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Abstract:  Solutions of citric acid and Na2HPO4 were studied with the dynamical approach to 

multi-equilibria systems.  This widely employed buffer has a well-defined pH profile and allows 

for the study of the distribution of phosphate species over a wide pH range.  The dynamical 

approach is a flexible and accurate method for the calculation of all species concentrations in 

multi-equilibria considering ionic strength (I) via Debye-Hückel theory.  The agreement between 

the computed pH profiles and experiment is excellent.  The equilibrium concentrations of the 

non-hydrogen species are reported for over thirty buffer mixtures across the entire pH range.  

These new concentration data enable researchers to lookup the equilibrium distribution of 

species at any pH.  The data highlight the dramatic effects of ionic strength and, for example, the 

position of maximal H2PO4
- concentration is shifted by almost an entire pH unit!  From a more 

general perspective, the study allows for a discussion of the dependence of concentration 

quotients Qxy on ionic strength, pQxy = f(I), and for the numerical demonstration that the 

thermodynamic equilibrium constants Kxy,act(I) = Kxy.  The analysis emphasizes the need for 

measurements of the concentrations of several species in complex multi-equilibria systems over 

a broad pH range to advance multi-equilibria simulations.   
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1  Introduction 

Systems of polyprotic acids/bases inherently involve complex equilibria.  Given the pH 

of an acid-base system at equilibrium, the concentration of each ionic species present in solution 

can be deduced via the solution of a polynomial.1,2  Generally, the order of the polynomial grows 

with the number of species in the acid-base equilibrium and the mathematical solution can 

become rather complex.  Similar computations for a buffer system involving one or more 

polyprotic species are more complicated, and it is even more challenging to determine the 

concentration of each species when the effect of the ionic strength (I) of the solution is 

considered.  Tessman and Ivanov developed software to calculate the pH of a given mixture by 

solution of the nth degree, single-variable polynomial with consideration of ionic strength and the 

results agreed with experiment.3  Numerical methods also have since been developed for the 

calculation of all equilibrium species using the Solver tool in Microsoft Excel.4,5   

In previous work, we described the dynamical approach for the simultaneous solution of 

all species concentrations for multi-equilibria systems of mixtures of acids and their conjugate 

bases.6,7  The dynamical approach entails the numerical solution of a set of first-order ordinary 

differential equations (ODEs) derived from the chemical equilibria expressions.  This approach 

offers significant advantages including the ability to easily treat complex systems and the facile 

incorporation of Debye-Hückel theory.7  Importantly, the approach maintains a straightforward 

mathematical description of the multi-equilibria system, which requires only basic knowledge of 

mass action kinetic theory.   

The present study extends the dynamical approach to include equilibrium problems with 

several multiply charged species.  Our previous study of the pH profile of the NaOH titration of 

citric acid showed that the effects of ionic strength can be very large, especially for the highly 

charged species.7  It therefore seemed prudent to explore mixtures that contain a larger number 

of highly charged species.  The buffer system comprised of citric acid (H3Cit) and dibasic 

sodium phosphate (Na2HPO4) was selected because it is a widely employed buffer system with a 

well-defined pH profile over a wide range of pH values.  Moreover, it allows one to study the 
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distribution of phosphate species in aqueous solution over a wide pH range.  We compare our 

results to the experimental data sets by McIlvaine8 and Sigma-Aldrich9 and demonstrate that the 

dynamical approach is a convenient, flexible, and accurate method for the calculation of all 

species in complex acid/base equilibria at various acidities and ionic strengths.  The calculated 

pH profile simulates the experimental data with resounding agreement.  We also report the 

equilibrium concentrations of the non-hydrogen species and discuss the effects of ionic strength 

on the equilibrium distribution.  Experimentally, the concentrations of these species are seldom 

reported because of the inherent difficulty in their measurements.  With the concentrations of 

these other species as a function of pH, researchers are able to quickly and easily determine the 

optimal pH for a desired equilibrium species distribution.  From a more theoretical perspective, 

the computed concentrations of all species allow for a discussion of concentration quotients and 

their dependence on ionic strength.  Moreover, the approaches described in the present paper will 

be useful to studies of ionic strength dependence of equilibria in general.10-13 

 

2  Phosphate Recovery Efforts and H2PO4
--Selective Molecular Sensors 

The citric acid/phosphate buffer systems present an excellent opportunity to study the 

pH-dependence of phosphate concentrations in aqueous solution.  Phosphates are essential 

nutrients for all life and often they are the limiting nutrient in soil for plant growth.  Using mined 

phosphates to fertilize the soil is rapidly exhausting the supply of phosphate available.14,15  On 

the other hand, over-use of phosphate fertilizers and the inability to recycle them have caused 

eutrophication in natural waters.16,17  Thus, efforts have been made to recover phosphates from 

waste water and solid biowaste.14,18-20  Recovery of phosphate from aqueous solutions via 

adsorption by activated alumina,21 Gd complexes,22 Fe-Mn binary colloids,23 iron oxide 

tailings,24 crab shells,25 red mud,26 steel slag,27 oxygen furnace slag,28 and ferric sludge29 has 

been shown to be pH dependent.  A doubly beneficial reaction to sequester aluminum(III) with 

phosphate has also recently been shown to be pH and ionic strength dependent.30 
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Electrochemical31,32 and optical33,34 sensors for phosphate have also been explored.  It is 

well known that proteins selectively bind anions, including phosphates, in specific protonation 

states.35-37  Many of the optical sensors that have been developed are based on this protein 

chemistry and some examples of well characterized H2PO4
- receptors are illustrated in 

Supporting Information (Figure S1) and these include H2PO4
- binding using amides and 

pyridines with a ferrocenoyl scaffold,38 bis-ureas,39 tetraamides together with pyridines,40,41 bis-

indoles with pyridines,42 amides and ethers,43 and sapphyrins.44  The anion recognition studies 

require high-accuracy concentration measurements to determine accurate complexation 

constants.45  Thus, knowledge of the equilibrium distribution of phosphate species becomes 

essential for the determination of these complexation constants in aqueous media.   

 

3  Methods: Dynamical Approach to Equilibrium Concentrations 

Debye-Hückel theory and its variants46,47 are the most common approach to approximate 

activity coefficients of ions in electrolyte solutions.  To account for non-ideal dynamical 

behavior of ionic species in solution, the concentrations of the ionic species are replaced with 

activities 𝑎𝑖 in the kinetic equations.  The activity ai of the ith species Si with absolute charge z is 

calculated via Equation 1.  In principle, the units of [Si] can be any concentration unit (molal, 

molar) and we used molar concentrations, which are required as initial conditions in the ODEs. 

𝑎𝑖 = 𝑓𝑧[𝑆𝑖
𝑧]          (1) 

log10(𝑓𝑧) = 𝐴𝑧2 (
√𝐼

1+√𝐼
− 𝑏 𝐼)        (2) 

𝐼 = 0.5 ∑ 𝑧𝑖
2[𝑆𝑖]𝑖          (3) 

The activity coefficients, fz, were calculated using the Davies approximation48 to Debye-Hückel 

theory (eq. 2).  The coefficient A = e2
 B/(2.3038πε0εrkT) where e is the electron charge, ε is the 

static dielectric constant of water, k is the Boltzmann constant, T is temperature, and B = 

(2e2NL/ε0εrkT)1/2.49,50  At room temperature, A has the approximate value of 0.5108 kg1/2 mol-1/2, 
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and B is approximately 0.3287 × 108 kg1/2 cm-1 mol-1/2.50,51,52  The Davies approximation includes 

the empirical parameter b with a static value for all ions.  Davies’ original work assigns b = 0.2 

and this value was shown to give improved activity coefficients for large anions at low ionic 

strength based on conductivity measurements.48  However, the parameter b = 0.1 also has been 

used in some studies for pH profiles.7,53  In this work, we report the results obtained using both b 

= 0.1 and b = 0.2.  The ionic strength was calculated via equation 3.  Included in eq. 3 are all the 

species participating in the kinetic equations and the cations contributed by the added salts.  The 

counter-ion concentrations are constant and equal to the respective initial anion concentrations.  

The Davies equation is believed to give a possible error of 3% at I = 0.1 mol L-1 and 10% at I = 

0.5 mol L-1.51 

For a buffer system of a triprotic acid, H3A, and the salt of a second triprotic acid, 

(M+)n(H3-nBn-), the system of equilibria and their equilibrium equations are as follows: 

H2O ⇄ H+ + OH-  Kw = a(H+)a(OH-)        (4) 

H3A ⇄ H+ + H2A-  K11 = a[H+]a[H2A-]/a[H3A]       (5) 

H2A- ⇄ H+ + HA2-  K12 = a[H+]a[HA2-]/a[H2A-]       (6) 

HA2- ⇄ H+ + A3-  K13 = a[H+]a[A3-]/a[HA2-]       (7) 

H3B ⇄ H+ + H2B-  K21 = a[H+]a[H2B-]/a[H3B]       (8) 

H2B- ⇄ H+ + HB2-  K22 = a[H+]a[HB2-]/a[H2B-]       (9) 

HB2- ⇄ H+ + B3-  K23 = a[H+]a[B3-]/a[HB2-]       (10) 

 
The equilibrium constants are given as Kxy where x denotes the identity of the acid and y 

is the dissociation number.  For citric acid (H3Cit, 2-hydroxypropane-1,2,3,-tricarboxylic acid) at 

room temperature, the pKa value of the carboxyl group attached to C2 is 3.13 and the pKa values 

for the second and third dissociations are 4.76 and 6.40.54  The pKa values of phosphoric acid at 

room temperature are 2.16, 7.21, and 12.32.54,55  Note that the dynamical method can be 

employed at other temperatures with the consideration of the temperature-dependence of the 
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equilibrium constants via the van’t Hoff equation.  The ionic strength dependence of the pKa 

values of various acids has been studied and in solutions with ionic strengths below 0.6, the 

changes to the above pKa values are less than 0.3 for both citric acid and phosphoric acid.56   

The equilibria of eqs. 4 – 10 lead to the following kinetic differential equations according 

to general mass action kinetics:57-59 

𝑑[H+]

𝑑𝑡
= 𝑘11𝑓[H3A] − 𝑓1

2𝑘11𝑏[H+][H2A−] + 𝑓1𝑘12𝑓[H2A−] − 𝑓1𝑓2𝑘12𝑏[H+][HA2−]  

+ 𝑓2𝑘13𝑓[HA2−] − 𝑓1𝑓3𝑘13𝑏[H+][A3−] + 𝑘21𝑓[H3B] − 𝑓1
2𝑘21𝑏[H+][H2B−] 

+ 𝑓1𝑘22𝑓[H2B−] − 𝑓1𝑓2𝑘22𝑏[H+][HB2−] + 𝑓2𝑘23𝑓[HB2−] − 𝑓1𝑓3𝑘23𝑏[H+][B3−] 

+ 𝑘𝑤𝑓 − 𝑓1
2𝑘𝑤𝑏[H+][OH−]       (11) 

𝑑[H3A]

𝑑𝑡
= 𝑓1

2𝑘11𝑏[H+][H2A−] − 𝑘11𝑓[H3A] (12) 

𝑑[H2A−]

𝑑𝑡
= 𝑓1𝑓2𝑘12𝑏[H+][HA2−] − 𝑓1𝑘12𝑓[H2A−] 

+𝑘11𝑓[H3A] − 𝑓1
2𝑘11𝑏[H+][H2A−]      (13) 

𝑑[HA2−]

𝑑𝑡
= 𝑓1𝑓3𝑘13𝑏[H+][A3−] − 𝑓2𝑘13𝑓[HA2−] 

+ 𝑓1𝑘12𝑓[H2A−] − 𝑓1𝑓2𝑘12𝑏[H+][HA2−]     (14) 

𝑑[A3−]

𝑑𝑡
= 𝑓2𝑘13𝑓[HA2−] − 𝑓1𝑓3𝑘13𝑏[H+][A3−] (15) 

𝑑[H3B]

𝑑𝑡
= 𝑓1

2𝑘21𝑏[H+][H2B−] − 𝑘21𝑓[H3B] (16) 

𝑑[H2B−]

𝑑𝑡
= 𝑓1𝑓2𝑘22𝑏[H+][HB2−] − 𝑓1𝑘22𝑓[H2B−] 

+ 𝑘21𝑓[H3B] − 𝑓1
2𝑘21𝑏[H+][H2B−]      (17) 

𝑑[HB2−]

𝑑𝑡
= 𝑓1𝑓3𝑘23𝑏[H+][B3−] − 𝑓2𝑘23𝑓[HB2−] 
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+ 𝑓1𝑘22𝑓[H2B−] − 𝑓1𝑓2𝑘22𝑏[H+][HB2−]     (18) 

𝑑[B3−]

𝑑𝑡
= 𝑓2𝑘23𝑓[HB2−] − 𝑓1𝑓3𝑘23𝑏[H+][B3−] (19) 

𝑑[OH−]

𝑑𝑡
= 𝑘𝑤𝑓 − 𝑓1

2𝑘𝑤𝑏[H+][OH−] (20) 

The method calls for the assignment of the forward reaction rate constants (kf), the 

backward reaction rate constants (kb), and the initial concentrations.  One significant advantage 

of the dynamical approach is that the species concentrations are all described as functions of 

time, which theoretically allows for the approximation of species concentrations far from 

equilibrium if accurate values of the forward and backward rate constants, kf and kb, are 

known.60-63  However, since we are primarily concerned with equilibrium, the kf values were 

arbitrarily set to 102 for all reactions and the respective kb values were determined by K = kf/kb.  

Since Kxy is fixed, kxyf could be assigned any numerical value and the equilibrium concentration 

data would be unchanged because kxyb is defined algebraically; varying kxyf only affects the time 

at which equilibrium is reached.  The system of ODEs was solved with the NDSolve64 utility in 

Mathematica.65  The resulting functions were evaluated for the interval 0 ≤ t ≤ 1 seconds and 

plots of the species concentrations with respect to time were generated to ensure equilibrium had 

been established.   

The data set by McIlvaine8 covers a broader pH range than the data reported by Sigma9 

and we discuss the results for the former and report the results for the latter in Supporting 

Information.  For simplicity of comparison with experiment, we converted the volumes of 

dibasic sodium phosphate and citric acid given in the experimental work to concentrations; these 

appear in columns 2 and 3 of Table 1 in g/L.  In Supporting Information, Table S1 is a reproduc-

tion of Table 1 with these concentrations in mol/L, as they are used in the ODEs.  The 

experimentally measured pH values are listed in column 4 of Table 1.   

[Table 1 about here]   

 



8 

4  Results and Discussion 

4.1  pH Calculation with Dynamical Method   

Three sets of equilibrium concentrations were computed for each buffer mixture.  One set 

corresponds to an ideal system, where the ionic strength of the solution is considered to have no 

effect on equilibrium concentrations (i.e., f = 1).  The other two sets include the effects of ionic 

strength using activity coefficients calculated with the Davies48 equation with b = 0.1 or b = 0.2.  

The ionic strengths of the equilibrium solutions were calculated for all three data sets and they 

appear in the last three columns of Table 1.   

Electrometric measurements of H+ concentrations correspond to the activity of H+ rather 

than its concentration.66  We calculated pH values using both concentrations and activities and 

refer to them as pHconc and pHact, respectively; pHconc = –log[H+] and pHact = –log[a(H+)].  

Therefore, six values of pH were determined for each buffer mixture and they are shown in 

columns 5 – 10 of Table 1:  pHconc and pHact for f = 1, and pHconc and pHact values calculated 

using the Davies approximation with b = 0.1 and b = 0.2, respectively.   

[Figure 1 about here] 

The experimental data8 are compared to the calculated pH values in Figure 1.  The ratio 

log([HPO4
2-]0/[H3Cit]0) is used as the independent variable to achieve a compact axis that uses 

relative concentrations of HPO4
2- and H3Cit such that any mixture of these two will fit within a 

small plot window.  As the ratio increases, the solution becomes more basic and ionic strength 

increases (secondary axis in Figure 1, black curve).  

Figure 1 illustrates that ionic strength greatly affects pH.  The pH values calculated with f 

= 1 (solid curves) show large deviations from the experimental pH over the entire range of 

mixtures with average error of 9.1% and 11.9% for pHconc and pHact, respectively.  Note that the 

deviation between the computed pHact values and the experimental pH corresponds to the 

vertical distance between the two curves at a given value of log([HPO4
2-]0/[H3Cit]0).  A first 

inspection of Figure 1 might suggest that the deviation is largest in the region log([HPO4
2-

]0/[H3Cit]0) > 1 (average error of 9.5%).  However, the largest deviations actually occur in the 



9 

region 0.0 < log([HPO4
2-]0/[H3Cit]0) < 0.1 (average error of 14.7%).  In fact, deviations are large 

even at very low ionic strengths with a 10.0% error at I = 0.05 M.  Orange indicators were added 

to Figure 1 (left) to clearly illustrate this deviation.   

The agreement between experiment and the data calculated with Debye-Hückel theory 

and b = 0.1 (dashed curves in Figure 1) is a magnitude better with average errors of only 2.1% 

and 1.1% for pHconc and pHact, respectively.  The resounding agreement between experiment and 

the computed pHact data gets even better with increasing I, especially in the region x > 0.  The 

pHconc values agree with experiment better than pHact only at very low ionic strength (I < 0.1).   

The graph on the right side of Figure 1 compares the experimental pH values to the 

pHconc (green) and pHact (blue) values computed with b = 0.1 (dashed) and b = 0.2 (dotted).  

Relative to the b = 0.1 values, the computed b = 0.2 data sets shift to higher pH at higher ionic 

strength.  The pHact values are overestimated and in slightly worse agreement than their b = 0.1 

counterparts with 1.7% error with respect to experimental values.  However, the pHconc values 

still fall below the experimental pH curve and are in better agreement than the pHconc values for b 

= 0.1 with an average error of 1.1%.  The lower error of pHconc values is due to the strong 

agreement in the region of low ionic strength.  For I < 0.25, the b = 0.2 curves behave the same 

as b = 0.1 and yield very similar pH values.  The ionic strength is shown for both b = 0.1 and b = 

0.2, and they agree with each other for all mixtures.   

 

4.2  Calculation of All Species Concentrations at Equilibrium with the Dynamical Method 

A major advantage of the dynamical approach is that the equilibrium concentrations of all 

species in the system are obtained simultaneously.  Table 2a shows the concentrations (in g/L) of 

H3Cit, H2Cit-, HCit2-, and Cit3- (top) and Table 2b shows the concentrations of H3PO4, H2PO4
-, 

HPO4
2-, and PO4

3- at equilibrium for each mixture.  The computations require the specification of 

concentrations in units of mol/L and the results are given in mmol/L in Tables S2a and S2b.  

Again, these values are reported for both the f = 1 data set and the data sets with activity 

considerations.   
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[Tables 2a and 2b and Figure 2 about here] 

Figure 2 shows the non-H+ species concentrations as functions of pHact.  The HnCitn-3 and 

HmPO4
m-3 species are plotted on top and bottom, respectively.  The plots in Figure 2 show that 

the concentration maxima occur at significantly different pH values for the f = 1 (solid) and 

Davies, (dashed) data sets.  Since the b = 0.1 and b = 0.2 data sets give exactly the same curves, 

only the b = 0.1 data set is shown in Figure 2.  

The H3Cit concentration starts at about 16 g/L for the most acidic solution studied and 

decreases as the fraction of HPO4
2- increases.  As the solution becomes more basic, one observes 

maxima for the concentrations of the conjugate bases:  [H2Cit-] at pH ≈ 4.0 (f = 1) or 3.4 

(Davies), [HCit2-] at pH ≈ 5.6 (f = 1) or 4.8 (Davies), and [Cit3-] at pH ≈ 7.0 (f = 1) or 6.2 

(Davies).   

High concentrations of HPO4
2- occur at high pH.  Even at the most basic pH values 

studied, only a small fraction of HPO4
2- is deprotonated.  Thus, the [PO4

3-] curve essentially lies 

on the pHact axis and [PO4
3-] never reaches 0.01 g/L.  As the fraction of citric acid increases, the 

pH decreases and HPO4
2- is protonated.  The concentration of H2PO4

- is highest at pH ≈ 6.4 (f = 

1) or 5.6 (Davies).  Further protonation of H2PO4
- occurs only to a small extent and H2PO4

- 

remains the dominant HmPO4
m-3 species in solution.  The concentration of neutral H3PO4 only 

goes through a shallow maximum at pH ≈ 2.9 (f = 1) or 2.7 (Davies).   

Figure 2 demonstrates in a compelling fashion the importance of ionic strength on the 

distribution of species at equilibrium.  The positions of the maxima of the solid (f = 1) and 

dashed (Davies) curves can be separated by almost an entire pH unit!  Since the concentration of 

any species typically decreases rapidly as the pH shifts from the value its concentration is 

maximized, small differences in pH can have drastic effects on the equilibrium distribution of 

species.   

[Table 3 about here] 

Numerical data for the specific cases at pH 4.7 and 6.3 are provided in Table 3.  The last 

column in Table 3 shows the percentage change and the direction of the change of the 
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concentration of species S associated with inclusion of the activity effects;  = 100 · ([S,b = 0.1] 

- [S,f = 1]) / (0.5 · ([S,b = 0.1] + [S,f = 1])).  Wide discrepancies are apparent for the two models 

and the percent differences,  range from 14.3 % to 200.0 %.  Clearly, the inclusion of ionic 

strength effects is vital to the accurate determination of equilibrium species distribution at a 

given pH.   

A second practical application of Figure 2 concerns the determination of the optimal pH 

to achieve a relative maximum of a desired ionic species.  For example, the f = 1 curve in Figure 

2 would suggest that the optimum pH to maximize [H2PO4
-] would be 6.5.  However, when ionic 

strength effects are included, one finds that at pH = 6.5 the concentration of the H2PO4
- ion 

would only be about 75% of the maximum value and the solution would have approximately a 

1:3 ratio of [HPO4
2-] / [H2PO4

-].  The appropriate pH to maximize [H2PO4
-] and diminish 

interference from its conjugate base is 5.4 as given by the Davies curve.  Conversely, to directly 

compare the ability of a receptor to selectively bind [H2PO4
-] over [HPO4

2-], one should select a 

pH where both of these species exist in similar quantities.  An appropriate pH for such a 

measurement would not be 7.5, as suggested by the f = 1 curve, but 6.8, as suggested by the 

Davies curve.   

 

4.3  Ionic Strength Dependence of Concentration Quotients Qxy and Thermodynamic 

Equilibrium Constants Kxy,act   

Generally, for the y-th dissociation of an m-protic acid HmA, the concentration quotient 

Qy is given by eq. 21.  In more concentrated solutions, eq. 21 needs to be replaced by the 

corresponding expression for the thermodynamic equilibrium constants Ky,act (eq. 22) in which 

all concentrations [S] are replaced by activities a(S).   

 

Qy = [H+][Hm-yA-y] / [Hm-y+1A1-y]      (21) 

Ky,act = f1[H+] a(Hm-yA-y) / a(Hm-y+1A1-y)     (22) 
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Ky = lim
𝐼→0

𝑄y         (23) 

Ky = Ky,act for all I        (24) 

 

𝐷 = 𝐴 (
√𝐼

1+√𝐼
− 𝑏 𝐼)        (25) 

Insertion of eq. 2 into eq. 22 and using the abbreviation of eq. 25, one arrives at eq. 26 which 

relates the concentration quotient Qy to the thermodynamic equilibrium constant Ky,act. 

Ky,act = Qy · {10(2y·D)}         (26) 

 

 At infinite dilution, activities and concentrations become equal and the equilibrium 

coefficient Ky equals the concentration quotient Qy (eq. 23).  It is well established that the 

concentration quotients Qy do not equal Ky even at low ionic strength.47,67  Yet, all the 

calculations employ the numerical value of Ky for all I.  It is a direct consequence of this practice 

that eq. 24 must hold for all I, that is, that the equilibrium constants Ky equal the thermodynamic 

equilibrium constants Ky,act not just in the limit of infinite dilution but in the entire range of ionic 

strength being modeled with Debye-Hückel theory.   

 

Q1y = [H+][H3-yA-y] / [H4-yA1-y]      (27a) 

Q2y = [H+][H3-yB-y] / [H4-yB1-y]      (27b) 

 

K1y,act = f1[H+] a(H3-yA-y) / a(H4-yA1-y)     (28a) 

K2y,act = f1[H+] a(H3-yB-y) / a(H4-yB1-y)     (28b) 

 

Previously, we plotted the concentration quotients Qxy for two systems (acetate-buffered 

acetic acid; titration of citric acid with sodium hydroxide) using several approximations of 

Debye-Hückel theory and showed that pQy is always less than pKy and that the difference 

between them increases nonlinearly as ionic strength increases.7  Ganesh et al. recently reported 
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a similar finding for a universal buffer system.68  We show and example of this kind of plot in 

Figure S2 of Supporting Information for the first dissociation of citric acid in the buffer system.   

[Figure 3 about here] 

The concentration quotients Qxy were computed for all of the equilibria in the buffer 

system using eqs. 27a and 27b and the concentrations in Tables 2a and 2b.  Figure 3 shows the 

pQxy curves as functions of ionic strength for citric acid (x = 1, left) and phosphoric acid (x = 2, 

right).  As before, red horizontal lines show the pKxy values at infinite dilution.  The pQxy curves 

for all data always are less than the pKxy values at infinite dilution, the difference grows 

nonlinearly as IS I increases, as expected, and the deviation always is larger for the b = 0.1 data 

(solid curves) than for the b = 0.2 data (dashed curves) for these systems.  Also, for any given 

ionic strength, the difference between the equilibrium constants and the concentration quotients 

pKxy - pQxy increases from the first dissociation (y = 1), to the second dissociation (y = 2), and 

again to the third dissociation (y = 3).  This trend is also expected because the z2 dependency of 

the f values is more pronounced in the curves of the higher order dissociations.   

We also calculated the thermodynamic equilibrium constants Kxy,act(I) using eqs. 28a and 

28b with the concentrations from Tables 2a and 2b and the activity coefficients from the Davies 

equation for both b = 0.1 and b = 0.2 and the results are included in Figure 3 as blue marks.  

These pKxy,act(I) values all align with the pKxy values at infinite dilution (red lines).  This 

outcome of the numerical solution of the ODE systems is required by eq. 24 and Figure 3 thus 

validates the numerical accuracy of the dynamical approach to multi-equilibria system.   

 

4.4  Attempted Speciation of Citric Acid via 1H NMR Spectroscopy 

The geminal hydrogens of the two equivalent CH2 groups are diastereotopic and the AB 

spin system gives rise to two doublets with the same coupling constant 2JAB.69  We measured the 

1H NMR spectra of a dilute aqueous solution of potassium citrate (5.36 mg of K3Cit in 100 mL 

H2O) as a function of pH by adding small aliquots of 3M H2SO4.  Spectra were recorded on a 

600 MHz Bruker Avance III spectrometer using water suppression techniques, and a typical 
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spectrum is shown in Supporting Information together with a table of the chemical shifts of the 

four peaks at each pH (Figure S3 and Table S5).  The doublets show 2J = 15.30.4 Hz and the 

chemical shifts of the centers of the doublets are shown in Figure 4 as a function of pH.  

[Figure 4 about here] 

Each apparent methylene proton signal H corresponds to the average of the chemical 

shifts of all protonation states of the species in solution, and a first approximation of H is given 

by the equation   

𝛿H = ∑ c𝑖 × 𝛿H(H𝑖Cit𝑖−3)

3

𝑖=0

, (29) 

where ci are the concentrations of the species i, and δH(HiCiti-3) are the chemical shifts of the 

respective methylene-H of the individual species.  If this equation holds and if the δH(HiCiti-3) 

values are known, then one should be able to obtain speciation information from eq. 29 (i.e., the 

ci values).  Values for the individual chemical shifts δH(H3Cit) and δH(Cit3-) can be determined 

experimentally by adding excess acid to an aqueous citrate solution.  The δH(H3Cit) values for 

the two diastereotopic hydrogens are 2.84 (A) and 3.01 ppm (B) and the δH(Cit3-) values are 2.53 

(A) and 2.63 ppm (B), respectively (Figure 4).  However, the individual shifts δ(H2Cit-) and 

δ(HCit2-) cannot be determined in “pure” solutions of the respective anions.  Instead of gaining 

reliable speciation information from the chemical shift measurements, the best one can hope for 

is an additional constraint in a simultaneous fitting process of pH = f(ci) and of δH = f(ci) with a 

given theoretical model for the treatment of the electrolyte solution that includes the values 

δ(H2Cit-) and δ(HCit2-) as variables.  In any case, such attempts cannot be expected to fully 

succeed because eq. 29 assumes that the chemical shift δH(HiCiti-3) of each species is 

independent of pH and the changing chemical environment.  However, in related studies we and 

others found that pH effects on chemical shifts can be quite large (up to 0.1 ppm).70   
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4.5  Further Applications and Desiderata   

The simulations of the pH profiles (Figure 1) shows that the b = 0.1 data achieve the best 

match with experiment.  It would be desirable to assess the quality of a specific Debye-Hückel 

approximation not just on the concentration of one species (pH) but on the concentration 

dependence of several species.  This seems particularly well advised in cases where the only 

measured species is present in very low concentration.  From our perspective, it would be highly 

desirable and instructive to simulate complex multi-equilibria systems for which the 

concentrations of several species were measured simultaneously and over a broad pH range.  

Ideally, the measured species should include systems containing multiply-charged ions in 

significant concentrations.   

In the present study, we employed equilibrium constants at infinite dilution Kxy and the 

Davies equation with two discrete b values.  Comparison of computed and measured pH values 

then suggested which b value resulted in better agreement.  If one had experimental data for 

more species, i.e., some of the ions H3-yA-y and H3-yB-y in the present example, then one would 

have much tougher constraints on the precise formulation of the DH approximation.  Moreover, 

instead of using Kxy,∞  f(I), one would also be in a position to explore effects of Kxy,act via 

iterative setting of Kxy,act = f(I) together with the determination of the activity coefficients (eq. 2) 

in the process of solving the ODEs.  In the range 0 ≤ I ≤ 0.6, changes of the pKa values up to 0.29 

and 0.25 units were reported for citric acid and phosphoric acid, respectively,56 and these data 

inform about the shape of trial functions Kxy,act = f(I).  For the present case, Figure 2 (bottom) 

suggests that precise measurements of [HCit2-] and pH in the range 4 ≤ pH ≤ 6.5 would allow 

one to test such approaches and their effects on the shape of the [H2PO4
-] = f(pH) curves. 

One further application of the dynamical approach is the indirect determination of 

accurate binding constants, Kb, for specific ion receptors in aqueous media.14,30  The dynamical 

method allows for the facile inclusion of receptor terms R[t] and RIA[t] to describe the 

concentrations of the receptor and the receptor-ion aggregate, respectively.  With these additions, 

a simple comparison to the experimental pH profile would allow one to estimate the Kb for the 
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receptor.  Such simple determination of binding constants would be invaluable to studies where 

direct observation of the aggregating species concentrations is difficult or impossible.  And even 

in cases where direct determination of the formation constant is possible, this approach may 

facilitate the study of the ionic strength dependence of Kb.  

 

5  Conclusion   

The dynamical approach was employed to describe the complex multi-equilibria buffer 

system of citric acid and disodium hydrogen phosphate and the experimental pH profile was 

modeled with astounding accuracy.  The effects of ionic strength were shown to be highly 

important for the calculation of the pH and the model suggests that the non-H+ species 

concentrations are affected by ionic strength effects to an even greater extent.  We presented a 

few examples of common scenarios where neglecting the ionic strength effects would drastically 

effect the equilibrium species distribution and, therefore, knowledge of the extent of ionic 

strength effects is essential.  We also presented an application for the dynamical approach in the 

indirect determination of binding constants as functions of ionic strength, which has an 

immediate and practical use for researchers developing new chemical sensors.   

Improvement to the dynamical approach could involve concomitant improvements to 

approximations of Debye-Hückel theory.  The Davies approximation was tested here with the 

empirical parameters b = 0.1 and b = 0.2 and we have shown that the b = 0.1 data matches more 

closely with experiment.  This can be extended to other approximations, such as the Pitzer 

equation,46,71 to see if increased accuracy is attained in the calculation of [H+].  We note that 

experimental data sets in which concentration profiles for two or more species are monitored 

would greatly enhance the confidence in the results obtained with the dynamical approach and 

thereby provide an excellent system to systematically test the extensions to Debye-Hückel 

theory.   
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Figure 1.  Comparison of experimental pH values (red curve, ref. 8) to pH values computed with 

various methods (blue and green curves).  The black line shows the ionic strength of the solution 

and is plotted with respect to the secondary axis.  Solid lines show pH values calculated with f = 

1 and dashed lines represent pH values calculated with the Davies approximation with b = 0.1. 

Blue curves indicate pHact and green curves indicate pHconc.  The orange lines and indicators 

show the deviation of between the f = 1, pHact curve (solid, blue) and experiment for two 

mixtures in different regions of the pH profile.  On the right, the experimental pH values are 

compared to pH values computed with b = 0.1 (dashed lines) and b = 0.2 (dotted lines).   



27 

 

 

 

Figure 1 (right).  Editor:  Place this figure to the right of the figure shown on the previous page. 
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Figure 2.  Species concentrations as a function of pHact.  The color of the line designates the 

identity of the species (see legend).  Concentrations calculated without ionic strength 

considerations (f = 1) are shown as solid lines and those calculated with the activity coefficients 

from the Davies equation with b = 0.1 are shown as dashed lines.  The black curves show the 

ionic strength of the equilibrium solutions and are plotted with respect to the secondary axis. 
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        (a) 

 
       (b) 

 

Figure 3.  Comparison of the equilibrium coefficient expressions (eqs. 21 & 22) for the dissociations of (a) citric acid and (b) 

phosphoric acid in the mixtures.  Line color distinguishes between pKxy,conc (green), pKxy,act (blue), and pKxy (red).  Solid:  b = 0.1; 

dashed:  b = 0.2.  The pKxy,act lines are also marked with circles for improved visibility.  
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Figure 4.  1H NMR shifts relative to DSS (4,4-dimethyl-4-silapentane-1-sulfonic acid) for citric 

acid in 90% H2O : 10% D2O over the pH range 2 – 9.   
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Table 1.  Reported and Calculated pH values and Ionic Strength for a Series of Mixturesa of the Buffer Solution   

  [H3Cit]0 [HPO4
2-]0  Expt.8   f = 1  b = 0.1  b = 0.2  Lit.b  Ionic Strength 

Mix.  [g/L] [g/L]  pH  pHconc pHact  pHconc pHact  pHconc pHact  pHact  f = 1 b = 0.1 b = 0.2 
1  18.83 0.38  2.2  2.25 2.30  2.18 2.23  2.18 2.23  2.23  0.01 0.01 0.01 

2  18.02 1.19  2.4  2.53 2.60  2.41 2.48  2.41 2.48  2.48  0.03 0.03 0.03 

3  17.12 2.09  2.6  2.77 2.86  2.61 2.70  2.61 2.70  2.70  0.05 0.05 0.05 

4  16.17 3.04  2.8  3.00 3.10  2.80 2.90  2.80 2.90  2.90  0.07 0.07 0.07 

5  15.26 3.94  3.0  3.21 3.32  2.98 3.09  2.99 3.09  3.09  0.08 0.09 0.09 

6  14.47 4.74  3.2  3.41 3.53  3.15 3.26  3.16 3.27  3.26  0.10 0.10 0.10 

7  13.74 5.47  3.4  3.63 3.75  3.32 3.45  3.34 3.45  3.45  0.12 0.12 0.12 

8  13.03 6.18  3.6  3.89 4.01  3.51 3.64  3.53 3.66  3.64  0.14 0.14 0.14 

9  12.39 6.81  3.8  4.15 4.28  3.70 3.84  3.73 3.86  3.84  0.15 0.16 0.16 

10  11.81 7.40  4.0  4.40 4.53  3.89 4.03  3.92 4.05  4.03  0.17 0.17 0.17 

11  11.26 7.95  4.2  4.63 4.77  4.07 4.22  4.11 4.25  4.22  0.19 0.19 0.19 

12  10.74 8.47  4.4  4.87 5.01  4.26 4.41  4.31 4.44  4.41  0.21 0.21 0.21 

13  10.23 8.97  4.6  5.13 5.27  4.47 4.62  4.52 4.66  4.62  0.23 0.23 0.23 

14  9.74 9.46  4.8  5.42 5.57  4.69 4.85  4.75 4.89  4.85  0.25 0.25 0.25 

15  9.32 9.89  5.0  5.70 5.84  4.90 5.06  4.96 5.11  5.06  0.27 0.27 0.27 

16  8.91 10.29  5.2  5.93 6.08  5.09 5.26  5.17 5.32  5.26  0.29 0.29 0.29 

17  8.50 10.70  5.4  6.14 6.29  5.29 5.46  5.37 5.52  5.46  0.31 0.31 0.31 

18  8.07 11.13  5.6  6.33 6.48  5.49 5.66  5.57 5.73  5.66  0.33 0.33 0.33 

19  7.60 11.60  5.8  6.51 6.66  5.69 5.86  5.78 5.93  5.86  0.35 0.35 0.35 

20  7.08 12.12  6.0  6.68 6.83  5.89 6.06  5.98 6.13  6.06  0.37 0.37 0.37 

21  6.51 12.69  6.2  6.84 7.00  6.08 6.25  6.16 6.32  6.25  0.39 0.39 0.39 

22  5.91 13.29  6.4  7.00 7.15  6.24 6.42  6.33 6.49  6.42  0.41 0.41 0.41 

23  5.24 13.96  6.6  7.15 7.31  6.41 6.59  6.50 6.65  6.59  0.43 0.43 0.43 

24  4.37 14.83  6.8  7.34 7.50  6.59 6.78  6.69 6.85  6.78  0.46 0.46 0.46 

25  3.39 15.81  7.0  7.55 7.71  6.80 6.98  6.90 7.06  6.98  0.49 0.49 0.49 

26  2.51 16.69  7.2  7.75 7.92  7.00 7.19  7.11 7.27  7.19  0.52 0.52 0.52 

27  1.76 17.44  7.4  7.96 8.13  7.21 7.39  7.32 7.48  7.39  0.54 0.55 0.54 

28  1.22 17.98  7.6  8.16 8.32  7.40 7.59  7.51 7.67  7.59  0.56 0.56 0.56 

29  0.82 18.38  7.8  8.36 8.52  7.59 7.78  7.71 7.87  7.78  0.57 0.57 0.57 

30  0.53 18.67  8.0  8.56 8.72  7.80 7.99  7.91 8.08  7.99  0.58 0.58 0.58 

a) Volumes of buffer solutions given in ref. 8 were converted to concentrations (g/L).  IS I reported in (mol/L) 

b) Calculated using the method described in ref. 5 (see SI).    



32 

Table 2a.  Calculated Citrate Species Concentrationsa at Equilibrium for the Series of Mixtures of Buffer Solution   
  [H3Cit]  [H2Cit-]  [HCit2-]  [Cit3-] 

Mix.  f = 1 b = 0.1 b = 0.2  f = 1 b = 0.1 b = 0.2  f = 1 b = 0.1 b = 0.2  f = 1 b = 0.1 b = 0.2 

1  16.637 16.462 16.465  2.173 2.343 2.341  0.007 0.010 0.010  0.000 0.000 0.000 

2  14.382 14.230 14.234  3.599 3.739 3.735  0.021 0.032 0.032  0.000 0.000 0.000 

3  11.842 11.737 11.741  5.195 5.269 5.267  0.053 0.083 0.082  0.000 0.000 0.000 

4  9.231 9.188 9.189  6.782 6.757 6.758  0.117 0.185 0.182  0.000 0.000 0.000 

5  6.834 6.870 6.869  8.157 7.985 7.993  0.228 0.362 0.356  0.000 0.001 0.001 

6  4.817 4.952 4.945  9.186 8.823 8.842  0.411 0.636 0.625  0.000 0.002 0.002 

7  3.121 3.369 3.355  9.829 9.245 9.277  0.726 1.058 1.040  0.001 0.005 0.005 

8  1.744 2.080 2.060  9.896 9.142 9.186  1.316 1.724 1.700  0.004 0.014 0.013 

9  0.888 1.216 1.195  9.190 8.473 8.519  2.229 2.596 2.573  0.012 0.034 0.032 

10  0.427 0.672 0.654  7.868 7.355 7.393  3.399 3.622 3.607  0.034 0.078 0.074 

11  0.197 0.350 0.337  6.248 5.975 5.998  4.651 4.685 4.683  0.079 0.165 0.157 

12  0.083 0.168 0.159  4.559 4.503 4.509  5.838 5.656 5.672  0.171 0.325 0.310 

13  0.029 0.070 0.065  2.922 3.056 3.046  6.821 6.389 6.428  0.365 0.621 0.598 

14  0.008 0.025 0.023  1.586 1.841 1.819  7.283 6.643 6.700  0.766 1.134 1.101 

15  0.002 0.009 0.008  0.819 1.061 1.038  7.018 6.332 6.395  1.378 1.815 1.775 

16  0.001 0.003 0.003  0.422 0.578 0.561  6.262 5.593 5.655  2.127 2.636 2.591 

17  0.000 0.001 0.001  0.219 0.292 0.283  5.274 4.571 4.635  2.904 3.532 3.476 

18  0.000 0.000 0.000  0.115 0.136 0.134  4.246 3.453 3.527  3.605 4.372 4.301 

19  0.000 0.000 0.000  0.059 0.058 0.058  3.267 2.407 2.490  4.172 5.027 4.944 

20  0.000 0.000 0.000  0.029 0.024 0.024  2.406 1.576 1.657  4.546 5.377 5.296 

21  0.000 0.000 0.000  0.014 0.010 0.010  1.708 1.003 1.071  4.697 5.404 5.335 

22  0.000 0.000 0.000  0.007 0.004 0.004  1.181 0.635 0.687  4.634 5.179 5.128 

23  0.000 0.000 0.000  0.003 0.002 0.002  0.779 0.391 0.427  4.375 4.762 4.726 

24  0.000 0.000 0.000  0.001 0.001 0.001  0.447 0.211 0.233  3.857 4.092 4.070 

25  0.000 0.000 0.000  0.000 0.000 0.000  0.222 0.100 0.112  3.116 3.238 3.226 

26  0.000 0.000 0.000  0.000 0.000 0.000  0.105 0.046 0.052  2.363 2.422 2.416 

27  0.000 0.000 0.000  0.000 0.000 0.000  0.046 0.020 0.022  1.684 1.711 1.708 

28  0.000 0.000 0.000  0.000 0.000 0.000  0.021 0.009 0.010  1.180 1.192 1.191 

29  0.000 0.000 0.000  0.000 0.000 0.000  0.009 0.004 0.004  0.795 0.800 0.799 

30  0.000 0.000 0.000  0.000 0.000 0.000  0.004 0.001 0.002  0.516 0.519 0.518 

a) Concentrations in g/L.  Data computed for the mixtures listed in Table 1.    
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Table 2b.  Calculated Phosphate Species Concentrationsa at Equilibrium for the Series of Mixtures of Buffer Solution   
  [H3PO4]  [H2PO4

-]  [HPO4
2-]  [PO4

3-] 

Mix.  f = 1 b = 0.1 b = 0.2  f = 1 b = 0.1 b = 0.2  f = 1 b = 0.1 b = 0.2  f = 1 b = 0.1 b = 0.2 

1  0.176 0.168 0.168  0.214 0.222 0.222  0.000 0.000 0.000  0.000 0.000 0.000 

2  0.363 0.351 0.351  0.843 0.856 0.855  0.000 0.000 0.000  0.000 0.000 0.000 

3  0.418 0.410 0.410  1.701 1.709 1.708  0.000 0.000 0.000  0.000 0.000 0.000 

4  0.394 0.393 0.393  2.685 2.685 2.685  0.000 0.000 0.000  0.000 0.000 0.000 

5  0.330 0.338 0.338  3.659 3.651 3.651  0.000 0.001 0.001  0.000 0.000 0.000 

6  0.256 0.273 0.272  4.537 4.520 4.520  0.001 0.001 0.001  0.000 0.000 0.000 

7  0.183 0.209 0.207  5.346 5.319 5.321  0.001 0.002 0.002  0.000 0.000 0.000 

8  0.116 0.149 0.147  6.128 6.094 6.096  0.003 0.004 0.004  0.000 0.000 0.000 

9  0.071 0.105 0.102  6.810 6.775 6.777  0.006 0.007 0.007  0.000 0.000 0.000 

10  0.043 0.073 0.070  7.423 7.393 7.395  0.011 0.013 0.013  0.000 0.000 0.000 

11  0.027 0.050 0.048  7.982 7.959 7.961  0.021 0.022 0.022  0.000 0.000 0.000 

12  0.017 0.034 0.032  8.499 8.483 8.484  0.038 0.038 0.038  0.000 0.000 0.000 

13  0.010 0.022 0.021  8.984 8.979 8.980  0.074 0.066 0.067  0.000 0.000 0.000 

14  0.005 0.014 0.013  9.404 9.428 9.427  0.152 0.120 0.123  0.000 0.000 0.000 

15  0.003 0.009 0.008  9.691 9.773 9.767  0.293 0.206 0.212  0.000 0.000 0.000 

16  0.002 0.006 0.005  9.873 10.044 10.031  0.517 0.343 0.357  0.000 0.000 0.000 

17  0.001 0.004 0.003  9.959 10.238 10.215  0.845 0.566 0.590  0.000 0.000 0.000 

18  0.001 0.002 0.002  9.936 10.315 10.281  1.300 0.923 0.958  0.000 0.000 0.000 

19  0.000 0.001 0.001  9.780 10.217 10.175  1.925 1.491 1.533  0.000 0.000 0.000 

20  0.000 0.001 0.001  9.464 9.892 9.850  2.756 2.332 2.374  0.000 0.000 0.000 

21  0.000 0.001 0.000  8.977 9.341 9.306  3.804 3.444 3.479  0.000 0.000 0.000 

22  0.000 0.000 0.000  8.337 8.618 8.592  5.042 4.764 4.790  0.000 0.000 0.000 

23  0.000 0.000 0.000  7.528 7.727 7.708  6.515 6.318 6.336  0.000 0.000 0.000 

24  0.000 0.000 0.000  6.390 6.511 6.500  8.505 8.385 8.396  0.000 0.000 0.000 

25  0.000 0.000 0.000  5.022 5.084 5.078  10.838 10.776 10.782  0.000 0.000 0.000 

26  0.000 0.000 0.000  3.744 3.774 3.771  12.985 12.955 12.958  0.000 0.001 0.001 

27  0.000 0.000 0.000  2.639 2.654 2.652  14.827 14.812 14.813  0.001 0.002 0.001 

28  0.000 0.000 0.000  1.838 1.846 1.845  16.156 16.147 16.149  0.001 0.003 0.002 

29  0.000 0.000 0.000  1.234 1.239 1.238  17.157 17.149 17.150  0.002 0.004 0.004 

30  0.000 0.000 0.000  0.802 0.807 0.806  17.871 17.862 17.864  0.003 0.007 0.006 

a) Concentrations in g/L.  Data computed for the mixtures listed in Table 1. 
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Table 3.  Concentration Differences (g/L) for f = 1 and  

Davies Data at Select pH Values 

 Species, S [S,f = 1] [S,b = 0.1] %)  

pH = 4.7 

H2Cit- 6.50 2.68 -83.3 

HCit2- 4.37 6.46 +38.6 

Cit3- 0.00 0.95 +200.0 

H2PO4
- 7.86 9.31 +16.9 

pH = 6.3 

HCit2- 5.32 1.14 -129.4 

Cit3- 2.65 5.29 +66.7 

H2PO4
- 10.18 8.83 -14.3 

HPO4
- 1.06 4.32 +121.4 
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