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Abstract

We use an energetic variational approach to derive a new hydrodynamic model, which could be called a 

generalized Poisson–Nernst–Planck–Navier–Stokes system. Such the system could describe the dynamics 

of the compressible conductive fluid with the dilute charged particles and be used to analyze the interac-
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bations and the optimal decay rates of the solution and its derivatives of any order.
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1. Introduction

In real life, there are many fluids with the charged particles which transport under the influ-

ence of the (self-)electrostatic potential. For instance, the flow in semi-conductors [29,39,47,51], 

ion channels [8,23,48], plasmas [10,12,53], and so on. Then, some mathematical models were 

proposed to describe and simulate the dynamics of such the fluids in light of different consider-

ations, such as, the Vlasov–Poisson–Boltzmann model [7,36,39], the hydrodynamic model (for 

example, Euler–Poisson model, Navier–Stokes–Poisson model, etc.) [5,9,29,31], the Poisson–

Nernst–Planck (PNP) model (also called drift-diffusion or electro-diffusion model) [8,29,33], 

etc.

In this paper, we use an Energetic Variational Approach (EVA) to explore a new hydrodynam-

ical model in R3:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρt + div(ρu) = 0,

(ρu)t + div(ρu ⊗ u) + ∇p(ρ)

= μ�u + (μ + μ′)∇ divu − ∇ϕ(v) − ∇ψ(w) + ε�φ∇φ,

vt + div(vu) = div (Dv∇ϕ(v) + Dvzvev∇φ) ,

wt + div(wu) = div (Dw∇ψ(w) + Dwzwew∇φ) ,

−ε�φ = zvev + zwew,

(1.1)

which could be called a generalized Poisson–Nernst–Planck–Navier–Stokes (PNP-NS) system 

since it seems that the (microscopic) PNP system couples with the (macroscopic) compressible 

NS system. Here, the unknown variables ρ, u, v(w), φ and p represent the fluid density, the 

fluid velocity, the distribution of the negative (positive) charge, the electrostatic potential and the 

pressure function, respectively. The functions ϕ, ψ are determined by the entropy density σ, h

given in (2.4) in light of the relations (2.8) and (2.11). The physical parameters are the viscosity 

coefficients of fluid μ, μ′, the dielectric constant ε, the charge of one electron e, the diffusion 

coefficient of negative (positive) ions Dv(Dw) and the valence of negative (positive) ions zv(zw).

Now, we review the history about the Poisson–Nernst–Planck (PNP) system. The original 

PNP model can be read as the following diffusion equations

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

vt = div

[
Dv

(
∇v +

zve

kBT
v∇φ

)]
,

wt = div

[
Dw

(
∇w +

zwe

kBT
w∇φ

)]
,

−ε�φ = zvev + zwew,

(1.2)

with the corresponding energy dissipation law

d

dt
Etotal :=

d

dt

∫
kBT (v lnv + w lnw) +

1

2
φ(zvev + zwew)

= −

∫
kBT

Dv

v |uv|
2 +

kBT

Dw

w |uw|2 := −�. (1.3)

The above kB , T and uv(uw) denote the Boltzmann constant, the absolute temperature and the 

effective velocity of the negative (positive) charge, respectively. Then Hsieh et al. [27] derived 
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the equations (1.2)1,2 from the energy dissipation law (1.3) by using an energetic variational 

approach combined with the equations (2.12)–(2.13) and the Poisson equation (1.2)3. Such a 

system (1.2) is usually used to describe the dynamics of the conductive fluid with the dilute 

charged particles [17,18,39]. We could also refer to [4,21,24,35,41,43,49,59] for existence and 

asymptotic behavior of solutions to (1.2). In addition, the quasi-neutral limit (i.e., ε → 0) of 

the PNP system has been extensively studied in [22,34,56,57] and the references therein. For 

the incompressible Poisson–Nernst–Planck–Navier–Stokes system, the readers could refer to [6,

30–32,37,50,60].

In spirit of [27], we consider a general energy dissipation law stated as (2.3)–(2.4) and (2.7). 

Here, we characterize the micro–macro interplay by introducing the combined total micro–macro 

energy and choose more general entropy densities σ(v) and h(w). Then, we derive the above 

system (1.1) by the EVA as in Section 2. Such a system could be used to describe the micro–

macro dynamics of the compressible viscous conductive fluid with the dilute charged particles. 

Of course, there is another case that the charged particles are crowded (dense). Such a case can 

be also found in ion channels and the electrodes of batteries [13–15]. At this time, the derived 

model will be more complex, and an important phenomenon on the cross-diffusion happens, the 

readers could refer to our forthcoming paper [58].

In this paper, without loss of generality, we set μ = ε = e = zw = Dv = Dw = 1, μ′ = 0 and 

zv = −1 in (1.1). Then, the system (1.1) may be reduced to:

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ρt + div(ρu) = 0,

(ρu)t + div(ρu ⊗ u) + ∇p(ρ) − �u − ∇ divu = −∇ϕ(v) − ∇ψ(w) + �φ∇φ,

vt + div(vu) − �ϕ(v) = −div(v∇φ),

wt + div(wu) − �ψ(w) = div(w∇φ),

�φ = v − w.

(1.4)

Here we assume that the functions p(ρ), ϕ(v) and ψ(w) are smooth ones such that

p′(ρ) > 0 for ρ > 0, ϕ′(v), ψ ′(w) > 0 for v,w � 0. (1.5)

Without loss of generality, we assume p′(1) = ϕ′(1) = ψ ′(1) = 1. We look for the solutions 

(ρ, u, v, w)(x, t) to the Cauchy problem for (1.4) with the initial data

(ρ,u, v,w)(x, t) |t=0= (ρ0, u0, v0,w0)(x), x ∈R
3, (1.6)

and the far-field behavior

lim
|x|→+∞

(ρ,u, v,w)(x, t) = (1,0,1,1). (1.7)

In addition, the Poisson equation (1.4)5 implies the electrical neutrality of the far-field, i.e.,

lim
|x|→+∞

φ(x, t) = 0. (1.8)

We define the perturbation by

	 = ρ − 1, u = u, V = v − 1, W = w − 1, φ = φ.
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Then, the Cauchy problem (1.4)–(1.8) becomes

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

	t + div((	 + 1)u) = 0,

(	 + 1) (ut + u · ∇u) + p′(	 + 1)∇	 − �u − ∇ divu

= −ϕ′(V + 1)∇V − ψ ′(W + 1)∇W + �φ∇φ,

Vt + div((V + 1)u) − �ϕ(V + 1) = −div ((V + 1)∇φ) ,

Wt + div((W + 1)u) − �ψ(W + 1) = div ((W + 1)∇φ) ,

�φ = V − W,

(	,u,V,W) |t=0= (	0, u0,V0,W0).

(1.9)

Since the perturbed system (1.9) is a new coupled hyperbolic–parabolic–elliptic equations, 

the analyses for its well-posedness will be relatively complicated. Firstly, we develop a simple 

approximation scheme to prove the local solution as in Section 3. Then we establish the refined a 

priori estimates by making some detailed energy estimates. Thus, the global solution is obtained 

by combing the local solution and the a priori estimates as well as a continuous argument. To 

prove the optimal time decay rates, we do an important observation. We find that the electrostatic 

potential φ satisfies a special equation stated as (5.12). Then some effective energy estimates 

could be established as Lemmas 5.1 and 5.2. With the help of Lemmas 5.1 and 5.2, we can prove 

the optimal decay rates of the solution and its derivatives of any order.

Notation In this paper, we use H s(R3), s ∈ R to denote the usual Sobolev spaces with norm 

‖·‖H s and Lp(R3), 1 � p � ∞ to denote the usual Lp spaces with norm ‖·‖Lp . The symbol ∇


with an integer 
 � 0 stands for the usual any spatial derivatives of order 
. When 
 < 0 or 


is not a positive integer, ∇
 stands for �
 defined by �
f := F
−1(|ξ |
F f ), where F is the 

usual Fourier transform operator and F −1 is its inverse. In particular, we use 〈·, ·〉 to denote the 

standard L2 inner product in R3.

We then recall the homogeneous Besov spaces, cf. [3]. Let g ∈ C∞
0 (R3

ξ ) be such that g(ξ) = 1

when |ξ | � 1 and g(ξ) = 0 when |ξ | � 2. Let g̃(ξ) := g(ξ) − g(2ξ) and g̃j (ξ) := g̃(2−j ξ) for 

j ∈ Z. Then by the construction, 
∑

j∈Z g̃j (ξ) = 1 if ξ 
= 0. We define �̇jf := F
−1(g̃j ) ∗ f , 

then for s ∈R and 1 � p, r � ∞, we define the homogeneous Besov spaces Ḃs
p,r(R

3) with norm 

‖·‖Ḃs
p,r

defined by

‖f ‖Ḃs
p,r

:=
(∑

j∈Z

2rsj‖�̇jf ‖r
Lp

) 1
r
.

Particularly, if r = ∞, then

‖f ‖Ḃs
p,∞

:= sup
j∈Z

2sj
∥∥�̇jf

∥∥
Lp .

Throughout this paper we let C denote some positive universal constants. We will use a � b

if a � Cb. We use C0 to denote the constants depending on the initial data. For simplicity, we 

write ‖(A,B)‖X := ‖A‖X + ‖B‖X and 
∫

f :=
∫
R3 f dx.

The denotation Ck(0, T ; B)(k � 0) denotes the space of B-valued k-times continuously dif-

ferentiable functions on [0, T ], Lk
∞(0, T ; B)(k � 0) denotes the space of B-valued k-times 
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boundedly differentiable functions on [0, T ], and L2(0, T ; B) denotes the space of B-valued 

L2-functions on (0, T ).

Our main results about the large local solution and the small global solution and the time-

decay rates are stated in the following theorems:

Theorem 1.1. Denote U(x, t) = (	, u, V, W)(x, t). Assume U0 := (	0, u0, V0, W0) ∈ H 3 and 

infx∈R3 	(x, 0) > −1. Then there exists a positive T (suitably small) such that the Cauchy prob-

lem (1.9) has a unique solution

{
	(t) ∈ C0(0, T ;H 3) ∩ C1(0, T ;H 2),

(u,V,W)(t) ∈ C0(0, T ;H 3) ∩ C1(0, T ;H 1) ∩L2(0, T ;H 4),

which satisfies for any t ∈ [0, T ] and some ν > 0,

	(t) > −1, and ‖U(t)‖H 3 ,

⎛
⎝ν

t∫

0

‖∇(u,V,W)(τ)‖2
H 3 dτ

⎞
⎠

1/2

� C1 ‖U0‖H 3 ,

where C1 > 1 is some fixed positive constant.

Theorem 1.2. Assume that U0 ∈ H k for an integer k � 3. If the initial H 3 norm ‖U0‖H 3 is 

sufficiently small, then the Cauchy problem (1.9) admits a unique global solution (U, ∇φ)(t)

satisfying for all t � 0 and 3 � 
 � k,

‖U(t)‖H 
 +

⎛
⎝

t∫

0

‖∇	(τ)‖2
H 
−1 + ‖∇(u,V,W)(τ)‖2

H 
 + ‖�φ(τ)‖2
H 
 dτ

⎞
⎠

1/2

� C ‖U0‖H 
 .

(1.10)

If we additionally assume that 
∥∥∇−1(V0 − W0)

∥∥
L2 is sufficiently small and U0 ∈ Ḃ−s

2,∞ with 0 <

s � 3/2, then for all t � 0,

∥∥∥∇
U(t)

∥∥∥
H k−


� C0(1 + t)−

+s

2 for 0 � 
 � k − 1 (1.11)

and

∥∥∥∇
∇φ(t)

∥∥∥
L2

� C0(1 + t)−

+1+s

2 for 0 � 
 � k − 2. (1.12)

We give some remarks about our results.

Remark 1.3. We claim that the smallness of 
∥∥∇−1(V0 − W0)

∥∥
L2 could be removed by assuming 

only ∇−1(V0 − W0) ∈ L2. At this moment, we could prove that the decay rates (1.11) hold for 


 = 0, 1. But, it is hard to obtain the higher-order decay. And such the restriction ∇−1(V0 −W0) ∈

L2 may be reasonable since it could be regarded as the restriction for the initial electric field ∇φ0

by the equalities
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∥∥∥∇−1(V0 − W0)

∥∥∥
L2

=

∥∥∥∇−1�φ0

∥∥∥
L2

= ‖∇φ0‖L2 .

Remark 1.4. We claim that all the decay rates (1.11) with s = 3/2 are optimal in sense that it is 

consistent with the decay of the heat kernel.

Remark 1.5. In fact, our decay rates (1.11)–(1.12) with s = 3(1/p − 1/2) also follow if we 

replace U0 ∈ Ḃ−s
2,∞ (0 < s � 3/2) by U0 ∈ Lp (1 � p < 2) since the embedding Lp ⊂ Ḃ−s

2,∞ for 

1 � p < 2 by Lemma A.5.

This paper is organized as follows. In Section 2, we use the EVA to derive the generalized 

PNP-NS equations (1.1). Next, the local solution and the a priori estimates are shown in Sec-

tions 3–4, respectively. In Section 5, we mainly prove the global solution and obtain the decay 

rates of solutions. We list some analytic tools in Appendix A, which are often used in this paper.

2. Derivation of models

In this section, we will derive a new hydrodynamic model by using an Energetic Variational 

Approach (EVA) together with a prescribed energy dissipation law, which could be regarded as a 

generalized PNP-NS system. Such the system could describe the dynamics of the compressible 

conductive fluid with the dilute charged particles.

We first recall that the first and second laws of thermodynamics. In mathematics, they could 

be read respectively as:

d(K + I)

dt
=

dW

dt
+

dQ

dt
(2.1)

and

T
dS

dt
=

dQ

dt
+ �, (2.2)

where K, I, W, Q, S and � is the kinetic energy, the internal energy, the work of external force, 

the heat, the entropy and the entropy production, respectively.

In this paper, we assume that there is being isothermal and no external forces in the thermo-

dynamical process. Then, we combine (2.1) and (2.2) to obtain the energy dissipation law:

d

dt
Etotal = −�, (2.3)

where Etotal =K + I − T S is the total energy. In our case, we could choose the total energy

Etotal =

∫
σ(v) + h(w) +

ε

2
|∇φ|2 dx

︸ ︷︷ ︸
microscopic

+

∫
ρ

2
|u|2 + ω(ρ)dx

︸ ︷︷ ︸
macroscopic

=

∫
σ(v) + h(w)dx +

e2

2ε

∫∫
G(x − y)(zvv + zww)(x)(zvv + zww)(y)dydx

+

∫
ρ

2
|u|2 + ω(ρ)dx, (2.4)



74 Y. Wang et al. / J. Differential Equations 262 (2017) 68–115

where we have used Gauss’s law:

−ε�φ = zvev + zwew. (2.5)

By solving the Poisson equation (2.5), we obtain

φ(x) =
e

ε

∫
G(x − y)(zvv + zww)(y)dy, (2.6)

where the kernel G(·) = 1
4π |·|

is the fundamental solution of −� in R3. Next, we choose the 

dissipation functional (the entropy production)

� =

∫
v

Dv

|uv − u|2 +
w

Dw

|uw − u|2 + μ|∇u|2 + (μ + μ′)|divu|2 dx, (2.7)

where μ and μ′ satisfy the usual physical assumptions:

μ > 0, μ′ +
2

3
μ� 0.

Now, we begin to use the EVA to derive the equations of motion, as in [19,27,60]. We first 

state the sketch of EVA. The first step of EVA is to define some action functionals in light of 

the given total energy Etotal and dissipation �. Next, we find out the conservative force and the 

dissipative force by computing the variations for the well-defined action functionals with the help 

of the Least Action Principle (LAP) (or Hamilton’s principle) [1,2,19,25,28] and the Maximum 

Dissipation Principle (MDP) (or Onsager’s principle) [19,28,44–46]. Finally, we could obtain the 

motion equations by the total force balance. So, we first define the action functionals as

A1 := −

t∗∫

0

∫
σ(v) + h(w) +

e2

2ε

∫
G(x − y)(zvv + zww)(x)(zvv + zww)(y)dydxdt,

A2 :=

t∗∫

0

∫
ρ

2
|u|2 − ω(ρ)dxdt.

Taking the variation of A1 (for any smooth ṽ with compact support) with respect to v, by the 

LAP, we obtain

0 =
d

dε

∣∣∣∣
ε=0

A1(v + εṽ) =
d

dε

∣∣∣∣
ε=0

⎛
⎝−

t∗∫

0

∫
σ(v + εṽ) dxdt

⎞
⎠

+
d

dε

∣∣∣∣
ε=0

[
−

e2

ε

t∗∫

0

∫∫
G(x − y)(zvv + zvεṽ + zww)(x)(zvv + zww)(y)dydxdt

]
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=

t∗∫

0

∫ (
−σ ′(v) − zveφ

)
ṽ dxdt,

which implies (ṽ is arbitrary),

δA1

δv
= −σ ′(v) − zveφ ⇒ Fconservative,v = v∇

δA1

δv
= −∇ϕ(v) − zvev∇φ,

where

ϕ(v) := σ ′(v)v − σ(v). (2.8)

Taking the variation of 1
2
� (for any smooth ũ with compact support) with respect to uv , by the 

MDP, we obtain

0 =
d

dε

∣∣∣∣
ε=0

1

2
�(uv + εũ) =

d

dε

∣∣∣∣
ε=0

1

2

∫
v

Dv

|uv + εũ − u|2 dx =

∫
v

Dv

(uv − u) · ũ dx,

which implies (ũ is arbitrary),

δ( 1
2
�)

δuv

=
v

Dv

(uv − u) = Fdissipative,v.

By the total force balance for the negative charge, we obtain

Fconservative,v = v∇
δA1

δv
=

δ( 1
2
�)

δuv

= Fdissipative,v,

i.e.,

vuv = vu − Dv∇ϕ(v) − Dvzvev∇φ. (2.9)

For the positive charge, we similarly have

Fconservative,w = w∇
δA1

δw
=

δ( 1
2
�)

δuw

= Fdissipative,w,

i.e.,

wuw = wu − Dw∇ψ(w) − Dwzwew∇φ, (2.10)

where

ψ(w) := h′(w)w − h(w). (2.11)

On the other hand, we have the equations of conservation for the negative and positive charge,
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vt + div(vuv) = 0, (2.12)

wt + div(wuw) = 0. (2.13)

Plugging (2.9), (2.10) into (2.12), (2.13), respectively, we obtain

vt + div(vu) = div (Dv∇ϕ(v) + Dvzvev∇φ) (2.14)

and

wt + div(wu) = div (Dw∇ψ(w) + Dwzwew∇φ) . (2.15)

For the macroscopic action functional A2, we refer to [19] to obtain the macroscopic conser-

vative force

Fmacro-conservative =
δA2

δx
= − ((ρu)t + div(ρu ⊗ u) + ∇p(ρ)) ,

where

p(ρ) := ω′(ρ)ρ − ω(ρ).

And taking the variation of 1
2
� (for any smooth ũ with compact support) with respect to u, by 

the MDP again, we obtain

0 =
d

dε

∣∣∣∣
ε=0

1

2
�(u + εũ)

=
d

dε

∣∣∣∣
ε=0

1

2

∫ (
v

Dv

|uv − u − εũ|2 +
w

Dw

|uw − u − εũ|2

+ μ|∇u + ε∇ũ|2 + (μ + μ′)|divu + ε div ũ|2
)

dx,

=

∫
v

Dv

(uv − u) · (−ũ) +
w

Dw

(uw − u) · (−ũ) + μ∇u : ∇ũ + (μ + μ′)divudiv ũ dx,

=

∫ (
−μ�u − (μ + μ′)∇ divu +

v

Dv

(u − uv) +
w

Dw

(u − uw)

)
· ũ dx,

which implies (ũ is arbitrary),

Fmacro-dissipative =
δ( 1

2
�)

δu
= −μ�u − (μ + μ′)∇ divu +

v

Dv

(u − uv) +
w

Dw

(u − uw).

By the macroscopic force balance, we obtain

Fmacro-conservative =
δA2

δx
=

δ( 1
2
�)

δu
= Fmacro-dissipative,

i.e.,
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(ρu)t + div(ρu ⊗ u) + ∇p(ρ) = μ�u + (μ + μ′)∇ divu +
v

Dv

(uv − u) +
w

Dw

(uw − u).

Plugging (2.9)–(2.10) into the above equation, by the Poisson equation (2.5), we obtain

(ρu)t + div(ρu ⊗ u) + ∇p(ρ) = μ�u + (μ + μ′)∇ divu − ∇ϕ(v) − ∇ψ(w) + ε�φ∇φ.

(2.16)

On the other hand, by the law of conservation of the macroscopic mass, we obtain

ρt + div(ρu) = 0. (2.17)

Finally, we collect the equations (2.5) and (2.14)–(2.17) to obtain the compressible PNP-NS 

equations

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρt + div(ρu) = 0,

(ρu)t + div(ρu ⊗ u) + ∇p(ρ)

= μ�u + (μ + μ′)∇ divu − ∇ϕ(v) − ∇ψ(w) + ε�φ∇φ,

vt + div(vu) = div (Dv∇ϕ(v) + Dvzvev∇φ) ,

wt + div(wu) = div (Dw∇ψ(w) + Dwzwew∇φ) ,

−ε�φ = zvev + zwew.

(2.18)

Now, we can conclude the following proposition.

Proposition 2.1. Assume that the Least Action Principle and the Maximum Dissipation Principle. 

Let the total energy be

Etotal =

∫
σ(v) + h(w) +

ε

2
|∇φ|2 +

ρ

2
|u|2 + ω(ρ)dx

and let the dissipation functional be

� =

∫
v

Dv

|uv − u|2 +
w

Dw

|uw − u|2 + μ|∇u|2 + (μ + μ′)|divu|2 dx.

Then, we could derive the above PNP-NS equations (2.18) by using an Energetic Variational 

Approach. Moreover, the equations (2.18) satisfies the energy dissipation law:

d

dt
Etotal = −�. (2.19)

Proof. Multiplying the first four equations in (2.18) by ω′(ρ), u, σ ′(v) + zveφ, h′(w) + zweφ, 

respectively, summing them up and then integrating over R3, we obtain (2.19). Given the previous 

derivations in this section, we have proved that the above PNP-NS equations (2.18) follows from 

the Energetic Variational Approach. �
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Remark 2.2. By solving the ODE: p(ρ) = ω′(ρ)ρ − ω(ρ) directly, we easily obtain

ω(ρ) =

{
ρ lnρ, if p(ρ) = ρ,

ργ , if p(ρ) = (γ − 1)ργ , γ > 1.

Remark 2.3. The variations δEtotal

δv
= σ ′(v) + zveφ and 

δEtotal

δw
= h′(w) + zweφ are called the 

(electro)chemical potential [16] of negative and positive ions, respectively.

3. Local solution

throughout this section, we simply denote

U = (	,u,V,W), Un = (	n, un,Vn,Wn), n = 0,1,2 . . .

and

gε = Jε ∗ g, g0,ε = Jε ∗ g0,

where Jε is the Friedrichs’ mollifier for some ε > 0, which was introduced by Friedrichs [20].

We also introduce the definitions of some function spaces:

Definition 3.1. For l = 2, 3, we denote the function spaces

E(0, T ;H l) := {U : 	(x, t) ∈ C0(0, T ;H l) ∩ C1(0, T ;H l−1),

(u,V,W)(x, t) ∈ C0(0, T ;H l) ∩ C1(0, T ;H l−2)}

and

L(0, T ;H l) := {U : 	(x, t) ∈ L0
∞(0, T ;H l) ∩L1

∞(0, T ;H l−1),

(u,V,W)(x, t) ∈ L0
∞(0, T ;H l) ∩L1

∞(0, T ;H l−2)}.

In this section, we will establish the local solution. There are three key points. First, we need 

to reformulate properly the original system. Thus, the reformulated system (3.1) is a coupled 

hyperbolic–parabolic equations with some non-local terms. Next, we construct the corresponding 

approximating system. To solve the approximating system, we turn to solve the linearized sys-

tem, see Subsections 3.1–3.2. Here, we refer to some energy estimates for the single hyperbolic 

equation in [40], see Lemma 3.3 and Lemma 3.6. However, we need to carefully establish some 

detailed energy estimates for the parabolic equations with the non-local terms, see Lemma 3.4

and Proposition 3.11. Lastly, we can prove the solution to the approximating system converges 

to the solution to the Cauchy problem (1.9) ((3.1)), see Subsection 3.3. Hence, the local solution 

is obtained.

So, we first rewrite (1.9) as
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

	t + u · ∇	 + (	 + 1)divu = 0,

ut −
1

	 + 1
�u −

1

	 + 1
∇ divu = g1,

Vt − ϕ′(V + 1)�V = g2,

Wt − ψ ′(W + 1)�W = g3,

U |t=0= U0,

(3.1)

where

g1 : = −u · ∇u −
p′(	 + 1)

	 + 1
∇	 +

V

	 + 1
∇�−1 (V − W)

−
W

	 + 1
∇�−1 (V − W) −

ϕ′(V + 1)

	 + 1
∇V −

ψ ′(W + 1)

	 + 1
∇W,

g2 : = −divu − V + W + ϕ′′(V + 1)|∇V |2 − div(V u)

− V (V − W) − ∇V · ∇�−1 (V − W),

g3 : = −divu − W + V + ψ ′′(W + 1)|∇W |2 − div(Wu)

+ W (V − W) + ∇W · ∇�−1 (V − W) .

In the following, we will solve (3.1) by constructing approximating solutions. So, we need to 

study the approximate system corresponding to (3.1):

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂t	n + un−1 · ∇	n + (	n−1 + 1)divun = 0,

∂tun −
1

	n−1 + 1
�un −

1

	n−1 + 1
∇ divun = g1

n−1,

∂tVn − ϕ′(Vn−1 + 1)�Vn = g2
n−1,

∂tWn − ψ ′(Wn−1 + 1)�Wn = g3
n−1,

Un |t=0= U0, U1 ≡ U0, n = 2,3,4, . . . .

(3.2)

Here the nonlinear functions:

g1
n−1 : = −un−1 · ∇un−1 −

p′(	n−1 + 1)

	n−1 + 1
∇	n−1 +

Vn−1

	n−1 + 1
∇�−1 (Vn−1 − Wn−1)

−
Wn−1

	n−1 + 1
∇�−1 (Vn−1 − Wn−1) −

ϕ′(Vn−1 + 1)

	n−1 + 1
∇Vn−1 −

ψ ′(Wn−1 + 1)

	n−1 + 1
∇Wn−1,

g2
n−1 : = −divun−1 − Vn−1 + Wn−1 + ϕ′′(Vn−1 + 1)|∇Vn−1|

2 − div(Vn−1un−1)

− Vn−1 (Vn−1 − Wn−1) − ∇Vn−1 · ∇�−1 (Vn−1 − Wn−1) ,

g3
n−1 : = −divun−1 − Wn−1 + Vn−1 + ψ ′′(Wn−1 + 1)|∇Wn−1|

2 − div(Wn−1un−1)

+ Wn−1 (Vn−1 − Wn−1) + ∇Wn−1 · ∇�−1 (Vn−1 − Wn−1) .
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To solve the approximate system (3.2), we linearize (3.1) at (η, �, ṽ, w̃) to obtain the lin-

earized system:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

L0
η,� (	,u) := 	t + � · ∇	 + (η + 1)divu = f,

L1
η(u) := ut −

1

η + 1
�u −

1

η + 1
∇ divu = g1,

L2
ṽ
(V ) := Vt − ϕ′(ṽ + 1)�V = g2,

L3
w̃
(W) := Wt − ψ ′(w̃ + 1)�W = g3.

(3.3)

Here we could regard the functions η, � = (� 1, � 2, � 3)T , ṽ, w̃, f , g1 = (g11, g12, g13)T , g2

and g3 as known.

Next, we begin to establish the energy estimates for the linearized equations (3.3) so that we 

can easily solve the linearized equations in Subsection 3.2.

3.1. Energy estimates for linearized equations

In this subsection, we also consider the single linear equation

L� (	) := 	t + � · ∇	 = f̃ , (3.4)

where f̃ := f − (η + 1) divu is looked as a known function. Throughout this subsection, we 

denote for some T > 0,

E = sup
0�t�T

‖(η,�, ṽ, w̃)(t)‖H 3 .

We first show some estimates for the commutators of the operators L� , L0
η,� , L1

η, L
2
ṽ
, L3

w̃
, 

∇m(m � 1) and mollifiers Jε , which will be used later.

Lemma 3.2. Assume that for some T > 0 and some constant χ ,

{
(η,�, ṽ, w̃)(t) ∈ L0

∞(0, T ;H 3), η(t) � χ > −1,

U(t) ∈ L(0, T ;H l) for l = 2 or 3.

Then we have for all t ∈ [0, T ] and 0 �m � l − 1,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

‖∇mL� (	) − L� (∇m	)‖L2 � CE ‖∇	‖Hm ,
∥∥∥∇mL0

η,� (	,u) − L0
η,� (∇m	,∇mu)

∥∥∥
L2

� CE ‖∇(	,u)‖Hm ,
∥∥∥∇mL1

η(u) − L1
η(∇

mu)

∥∥∥
L2

� CE ‖∇u‖Hm ,

∥∥∇mL2
ṽ
(V ) − L2

ṽ
(∇mV )

∥∥
L2 � CE ‖∇V ‖Hm ,

∥∥∇mL3
w̃
(W) − L3

w̃
(∇mW)

∥∥
L2 � CE ‖∇W‖Hm ,

(3.5)

and as ε → 0,
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

‖Jε ∗ L� (	) − L� (Jε ∗ 	)‖Hm+1 → 0,
∥∥∥Jε ∗ L0

η,� (	,u) − L0
η,� (Jε ∗ 	,Jε ∗ u)

∥∥∥
Hm+1

→ 0,
∥∥∥Jε ∗ L1

η(u) − L1
η(Jε ∗ u)

∥∥∥
Hm

→ 0,

∥∥Jε ∗ L2
ṽ
(V ) − L2

ṽ
(Jε ∗ V )

∥∥
Hm → 0,

∥∥Jε ∗ L3
w̃
(W) − L3

w̃
(Jε ∗ W)

∥∥
Hm → 0.

(3.6)

If we assume that U(t) ∈ L(0, T ; H 3) and (η′, � ′, ṽ′, w̃′)(t) ∈ L0
∞(0, T ; H 3) with η′(t) � χ >

−1, then we have

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∥∥∥L0
η,� (	,u) − L0

η′,� ′(	,u)

∥∥∥
H 2

� C sup
0�t�T

‖(	,u)‖H 3

∥∥(η − η′,� − � ′)
∥∥

H 2 ,

∥∥∥L1
η(u) − L1

η′(u)

∥∥∥
H 1

� C sup
0�t�T

‖u‖H 3

∥∥η − η′
∥∥

H 2 ,

∥∥L2
ṽ
(V ) − L2

ṽ′(V )
∥∥

H 1 � C sup
0�t�T

‖V ‖H 3

∥∥ṽ − ṽ′
∥∥

H 2 ,

∥∥L3
w̃
(W) − L3

ṽ′(W)
∥∥

H 1 � C sup
0�t�T

‖W‖H 3

∥∥w̃ − w̃′
∥∥

H 2 .

(3.7)

Proof. We can refer to Lemma 3.1 in [40, p. 74] by noting that the functions ϕ, ψ are 

smooth. �

Now, we show the energy estimates for the linearized equations.

Lemma 3.3. Let l = 1, 2 or 3. Assume that for some T > 0,

�(t) ∈ L0
∞(0, T ;H 3), f̃ (t) ∈ L0

∞(0, T ;H l).

If 	(t) ∈ L0
∞(0, T ; H l) ∩L1

∞(0, T ; H l−1) solves Eq. (3.4), then for any t ∈ [0, T ],

‖	(t)‖H l � eCEt

⎛
⎝‖	0‖H l +

t∫

0

e−CEτ
∥∥∥f̃ (τ )

∥∥∥
H l

dτ

⎞
⎠ . (3.8)

Proof. We can refer to Lemma 3.2 in [40, p. 77]. �

Lemma 3.4. Let l = 2 or 3. Assume that for some T > 0 and some constant χ ,

⎧
⎪⎪⎨
⎪⎪⎩

(η, ṽ, w̃)(t) ∈ L0
∞(0, T ;H 3),

η(t) � χ > −1,

(g1, g2, g3)(t) ∈ L0
∞(0, T ;H l−1).

If (u, V, W)(t) ∈ L0
∞(0, T ; H l) ∩L1

∞(0, T ; H l−2) solves Eqs. (3.3)2–(3.3)4, then (u, V, W)(t) ∈

L2(0, T ; H l+1) and there exists a constant ν > 0 such that for any t ∈ [0, T ],



82 Y. Wang et al. / J. Differential Equations 262 (2017) 68–115

‖(u,V,W)(t)‖2
L2 + ν

t∫

0

‖∇(u,V,W)(τ)‖2
L2 dτ

� eC(1+E2)t

⎛
⎝‖(u0,V0,W0)‖

2
L2 + C

t∫

0

∥∥∥(g1, g2, g3)(τ )

∥∥∥
2

L2
dτ

⎞
⎠ (3.9)

and for 1 � k � l,

∥∥∥∇k(u,V,W)(t)

∥∥∥
2

L2
+ ν

t∫

0

∥∥∥∇k+1(u,V,W)(τ)

∥∥∥
2

L2
dτ

� eCE2t

⎛
⎝‖∇(u0,V0,W0)‖

2
H k−1 + C

t∫

0

∥∥∥(g1, g2, g3)(τ )

∥∥∥
2

H k−1
dτ

⎞
⎠ . (3.10)

Proof. Multiplying Eqs. (3.3)2–(3.3)4 by u, V, W , respectively, summing them up and integrat-

ing over R3, by the integration by parts and Cauchy’s inequality, we obtain for any ε > 0,

1

2

d

dt
‖(u,V,W)‖2

L2 +

〈
1

η + 1
, |∇u|2 + |divu|2

〉
+

〈
ϕ′(ṽ + 1), |∇V |2

〉
+

〈
ψ ′(w̃ + 1), |∇W |2

〉

=

〈
1

(η + 1)2
∇η,∇u · u + divuu

〉
+

〈
g1, u

〉
+

〈
g2,V

〉
+

〈
g3,W

〉

−
〈
ϕ′′(ṽ + 1)∇ṽ,∇V V

〉
−

〈
ψ ′′(w̃ + 1)∇w̃,∇WW

〉

� C ‖∇(η, ṽ, w̃)‖L∞ ‖∇(u,V,W)‖L2 ‖(u,V,W)‖L2 +

∥∥∥(g1, g2, g3)

∥∥∥
L2

‖(u,V,W)‖L2

� ε ‖∇(u,V,W)‖2
L2 + Cε(1 + E2)‖(u,V,W)‖2

L2 + C

∥∥∥(g1, g2, g3)

∥∥∥
2

L2
.

Taking the above ε sufficiently small, by (1.5), we obtain for some ν > 0,

d

dt
‖(u,V,W)‖2

L2 + ν ‖∇(u,V,W)‖2
L2 � C(1 + E2)‖(u,V,W)‖2

L2 + C

∥∥∥(g1, g2, g3)

∥∥∥
2

L2
.

By Gronwall’s inequality, the estimate (3.9) follows from the above inequality.

Next, we will prove the estimates (3.10) for 1 � k � l. Applying Jε∗ to Eqs. (3.3)2–(3.3)4, 

we have

⎧
⎪⎪⎨
⎪⎪⎩

L1
η(uε) = g1

ε + H ε
1 , H ε

1 := L1
η(uε) − Jε ∗ L1

η(u),

L2
ṽ
(Vε) = g2

ε + Mε
1 , Mε

1 := L2
ṽ
(Vε) − Jε ∗ L2

ṽ
(V ),

L3
w̃
(Wε) = g3

ε + N ε
1 , N ε

1 := L3
w̃
(Wε) − Jε ∗ L3

w̃
(W).

(3.11)

Multiplying Eqs. (3.11)1–(3.11)3 by −�uε , −�Vε , −�Wε , respectively, summing them up and 

integrating over R3, by Cauchy’s inequality, we obtain for any ε > 0,
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−
〈
L1

η(uε),�uε

〉
−

〈
L2

ṽ(Vε),�Vε

〉
−

〈
L3

w̃(Wε),�Wε

〉

= −
〈
g1

ε + H ε
1 ,�uε

〉
−

〈
g2

ε + Mε
1 ,�Vε

〉
−

〈
g3

ε + N ε
1 ,�Wε

〉

� ε ‖�(uε,Vε,Wε)‖
2
L2 + Cε

(∥∥∥(g1
ε , g

2
ε , g

3
ε )

∥∥∥
2

L2
+

∥∥(H ε
1 ,Mε

1 ,N ε
1 )

∥∥2

L2

)
. (3.12)

For the left-hand side of the above inequality, we have for some ν0 > 0,

−
〈
L1

η(uε),�uε

〉
−

〈
L2

ṽ(Vε),�Vε

〉
−

〈
L3

w̃(Wε),�Wε

〉

= −

〈
∂tuε −

1

η + 1
�uε −

1

η + 1
∇ divuε,�uε

〉

−
〈
∂tVε − ϕ′(ṽ + 1)�Vε,�Vε

〉
−

〈
∂tWε − ψ ′(w̃ + 1)�Wε,�Wε

〉

=
1

2

d

dt
‖∇(uε,Vε,Wε)‖

2
L2 +

〈
1

η + 1
, |�uε |

2

〉
+

〈
ϕ′(ṽ + 1), |�Vε |

2
〉

+
〈
ψ ′(w̃ + 1), |�Wε |

2
〉
+

〈
1

η + 1
∇ divuε,�uε

〉

�
1

2

d

dt
‖∇(uε,Vε,Wε)‖

2
L2 + ν0 ‖�(uε,Vε,Wε)‖

2
L2 +

〈
1

η + 1
∇ divuε,�uε

〉
. (3.13)

By the integration by parts and Cauchy’s inequality, the last term can be estimated by

〈
1

η + 1
∇ divuε,�uε

〉
�

〈
1

(η + 1)2
divuε,∇η · �uε

〉
−

〈
1

(η + 1)2
divuε,∇η · ∇ divuε

〉

� −ε ‖�uε‖
2
L2 − CεE

2 ‖∇uε‖
2
L2 (3.14)

for any ε > 0. Plugging (3.13)–(3.14) into (3.12), we obtain for some ν > 0,

d

dt
‖∇(uε,Vε,Wε)‖

2
L2 + ν

∥∥∥∇2(uε,Vε,Wε)

∥∥∥
2

L2

� CE2 ‖∇(uε,Vε,Wε)‖
2
L2 + C

(∥∥∥(g1
ε , g

2
ε , g

3
ε )

∥∥∥
2

L2
+

∥∥(H ε
1 ,Mε

1 ,N ε
1 )

∥∥2

L2

)
. (3.15)

By Gronwall’s inequality, we obtain

‖∇(uε,Vε,Wε)(t)‖
2
L2 + ν

t∫

0

∥∥∥∇2(uε,Vε,Wε)(τ )

∥∥∥
2

L2
dτ

� eCE2t

(
∥∥∇(u0,ε,V0,ε,W0,ε)

∥∥2

L2

+ C

t∫

0

(∥∥∥(g1
ε , g

2
ε , g

3
ε )(τ )

∥∥∥
2

L2
+

∥∥(H ε
1 ,Mε

1 ,N ε
1 )(τ )

∥∥2

L2

)
dτ

)
. (3.16)
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As ε → 0, by (3.6) of Lemma 3.2, we obtain

‖∇(u,V,W)(t)‖2
L2 + ν

t∫

0

∥∥∥∇2(u,V,W)(τ)

∥∥∥
2

L2
dτ

� eCE2t

⎛
⎝‖∇(u0,V0,W0)‖

2
L2 + C

t∫

0

∥∥∥(g1, g2, g3)(τ )

∥∥∥
2

L2
dτ

⎞
⎠ . (3.17)

Thus, we prove (3.10) for k = 1. Applying ∇ to Eqs. (3.11), we obtain

⎧
⎪⎪⎨
⎪⎪⎩

L1
η(∇uε) = ∇g1

ε + ∇H ε
1 + H ε

2 , H ε
2 := L1

η(∇uε) − ∇L1
η(uε),

L2
ṽ
(∇Vε) = ∇g2

ε + ∇Mε
1 + Mε

2 , Mε
2 := L2

ṽ
(∇Vε) − ∇L2

ṽ
(Vε),

L3
w̃
(∇Wε) = ∇g3

ε + ∇N ε
1 + N ε

2 , N ε
2 := L3

w̃
(∇Wε) − ∇L3

w̃
(Wε).

(3.18)

Here we can apply the inequality (3.15) to ∇(uε, Vε, Wε) in (3.18) to prove (3.10) for k = 2. In 

fact, for k = 2, we deduce from (3.15) and (3.18) that for some ν > 0,

d

dt

∥∥∥∇2(uε,Vε,Wε)

∥∥∥
2

L2
+ ν

∥∥∥∇3(uε,Vε,Wε)

∥∥∥
2

L2

� CE2
∥∥∥∇2(uε,Vε,Wε)

∥∥∥
2

L2

+ C

(∥∥∥∇(g1
ε , g

2
ε , g

3
ε )

∥∥∥
2

L2
+

∥∥∇(H ε
1 ,Mε

1 ,N ε
1 )

∥∥2

L2 +
∥∥(H ε

2 ,Mε
2 ,N ε

2 )
∥∥2

L2

)

� CE2
∥∥∥∇2(uε,Vε,Wε)

∥∥∥
2

L2
+ C

(∥∥∥∇(g1
ε , g

2
ε , g

3
ε )

∥∥∥
2

L2
+

∥∥∇(H ε
1 ,Mε

1 ,N ε
1 )

∥∥2

L2

)

+ CE2 ‖∇(uε,Vε,Wε)‖
2
L2 ,

where we have used the estimate

∥∥(H ε
2 ,Mε

2 ,N ε
2 )

∥∥2

L2 � CE2 ‖∇(uε,Vε,Wε)‖
2
H 1

by (3.5) of Lemma 3.2. By Gronwall’s inequality, we obtain

∥∥∥∇2(uε,Vε,Wε)(t)

∥∥∥
2

L2
+ ν

t∫

0

∥∥∥∇3(uε,Vε,Wε)(τ )

∥∥∥
2

L2
dτ

� eCE2t

(∥∥∥∇2(u0,ε,V0,ε,W0,ε)

∥∥∥
2

L2
+ CE2

t∫

0

‖∇(uε,Vε,Wε)(τ )‖2
L2 dτ

+ C

t∫

0

(∥∥∥∇(g1
ε , g

2
ε , g

3
ε )(τ )

∥∥∥
2

L2
+

∥∥∇(H ε
1 ,Mε

1 ,N ε
1 )(τ )

∥∥2

L2

)
dτ

)
.
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Thus, by (3.6) of Lemma 3.2 and (3.17), as ε → 0, we obtain

∥∥∥∇2(u,V,W)(t)

∥∥∥
2

L2
+ ν

t∫

0

∥∥∥∇3(u,V,W)(τ)

∥∥∥
2

L2
dτ

� CE2eCE2t

t∫

0

‖∇(u,V,W)(τ)‖2
L2 dτ

+ eCE2t

⎛
⎝
∥∥∥∇2(u0,V0,W0)

∥∥∥
2

L2
+ C

t∫

0

∥∥∥∇(g1, g2, g3)(τ )

∥∥∥
2

L2
dτ

⎞
⎠

� eCE2t

⎛
⎝‖∇(u0,V0,W0)‖

2
H 1 + C

t∫

0

∥∥∥(g1, g2, g3)(τ )

∥∥∥
2

H 1
dτ

⎞
⎠ . (3.19)

Thus, we prove (3.10) with k = 2. Similar to the case for k = 2, we can prove (3.10) with k = 3. 

Hence, the proof of Lemma 3.4 is completed. �

Now, we can use Lemmas 3.3 and 3.4 to obtain the energy estimates for the solution U(t).

Lemma 3.5. Let l = 2 or 3. Assume that for some T > 0 and some constant χ ,

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(η,�, ṽ, w̃)(t) ∈ L0
∞(0, T ;H 3),

η(t) � χ > −1,

f (t) ∈ L0
∞(0, T ;H l),

(g1, g2, g3)(t) ∈ L0
∞(0, T ;H l−1).

If U(t) ∈ L(0, T ; H l) solves the system (3.3), then (u, V, W)(t) ∈ L2(0, T ; H l+1) and there 

exists a constant ν > 0 such that for any t ∈ [0, T ],

‖U(t)‖H l ,

⎛
⎝ν

t∫

0

‖∇(u,V,W)(τ)‖2
H l dτ

⎞
⎠

1/2

� eC(1+E)2t

(
‖U0‖H l +

t∫

0

‖f (τ)‖H l dτ +

⎛
⎝C

t∫

0

∥∥∥(g1, g2, g3)(τ )

∥∥∥
2

H l−1
dτ

⎞
⎠

1/2 )
.

Proof. By the estimates (3.8)–(3.10) in Lemmas 3.3 and 3.4, we obtain

‖U(t)‖H l � eC(1+E)2t

(
‖	0‖H l +

t∫

0

∥∥∥f̃ (τ )

∥∥∥
H l

dτ
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+ ‖(u0,V0,W0)‖H l +

⎛
⎝C

t∫

0

∥∥∥(g1, g2, g3)(τ )

∥∥∥
2

H l−1
dτ

⎞
⎠

1/2 )

� eC(1+E)2t

(
‖	0‖H l +

t∫

0

‖f (τ)‖H l dτ

+ C(1 + E)t1/2eC(1+E2)t

⎛
⎝‖(u0,V0,W0)‖

2
H l +

t∫

0

∥∥∥(g1, g2, g3)(τ )

∥∥∥
2

H l−1
dτ

⎞
⎠

1/2

+ ‖(u0,V0,W0)‖H l +

⎛
⎝C

t∫

0

∥∥∥(g1, g2, g3)(τ )

∥∥∥
2

H l−1
dτ

⎞
⎠

1/2 )

� eC(1+E)2t

(
‖U0‖H l +

t∫

0

‖f (τ)‖H l dτ +

⎛
⎝C

t∫

0

∥∥∥(g1, g2, g3)(τ )

∥∥∥
2

H l−1
dτ

⎞
⎠

1/2 )
,

where we have used that

t∫

0

∥∥∥f̃ (τ )

∥∥∥
H l

dτ �

t∫

0

‖f (τ)‖H l dτ + C(1 + E)t1/2

⎛
⎝

t∫

0

‖∇u‖2
H l dτ

⎞
⎠

1/2

and

C(1 + E)t1/2eC(1+E2)t � C(1 + E)2t + eC(1+E2)t � eC(1+E)2t .

By (3.9)–(3.10), we obtain

ν

t∫

0

‖∇(u,V,W)(τ)‖2
H l dτ � eC(1+E)2t

⎛
⎝‖U0‖

2
H l + C

t∫

0

∥∥∥(g1, g2, g3)(τ )

∥∥∥
2

H l−1
dτ

⎞
⎠ .

The proof of Lemma 3.5 is completed. �

3.2. Solving the linearized equations

We assume that for some T > 0 and some constant χ ,

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

(η,�, ṽ, w̃)(t) ∈ C0(0, T ;H 3),

η(t) � χ > −1,

f (t) ∈ C0(0, T ;H 3),

(g1, g2, g3)(t) ∈ C0(0, T ;H 2).

Next, we will solve the Cauchy problem for the linearized equations (3.3):
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0(	,u) := 	t + � · ∇	 + (η + 1)divu = f,

L1(u) := ut −
1

η + 1
�u −

1

η + 1
∇ divu = g1,

L2(V ) := Vt − ϕ′(ṽ + 1)�V = g2,

L3(W) := Wt − ψ ′(w̃ + 1)�W = g3,

U |t=0= U0.

(3.20)

We first solve the following Cauchy problem

{
L(	) := 	t + � · ∇	 = f̃ ,

	 |t=0= 	0,
(3.21)

where � and f̃ = f − (η + 1) divu are regarded as known.

Lemma 3.6. Let l = 1 or 2. Assume that for some T > 0,

{
�(t) ∈ C0(0, T ;H 3),

f̃ (t) ∈ C0(0, T ;H l).

If 	0 ∈ H l , then the Cauchy problem (3.21) has a unique solution

	(t) ∈ C0(0, T ;H l) ∩ C1(0, T ;H l−1)

such that for any t ∈ [0, T ],

‖	(t)‖H l � eCEt

⎛
⎝‖	0‖H l +

t∫

0

e−CEτ
∥∥∥f̃ (τ )

∥∥∥
H l

dτ

⎞
⎠ . (3.22)

Proof. By referring to Proposition 4.1 in [40, p. 83], we omit the details. �

Next, we solve the Cauchy problem of (3.20)2–(3.20)4.

Lemma 3.7. Let l = 2 or 3. Assume that for some T > 0 and some constant χ ,

⎧
⎪⎨
⎪⎩

(η, ṽ, w̃)(t) ∈ C0(0, T ;H 3),

η(t)� χ > −1,

(g1, g2, g3)(t) ∈ C0(0, T ;H l−1).

If (u0, V0, W0) ∈ H l , then the Cauchy problem of (3.20)2–(3.20)4 has a unique solution

(u,V,W)(t) ∈ C0(0, T ;H l) ∩ C1(0, T ;H l−2)

such that for any t ∈ [0, T ],
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‖(u,V,W)(t)‖2
H l + ν

t∫

0

‖∇(u,V,W)(τ)‖2
H l dτ

� eC(1+E2)t

⎛
⎝‖(u0,V0,W0)‖

2
H l + C

t∫

0

∥∥∥(g1, g2, g3)(τ )

∥∥∥
2

H l−1
dτ

⎞
⎠ , (3.23)

where ν > 0 is some constant.

Proof. For the existence and uniqueness of solutions, we could refer to Theorem 2.5.1 in [11, 

p. 108]. Then we can use Lemma 3.4 to obtain the energy estimates (3.23). �

Now, we can obtain the solution to the Cauchy problem (3.20) by using Lemmas 3.6 and 3.7.

Proposition 3.8. Assume that for some T > 0 and some constant χ ,

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(η,�, ṽ, w̃)(t) ∈ C0(0, T ;H 3),

η(t) � χ > −1,

f (t) ∈ C0(0, T ;H 2),

(g1, g2, g3)(t) ∈ C0(0, T ;H 1).

If U0 ∈ H 2, then the Cauchy problem (3.20) has a unique solution

U(t) ∈ E(0, T ;H 2) (3.24)

such that

(u,V,W)(t) ∈ L2(0, T ;H 3) (3.25)

and for any t ∈ [0, T ],

‖U(t)‖H 2 ,

⎛
⎝ν

t∫

0

‖∇(u,V,W)(τ)‖2
H 2 dτ

⎞
⎠

1/2

� eC(1+E)2t

⎛
⎜⎝‖U0‖H 2 +

⎛
⎝C

t∫

0

∥∥∥(g1, g2, g3)(τ )

∥∥∥
2

H 1
dτ

⎞
⎠

1/2
⎞
⎟⎠ , (3.26)

where ν > 0 is some constant.

Proof. We consider the solution (	ε, uε, Vε, Wε)(t) with any ε > 0 to the system
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⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

L0(	ε, uε) = f,

L1(uε) = g1
ε ,

L2(Vε) = g2
ε ,

L3(Wε) = g3
ε ,

(3.27)

with the initial data

	ε |t=0= 	0, (uε,Vε,Wε) |t=0= (u0,ε,V0,ε,W0,ε).

Since (g1
ε , g

2
ε , g

3
ε )(t) ∈ C0(0, T ; H 2) and (u0,ε, V0,ε, W0,ε) ∈ H 3, by Lemma 3.7, we obtain

(uε,Vε,Wε)(t) ∈ C0(0, T ;H 3) ∩ C1(0, T ;H 1)

and

−(η + 1)divuε(t) ∈ C0(0, T ;H 2).

Thus, by Lemma 3.6, we obtain

	ε(t) ∈ C0(0, T ;H 2) ∩ C1(0, T ;H 1).

Consider the difference of solutions for any ε, ε′ > 0. By Lemma 3.5, we obtain for any t ∈

[0, T ],

‖(	ε − 	ε′, uε − uε′ ,Vε − Vε′ ,Wε − Wε′)(t)‖H 2 ,

⎛
⎝ν

t∫

0

‖∇(uε − uε′ ,Vε − Vε′ ,Wε − Wε′)(τ )‖2
H 2 dτ

⎞
⎠

1/2

� eC(1+E)2t

(
∥∥(u0,ε − u0,ε′ ,V0,ε − V0,ε′ ,W0,ε − W0,ε′)

∥∥
H 2

+

⎛
⎝C

t∫

0

∥∥∥(g1
ε − g1

ε′ , g
2
ε − g2

ε′ , g
3
ε − g3

ε′)(τ )

∥∥∥
2

H 1
dτ

⎞
⎠

1/2 )
→ 0, (3.28)

as ε, ε′ → 0. Thus, we obtain the solution U(t) to the Cauchy problem (3.20) as the limit ε → 0, 

which satisfies (3.24). The estimate (3.26) follows from Lemma 3.5. Then the estimate (3.26)

gives the uniqueness and (3.25). The proof of Proposition 3.8 is completed. �

Lastly, we prove the existence of the solution in E(0, T ; H 3) for some T > 0 of the Cauchy 

problem (3.20).
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Proposition 3.9. Assume that for some T > 0 and some constant χ ,

⎧
⎪⎨
⎪⎩

(η,�, ṽ, w̃)(t) ∈ C0(0, T ;H 3),

η(t) � χ > −1,

f ≡ 0, (g1, g2, g3)(t) ∈ C0(0, T ;H 2).

If U0 ∈ H 3, then the Cauchy problem (3.20) has a unique solution

U(t) ∈ E(0, T ;H 3) (3.29)

such that

(u,V,W)(t) ∈ L2(0, T ;H 4) (3.30)

and for any t ∈ [0, T ],

‖U(t)‖H 3 ,

⎛
⎝ν

t∫

0

‖∇(u,V,W)(τ)‖2
H 3 dτ

⎞
⎠

1/2

� eC(1+E)2t

⎛
⎜⎝‖U0‖H 3 +

⎛
⎝C

t∫

0

∥∥∥(g1, g2, g3)(τ )

∥∥∥
2

H 2
dτ

⎞
⎠

1/2
⎞
⎟⎠ , (3.31)

where ν > 0 is some constant.

Proof. Applying ∇ to (3.20), we obtain

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0(∇	,∇u) = −(∇�)T · ∇	 − ∇η divu := f ′,

L1(∇u) = −
1

(η + 1)2
�u · (∇η)T −

1

(η + 1)2
∇ divu · (∇η)T + ∇g1 := g1′

,

L2(∇V ) = ϕ′′(ṽ + 1)�V ∇ṽ + ∇g2 := g2′
,

L3(∇W) = ψ ′′(w̃ + 1)�W∇w̃ + ∇g3 := g3′
,

∇U |t=0= ∇U0 ∈ H 2.

(3.32)

Then, we could combine an iteration method and Proposition 3.8 to solve the Cauchy problem 

(3.32) in E(0, T ; H 2). Denote

Um(t) := ([∇	](m), [∇u](m), [∇V ](m), [∇W ](m))(t) for m = 0,1,2, . . . .

Noting

∥∥f ′
∥∥

H 2 � CE ‖∇(	,u)‖H 2 ,
∥∥∥(g1′

, g2′

, g3′

)

∥∥∥
H 1

�
∥∥∥∇(g1, g2, g3)

∥∥∥
H 1

+ CE

∥∥∥∇2(u,V,W)

∥∥∥
H 1

,
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we can solve the Cauchy problem (3.32) by the iteration process:

U0(t) := ∇U0,

and Um(t), m = 1, 2, 3, . . . , is the solution, belonging to C0(0, T ; H 2), of the problem

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0([∇	](m), [∇u](m)) = −(∇�)T · [∇	](m−1) − ∇η

3∑

i=1

([uxi
](m−1)),

L1([∇u](m)) = −
1

(η + 1)2

(
div([∇u](m−1)) + ∇

3∑

i=1

([uxi
](m−1))

)
· (∇η)T + ∇g1,

L2([∇V ](m)) = ϕ′′(ṽ + 1)∇ṽ div[∇V ](m−1) + ∇g2,

L3([∇W ](m)) = ψ ′′(w̃ + 1)∇w̃ div[∇W ](m−1) + ∇g3,

Um |t=0= ∇U0.

(3.33)

Next, we estimate the approximation {Um(t)}. First, we have

∥∥∥U0(t)

∥∥∥
2

H 2
� ‖∇U0‖

2
H 2

and

∥∥∥U1(t)

∥∥∥
2

H 2
� eC(1+E2)t

(
‖∇U0‖

2
H 2 +

t∫

0

CE2 ‖∇(	0, u0)‖
2
H 2 dτ

+ C

t∫

0

(∥∥∥∇(g1, g2, g3)(τ )

∥∥∥
2

H 1
+ CE2

∥∥∥∇2(u0,V0,W0)

∥∥∥
2

H 1

)
dτ

)

� eC(1+E2)t

⎛
⎝‖∇U0‖

2
H 2 + C

t∫

0

∥∥∥∇(g1, g2, g3)(τ )

∥∥∥
2

H 1
dτ

⎞
⎠ .

For m = 1, 2, 3, . . . , we consider the difference system

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

L0([∇	](m+1) − [∇	](m), [∇u](m+1) − [∇u](m)) = Gm
0 ,

L1([∇u](m+1) − [∇u](m)) = Gm
1 ,

L2([∇V ](m+1) − [∇V ](m), [∇W ](m+1) − [∇W ](m)) = Gm
2 ,

L3([∇V ](m+1) − [∇V ](m), [∇W ](m+1) − [∇W ](m)) = Gm
3 ,

where
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Gm
0 := −(∇�)T ·

(
[∇	](m) − [∇	](m−1)

)
− ∇η

3∑

i=1

(
[uxi

](m) − [uxi
](m−1)

)
,

Gm
1 := −

1

(η + 1)2

(
div

(
[∇u](m) − [∇u](m−1)

)
+ ∇

3∑

i=1

(
[uxi

](m) − [uxi
](m−1)

))
· (∇η)T ,

Gm
2 := ϕ′′(ṽ + 1)∇ṽ div

(
[∇V ](m) − [∇V ](m−1)

)
,

Gm
3 := ψ ′′(w̃ + 1)∇w̃ div

(
[∇W ](m) − [∇W ](m−1)

)
.

By Lemma 3.5, we obtain

∥∥∥(Um+1 − Um)(t)

∥∥∥
2

H 2
� eC(1+E2)t

t∫

0

CE2
∥∥∥(Um − Um−1)(τ1)

∥∥∥
2

H 2
dτ1,

� eC(1+E2)t

t∫

0

CE2eC(1+E2)τ1

τ1∫

0

CE2
∥∥∥(Um−1 − Um−2)(τ2)

∥∥∥
2

H 2
dτ2 dτ1,

� · · ·�

(
E2

1 + E2

)m

eC(1+E2)T

⎛
⎝4‖∇U0‖

2
H 2 + C

T∫

0

∥∥∥∇(g1, g2, g3)(τ )

∥∥∥
2

H 1
dτ

⎞
⎠

→ 0, m → ∞,

which implies that there exists

∇U(t) = lim
m→∞

Um(t) ∈ C0(0, T ;H 2),

which is the unique solution to the Cauchy problem (3.32). Thus, we obtain the solution 

U(t) ∈ E(0, T ; H 3) to the Cauchy problem (3.20). Then, by Lemma 3.5, we can obtain (3.30), 

the energy estimate (3.31) and the uniqueness of the solution. This completes the proof of Propo-

sition 3.9. �

3.3. Local solution for the nonlinear equations

In this subsection, we will prove that the Cauchy problem (3.1) ((1.9)) admits a unique so-

lution in E(0, T ; H 3) for some T > 0 such that 	 > −1. By (3.3), we can simply denote the 

approximate equations (3.2) as

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

L0
	n−1,un−1

(	n, un) = 0,

L1
	n−1

(un) = g1
n−1,

L2
Vn−1

(Vn) = g2
n−1,

L3
Wn−1

(Wn) = g3
n−1,

U1 ≡ U0, Un |t=0= U0, n = 2,3,4, . . . ,

(3.34)
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which satisfies

inf
x∈R3

	0(x) > −1. (3.35)

Define

{
E0 := ‖U0‖H 3 < ∞,

χ := (inf	0(x) − 1)/2 > −1.
(3.36)

Next, we will estimate the approximate sequence {Un(t)}
∞
n=1.

Lemma 3.10. If T is suitably small, then we have for all n � 1

Un(t) ∈ E(0, T ;H 3), (3.37)

such that for any t ∈ [0, T ],

‖Un(t)‖H 3 ,

⎛
⎝ν

t∫

0

‖∇(un,Vn,Wn)(τ )‖2
H 3 dτ

⎞
⎠

1/2

� C1E0 (3.38)

and

	n(t)� χ > −1, (3.39)

where ν > 0 and C1 > 1 are two fixed constants.

Proof. We will prove this lemma by using an induction. First, it is trivial for n = 1 by (3.36). 

Assume (3.37)–(3.39) follow for Uk(t), k = 2, 3, . . . , n − 1. Then by Proposition 3.9, we have

Un(t) ∈ E(0, T ;H 3)

and

‖Un(t)‖H 3 ,

⎛
⎝ν

t∫

0

‖∇(un,Vn,Wn)(τ )‖2
H 3 dτ

⎞
⎠

1/2

� eC(1+E0)
2t

⎛
⎜⎝‖U0‖H 3 +

⎛
⎝

t∫

0

∥∥∥(g1
n−1, g

2
n−1, g

3
n−1)(τ )

∥∥∥
2

H 2
dτ

⎞
⎠

1/2
⎞
⎟⎠

� eC(1+E0)
2t

(
‖U0‖H 3 +

( t∫

0

C(E0)‖Un−1(τ )‖2
H 3 dτ

)1/2)
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� eC(1+E0)
2t

⎛
⎜⎝CE0 +

⎛
⎝

t∫

0

C(E0)E
2
0 dτ

⎞
⎠

1/2
⎞
⎟⎠� C1E0 (C1 > 1), (3.40)

provided that t ∈ [0, T1] for some small T1 > 0. By Eq. (3.34)1 and (3.40), we have that the 

sequence {∂t	n(t)} is uniformly bounded, which implies that the sequence {	n(t)} is equicontin-

uous with respect to t . Then, there exists a small T2 > 0 such that for all n � 1,

	n(t) � χ > −1 for any t ∈ [0, T2].

Fix T = min{T1, T2}. Hence, (3.37)–(3.39) follow for any n = 1, 2, 3, . . . . The proof of 

Lemma 3.10 is completed. �

Now, we could show the local solution to the Cauchy problem (1.9).

Proposition 3.11. Assume U0 ∈ H 3 and inf	(x, 0) > −1. Then there exists a positive T (suitably 

small) such that the Cauchy problem (1.9) has a unique solution

{
U(t) ∈ E(0, T ;H 3),

(u,V,W)(t) ∈ L2(0, T ;H 4),
(3.41)

which satisfies for any t ∈ [0, T ] and some ν > 0,

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

	(t)� (inf	0(x) − 1)/2 > −1,

‖U(t)‖H 3 ,

⎛
⎝ν

t∫

0

‖∇(u,V,W)(τ)‖2
H 3 dτ

⎞
⎠

1/2

� C1 ‖U0‖H 3 ,
(3.42)

where C1 > 1 is some fixed constant.

Proof. First, we could show a convergence of the approximate sequence {Un(t)} constructed 

in Lemma 3.10. Subtracting the equations (3.34) with n = m � 2 from that for n = m + 1, we 

obtain

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

L0
	m,um

(	m+1 − 	m, um+1 − um) = L0
	m−1,um−1

(	m, um) − L0
	m,um

(	m, um),

L1
	m

(um+1 − um) = L1
	m−1

(um) − L1
	m

(um) +
(
g1

m − g1
m−1

)
,

L2
Vm

(Vm+1 − Vm) = L2
Vm−1

(Vm) − L2
Vm

(Vm) +
(
g2

m − g2
m−1

)
,

L3
Wm

(Wm+1 − Wm) = L3
Wm−1

(Wm) − L3
Wm

(Wm) +
(
g3

m − g3
m−1

)
,

(3.43)

with the initial data

(Um+1 − Um) |t=0= 0, m = 2,3,4, . . . . (3.44)
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Next, we will use Lemma 3.5 to estimate the solution (Um+1 −Um)(t) to (3.43)–(3.44). For some 

fixed m � 2, by (3.7) of Lemma 3.2 and Lemma 3.10, we obtain for some T > 0,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Um(t) ∈ L0
∞(0, T ;H 3), 	m(t) � χ > −1,

L0
	m,um

(	m, um) − L0
	m−1,um−1

(	m, um) ∈ L0
∞(0, T ;H 2),

L1
	m

(um) − L1
	m−1

(um),L2
Vm

(Vm) − L2
Vm−1

(Vm),L3
Wm

(Wm) − L3
Wm−1

(Wm) ∈ L0
∞(0, T ;H 1),

g1
m − g1

m−1, g
2
m − g2

m−1, g
3
m − g3

m−1 ∈ L0
∞(0, T ;H 1),

(Um+1 − Um)(t) ∈ L(0, T ;H 2).

In addition, we easily estimate

∥∥∥(g1
m − g1

m−1, g
2
m − g2

m−1, g
3
m − g3

m−1)

∥∥∥
H 1

� C(E0)‖(Um − Um−1)‖H 2 . (3.45)

So, by Lemma 3.5, (3.7) of Lemma 3.2 and (3.45), we have

‖(Um+1 − Um)(t)‖2
H 2 � eC(1+E0)

2T C(E0)

t∫

0

‖(Um − Um−1)(τ1)‖
2
H 2 dτ1, (3.46)

which implies

‖(Um+1 − Um)(t)‖2
H 2 � eC(1+E0)

2T C(E0)

t∫

0

‖(Um − Um−1)(τ1)‖
2
H 2 dτ1

� (eC(1+E0)
2T C(E0))

m−2

t∫

0

τ1∫

0

· · ·

τm−3∫

0

‖(U3 − U2)(τm−2)‖
2
H 2 dτm−2

� (eC(1+E0)
2T C(E0))

m−1

t∫

0

τ1∫

0

· · ·

τm−3∫

0

τm−2 dτm−2

�
(eC(1+E0)

2T C(E0)T )m−1

(m − 1)!
→ 0, m → ∞.

Hence, {Un(t)} with n � 1 is a Cauchy sequence in C0(0, T ; H 2) and then there exists U(t) ∈

C0(0, T ; H 2) such that

Un(t) → U(t) strongly in C0(0, T ;H 2), n → ∞. (3.47)

By Lemma 3.10, there exists a subsequence {n′} ⊂ {n} such that

∇(u,V,W)n′(t) → ∇(u,V,W)(t) weakly in L2(0, T ;H 3), n′ → ∞.



96 Y. Wang et al. / J. Differential Equations 262 (2017) 68–115

By Lemma 3.10 again, we have that for any fixed t ∈ [0, T ], there exists a subsequence {n′′} ⊂

{n′} such that

Un′′(t) → U(t) weakly in H 3, n′′ → ∞.

So far, we have proved that the Cauchy problem (3.1) has a solution U(t) ∈ L(0, T ; H 3) such 

that

	(t)� χ > −1.

Next, we will show that such a solution U(t) belongs to E(0, T ; H 3). Since U(t) ∈

C0(0, T ; H 2) by (3.47), we have Uε(t) ∈ C0(0, T ; H∞). Applying Jε∗ to Eqs. (3.1)1–(3.1)4, 

we obtain

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

L0
	,u(	ε, uε) = R0

ε , R0
ε := L0

	,u(	ε, uε) − Jε ∗ L0
	,u(	,u),

L1
	(uε) = g1

ε + R1
ε , R1

ε := L1
	(uε) − Jε ∗ L1

	(u),

L2
V (Vε) = g2

ε + R2
ε , R2

ε := L2
V (Vε) − Jε ∗ L2

V (V ),

L3
W (Wε) = g3

ε + R3
ε , R3

ε := L3
W (Wε) − Jε ∗ L3

W (W),

Uε |t=0= U0,ε .

By Lemma 3.2 and Lemma 3.5, we can estimate the difference for any ε, ε′ > 0,

sup
0�t�T

‖(Uε − Uε′)(t)‖H 3 � eC(1+E)2T

(
∥∥(U0,ε − U0,ε′)

∥∥
H 3 +

T∫

0

∥∥∥(R0
ε ,R

0
ε′)(τ )

∥∥∥
H 3

dτ

+

⎛
⎝C

T∫

0

∥∥∥(g1
ε − g1

ε′ , g
2
ε − g2

ε′ , g
3
ε − g3

ε′)(τ )

∥∥∥
2

H 2
+

3∑

i=1

∥∥∥(Ri
ε,R

i
ε′)(τ )

∥∥∥
2

H 2
dτ

⎞
⎠

1/2 )
.

By (3.6) of Lemma 3.2 and the property of mollifier, we have as ε, ε′ → 0,

sup
0�t�T

‖(Uε − Uε′)(t)‖H 3 → 0.

Hence, the solution sequence {Uε(t)} has a limit U(t) ∈ E(0, T ; H 3) as ε → 0.

Finally, we prove that the solution U(t) is unique. We assume that there is another solution 

Ũ (t) := (	̃, ũ, ̃V , W̃ )(t) satisfying (3.41)–(3.42). Recalling (3.47), we have

Un(t) → U(t) strongly in C0(0, T ;H 2), n → ∞. (3.48)

For such a sequence {Un(t)} and Ũ(t), we consider
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⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

L0
	n,un

(	n − 	̃, un − ũ) = L0
	̃,ũ(	̃, ũ) − L0

	n,un
(	̃, ũ),

L1
	n

(un − ũ) = L1
	̃(ũ) − L1

	n
(ũ) +

(
g1

n − g̃1
)

,

L2
Vn

(Vn − Ṽ ) = L2
Ṽ
(Ṽ ) − L2

Vn
(Ṽ ) +

(
g2

n − g̃2
)

,

L3
Wn

(Wn − W̃ ) = L3
W̃

(W̃ ) − L3
Wn

(W̃ ) +
(
g3

n − g̃3
)

,

with the initial data

(Un − Ũ ) |t=0= 0.

By Lemma 3.5, (3.7) of Lemma 3.2 and (3.46), we have,

∥∥(Un − Ũ )(t)
∥∥2

H 2 � eC(1+E0)
2tC(E0)

t∫

0

∥∥(Un − Ũ)(τ )
∥∥2

H 2 dτ

� eC(1+E0)
2tC(E0)

t∫

0

(∥∥(Un−1 − Ũ )(τ )
∥∥2

H 2 + ‖(Un − Un−1)(τ )‖2
H 2

)
dτ,

which implies that

Un(t) → Ũ (t) strongly in C0(0, T ;H 2), n → ∞. (3.49)

In light of (3.48) and (3.49), we have U(t) ≡ Ũ (t) for any t ∈ [0, T ].

Hence, the proof of Proposition 3.11 is completed. �

4. A priori estimates

In this section, we will establish the a priori estimates. For this purpose, we need to derive the 

detailed lower- and higher-order dissipation estimates for 	, u, V, W, φ. Since the system (1.9)

is a coupled complicated equations, there are some tricky nonlinear terms needed to be bounded 

carefully, for instance, see (4.21)–(4.22). In particular, some fine interpolation estimates are used. 

Unlike the pure Navier–Stokes–Poisson equations [55], we also need to deal carefully with the 

terms involved with the electrostatic potential φ. This is because that here the electrostatic po-

tential φ is related to the microscopic charge density V, W by the Poisson equation

�φ = V − W.

However, for Navier–Stokes–Poisson equations, the relation is

�φ = 	. (4.1)

In fact, the equation (4.1) is helpful to establish the lower-order dissipation estimates for 	, cf. 

[55]. But here it is impossible. This is also why we need to derive some extra estimates for 

the electric field ∇φ in Lemma 5.1 so that we can prove the decay rates in Subsection 5.2. 



98 Y. Wang et al. / J. Differential Equations 262 (2017) 68–115

After constructing the lower- and higher-order dissipation estimates for 	, u, V, W, φ as in Lem-

mas 4.1–4.3, it is easy to derive the a priori estimates given by Proposition 4.4.

To derive the a priori estimates effectively, we rewrite the system (1.9) as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

	t + divu = −div(	u),

ut + ∇	 + ∇V + ∇W − �u − ∇ divu = F1,

Vt − �V + divu + �φ = F2,

Wt − �W + divu − �φ = F3,

�φ = V − W,

(	,u,V,W) |t=0= (	0, u0,V0,W0).

(4.2)

Here the above nonlinear terms are defined by

F1 := −u · ∇u − f1 (�u + ∇ divu) − f2∇	 − f3∇V − f4∇W +
1

	 + 1
�φ∇φ,

F2 := −div(V u) − div (V ∇φ) + div
(
(ϕ′(V + 1) − 1)∇V

)
,

F3 := −div(Wu) + div (W∇φ) + div
(
(ψ ′(W + 1) − 1)∇W

)
,

where

f1 :=
	

	 + 1
, f2 :=

p′(	 + 1)

	 + 1
− 1, (4.3)

f3 :=
ϕ′(V + 1)

	 + 1
− 1, f4 :=

ψ ′(W + 1)

	 + 1
− 1. (4.4)

In the sequel, we will derive the a priori estimates for the solutions to the PNP-NS equations 

(4.2) by assuming that for some sufficiently small δ > 0 and any t ∈ [0, T ] with T > 0,

‖U(t)‖H 3 = ‖(	,u,V,W)(t)‖H 3 < δ, (4.5)

which implies

1/2 � 	 + 1,V + 1,W + 1 � 3/2 (4.6)

and

{
|f1|, |f2|� C|	|,

|f3|, |f4|� C(|	| + |V | + |W |),
(4.7)

by Sobolev’s inequality and Taylor’s expansion.

First, we derive the lower-order dissipation estimates for u, V, W and φ.

Lemma 4.1. It holds that

d

dt
‖U‖2

L2 + C ‖∇(u,V,W)‖2
L2 + C ‖�φ‖2

L2 � δ ‖∇	‖2
L2 . (4.8)
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Proof. Multiplying the first four equations of (4.2) by 	, u, V and W , respectively, summing 

them up and then integrating over R3, we obtain

1

2

d

dt
‖U‖2

L2 + ‖∇(u,V,W)‖2
L2 + ‖divu‖2

L2 + ‖�φ‖2
L2

= −〈div(	u),	〉 + 〈F1, u〉 + 〈F2,V 〉 + 〈F3,W 〉 . (4.9)

We now estimate the right-hand side of (4.9). By Hölder’s, Sobolev’s and Cauchy’s inequalities, 

the integration by parts, (4.5)–(4.7) and Lemma A.2, we can estimate some typical terms as

−〈f1u,�u〉 = 〈∇(f1u),∇u〉

�
(
‖∇f1‖L2 ‖u‖L∞ + ‖f1‖L∞ ‖∇u‖L2

)
‖∇u‖L2 � δ ‖∇(	,u)‖2

L2 ; (4.10)
〈

1

	 + 1
,�φ∇φ · u

〉
� ‖�φ‖L2 ‖∇φ‖L6 ‖u‖L3 � δ ‖�φ‖2

L2 ; (4.11)

−〈f3∇V,u〉� ‖|	| + |V | + |W |‖L3 ‖∇V ‖L2 ‖u‖L6 � δ ‖∇(u,V,W)‖2
L2 ; (4.12)

−〈div(V ∇φ),V 〉 = 〈V ∇φ,∇V 〉

� ‖V ‖L3 ‖∇φ‖L6 ‖∇V ‖L2 � δ
(
‖∇V ‖2

L2 + ‖�φ‖2
L2

)
; (4.13)

〈
div

(
(ϕ′(V + 1) − 1)∇V

)
,V

〉
= −

〈
ϕ′(V + 1) − 1, |∇V |2

〉

�
∥∥ϕ′(V + 1) − 1

∥∥
L∞ ‖∇V ‖2

L2 � δ ‖∇V ‖2
L2 . (4.14)

Then, the other terms could be estimated as (4.10)–(4.14). Plugging all the estimates for the 

right-hand side into (4.9), since δ is small, we deduce (4.8). �

Next, we derive the higher-order dissipation estimates for u, V, W and φ.

Lemma 4.2. Let k � 3. Then we have for 3 � 
 � k,

d

dt

∥∥∥∇
U

∥∥∥
2

L2
+ C

∥∥∥∇
+1(u,V,W)

∥∥∥
2

L2
+ C

∥∥∥∇
�φ

∥∥∥
2

L2

� δ

(∥∥∥∇
(	,V,W)

∥∥∥
2

L2
+

∥∥∥∇
−1�φ

∥∥∥
2

L2

)
. (4.15)

Proof. Let k � 3. For 3 � 
 � k, applying ∇
 to the first four equations of (4.2) and then multi-

plying the resulting identities by ∇
	, ∇
u, ∇
V and ∇
W , respectively, summing them up and 

then integrating over R3, we obtain

1

2

d

dt

∥∥∥∇
U

∥∥∥
2

L2
+

∥∥∥∇
+1(u,V,W)

∥∥∥
2

L2
+

∥∥∥∇
 divu

∥∥∥
2

L2
+

∥∥∥∇
�φ

∥∥∥
2

L2

= −
〈
∇
 div(	u),∇
	

〉
+

〈
∇
F1,∇


u
〉
+

〈
∇
F2,∇


V
〉
+

〈
∇
F3,∇


W
〉
. (4.16)

Next, we only estimate some typical terms on the right-hand side of (4.16). Then, the remaining 

terms could be estimated in the same way. First, we split the following term as
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−
〈
∇
 div(	u),∇
	

〉
= −

〈
∇
 (	 divu) ,∇
	

〉
−

〈
∇
 (u · ∇	) ,∇
	

〉
:= J1 + J2. (4.17)

By the product estimates (A.11), we obtain

J1 �
∥∥∥∇
 (	 divu)

∥∥∥
L2

∥∥∥∇
	

∥∥∥
L2

�
(∥∥∥∇
	

∥∥∥
L2

‖divu‖L∞ + ‖	‖L∞

∥∥∥∇
 divu

∥∥∥
L2

)∥∥∥∇
	

∥∥∥
L2

� δ

(∥∥∥∇
	

∥∥∥
2

L2
+

∥∥∥∇
+1u

∥∥∥
2

L2

)
. (4.18)

By the commutator estimates (A.10) and the integration by parts, we obtain

J2 = −
〈[

∇
, u
]
· ∇	,∇
	

〉
−

〈
u · ∇∇
	,∇
	

〉

� C
(
‖∇u‖L∞

∥∥∥∇
	

∥∥∥
L2

+

∥∥∥∇
u

∥∥∥
L6

‖∇	‖L3

)∥∥∥∇
	

∥∥∥
L2

+
1

2

〈
divu,

∣∣∣∇
	

∣∣∣
2
〉

�
(
‖∇u‖L∞

∥∥∥∇
	

∥∥∥
L2

+

∥∥∥∇
+1u

∥∥∥
L2

‖∇	‖L3

)∥∥∥∇
	

∥∥∥
L2

+ ‖divu‖L∞

∥∥∥∇
	

∥∥∥
2

L2

� δ

(∥∥∥∇
	

∥∥∥
2

L2
+

∥∥∥∇
+1u

∥∥∥
2

L2

)
. (4.19)

In light of (4.17)–(4.19), we obtain

−
〈
∇
 div(	u),∇
	

〉
� δ

(∥∥∥∇
	

∥∥∥
2

L2
+

∥∥∥∇
+1u

∥∥∥
2

L2

)
. (4.20)

By the integration by parts, the product estimates (A.11), Lemma A.2 and Young’s inequality, 

we obtain

−
〈
∇
 (u · ∇u) ,∇
u

〉
=

〈
∇
−1 (u · ∇u) ,∇
+1u

〉
�

∥∥∥∇
−1 (u · ∇u)

∥∥∥
L2

∥∥∥∇
+1u

∥∥∥
L2

�
(
‖u‖L3

∥∥∥∇
u

∥∥∥
L6

+

∥∥∥∇
−1u

∥∥∥
L6

‖∇u‖L3

)∥∥∥∇
+1u

∥∥∥
L2

�

(
‖u‖L3

∥∥∥∇
+1u

∥∥∥
L2

+ ‖u‖
1


+1

L2

∥∥∥∇
+1u

∥∥∥




+1

L2

∥∥∥∇

+1
2
 u

∥∥∥
L2

∥∥∥∇
+1u

∥∥∥
1


+1

L2

)∥∥∥∇
+1u

∥∥∥
L2

� δ

∥∥∥∇
+1u

∥∥∥
2

L2
; (4.21)

−
〈
∇
 (f3∇V ) ,∇
u

〉
�

∥∥∥∇
 (f3∇V )

∥∥∥
L6/5

∥∥∥∇
u

∥∥∥
L6

�
(
‖f3‖L3

∥∥∥∇
+1V

∥∥∥
L2

+

∥∥∥∇
f3

∥∥∥
L2

‖∇V ‖L3

)∥∥∥∇
+1u

∥∥∥
L2

� ‖(	,V )‖L3

∥∥∥∇
+1V

∥∥∥
L2

∥∥∥∇
+1u

∥∥∥
L2
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+

(∥∥∥∥∇


(
ϕ′(V + 1) − 1

	 + 1

)∥∥∥∥
L2

+

∥∥∥∥∇


(
	

	 + 1

)∥∥∥∥
L2

)
‖∇V ‖L3

∥∥∥∇
+1u

∥∥∥
L2

� ‖(	,V )‖L3

∥∥∥∇
+1V

∥∥∥
L2

∥∥∥∇
+1u

∥∥∥
L2

+

∥∥∥∇
	

∥∥∥
L2

‖∇V ‖L3

∥∥∥∇
+1u

∥∥∥
L2

+

∥∥∥∇
	

∥∥∥
L2

‖V ‖L∞ ‖∇V ‖L3

∥∥∥∇
+1u

∥∥∥
L2

+

∥∥∥∇
V

∥∥∥
L2

‖∇V ‖L3

∥∥∥∇
+1u

∥∥∥
L2

�
(
‖(	,V )‖L3

∥∥∥∇
+1V

∥∥∥
L2

+

∥∥∥∇
	

∥∥∥
L2

‖∇V ‖L3 +

∥∥∥∇
	

∥∥∥
L2

‖V ‖L∞ ‖∇V ‖L3

)∥∥∥∇
+1u

∥∥∥
L2

+ ‖V ‖
1


+1

L2

∥∥∥∇
+1V

∥∥∥




+1

L2

∥∥∥∇

+1
2
 V

∥∥∥




+1

L2

∥∥∥∇
+1V

∥∥∥
1


+1

L2

∥∥∥∇
+1u

∥∥∥
L2

� δ

(∥∥∥∇
	

∥∥∥
2

L2
+

∥∥∥∇
+1(u,V )

∥∥∥
2

L2

)
; (4.22)

〈
∇


(
1

	 + 1
�φ∇φ

)
,∇
u

〉
= −

〈
∇
−1

(
1

	 + 1
�φ∇φ

)
,∇
+1u

〉

�

∥∥∥∥∇
−1

(
1

	 + 1
�φ∇φ

)∥∥∥∥
L2

∥∥∥∇
+1u

∥∥∥
L2

�

(∥∥∥∥∇
−1

(
1

	 + 1

)∥∥∥∥
L6

‖�φ∇φ‖L3 +

∥∥∥∥
1

	 + 1

∥∥∥∥
L∞

∥∥∥∇
−1 (�φ∇φ)

∥∥∥
L2

)∥∥∥∇
+1u

∥∥∥
L2

�
∥∥∥∇
	

∥∥∥
L2

‖�φ‖L3 ‖∇φ‖L∞

∥∥∥∇
+1u

∥∥∥
L2

+

∥∥∥∇
−1 (�φ∇φ)

∥∥∥
L2

∥∥∥∇
+1u

∥∥∥
L2

� δ

∥∥∥∇
	

∥∥∥
L2

∥∥∥∇
+1u

∥∥∥
L2

+
(∥∥∥∇
−1�φ

∥∥∥
L2

‖∇φ‖L∞ + ‖�φ‖L3

∥∥∥∇
−1∇φ

∥∥∥
L6

)∥∥∥∇
+1u

∥∥∥
L2

� δ

(∥∥∥∇
	

∥∥∥
2

L2
+

∥∥∥∇
−1�φ

∥∥∥
2

L2
+

∥∥∥∇
+1u

∥∥∥
2

L2

)
; (4.23)

〈
∇
 div

(
(ϕ′(V + 1) − 1)∇V

)
,∇
V

〉
= −

〈
∇


(
(ϕ′(V + 1) − 1)∇V

)
,∇
+1V

〉

�
∥∥∥∇


(
(ϕ′(V + 1) − 1)∇V

)∥∥∥
L2

∥∥∥∇
+1V

∥∥∥
L2

�
(∥∥∥∇


(
ϕ′(V + 1) − 1

)∥∥∥
L6

‖∇V ‖L3 +
∥∥ϕ′(V + 1) − 1

∥∥
L∞

∥∥∥∇
+1V

∥∥∥
L2

)∥∥∥∇
+1V

∥∥∥
L2

� δ

∥∥∥∇
+1V

∥∥∥
2

L2
. (4.24)

Here we shall carefully analyze the following two terms

−
〈
∇
 div(V ∇φ),∇
V

〉
+

〈
∇
 div(W∇φ),∇
W

〉
:= S̃.

We want to control S̃ in terms of (
 + 1)-order of V and W , that is
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S̃ � δ

(∥∥∥∇
�φ

∥∥∥
2

L2
+

∥∥∥∇
+1(V ,W)

∥∥∥
2

L2

)
. (4.25)

However, it cannot be done. In fact, we only could estimate

S̃ � δ

(∥∥∥∇
(V ,W,�φ)

∥∥∥
2

L2
+

∥∥∥∇
+1(V ,W)

∥∥∥
2

L2

)
. (4.26)

If we additionally assume that the initial electric filed ‖∇φ0‖L2 is sufficiently small, then we 

could control S̃ like (4.25) (see Lemma 5.2).

Given the estimates (4.20)–(4.26), the right-hand side of (4.16) could be bounded by

δ

(∥∥∥∇
(	,V,W,�φ)

∥∥∥
2

L2
+

∥∥∥∇
+1(u,V,W)

∥∥∥
2

L2
+

∥∥∥∇
−1�φ

∥∥∥
2

L2

)
. (4.27)

Plugging (4.27) into (4.16), since δ is small, we obtain (4.15). �

Next, we will derive the dissipation estimates for 	.

Lemma 4.3. Let k � 3 and 3 � 
 � k. Then we have for 0 � l � 
 − 1,

d

dt

〈
∇ lu,∇∇ l	

〉
+ C

∥∥∥∇ l+1	

∥∥∥
2

L2
�

∥∥∥∇ l+1(u,V,W)

∥∥∥
2

L2
+

∥∥∥∇ l�φ

∥∥∥
2

L2
+

∥∥∥∇ l+2u

∥∥∥
2

L2
.

(4.28)

Proof. For 0 � l � 
 − 1, applying ∇ l to Eq. (4.2)2 and then multiplying the resulting identity 

by ∇∇ l	, and integrating over R3, by the integration by parts, the Poisson equation (4.2)5 and 

the product estimates (A.11), we obtain

∥∥∥∇ l+1	

∥∥∥
2

L2
� −

〈
∇ lut ,∇∇ l	

〉
+ C

∥∥∥∇ l+1(V ,W)

∥∥∥
L2

∥∥∥∇ l+1	

∥∥∥
L2

+ C

∥∥∥∇ l+2u

∥∥∥
L2

∥∥∥∇ l+1	

∥∥∥
L2

+ C

∥∥∥∇ lF1

∥∥∥
L2

∥∥∥∇ l+1	

∥∥∥
L2

. (4.29)

By the integration by parts, Eq. (4.2)1 and the product estimates (A.11), we obtain

−
〈
∇ lut ,∇∇ l	

〉
= −

d

dt

〈
∇ lu,∇∇ l	

〉
−

〈
∇ l divu,∇ l	t

〉

� −
d

dt

〈
∇ lu,∇∇ l	

〉
+ C

∥∥∥∇ l+1u

∥∥∥
2

L2
+ δ

∥∥∥∇ l+1	

∥∥∥
2

L2
(4.30)

and

∥∥∥∇ lF1

∥∥∥
L2

� δ
(∥∥∥∇ l+1(	,u,V,W)

∥∥∥
L2

+

∥∥∥∇ l�φ

∥∥∥
L2

+

∥∥∥∇ l+2u

∥∥∥
L2

)
. (4.31)

Plugging (4.30)–(4.31) into (4.29), by Cauchy’s inequality, since δ is small, we obtain (4.28). �

Now, we could use Lemmas 4.1–4.3 to show the a priori estimates.
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Proposition 4.4 (A priori estimates). Let T > 0 and k � 3. Assume that for some sufficiently 

small δ > 0,

sup
t∈[0,T ]

‖U(t)‖H 3 < δ.

Then, we have for any t ∈ [0, T ] and 3 � 
 � k,

‖U(t)‖H 
 +

⎛
⎝

t∫

0

‖∇	(τ)‖2
H 
−1 + ‖∇(u,V,W)(τ)‖2

H 
 + ‖�φ(τ)‖2
H 
 dτ

⎞
⎠

1/2

� c̃ ‖U0‖H 
 ,

(4.32)

where c̃ is some fixed positive constant.

Proof. Let k � 3 and 3 � 
 � k. Adding the estimates (4.8) of Lemma 4.1 to the estimates (4.15)

of Lemma 4.2 and using the interpolation estimates and Young’s inequality, since δ is small, we 

obtain

d

dt
‖U‖2

H 
 + C1

(
‖∇(u,V,W)‖2

H 
 + ‖�φ‖2
H 


)
� C2δ ‖∇	‖2

H 
−1 , (4.33)

where we have used the equivalent relation

‖h‖2
H 
 ∼ ‖h‖2

L2 +

∥∥∥∇
h

∥∥∥
2

L2
.

Summing up the estimates (4.28) of Lemma 4.3 from l = 0 to 
 − 1, we obtain

d

dt

∑

0�l�
−1

〈
∇ lu,∇∇ l	

〉
+ C3 ‖∇	‖2

H 
−1

� C4

(
‖∇u‖2

H 
 + ‖∇(V ,W)‖2
H 
−1 + ‖�φ‖2

H 
−1

)
. (4.34)

Multiplying (4.34) by 2C2δ/C3, and then adding it to (4.33), since δ > 0 is small, we deduce that 

there exists a constant c > 0 such that

d

dt

⎛
⎝‖U‖2

H 
 +
2C2δ

C3

∑

0�l�
−1

〈
∇ lu,∇∇ l	

〉
⎞
⎠

+ c
(
‖∇	‖2

H 
−1 + ‖∇(u,V,W)‖2
H 
 + ‖�φ‖2

H 


)
� 0. (4.35)

Next, we define E

0(t) to be c−1 times the expression under the time derivative in (4.35). Observe 

that since δ is small E

0 (t) is equivalent to ‖U‖2

H 
 , that is, there exists a constant c̃ > 0 such that

1

c̃
‖U(t)‖2

H 
 � E

0 (t)� c̃ ‖U(t)‖2

H 
 . (4.36)
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Then we could rewrite (4.35) as that

d

dt
E


0 (t) + ‖∇	‖2
H 
−1 + ‖∇(u,V,W)‖2

H 
 + ‖�φ‖2
H 
 � 0. (4.37)

Integrating (4.37) in time, by (4.36), we obtain (4.32). �

5. Proof of Theorems 1.1 and 1.2

In this section, we will prove the main results Theorems 1.1 and 1.2. In fact, we have proved 

Theorem 1.1 about the local solution in Section 3. Then, we can make use of the local solution 

and the a priori estimates to prove Theorem 1.2 about the global small solution only if we do a 

continuous argument as in Subsection 5.1. To prove the decay rates in Theorem 1.2, we need to 

derive more detailed energy estimates given in Lemmas 5.1 and 5.2 under the assumption that 

the initial 
∥∥∇−1(V0 − W0)

∥∥
L2 is sufficiently small. Here, we find that the electrostatic potential 

φ satisfies the special equation (5.12), which allows us to derive some effective estimates for the 

electric field ∇φ. On this premise, we can obtain the 
-order differential inequality (5.19) for 

0 � 
 � k − 1 in Lemma 5.2. Roughly speaking, the inequality (5.19) looks like

d

dt
Ek


 (t) +Dk

+1(t) � 0,

where

Ek

 (t) ∼

∥∥∥∇
(	,u,V,W,∇φ)

∥∥∥
2

H k−

.

Noting that the dissipation Dk

+1(t) lacks the 
-order of (	, u, V, W). This is why we cannot ob-

tain the exponential decay rates. Fortunately, we can remedy the dissipation Dk

+1(t) in terms of 

the energy Ek

 (t) by using the negative Besov estimate (5.29) in Lemma 5.3 and the interpolation 

estimate (5.30), that is, for 0 � 
 � k − 1 and 0 < s � 3/2,

Dk

+1(t)� C0

(
Ek


 (t)
)1+ 1


+s
.

Thus, we deduce

d

dt
Ek


 (t) + C0

(
Ek


 (t)
)1+ 1


+s
� 0.

By solving the above differential inequality, we can obtain the algebraic decay rates of the solu-

tion.

Next, we first prove the local solution and global solution.

5.1. Local solution and global solution

First, Theorem 1.1 can be directly obtained by Proposition 3.11. Next, we combine Proposi-

tion 3.11 (local solution) and Proposition 4.4 (a priori estimates) to prove the global solution in 

Theorem 1.2.
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Assume U0 ∈ H k with an integer k � 3. And we set

‖U0‖H 3 < min

{
δ

C1
,

δ

C1c̃

}
, (5.1)

where C1 > 1, c̃ > 0, δ > 0 are given by Proposition 3.11 and Proposition 4.4. If

‖U0‖H 3 <
δ

C1
,

by Proposition 3.11, the Cauchy problem (1.9) has a unique local solution

U(t) ∈ E(0, T1;H
3)

with T1 > 0 such that for any t ∈ [0, T1]

‖U(t)‖H 3 � C1 ‖U0‖H 3 < δ. (5.2)

By (5.2) and Proposition 4.4, we obtain for any t ∈ [0, T1] and 3 � 
 � k,

‖U(t)‖H 
 � c̃ ‖U0‖H 
 . (5.3)

In particular, by (5.1), we have for any t ∈ [0, T1],

‖U(t)‖H 3 � c̃ ‖U0‖H 3 <
δ

C1
. (5.4)

By (5.3) and (5.4), we have

U(T1) ∈ H 3 and ‖U(T1)‖H 3 <
δ

C1
. (5.5)

Then, by Proposition 3.11 again, the Cauchy problem (1.9) has a unique local solution

U(t) ∈ E(T1,2T1;H
3)

such that for any t ∈ [T1, 2T1]

‖U(t)‖H 3 � C1 ‖U(T1)‖H 3 < δ. (5.6)

By (5.2), (5.6) and Proposition 4.4, we obtain for any t ∈ [0, 2T1] and 3 � 
 � k,

‖U(t)‖H 
 � c̃ ‖U0‖H 
 . (5.7)

By repeating the procedures (5.2)–(5.7), we could extend the local solution to the global one only 

if we assume that the initial data belonging to H k(k � 3) satisfy ‖U0‖H 3 is sufficiently small, as 

(5.1). The energy estimates (1.10) could be obtained by Proposition 4.4. Hence, the proof of the 

global solution in Theorem 1.2 is completed.
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5.2. Decay rates

To obtain the decay rates of the global solution in Theorem 1.2, we need to prove some extra 

energy estimates showed in the following.

5.2.1. Energy estimates

Assume that (U, ∇φ)(t) is the solution to the PNP-NS equations (4.2) proved in the above. 

By (1.10) with 
 = 3, we know that for any t � 0 and some sufficiently small δ0 > 0,

‖U(t)‖H 3 ,

⎛
⎝

t∫

0

‖∇	(τ)‖2
H 2 + ‖∇(u,V,W)(τ)‖2

H 3 + ‖�φ(τ)‖2
H 3 dτ

⎞
⎠

1/2

< δ0 (5.8)

if the initial H 3 norm is sufficiently small. And then the estimates (4.6)–(4.7) also follow.

Lemma 5.1. Let 0 � l � k. If ∇−1(V0 − W0) ∈ L2, then it holds that for any t � 0 and some 

constant α > 0,

∥∥∥∇ l∇φ(t)

∥∥∥
2

L2
+ α

t∫

0

∥∥∥∇ l∇φ(τ)

∥∥∥
2

L2
dτ � C0 (5.9)

and

∥∥∥∇ l∇φ(t)

∥∥∥
2

L2
� C0e

−αt + C

t∫

0

e−α(t−τ)
∥∥∥∇ l+1(u,V,W)(τ)

∥∥∥
2

L2
dτ. (5.10)

In particular, if 
∥∥∇−1(V0 − W0)

∥∥
L2 is sufficiently small, then for any t � 0 and some sufficiently 

small δ′
0 > 0,

‖∇φ(t)‖L2 < δ′
0. (5.11)

Proof. Subtracting Eq. (4.2)4 from Eq. (4.2)3 and using the Poisson equation (4.2)5, we obtain

�φt + 2�φ − ��φ = F2 − F3. (5.12)

For 0 � l � k, applying ∇ l to Eq. (5.12) and then multiplying the resulting identity by −∇ lφ, 

and integrating over R3, by the integration by parts and the Poisson equation (4.2)5, we obtain

1

2

d

dt

∥∥∥∇ l∇φ

∥∥∥
2

L2
+ 2

∥∥∥∇ l∇φ

∥∥∥
2

L2
+

∥∥∥∇ l�φ

∥∥∥
2

L2

= −
〈
∇ l(�φu) + ∇ l(V ∇φ) + ∇ l(W∇φ),∇ l∇φ

〉

+
〈
∇ l

(
(ϕ′(V + 1) − 1)∇V

)
,∇ l∇φ

〉
−

〈
∇ l

(
(ψ ′(W + 1) − 1)∇W

)
,∇ l∇φ

〉
. (5.13)
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If l = 0, by (5.8), (5.13), Hölder’s, Sobolev’s and Cauchy’s inequalities, we obtain for some 

constant α > 0,

d

dt
‖∇φ‖2

L2 + α ‖∇φ‖2
L2 � C ‖∇(u,V,W)‖2

L2 . (5.14)

Integrating (5.14) in time and using (5.8) and Eq. (4.2)5, we obtain

‖∇φ(t)‖2
L2 + α

t∫

0

‖∇φ(τ)‖2
L2 dτ � ‖∇φ0‖

2
L2 + Cδ2

0, (5.15)

which implies (5.9) with l = 0 and (5.11) if 
∥∥∇−1(V0 − W0)

∥∥
L2 is sufficiently small. For 1 �

l � k, by (5.13), (5.15), Hölder’s, Sobolev’s and Cauchy’s inequalities and the product estimates 

(A.11), we obtain for any ε > 0

1

2

d

dt

∥∥∥∇ l∇φ

∥∥∥
2

L2
+ 2

∥∥∥∇ l∇φ

∥∥∥
2

L2
+

∥∥∥∇ l�φ

∥∥∥
2

L2

� (δ0 + ε)

(∥∥∥∇ l�φ

∥∥∥
2

L2
+

∥∥∥∇ l∇φ

∥∥∥
2

L2

)
+ Cε

∥∥∥∇ l+1(u,V,W)

∥∥∥
2

L2
.

Taking the above ε > 0 properly small, since δ0 is small, we deduce that there exists some 

constant α > 0 such that for 1 � l � k,

d

dt

∥∥∥∇ l∇φ

∥∥∥
2

L2
+ α

∥∥∥∇ l∇φ

∥∥∥
2

L2
� C

∥∥∥∇ l+1(u,V,W)

∥∥∥
2

L2
. (5.16)

By (1.10) with 
 = k, we have

t∫

0

‖∇(u,V,W)(τ)‖2
H k dτ � C0. (5.17)

Integrating (5.16) in time and using (5.17) and Eq. (4.2)5, we obtain for 1 � l � k,

∥∥∥∇ l∇φ(t)

∥∥∥
2

L2
+ α

t∫

0

∥∥∥∇ l∇φ(τ)

∥∥∥
2

L2
dτ �

∥∥∥∇ l∇φ0

∥∥∥
2

L2
+ C0, (5.18)

So, the estimates (5.9) with 1 � l � k follow from (5.18). And the estimates (5.10) follow from 

(5.14) and (5.16) together with Gronwall’s inequality. �

Lemma 5.2. Let k � 3 and 0 � 
 � k − 1. If 
∥∥∇−1(V0 − W0)

∥∥
L2 � δ0, then there exists a func-

tional Ek

 (t) which is equivalent to 

∥∥∇
(U,∇φ)
∥∥2

H k−
 such that

d

dt
Ek


 (t) +

∥∥∥∇
+1	

∥∥∥
2

H k−
−1
+

∥∥∥∇
+1(u,V,W)

∥∥∥
2

H k−

+

∥∥∥∇
∇φ

∥∥∥
2

H k−
+1
� 0. (5.19)
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Proof. Let k � 3. For the case 
 = 0, the inequality (5.19) is trivial by (4.37), (5.14) and (5.16). 

We will prove (5.19) for 1 � 
 � k − 1. We notice

−
〈
∇ l div(V ∇φ),∇ lV

〉
=

〈
∇ l(V ∇φ),∇ l+1V

〉

�
(
‖V ‖L3

∥∥∥∇ l∇φ

∥∥∥
L6

+

∥∥∥∇ lV

∥∥∥
L6

‖∇φ‖L3

)∥∥∥∇ l+1V

∥∥∥
L2

� (δ0 + δ′
0)

(∥∥∥∇ l�φ

∥∥∥
2

L2
+

∥∥∥∇ l+1V

∥∥∥
2

L2

)
, (5.20)

where we have used ‖∇φ(t)‖L2 < δ′
0. Then, the estimate of the form as (4.25) follows. Thus, the 

terms 
∥∥∇k(V ,W)

∥∥2

L2 do not appear on the right-hand side of the estimates (4.15) in Lemma 4.2

with l = k, i.e.,

d

dt

∥∥∥∇kU

∥∥∥
2

L2
+ C

∥∥∥∇k+1(u,V,W)

∥∥∥
2

L2
+ C

∥∥∥∇k�φ

∥∥∥
2

L2

� (δ0 + δ′
0)

(∥∥∥∇k	

∥∥∥
2

L2
+

∥∥∥∇k∇φ

∥∥∥
2

L2

)
. (5.21)

And in the proof of Lemma 4.2, using some different interpolation estimates, we easily obtain 

for 1 � l � k − 1,

d

dt

∥∥∥∇ lU

∥∥∥
2

L2
+ C

∥∥∥∇ l+1(u,V,W)

∥∥∥
2

L2
+ C

∥∥∥∇ l�φ

∥∥∥
2

L2

� (δ0 + δ′
0)

(∥∥∥∇ l+1	

∥∥∥
2

L2
+

∥∥∥∇ l∇φ

∥∥∥
2

L2

)
. (5.22)

By (5.14), (5.16) and (5.21)–(5.22), since δ0, δ
′
0 are small, we easily obtain for 1 � l � k − 1,

d

dt

∥∥∥∇ l(U,∇φ)

∥∥∥
2

L2
+ C

∥∥∥∇ l+1(u,V,W)

∥∥∥
2

L2
+ C

∥∥∥∇ l∇φ

∥∥∥
2

H 1
� (δ0 + δ′

0)

∥∥∥∇ l+1	

∥∥∥
2

L2

(5.23)

and

d

dt

∥∥∥∇k(U,∇φ)

∥∥∥
2

L2
+ C

∥∥∥∇k+1(u,V,W)

∥∥∥
2

L2
+ C

∥∥∥∇k∇φ

∥∥∥
2

H 1
� (δ0 + δ′

0)

∥∥∥∇k	

∥∥∥
2

L2
.

(5.24)

Summing up the estimates (5.23) from l = 
 to k − 1 and then adding it to (5.24), we obtain

d

dt

∥∥∥∇
(U,∇φ)

∥∥∥
2

H k−

+ C1

(∥∥∥∇
+1(u,V,W)

∥∥∥
2

H k−

+

∥∥∥∇
∇φ

∥∥∥
2

H k−
+1

)

� C2(δ0 + δ′
0)

∥∥∥∇
+1	

∥∥∥
2

H k−
−1
. (5.25)

In addition, Lemma 4.3 gives for 1 � l � k − 1,
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d

dt

〈
∇ lu,∇∇ l	

〉
+ C

∥∥∥∇ l+1	

∥∥∥
2

L2
�

∥∥∥∇ l+1(u,V,W)

∥∥∥
2

L2
+

∥∥∥∇ l�φ

∥∥∥
2

L2
+

∥∥∥∇ l+2u

∥∥∥
2

L2
.

(5.26)

Summing up the estimates (5.26) from l = 
 to k − 1, we obtain

d

dt

∑


�l�k−1

〈
∇ lu,∇∇ l	

〉
+ C3

∥∥∥∇
+1	

∥∥∥
2

H k−
−1

� C4

(∥∥∥∇
+1u

∥∥∥
2

H k−

+

∥∥∥∇
+1(V ,W)

∥∥∥
2

H k−
−1
+

∥∥∥∇
�φ

∥∥∥
2

H k−
−1

)
. (5.27)

Multiplying (5.27) by 2C2(δ0 + δ′
0)/C3, and then adding it to (5.25), since δ0, δ

′
0 are small, we 

deduce that there exists a constant c > 0 such that for 1 � 
 � k − 1,

d

dt

⎛
⎝
∥∥∥∇
(U,∇φ)

∥∥∥
2

H k−

+

2C2(δ0 + δ′
0)

C3

∑


�l�k−1

〈
∇ lu,∇∇ l	

〉
⎞
⎠

+ c

(∥∥∥∇
+1	

∥∥∥
2

H k−
−1
+

∥∥∥∇
+1(u,V,W)

∥∥∥
2

H k−

+

∥∥∥∇
∇φ

∥∥∥
2

H k−
+1

)
� 0. (5.28)

By defining Ek

 (t) to be c−1 times the expression under the time derivative in (5.28), we obtain 

(5.19). �

Next, we give the evolution of the negative Besov norms of U(t).

Lemma 5.3. For s ∈ (0, 3/2], we have

‖U(t)‖Ḃ−s
2,∞

� C0. (5.29)

Proof. Similar to (1.8) of Theorem 1.2 in [54], we omit the details. �

5.2.2. Proof of decay rates

In this subsection, we will prove the decay rates by using the previous estimates.

By Lemma A.6 and (5.29) of Lemma 5.3, we have for 0 � 
 � k − 1,

∥∥∥∇
U

∥∥∥
L2

� ‖U‖
1


+1+s

Ḃ−s
2,∞

∥∥∥∇
+1U

∥∥∥

+s


+1+s

L2
� C0

∥∥∥∇
+1U

∥∥∥

+s


+1+s

L2
. (5.30)

Using (1.10) and (5.30), we obtain that for 0 � 
 � k − 1,

∥∥∥∇
+1	

∥∥∥
2

H k−
−1
+

∥∥∥∇
+1(u,V,W)

∥∥∥
2

H k−

+

∥∥∥∇
∇φ

∥∥∥
2

H k−
+1

� C0

(∥∥∥∇
(U,∇φ)

∥∥∥
2

H k−


)1+ 1

+s

. (5.31)

In view of (5.19) of Lemma 5.2 and (5.31), we obtain for 0 � 
 � k − 1,
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d

dt
Ek


 (t) + C0

(
Ek


 (t)
)1+ 1


+s
� 0. (5.32)

We solve this inequality directly to obtain for 0 � 
 � k − 1,

Ek

 (t)� C0(1 + t)−
−s, (5.33)

which implies (1.11). Then, (5.10) of Lemma 5.1 and (1.11) give the higher decay (1.12) about 

the electric field ∇φ. So, the proof of decay rates is completed.
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Appendix A. Some analytic tools

In this appendix, we give some useful lemmas which are often used in the previous sections. 

First, we recall the Gagliardo–Nirenberg inequality of Sobolev type.

Lemma A.1. Let 2 � p � ∞ and α, β, γ � 0. Then we have

∥∥∇αf
∥∥

Lp �
∥∥∇βf

∥∥1−θ

L2

∥∥∇γ f
∥∥θ

L2 . (A.1)

Here 0 � θ � 1 (if p = ∞, then we require that 0 < θ < 1) and α satisfy

α + 3

(
1

2
−

1

p

)
= β(1 − θ) + γ θ. (A.2)

Proof. We can refer to Theorem (p.125) in [42] or Lemma A.1 in [26]. �

Lemma A.2. Assume that ‖	‖L∞ � 1 and ‖V ‖L∞ � 1. Let g(	, V ) be a smooth function of 	, V

with bounded derivatives of any order, then for any integer k � 1 and 2 � p � ∞, we have

∥∥∥∇k(g(	,V ))

∥∥∥
Lp

�
∥∥∥∇k	

∥∥∥
Lp

+

∥∥∥∇kV

∥∥∥
Lp

. (A.3)

Proof. For k � 1, we have

∇k(g(	,V )) =
∑

α1+···+αj =k

∂α1,...,αj g(	,V )∇α1	∇α2	 · · ·∇αj 	

+
∑

β1+···+βm=k

∂β1,...,βmg(	,V )∇β1V ∇β2V · · ·∇βmV

+
∑

γ1+···+γl=k

∂γ1,...,γlg(	,V )∇γ1	 · · ·∇γs 	∇γs+1V · · ·∇γlV

:= Q1 + Q2 + Q3. (A.4)
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By Hölder’s and Gagliardo–Nirenberg’s inequalities, we obtain

‖Q1‖Lp �
∥∥∇α1	∇α2	 · · ·∇αj 	

∥∥
Lp

�
∥∥∇α1	

∥∥
L

kp
α1

∥∥∇α2	
∥∥

L
kp
α2

· · ·
∥∥∇αj 	

∥∥
L

kp
αj

� ‖	‖
1−

α1
k

L∞

∥∥∥∇k	

∥∥∥
α1
k

Lp
‖	‖

1−
α2
k

L∞

∥∥∥∇k	

∥∥∥
α2
k

Lp
· · · ‖	‖

1−
αj
k

L∞

∥∥∥∇k	

∥∥∥
αj
k

Lp

� ‖	‖
j−1
L∞

∥∥∥∇k	

∥∥∥
Lp

. (A.5)

Similarly, we have

‖Q2‖Lp � ‖V ‖m−1
L∞

∥∥∥∇kV

∥∥∥
Lp

. (A.6)

For the third term Q3, by Hölder’s, Gagliardo–Nirenberg’s and Young’s inequalities, we obtain

‖Q3‖Lp �
∥∥∇γ1	 · · ·∇γs 	∇γs+1V · · ·∇γlV

∥∥
Lp

�
∥∥∇γ1	

∥∥
L

kp
γ1

· · ·
∥∥∇γs 	

∥∥
L

kp
γs

∥∥∇γs+1V
∥∥

L
kp

γs+1

· · ·
∥∥∇γlV

∥∥
L

kp
γl

� ‖	‖
1−

γ1
k

L∞

∥∥∥∇k	

∥∥∥
γ1
k

Lp
· · · ‖	‖

1−
γs
k

L∞

∥∥∥∇k	

∥∥∥
γs
k

Lp
‖V ‖

1−
γs+1

k

L∞

∥∥∥∇kV

∥∥∥
γs+1

k

Lp
· · · ‖V ‖

1−
γl
k

L∞

×

∥∥∥∇kV

∥∥∥
γl
k

Lp

� ‖n‖
s−

γ1+···+γs
k

L∞

∥∥∥∇k	

∥∥∥
γ1+···+γs

k

Lp
‖V ‖

l−s−
γs+1+···+γl

k

L∞

∥∥∥∇kV

∥∥∥
γs+1+···+γl

k

Lp

� ‖(	,V )‖l−1
L∞

(∥∥∥∇k	

∥∥∥
Lp

+

∥∥∥∇kV

∥∥∥
Lp

)
. (A.7)

Substituting (A.5)–(A.7) into (A.4), we deduce (A.3) since ‖	‖L∞ � 1 and ‖V ‖L∞ � 1. �

As a byproduct of Lemma A.2, we immediately have

Corollary A.3. Assume that ‖	‖L∞ � 1. Let g(	) be a smooth function of 	 with bounded deriva-

tives of any order, then for any integer k � 1 and 2 � p � ∞, we have

∥∥∥∇k(g(	))

∥∥∥
Lp

�
∥∥∥∇k	

∥∥∥
Lp

. (A.8)

We then recall the following commutator and product estimates:

Lemma A.4. Let l � 1 be an integer and define the commutator

[
∇ l, g

]
h = ∇ l(gh) − g∇ lh. (A.9)

Then we have
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∥∥∥
[
∇ l, g

]
h

∥∥∥
Lp0

� ‖∇g‖Lp1

∥∥∥∇ l−1h

∥∥∥
Lp2

+

∥∥∥∇ lg

∥∥∥
Lp3

‖h‖Lp4 . (A.10)

In addition, we have that for l � 0,

∥∥∥∇ l(gh)

∥∥∥
Lp0

� ‖g‖Lp1

∥∥∥∇ lh

∥∥∥
Lp2

+

∥∥∥∇ lg

∥∥∥
Lp3

‖h‖Lp4 . (A.11)

In the above, p0, p1, p2, p3, p4 ∈ [1, +∞] such that

1

p0
=

1

p1
+

1

p2
=

1

p3
+

1

p4
.

Proof. Referring to Lemma 3.4 (p. 129) in [38], we give a complete and simple proof in the 

following. We first prove (A.11). Let p0, p1, p2, p3, p4 ∈ [1, +∞] such that

1

p0
=

1

p1
+

1

p2
=

1

p3
+

1

p4
.

Assume 
 = 0, 1, . . . , l. We choose q1, q2 by

1

q1
=

1

p1

(
1 −




l

)
+

1

p3




l
,

1

q2
=

1

p2

(
1 −




l

)
+

1

p4




l
.

Thus, we have

1

p0
=

1

q1
+

1

q2
.

By Hölder’s, Gagliardo–Nirenberg’s and Young’s inequalities, we have for l � 0,

∥∥∥∇ l(gh)

∥∥∥
Lp0

=

∥∥∥∥∥

l∑


=0

∇
g∇ l−
h

∥∥∥∥∥
Lp0

�

l∑


=0

∥∥∥∇
g

∥∥∥
Lq1

∥∥∥∇ l−
h

∥∥∥
Lq2

� ‖g‖
1− 


l

Lp1

∥∥∥∇ lg

∥∥∥


l

Lp3
‖h‖



l

Lp4

∥∥∥∇ lh

∥∥∥
1− 


l

Lp2

=
(
‖g‖Lp1

∥∥∥∇ lh

∥∥∥
Lp2

)1− 

l
(∥∥∥∇ lg

∥∥∥
Lp3

‖h‖Lp4

) 

l

� ‖g‖Lp1

∥∥∥∇ lh

∥∥∥
Lp2

+

∥∥∥∇ lg

∥∥∥
Lp3

‖h‖Lp4 . (A.12)

Note that for l � 1,

[
∇ l, g

]
h =

l∑


=1

∇
g∇ l−
h.
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We can prove (A.10) in the same way as (A.12). �

We have the following Lp embedding lemmas:

Lemma A.5. Let 1 � p < 2, and 1/2 + s/3 = 1/p, then 0 < s � 3/2 and

‖f ‖Ḃ−s
2,∞

� ‖f ‖Lp . (A.13)

Proof. See Lemma 4.1 in [52]. �

We will give the special interpolation estimate:

Lemma A.6. Let k � 0 and s > 0, then we have

∥∥∥∇kf

∥∥∥
L2

�
∥∥∥∇k+1f

∥∥∥
1−θ

L2
‖f ‖θ

Ḃ−s
2,∞

, where θ =
1


 + 1 + s
. (A.14)

Proof. We refer to Lemma 4.2 in [52] by noting that Ḃ−s
2,p ⊂ Ḃ−s

2,q for p � q . �
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