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A mode-locked ultrafast laser focused on the tunneling junction of a scanning tunneling microscope

superimposes harmonics of the laser pulse repetition frequency on the direct current tunneling cur-

rent. The power measured at the first 200 harmonics (up to 14.85GHz) varies as the inverse square

of the frequency due to shunting by the stray capacitance and the resistance in the circuit. However,

Fourier analysis suggests that within the tunneling junction there is no significant decay of the har-

monics until terahertz frequencies comparable to the reciprocal of the laser pulse-width. Two dif-

ferent types of analysis are used to model the generation of the frequency comb within the

tunneling junction. Similar results are obtained, suggesting that the harmonics may extend to tera-

hertz frequencies. Thus, the tunneling junction may be used as a subnanometer sized source of tera-

hertz radiation.VC 2017 American Vacuum Society. [http://dx.doi.org/10.1116/1.4979549]

I. INTRODUCTION

A mode-locked ultrafast laser superimposes hundreds of

harmonics of the pulse repetition frequency (PRF) on the

direct current (DC) tunneling current in a tunneling junction

as a microwave frequency comb (MFC). Measurements with

a scanning tunneling microscope (STM) show the full-

width-half-maximum (FWHM) linewidth of each harmonic

is less than 0.1Hz, so the quality factor Q is greater than

1011 at the 200th harmonic (14.85GHz).1 However, the

power at the first 200 harmonics varies approximately as the

inverse square of the frequency due to shunting by stray

capacitance and the resistance in the circuit. Now analysis is

used to determine the spectrum of the current source of the

MFC via optical rectification within the tunneling junction.

This work is an extension of our earlier measurements of the

MFC when mode-locked ultrafast lasers are used to generate

terahertz radiation by electron-hole pair creation in semicon-

ductors2 and optical rectification in ZnTe.3 Previous pioneer-

ing work by Krieger4 and group used CW lasers for optical

heterodyning and subsequently determined that the effect

they saw was primarily thermal. By contrast, we are using a

mode-locked ultrafast laser and measure harmonics of the

laser PRF. The only decay that we see in these harmonics in

measurement, external to the tunneling junction, is explain-

able by the shunting of the signal by parasitic capacitance.

Thus, perhaps due to the extremely low duty cycle of our

laser, we do not see a thermal effect.

II. MEASUREMENTS OF THE MFC

We have measured the MFC by using a passively mode-

locked Ti:sapphire laser, a STM, and a spectrum analyzer

for detection.1 The laser has a PRF of 74.254MHz corre-

sponding to T ¼ 13:47 ns, a pulse width s � 15 fs, and a tim-

ing jitter with d � 100 fs. Current division between the

spectrum analyzer load resistance RL ¼ 50X and the stray

capacitance CS ¼ 6:4 pF causes the measured power at the

kth harmonic ðk=TÞ to vary as in 1 where P1 is the measured

power at the fundamental (k¼ 1). Note that for large k the

measured power varies approximately as the inverse square

of the harmonic number

Pk ¼
1þ 2p

RLCS

T

� �2

1þ 2pk
RLCS

T

� �2
P1: (1)

The frequency of the fundamental is low enough that the

effects of RL and CS in the measurement circuit are negligi-

ble. Thus, we assume that an RMS current of 3.99 nA,

corresponding to the measured power of �121 dBm at the

fundamental in the MFC, is a good approximation of the cur-

rent at the fundamental within the tunneling junction.

III. ANALYSIS BASED ON OPTICAL RECTIFICATION

The tunneling junction is much smaller than the laser

wavelength. Thus, we previously used the measured DC cur-

rent–voltage relationship to approximate the effect of optical

rectification. Therefore, focusing a mode-locked ultrafast

laser on a tunneling junction creates a regular sequence of

current pulses having a waveform similar to the envelope for

the laser radiation. Fourier analysis shows that within the

tunneling junction the spectrum would be a frequency comb

of harmonics having comparable amplitude until the fre-

quency is comparable with 2=s, where s is the pulse-width

for the laser. Furthermore, the linewidth would approach

zero in the ideal limit of perfect periodicity in the laser

radiation.
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We previously derived an expression for the power

spectral density (PSD) of the frequency comb1 [Eq. (7) of

Ref. 1]

G xð Þ ¼ I20Rs
2

2N þ 1ð ÞT e� x2s2=4ð Þ

�
X

N

n¼�N

eix nT�Hnð Þ X
N

m¼�N

eix mT�Hmð Þ: (2)

Here, x is the frequency, s is the laser pulse-width, T is

the ideal time between consecutive laser pulses, and R is the

resistance seen by the regular sequence of current pulses. In

deriving Eq. (2), we allow for the effects of the envelope

coherence length L ¼ ð2N þ 1ÞT and timing jitter where

the random variable Hn, the offset of the nth current pulse, is

assumed to have a probability density of 1=d over the inter-

val ð�d=2; d=2Þ.
At the resonant frequencies given by fk ¼ k=T the PSD is

given by

Gk ¼
I20Rs

2

2N þ 1ð ÞT e�p2k2 s=Tð Þ2

�
X

N

n¼�N

eix nT�Hnð Þ X
N

m¼�N

e�ix mT�Hmð Þ: (3)

For the special case of no timing jitter

Gk ¼ 2N þ 1ð Þ I
2
0Rs

2

T
e�p2k2 s=Tð Þ2 : (4)

Half-way between each pair of resonances the frequencies

are given by fh ¼ ðk þ 1=2Þ=T. There is a negligible change

in the exponential so the from Eq. (3) gives the following

expression for the PSD:

Gk ¼
I20R

2N þ 1ð Þ
s2

T

� �

e�p2k2 s=Tð Þ2

�
X

N

n¼�N

�1ð Þnei 2kþ1ð Þpð Þ=Tð ÞHn

�
X

N

m¼�N

�1ð Þme�i 2kþ1ð Þpð Þ=Tð ÞHm : (5)

Partial cancellation of the terms in the product of the two

summations in Eq. (5) causes the PSD to be much lower

half-way between each adjacent pair of the resonances. For

the special case where the timing jitter may be neglected,

Eq. (5) simplifies to Eq. (6), and the ratio Gh=Gk is given by

Eq. (7) showing that Gh � Gk because N is large,

Gh ¼
I20Rs

2

2N þ 1ð ÞT e�p2k2 s=Tð Þ2 ; (6)

Gh

Gk

¼ 1

2N þ 1ð Þ2
: (7)

Next we consider the PSD at a small displacement from

the resonance such that f� ¼ ðk þ �Þ=T

Gk� ¼
I20Rs

2

2N þ 1ð ÞT e�p2k2 s=Tð Þ2

�
X

N

n¼�N

e�i n�� kþ�ð Þ Hn=Tð Þð Þ

�
X

N

m¼�N

ei m�� kþ�ð Þ Hm=Tð Þð Þ: (8)

The parameter k is a nonzero integer and we require

� � 1 so Eq. (8) may be simplified as follows:

Gk� ¼
I20Rs

2

2N þ 1ð ÞT e�p2k2 s=Tð Þ2

�
X

N

n¼�N

e�i n��k Hn=Tð Þð Þ
X

N

m¼�N

ei m��k Hm=Tð Þð Þ: (9)

For the special case where the timing jitter may be

neglected, Eq. (9) simplifies to Eq. (11). The product of the

two summations is taken in Eq. (11) and is simplified to

obtain Eq. (12)

Gk� ¼
I20Rs

2

2N þ 1ð ÞT e�p2k2 s=Tð Þ2 �
X

N

n¼�N

e�in�
X

N

m¼�N

eim�; (10)

Gk� ¼
I20Rs

2

2N þ 1ð ÞT e�p2k2 s=Tð Þ2

� 1þ 2 cos �þ 2 cos 2�þ :::þ 2 cosN�ð Þ2; (11)

Gk�¼
I20Rs

2

2Nþ1ð ÞTe
�p2k2 s=Tð Þ2 � 1þ

2sin
N�

2
cos

Nþ1ð Þ�
2

sin
�

2

0

B

B

@

1

C

C

A

2

:

(12)

For graphics, it is useful to define the normalized PSD,

Gk�N , in Eq. (13) where an expression for Gk�N is given in

Eq. (14). Figure 1 shows this variable as a function of � for
any value of k where the resonant frequency fk ¼ k=T and

the displacement from the resonant frequency is �=T. Thus,
at this level of approximation, within the tunneling junction

the linewidth is the same for each resonance. Figure 1 also

shows that at each resonant frequency the normalized PSD is

equal to 2N þ 1, which is readily seen in the limit as �
approaches zero in Eq. (14)

Gk�N ¼ T

I20Rs
2
ep

2k2 s=Tð Þ2Gk� ; (13)

Gk�N ¼ 1

2N þ 1
1þ

2 sin
N�

2
cos

N þ 1ð Þ�
2

sin
�

2

0

B

B

@

1

C

C

A

2

: (14)

Equation (15) is obtained by setting Gk�N ¼ 1=2 with

N � 1 and � � 1, and solved in Eqs. (16) and (17) to deter-

mine � as a function of N at the 3-dB points

03D109-2 Hagmann, Coombs, and Yarotski: Periodically pulsed laser-assisted tunneling 03D109-2

J. Vac. Sci. Technol. B, Vol. 35, No. 3, May/Jun 2017



1þ
2 sin

N�

2
cos

N�

2
�

2

0

B

B

@

1

C

C

A

2

¼ N ; (15)

1

N
þ 2 sinN�

N�

� �2

¼ 1

N
; (16)

� ¼ 6 p

N
: (17)

Thus, the FWHM linewidth is given by 2p=NT. This

expression has been verified using the data for 1 as well as

other cases in which N � 1 and � � 1. Now, using this

result with Eq. (4) we obtain the following approximation

for the power at the kth harmonic:

Pk ¼ 4pI20R
s

T

� �2

e�p2k2 s=Tð Þ2 : (18)

Thus, the RMS value of the current at the kth harmonic

within the tunneling junction is given by

IRMSk ¼
ffiffiffiffiffiffi

8p
p

I0
s

T
e� p2k2=2ð Þ s=Tð Þ2: (19)

The MFC has unique properties, as described in the

Introduction, but now we address the phenomena within

the tunneling junction. For example, the exponential term in

Eq. (2) suggests that within the tunneling junction the 3-dB

point is at k ¼ 2:4� 105 corresponding to 18 THz. As noted

earlier, we assume that an RMS current of 3.99 nA, corre-

sponding to the measured power of �121 dBm at the funda-

mental in the MFC, is a good approximation to the current at

the fundamental within the tunneling junction. Thus, Eq. (4)

shows that the parameter I0 ¼ 1:52 mA. Substituting the

value for I0 into Eq. (19) and approximating the summation

over k, it may be shown that if all of the harmonics were to

add in phase during each laser pulse, the total peak current in

the tunneling junction would be approximately 2mA. There

is a power of –121 dBm in the fundamental at each of the

first 2� 105 harmonics. This corresponds to a power at each

harmonic of 0.794 fW and a total power of 159 pW, most of

which is at terahertz frequencies.

In measurements of the MFC, we see a FWHM linewidth

of 0.1Hz as an upper limit for the actual value that is set by

the finite resolution bandwidth of the spectrum analyzer.1

Because this value is seen even at the fundamental of the

MFC where the measurement circuit does not interfere, we

consider 0.1Hz as an upper bound for the linewidth at all of

the harmonics within the tunneling junction. Equation (17)

shows that N must be greater than 4� 109 to obtain a line-

width less than 0.1Hz with our apparatus, which sets a lower

bound of 100 s for the envelope coherence length of the

laser. However, the derivation of Eq. (17) requires the

approximation of zero timing jitter so these are lower bounds

for both N and the envelope coherence length.

Figure 2 shows the RMS values for the current at each

harmonic of the frequency comb, both within the tunneling

junction and in the external load, calculated using Eqs. (19)

and (1).

IV. ANALYSIS WITH SQUARE BARRIER MODEL

The analysis in Sec. III was based on the ad hoc assump-

tion that the effects of optical rectification are well approxi-

mated with the DC current–voltage relationship. Now the

Schr€odinger equation is solved using a square barrier

approximation model for the tunneling junction.

Consider the square-barrier approximation of a tunneling

junction where a particle with energy E is incident upon a

barrier with height V0 on x 2 ð0; dÞ where d � 0:1 nm. The

laser induced potential is modeled as U1ðtÞ ¼ V1 cosx0t for

t 2 ð�s=2; s=2Þ and zero everywhere else over a period from

t 2 ð�T=2; T=2Þ. This allows for an attainable analytic solu-

tion that preserves the phenomena we are interested in

modeling. This is consistent with similar models previously

used by B€uttiker and Landauer.5 Calculating the Fourier

series (Appendix), we have from Eq. (A1),

FIG. 1. Normalized PSD Gk�N , vs � for different values of N in Eq. (12).

FIG. 2. Simulated RMS current at each harmonic of the frequency comb at

the tunneling junction and in the load for our apparatus.
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X6 ¼ x0s

2
6np

s

T
; (20)

Cn ¼ ðsin cðXþÞ þ sin cðX�ÞÞ ; (21)

C0 ¼ sin c
x0s

2

� �

; (22)

U1 tð Þ ¼ V1

s

T
C0 þ V1

s

T

X

1

n¼1

Cn cos
2pnt

T
: (23)

Schr€odinger’s equation on x 2 ð0; dÞ then becomes

� �h2

2m
Wxx þ V0 þ U1 tð Þð ÞW ¼ i�hWt

: (24)

By Flouquet’s theorem,6 we assume a solution of the form

Wðx; tÞ ¼
X

1

p¼�1
/pðxÞe�iEt=�he�ipxT t; (25)

where xT ¼ 2p=T.
Substituting Eq. (25) into Eq. (24), applying Euler’s theo-

rem to U1ðtÞ, removing the sum with respect to p, noting that

Wpþn ¼ Wpe
�inxT t and simplifying yields

� �h2

2m

@2
Wp

@x2
þ V1

s

T

X

1

n¼1

Cn

2
Wp�n þWpþnð Þ

� p�hxT þ E� V0 � V1

s

T
C0

� �

Wp ¼ 0: (26)

We must now make some conclusions about Wp6n. The

shift energies are created by multiphoton processes7 of

energy corresponding with the pulsed modulation of the

laser. Here, p�hxT is much smaller than E as �hxT is on the

order of 3� 10�7 eV. It is very important to note that these

shift energies are irrespective of the optical carrier frequency

and only dependent on the PRF. Therefore, the shifts have a

negligible effect on the wave function Wp. We can conclude

Wp6n � Wp for somewhat large n. Also, we can combine

terms in Eq. (26) and cancel the time dependence

� �h2

2m

@2/p

@x2
� E� V0 � V1

s

T
C0 � V1

s

T

X

1

n¼1

Cn

 !

/p ¼ 0 :

(27)

If we now consider the sums of the sinc functions that

make up Cn with the typical values previously described we

generate the following graph.

Figure 3 shows the value for the coefficient Cn Eq. (21) as

a function of the index n, using the parameters defined in the

previous paragraph. A logarithmic scale is used in 3 to

emphasize that Cn has a constant value of �0.1052 to the

first n ¼ 105 harmonics corresponding to the frequencies

below 8 terahertz. Therefore, the n ¼ 105 partial sum of Cn

is a � 10520. C0 is on the order of 10�1 and is small relative

to a, allowing us to neglect it. Thus, Eq. (27) simplifies to

� �h2

2m

@2/p

@x2
� E� V0 � a

s

T
V1

� �

/p ¼ 0 : (28)

The solution to which is

/pðxÞ ¼ Ape
kx þ Bpe

�kx; (29)

for k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2mðE� V0 � aðs=TÞV1Þ=�h2
q

:
We can also conclude with our previous approximations

that Ap and Bp change little with respect to p for jpj � N (N

depends on the number of possible energy shifts between E

and V0) as /p � /p6n. Therefore, Wðx; tÞ is given by

Wðx; tÞ ¼ /ðxÞe�iEt=�h
X

N

p¼�N

e�ipxT t; for

/ðxÞ ¼ Aekx þ Be�kx: (30)

Now we calculate the probability density current ~J in the

positive x-direction inside the square barrier

~J ¼ i�h

2m
WrW

� �W
�rWð Þ x̂ : (31)

Substituting Eq. (30) into Eq. (31), we obtain

~J ¼ i�hk

m
AB� � A�Bð Þ �

X

N

p¼�N

e�ipxT t

0

@

1

A

X

N

p¼�N

eipxT t

0

@

1

A x̂:

(32)

Since indexes are symmetric and functions reflexive this

is equivalent to

~J ¼ i�hk

m
AB� � A�Bð Þ

X

N

p¼�N

eipxT t

0

@

1

A

2

x̂ : (33)

Expanding the square of the sum yields

~J ¼ i�hk

m
AB� � A�Bð Þ

�
X

2N

p¼�2N

2N þ 1ð Þ � jpj
� �

eipSxT t x̂: (34)

By Euler’s formula

FIG. 3. Coefficient Cn vs index n (log scale).
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~J ¼ 2i�hk

m
AB� � A�Bð Þ

� 2N þ 1ð Þ
2

þ
X

2N

p¼1

2N þ 1ð Þ � pð Þcos pxTt

0

@

1

A x̂:

(35)

Due to the un-normalized nature of the series in Eq. (35), we

cannot directly solve for the total current. The upper limit on

usable values of N is dependent on how near the energy E is to

the barrier height V0. When these energy shifts caused by multi-

photon processes become comparable to V0 � E then the

energy-shifted wave functions in Eq. (26) are no longer close,

increasing the spread in energies, and coupling can no longer be

removed from Eq. (26). Therefore, further assumptions become

unsupportable. Examining the sum in Eq. (35), cos pxT t is

maximum at t ¼ np=pxT . All of these currents constructively

interfere at t ¼ 2np=xT which corresponds to a frequency of

fT ¼ xT=2p ¼ 74:254 MHz. This is expected as that is the

PRF of our laser. What is of greater interest is the existence of

frequency components of the current into the terahertz range.

Equation (35) suggests that the MFC current decays linearly

with respect to the harmonics p. Mathematically, Eq. (35) indi-

cates that near to p¼ 0 the distribution of contribution to the

probability density current is linearly decreasing with respect to

p Eq. (4). In this model, for terahertz frequencies to have contri-

butions to the tunneling current, we would require

p 	 1� 1012

74:254� 106
¼ 1:3467� 104: (36)

In order for p to have a contribution of one-half of the

fundamental (p¼ 1), we need p ¼ N þ 1 � N. Therefore,

the current at 1 THz is one-half of the current at the funda-

mental if N ¼ 1:3467� 104 as can be seen in Eq. (4).

Now, let us approximate the energy-barrier difference that

is allowed for such a N. In order for N E-shifts to be 2 orders

of magnitude smaller than V0 � E to preserve our model

N � V0 � E

102�hxT

: (37)

Solving for V0 � E

ðV0 � EÞ � 102N�hxT � 3N � 10�5 eV : (38)

AtN ¼� 1:3467� 104

ðV0 � EÞ � 0:404 eV: (39)

This shows that in order for the 1 THz component to be

half that of the PRF (74.254MHz) contribution and our model

would only be accurate if V0 � E is greater than 0:404 eV.
This is shown in Fig. 4, which shows the relative current con-

tribution as a function of the normalized harmonic number.

V. CONCLUSION

Two different methods have been used to model the

generation of the frequency comb. In one method, the

current–voltage relationship at DC is used to predict optical

rectification. In the second method, the time dependent

Schr€odinger equation is solved with the approximation of a

square potential barrier subject to a spatially independent

modulation. Both methods predict that the frequency comb

extends to terahertz frequencies within the tunneling junction.

The second method indicates that optical rectification is main-

tained until at least terahertz frequencies for sufficient energy-

barrier differentials. Thus, we conclude, the tunneling junc-

tion may be used as a subnanometer sized source of terahertz

radiation. Others8 have focused a terahertz laser on a conical

metal tip for local enhancement of the radiation by near-field

confinement. The tip, attached to the cantilever of an atomic

force microscope, was scanned across a semiconductor. This

enabled the carrier concentration to be imaged with a spatial

resolution of 40 nm. We conclude that it may be possible to

obtain subnanometer resolution by using the terahertz radia-

tion generated in the tunneling junction as we have described.
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APPENDIX: FOURIER SERIES FOR LASER
INDUCED TIME-DEPENDENT POTENTIAL
ALLOWING FOR OPTICAL CARRIER

The laser induced electric field is modeled as

f ðtÞ ¼ E1 cosx0t for t 2 ð�s=2; s=2Þ and zero everywhere

else over a period from t 2 ð�T=2; T=2Þ. We approximate the

induced potential as U1ðtÞ ¼ V1 cosx0t with the same condi-

tions on the same domain. This allows for an attainable ana-

lytic solution that preserves the phenomena we are interested

in modeling. The Fourier series for U1ðtÞ is then given by1
FIG. 4. Relative current contribution vs normalized harmonic number

p=2N þ 1.
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U1 tð Þ ¼ V1

s

T

sin
x0s

2
x0s

2

0

B

@

1

C

A

þV1

s

T

X

1

n¼1

sinXþ
Xþ

þ sinX�
X�

� �

cos
2pnt

T

� �

;

(A1)

where X6 ¼ ðx0s=2Þ6npðs=TÞ.
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