)/Dt. If there
are observed tendencies in PV that coincide with
sensitivities to PV, one would be able to attribute
significance to the processes (e.g., diabatic heating
and friction) producing that PV tendency on changes
in the response function measuring some aspect of the
forecast.

With respect to 4DVAR data assimilation, the re-
sults from this study suggest that for an isolated ob-
servation (or collection of nearby observations at the
same time), the portion of the gradient of the measure
of the misfit of that observation from an NWP model
background trajectory (assuming adiabatic and inviscid
flow) that exists after the adjoint model is used to integrate
that gradient back to the analysis time is that portion of
the gradient that projects onto the sensitivity of the misfit
to the potential vorticity at the observation time. More-
over, for sufficiently long time scales, the sensitivities of
that misfit to the wind and temperature will be related to
each other in a thermal-wind-type balance, with each di-
agnosable from the sensitivity to PV. Conversely, the re-
sults suggest that misrepresentation of PV conservation in
the forward NWP model forecast trajectory can lead to
errors in the misfit gradient at the initial time, thereby
contributing to errors in the analysis.

d. Future work

The author proposes calculating the sensitivity to PV
and unbalanced flow components in the Weather Re-
search and Forecasting (WRF) Model adjoint (Zhang et al.
2013) using the framework proposed by Arbogast (1998)
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and implemented by Decker (2010). In parallel, the
author is calculating estimates of these very same
sensitivities using ensemble-derived forecast sensitiv-
ities following the work of Ancell and Hakim (2007).
These two approaches will diagnose previously un-
calculated sensitivities to balanced and unbalanced
components of the model state (e.g., sensitivities to the
ageostrophic and divergent components of the flow).
The author will evaluate the evolution of the sensitivity
to variables, including PV and the ageostrophic and
divergent wind components using the WRF adjoint
system. These results will be compared with those of
the shallow water adjoint system. The relationship
between the ensemble and adjoint-derived forecast
sensitivities—particularly the convergence of the two
fields as the ensemble size is increased—will be as-
sessed as well.
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APPENDIX

Derivation of the Adjoint of the Shallow Water
System

Mathematically, the adjoint of a linear operator
A is an operator A that satisfies the relation
(x, Ay),, = (A'X, y),, where x and y are vectors (or
functions) in R and R", which denote the vector space
of m- and n-dimensional real vectors, respectively; and
(,)mand (,),, which denote inner products in R"™ and
R", respectively. This definition of an adjoint operator,
coupled with the notion that the adjoint of a linear
operator is the transpose, (-)", of the matrix represen-
tation of that operator, provides a powerful, practical
means of analytically and numerically generating ad-
joints for continuous and discrete operators. For linear
operators on continuous functions, f(x) and g(x), the
definition also applies. The adjoint of the derivative
operator, d/dx, may be obtained using this definition of
an adjoint along with the integration by parts to eval-
uate the inner product:
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Thus, the adjoint of d/dx is —d/dx.

Two time-varying linear systems of the form x = Ax
and —x = A'x are called adjoint to each other. The so-
lution to the forward system (x) and the solution to the
adjoint system (X) are linked by the property that their
inner product (X, x) remains constant:

d

T (kX = (%,%) + (},%) = (—ATZ,x) + (%, Ax)

= (—A"%)'x + *Ax = 0.

The linearized shallow water system [(1)] may be
written as
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The corresponding adjoint of the shallow water system
[(4)] is then given by
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