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Abstract

We report on the mechanical loss from bulk and shear stresses in thin film,
ion beam deposited, titania-doped tantala. The numerical values of these me-
chanical losses are necessary to fully calculate the Brownian thermal noise in
precision optical cavities, including interferometric gravitational wave detec-
tors like LIGO. We found the values from measuring the normal mode Q’s,
in the frequency range of about 2000-10,000 Hz, of silica disks coated with
titania-doped tantala coupled with calculating the elastic energy in shear and
bulk stresses in the coating using a finite element model. We fit the results
to both a frequency independent and frequency dependent model and find
φbulk = (8.4± 0.3) × 10−5, φshear = (7.8± 0.7) × 10−5 with a frequency in-
dependent model and φbulk (f) = (1.3± 0.2) × 10−4

− (9.8± 4.7) × 10−9f ,
φshear (f) = (5.2± 1.1)×10−5+(5.4± 2.1)×10−9f with a frequency dependent
(linear) model. The ratio of these values suggest that modest improvement in
the coating thermal noise may be possible in future gravitational wave detector
optics made with titania-doped tantala as the high index coating material by
optimizing the coating design to take advantage of the two different mechanical
loss angles.

1. Introduction

Brownian thermal noise is one of the fundamental limiting noise sources in
precision optical cavities [1, 2, 3]. This will be the case for the Advanced LIGO
gravitational wave detectors when they reach their design sensitivity [4, 5]. The
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Advanced LIGO detectors are large, Michelson interferometers with Fabry-Perot
cavity arms which are sensitive to astrophysical gravitational waves [6]. They
began operation in fall of 2015 and successfully detected gravitational waves
from the coalescence of binary black holes [7, 8]. The optical coatings [9] on the
test masses of these interferometers are composed of alternating layers of ion
beam sputtered (IBS) amorphous silica (SiO2) and titania-doped tantala (TiO2-
doped Ta2O5) [10]. Once commissioning is completed on the Advanced LIGO
detectors around 2019 [5], the Brownian thermal noise [11] of these coatings is
expected to limit the detectors observational capability at their most sensitive
frequency range of 40-150 Hz. Coating thermal noise is expected to be a limiting
noise source in future gravitational wave detectors as well [12].

Previous work on coating thermal noise [13, 14, 15] utilized the Levin ap-
proach [16] to the Fluctuation-Dissipation Theorem [17] for calculating the ther-
mal fluctuations of the average cavity length from the mechanical loss of the
coating materials. This work used a single mechanical loss angle φ for each
amorphous material, silica and titania-doped tantala. Following this, two me-
chanical loss parameters for the coating as a whole were constructed, averaged
over the two amorphous materials. Each parameter was associated with a dif-
ferent direction of mechanical stresses of the coating as a whole: φ‖ for stress
parallel to the coating surface, and φ⊥ for stress perpendicular to the coating
surface [13].

A recent paper by Hong et al. [18] showed that because each of the amorphous
materials used in the LIGO coating is described by two independent elastic
constants (Young’s modulus and Poisson’s ratio, for example) there are two
sources of uncorrelated thermal noise in each coating material. The imaginary
components of these elastic constants are independent loss angles that give rise
to separate uncorrelated thermal noises. Hong et al. suggested that loss angles
based on bulk and shear stresses of each material be used for thermal noise
calculations. Additionally, they showed the ratio of these two parameters can
impact the expected thermal noise in the LIGO detectors by as much as 30%.

Modeling coating thermal noise with a single loss angle for each material
creates similar uncertainty in the thermal noise of precision optical measure-
ments other than gravitational wave detectors. Low noise optical stabilization
cavities are used in producing narrow-linewidth laser frequency standards in
optical atomic clocks [19], tests of fundamental physics [20], and precision spec-
troscopy [21]. In these fields, the measurement sensitivity is often limited by
the linewidth of the stabilized laser, which in turn can be limited by the coating
thermal noise within the optical stabilization cavity [22, 23]. Efforts to under-
stand the molecular level causes of thermal noise [24, 25] and to model this
loss [26] will also benefit from a complete characterization of all loss angles.

To address these issues we have measured both the bulk and shear mechanical
losses of an ion beam sputtered titania-doped tantala coating. In Sections 2,
3.1, and 4 we give the methods of measurement, modeling, and analysis of the
coating samples. Finally, in Section 4, we describe how these results impact the
predicted thermal noise limits on the sensitivity of Advanced LIGO detectors
and other precision measurement devices.
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2. Measurements

The Fluctuation Dissipation Theorem [17] relates thermal noise to energy
loss in a system[16]. We determined the energy loss in a mechanical system
composed of a coating on a substrate by measuring the quality factor, Q, of the
sample’s elastic normal modes. The sample was a three inch (76 mm) diameter,
0.1 inch (2.5 mm) thick fused silica disk coated on one side with tantala doped
with 25% titania as a cation percentage. The coating was deposited using
ion beam deposition [27] at 50◦ Celsius over 5 hours by the Commonwealth
Scientific and Industrial Research Organization (CSIRO) [28]. There was no
post deposition annealing done with the sample.

The thickness of the coating was found by measuring, at both normal and 45
degree incidence, the transmission spectrum of the sample in the near infrared
(528-1001 nm). The resulting spectra were then fit to the expected transmis-
sivity at each angle of incidence with the spectra for normal incidence shown
in Figure 2. The expected transmissivity was obtained by using the transfer-
matrix method [29]. A coating index of 2.119 for 25% titania-tantala (from [10])
was used while the fused silica substrate index was assumed to be 1.460 [30].
The thickness of the coating was found to be 524±1 nm. The error is dominated
by systematics as can be seen in Figure 2.

To make modal Q measurements we suspended the coated silica disk in a
vacuum of at least 10−5 torr via a monolithic silica suspension, see [9, 10, 13].
The normal modes were excited using a comb capacitor situated near the sample.
The stress versus time in the sample was then measured using a birefringence
readout, see [9, 10, 13]. This data was heterodyned to a lower frequency, about
0.3 Hz, using a lock-in amplifier and stored digitally. The exponential decay
times, τ , of the normal modes were fit for directly. The quality factors, Q, of
the modes were found from

Q (f0) = π τ f0, (1)

where f0 is the normal mode frequency. Results are shown in Table 1.
The Young’s modulus of the coating was needed for the finite element mod-

eling (see Section 3.1) and was measured using nanoindentation. Modulus val-
ues for indents at multiple locations and multiple depths were extracted using
the method of Oliver and Pharr [31, 32], and the film modulus was extracted
from the combined film/substrate moduli using the method of Song and Pharr
[33]. The Young’s modulus for the titania-tantala coating was measured to be
162 ± 5 (systematic) ± 11 (statistical) GPa. The systematic uncertainty stems
from the uncertainty in the Poisson ratio, assumed to be 0.27± 0.05. The sta-
tistical uncertainty stems from the uncertainty in the fit using the Song and
Pharr model.
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Figure 1: Optical power (shown as circular data points) transmitted by the titania doped
tantala coating from a beam normal to the surface as a function of effective wavelength, along
with a fit to a model (shown as thin curve) with a coating thickness of 524 µm, substrate
index nsub = 1.460, and coating index ncoat = 2.119.

3. Analysis

The mechanical loss for titania doped tantala in shear and bulk deformation,
φshear and φbulk, are related to the measured modal Q values through

1/Q1 =
Eshear,1

Etot,1
φshear (f1) +

Ebulk,1

Etot,1
φbulk (f1) + φsilica (f1) ,

1/Q2 =
Eshear,2

Etot,2
φshear (f2) +

Ebulk,2

Etot,2
φbulk (f1) + φsilica (f2) , (2)

...

1/Qn =
Eshear,n

Etot,n
φshear (fn) +

Ebulk,n

Etot,n
φbulk (fn) + φsilica (fn) .

Here n is the total number of normal modes measured, Qi is the ith normal
mode quality factor, Eshear,i/Etot,i is the ratio of energy in shear deformation
of the coating to the total elastic energy in the sample for the ith normal mode,
Ebulk,i/Etot,i is the ratio of energy in bulk deformation of the coating to the
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Table 1: Modal Q’s of eight modes of the titania-tantala coated silica disk. The Mode Number
is a count starting from the lowest frequency mode (with degenerate modes not given a separate
number). The Mode Number for the high frequency modes at 37013 and 41521 Hz comes from
the Finite Element Model (see Section 3.1). The uncertainty in Q, δQ, is the uncertainty in
the fit to an exponential ring down.

Mode
Number Frequency (Hz) Q (×106) δQ (×106)

1 2768 1.315 0.006
2 4183 1.015 0.001
3 6320 1.14 0.01
4 9668 0.98 0.02
5 10943 0.89 0.02
6 16615 1.05 0.01

14 37013 2.22 0.02
16 41521 1.82 0.03

total elastic energy in the sample for the ith normal mode, and φsilica (fi) is the
loss angle of the silica at the ith normal mode frequency.

3.1. Finite Element Model

We used the COMSOL Multiphysics finite element analysis program to cal-
culate the shear and bulk energy in the coating as well as the total elastic energy
in the sample. The model was composed of a substrate designed to match the
geometry of the laboratory silica substrate with matching material parameters
with a thin film defined by a thickness, t, the top surface of the substrate, and
the material parameters of the film. The mesh size was determined by a single
parameter, S, which limits the maximum element size in the film. Meshing was
done by first applying a free triangular mesh to the surface of the film, with a
minimum element size determined by S/10, which was swept through the film
material onto the top surface of the substrate. This results in a film that was
modeled by a single layer of triangular prism elements. A free tetrahedral mesh
was then applied to the substrate using a maximum element size of 10× S.

Modal frequencies and energy ratios were calculated using an eigenvalue
solver to find the first 40 eigenmodes, the first 6 of which are zero-energy spatial
modes. The resulting eignefrequencies show an exponential dependence on the
value of S, which asymptotically approach a constant value for small values of
S. The final value of S = 0.001 m was chosen to give frequencies within 3%
of the asymptotic values while still being calculable in reasonable times. The
energy ratios were then calculated from

Ebulk =

∫

coating

K

2
Θ2dV, (3)

Eshear =

∫

coating

µΣijΣijdV. (4)
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Table 2: Material parameters of the titania-tantala coating used in the finite element analysis
of elastic energy distribution.

Parameter Value Unit
Coating thickness, t 524 nanometer
Coating Young’s modulus, Y 162 gigapascal
Coating Poisson ratio, σ 0.27[34] -
Coating Density, ρ 5500[35] kilogram/meter3

Coating bulk modulus, K 108 gigapascal
Coating shear modulus, µ 65 gigapascal
Silica Young’s Modulus, Ysilica 72.2 gigapascal
Silica Poisson ratio, σsilica 0.167 -
Silica Density, ρsilica 2200 kilogram/meter3

Silica bulk modulus, Ksilica 36.4 gigapascal
Silica shear modulus, µsilica 31.1 gigapascal

Etot =

∫

substrate

(

Ksilica

2
Θ2 + µsilicaΣijΣij

)

dV + (5)

∫

coating

(

K

2
Θ2 + µΣijΣij

)

dV. (6)

Here Θ and Σij are the coating strain tensor’s bulk and shear components[18],
respectively, K is the coating bulk modulus, µ is the coating shear modulus,
Ksilica is the silica bulk modulus, and µsilica is the silica shear modulus. The
bulk and shear moduli are related to the Young’s modulus, Y , and Poisson ratio,
σ, by

K =
Y

3 (1− 2σ)
(7)

µ =
Y

2 (1 + σ)
. (8)

The material and geometric parameters used in the finite element models are
shown in Table 2 and the ratios of Ebulk and Eshear to the total elastic energy
for each resonant mode measured, Etot, are shown in Table 3.

Equations (2) are now a series of n equations with 2 × n unknowns, the
φshear(fi) and φbulk(f) with i ∈ (1, n). This is an underconstrained system with
no unique solution for φshear(f) and φbulk(f).

To find a solution, we treat φshear (fi) and φbulk (fi) as constant for pairs
of normal modes with nearby frequencies. This is not unreasonable as the
mechanical loss of coating materials has been observed to have only a weak
frequency dependence [36]. We then solve for φshear (fi) and φbulk (fi) at the
average of the two normal mode frequencies from

(

1/Qi − φsilica (fi)
1/Qi+1 − φsilica (fi+1)

)

= A ·

(

φshear (fa)
φbulk (fa)

)

(9)
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Table 3: Energy ratios for shear and bulk motion in the coating for all normal modes measured.

Mode
Number Eshear/Etot × 104 Ebulk/Etot × 104

1 1.04 0.666
2 8.49 4.84
3 10.1 1.03
4 8.98 3.63
5 9.86 1.26
6 9.43 2.38
14 9950 56
16 9130 870

Table 4: Values of φshear (fi) and φbulk (fi) with uncertainties for titania-doped tantala versus
frequency.

Mode Frequency fa φshear (fa) + δφshear (fa) φbulk (fa) + δφbulk (fa)
Numbers

1 and 2 3476 Hz (6.7± 0.2)× 10−4 (8.4± 0.8)× 10−4

2 and 3 5251 Hz (8.0± 0.3)× 10−4 (6± 1)× 10−4

3 and 4 7994 Hz (7.8± 0.4)× 10−4 (9± 2)× 10−4

4 and 5 10306 Hz (11.4± 0.7)× 10−4 (−0.4± 2)× 10−4

5 and 6 13697 Hz (12± 2)× 10−4 (−8± 10)× 10−4

where

A =

(

Eshear,i

Etot,i

Ebulk,i

Etot,i

Eshear,i+1

Etot,i+1

Ebulk,i+1

Etot,i+1

)

. (10)

This can be rewritten in terms of the inverse matrix A−1

(

φshear (fa)
φbulk (fa)

)

= A−1
·

(

1/Qi − φsilica (fi)
1/Qi+1 − φsilica (fi+1)

)

, (11)

and fa = (fi + fi+1) /2 is the average frequency of these two modes. This is
a constrained system, and the results for φshear (fa) and φbulk (fa) for the five
lowest frequency pairs of modes are shown in Table 4.

Uncertainties in φshear (fi) and φbulk (fi), δφshear (fi) and δφbulk (fi), were
determined from measurement uncertainties in q and computational uncertain-
ties in A−1. The uncertainty vector for the reciprocal Q’s was found from

δq =











δQ1/Q
2
1

δQ2/Q
2
2

...
δQn/Q

2
n,











(12)

where the δQ’s are from Table 1 and the uncertainties in φsilica (f) are assumed
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tantala coated by LMA [10] are consistent with both these vendor and annealing
trends.

The finite element model shows modes near 37.0 and 41.5 kHz with almost
the entire elastic energy due to shear deformation. We found these modes in
our sample at 37013 Hz and 41521 Hz. These modes are listed in Tables 1 and
3 as modes 14 and 16. Following the analysis beginning with Equation 11 using
these two modes we find shear and bulk loss angles of

φshear (39267 Hz) = (1.6± 0.2)× 10−7, (18)

φbulk (39267 Hz) = (4.1± 0.1)× 10−6, (19)

compared to

φshear (39267 Hz) = −2.5× 10−4, (20)

φbulk (39267 Hz) = 2.6× 10−4, (21)

predicted by Equations 14 and 15. These values indicate that the true frequency
dependence of φshear and φbulk is more complicated than a simple linear model.

4. Applications

The paper by Hong et al. [18] characterizes the impact of the separate
φbulk (f) and φshear (f) in terms of the ratio

r = φbulk (f) /φshear (f) (22)

with lower values of r leading to lower coating Brownian thermal noise in the
Advanced LIGO detectors. The constant values for the two loss angles from
Equations (16) and (17) gives a value of

r = 1.1± 0.8, (23)

consistent with the value of r = 1 that is tacitly assumed in the Advanced LIGO
noise model [5].

Using the frequency dependent forms of φbulk (f) and φshear (f) from Equa-
tions (14) and (15) gives

r (f) =
(1.3± 0.2)× 10−4

− (9.8± 4.7)× 10−9f

(5.2± 1.1)× 10−5 + (5.4± 2.1)× 10−9f
, (24)

with a value of
r(100 Hz) = 2.6± 1.8 (25)

in the middle of the coating thermal noise limited frequency band of Advanced
LIGO.

The test mass mirrors in the Advanced LIGO detectors [5] are made of a
multi-layer stack of silica (SiO2) and titania-doped tantala (Ti:Ta2O5) layers
in a configuration that has been optimized to both reduce the added Brownian
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thermal noise due to the higher mechanical loss of Ti:Ta2O5 over SiO2, as well as
to optimize reflectance at the infrared and green laser frequencies utilized in the
detector [40]. A full analysis of the effects of the φbulk/φshear ratios measured
here would require utilizing the full layer structure, as well as an equivalent
measurement of the φbulk/φshear ratio for silica thin film. These are both topics
of ongoing investigations.

However, Figures 8 and 9 from Hong et al [18] show the effects of varying
φbulk/φshear ratios of silica and undoped tantala in a similarly-optimized coating.
From these Figures, one can extract

1. The φbulk/φshear ratio of silica has a much smaller effect than that of
tantala, due to its smaller elastic moduli and lower overall mechanical
loss.

2. Increasing only the φbulk/φshear ratio of tantala while keeping the ratio
for silica at 1 leads to an increase in the Brownian thermal noise in the
detector of about 18% for a tantala φbulk/φshear ratio of 2.6.

3. It may be possible to further optimize coatings such that this increase is
mitigated, if it is found that silica has a ratio φbulk/φshear < 1. However,
as the ratio for silica is reduced, it has an asymptote at only about 4%
reduction.

Work recently published by Evans et al. [41] shows that the Brownian ther-
mal noise measured directly in a cavity using an Advanced LIGO SiO2/Ti:Ta2O5

coating has noise approximately 22% higher than the Advanced LIGO noise
model [5]. This discrepancy is roughly the same as the 18% predicted by Hong
et al. [18] with our extrapolated 100 Hz ratio, and may indicate that this will
place a higher limit on the ultimate sensitivity of Advanced LIGO in its most
sensitive frequencies.

In optical stabilization applications, the relevant frequency range can be as
low as 10 mHz [2]. Using Equation (24) for such a low frequency also gives a
value of r(10−3 Hz) = 2.6± 1.8, and results in similar offsets in the calculation
of linewidth-limiting thermal noise.

There is ongoing work on whether common treatments such as doping and
heat-treatment [42] can change the φbulk (f) /φshear (f) ratio in materials, or
whether this ratio might be affected by the coating-substrate interface. Our
work indicates that careful studies of materials under consideration for use in
precision optical measurement must have their φbulk (f) and φshear (f) charac-
terized, so that any gains made in total loss are not undone by an unfavorable
ratio. It may even be possible to find low and high-index materials with ratios
< 1 that would improve the Brownian noise below the level suggested by total
loss measurements.

A complete understanding of the opportunities to improve coating Brownian
thermal noise in future ground-based gravitational wave interferometers requires
further meaurements of φshear and φbulk on titania-doped tantala, and other high
index, thin films from other coating vendors, especially LMA. Shear and bulk
losses on thin film silica and other low index materials are also necessary. This
technique of analyzing modal Q results in terms of the imaginary components of
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individual elastic constants will also prove valuable when careful predictions of
coating thermal noise from crystalline coatings, like aluminum-gallium-arsenide
(AlGaAs) [1] are necessary for third generation interferometeric gravitational
wave detectors [43]. AlGaAs has the zinc blende symmetry system and has
three independent elastic constants, making it more complicated to analyze
than amorphuous materials with only two elastic constants.
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