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Previous analyses suggest that microwave frequency combs (MFCs) with harmonics having
extremely narrow linewidths could be produced by photodetection with a mode-locked ultrafast
laser. In the MFC generated by focusing a passively mode-locked ultrafast laser on a tunneling
junction, 200 harmonics from 74.254 MHz to 14.85 GHz have reproducible measured linewidths
approximating the 1Hz resolution bandwidth (RBW) of the spectrum analyzer. However, in
new measurements at a RBW of 0.1 Hz, the linewidths are distributed from 0.12 to 1.17 Hz.
Measurements and analysis suggest that, because the laser is not stabilized, the stochastic drift in
the pulse repetition rate is the cause for the distribution in measured linewidths. It appears that
there are three cases in which the RBW is (1) greater than, (2) less than, or (3) comparable with the
intrinsic linewidth. The measured spectra in the third class are stochastic and may show two or
more peaks at a single harmonic. © 2013 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4831952]

INTRODUCTION

Recently, it was shown that a microwave frequency
comb (MFC) may be generated in the tunneling current of a
scanning tunneling microscope (STM) by focusing a mode-
locked ultrafast laser pulse on the tunneling junction.'
Others have generated frequency combs using photodetec-
tors”> or photoconductive antennas® for applications in
frequency” and distance® metrology, but this presentation
appears to be the first step toward bringing this type of
measurement to scanning probe microscopy (SPM). The
harmonics of the MFC, at integer multiples of the pulse
repetition frequency of the laser, were measured at frequen-
cies up to 14.85 GHz (200th harmonic), each having a
linewidth (full width at half maximum, FWHM) of less
than 1 Hz.

Kartner er al.* considered the MFC comb produced by
photodetection with a mode-locked laser, assuming that the
timing jitter of the laser pulses has a much greater effect than
the amplitude noise on the linewidths of the harmonics.
Their analysis suggests that each harmonic is Lorentzian
with a linewidth proportional to the square of the harmonic
number. They concluded that with ideal stabilization of the
laser, the microwave linewidth could be reduced to 10~'7 Hz
(approximately the reciprocal of the age of the Earth).
Eliyahu et al.® considered the microwave spectrum from
photodetection of a mode-locked laser pulse train where the
timing of each pulse depends only on the previous pulse in a
nonstationary process. Thus, a correlation time t¢ is defined
over short time scales, but in general the average change in
the pulse position is unbounded. They concluded that for
tc < T (pulse repetition period), corresponding to the case
studied by Kartner er al.,* at low frequencies each harmonic
has a Lorentzian spectrum with a linewidth proportional to
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the square of the harmonic number. However, for tc > T,
Eliyahu e al.® predicted that each harmonic can either be
Lorentzian or Gaussian, with a linewidth proportional to
either the first or second power of the harmonic number,
depending on the frequency and magnitude of the timing
jitter.

Here, we derive expressions for the linewidth of the
MFC harmonics generated by the intermodal mixing of
ultrashort laser pulses focused on the tunneling junction
of a STM. This derivation takes into account the effects of
finite pulse train duration, due to limited acquisition time
or the coherence length of the laser, in addition to the tim-
ing jitter. The analysis shows that in our measurements, the
linewidth is limited by the resolution bandwidth of the
detection instrument rather than by the generation process
itself.

DERIVATION OF THE SPECTRUM FOR A MFC IN
LASER-ASSISTED STM

When the applied DC bias potential V( is small, the
DC tunneling current Iy in a tunneling junction, such as a
metal-insulator-metal (MIM) diode or a STM, is related to
the bias by the following approximate expression:

Iy = AVy + BV} +CV;. (1)

The coefficients A, B, and C depend on the materials of
the two electrodes and their spacing, and both measurements
with MIM diodes® and analysis”® show that the quadratic
term in Eq. (1) is negligible for low values of V.

When the radiation from a mode-locked ultrafast laser is
focused on a tunneling junction, the electric field of the radi-
ation effectively superimposes a time-varying potential on

© 2013 AIP Publishing LLC



223107-2 Hagmann, Stenger, and Yarotski

the applied DC bias V( because the junction is much smaller
than the wavelength. Thus, assuming that each laser pulse is
Gaussian, and the duration of the measured pulse train is lim-
ited by either the acquisition time or the coherence length of
the laser to 2N + 1 pulses, the effective random process for
the potential is given by

N
V([) =Vy+ Z V”e—("”Tj@”

n=—N

)zcos[wo(t —nT+0,)]. )

Here, g is the optical frequency, and we introduce the ran-
dom variable @, as the timing jitter (seconds) of the nth
pulse. Assuming that the current-voltage characteristics of
the tunneling junction are given by Eq. (1) for the laser radia-
tion, and making the adiabatic approximation of neglecting
all photon-induced processes, the following equation is
obtained for the random process of the tunneling current,
where the cross terms in the square and cube of the summa-
tions are neglected because T > 1:

N t—nT+0Oy 2
1(t) =1y + (A + 2BV + 3CVZ) Y Ve (75%)
n=-—N

x cos[wg(t — nT + ©,)]

N 2
+(B+3CVy) Y V2e2(5)

n=—N

x cos*[wo(t — nT + ©,)]

N 2
+C Z Vﬁe‘3(’7ﬂf‘ %) cos? [wo(t — nT 4+ ©,)]. (3)

n=—N

Equation (3) is simplified with trigonometric identities, and
the terms at the laser frequency and its harmonics are
deleted, to obtain an expression for the rectified current
which is caused by the laser. Following Kartner et al.* and
Eliyahu ef al.,’ we assume that timing jitter has a greater
effect on the linewidth than the amplitude noise, so the vari-
able V,, is replaced by the constant V, as the amplitude of
the effective potential caused by each laser pulse. Thus, we
obtain the following expression for the random process for
the total tunneling current in the time domain:
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The following expression for the random process of the

Fourier transform of the rectified current is obtained,

requiring a step to complete the square in the exponent:

2, N
I(w) _ \/g(B + 3CV0)TV1 e%“fz Z e—i(a(nT—Qn)' 5)

2 n=—N

The direct Fourier approach, as defined by Peebles,” is
used to determine the power spectral density (PSD) of the
random process x(t) over the time interval [0,T’]

X(T", )Ry

G’ 0) = =

6)
Here, X(T',w) is the Fourier transform of x(t) evaluated
over the interval [0,T'],'® and R, is the resistive load.
Now, using the random process I(w) from Eq. (5) with
T'=(2N+ )T leads to the following expression for the
PSD:

_ m(B+3CVo) VIR, 2

G(T =
(T, ) 82N + )T
N N
% Z o i0(nT=0,) Z etionT=0,) (7
n=—N n=—N

Euler’s identity is used to evaluate the exponentials in the
two summations to give the following:

_m(B+3CVo)’ VIR, 22

G o) =——oNT 1T
N 2
X Z cos|w(nT — ©,)]
N N 2
+] Y sinfo(nT - ©,)] 8)

Finally, trigonometric identities are used to obtain the fol-
lowing expression for the PSD:

2
N
20 Z cos(nwT)cos(w®,) + sin(nwT)sin(w®,,)
TC(B+3CVQ) T VlRL —o?? n=—N
G(T = . 9
( ,(,U) 8(2N+1)T 4 N 2 ( )
+ Z sin(nawT)cos(w®,) — cos(nwT )sin(w®,)
n=—N
[
M+
It is convenient to define a frequency offset o/T f= T (10)

from the Mth harmonic, so that within the interval
—1/2 <0< 1/2 the frequency is given by the following
expression:

Thus, Eq. (9) may be written as follows to show the effects
of the frequency offset:
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(B 4 3CV,)*12V4R,, ~(nm5)?
G(T,w) = i
(T, ) 82N + )T

+

Even with a deterministic expression for the PSD, there
would be a non-zero linewidth because of the explicit use of
a finite duration for the random process. Thus, to establish a
basis for comparison, next the PSD for zero timing jitter is
determined in Eqgs. (12) to (14):

(B +3CVy) 2ViR, ~ (nt5)?
G(T = T
(T, 0)e,-0 8(2N + 1)T

il vy

12)

Thus, for the case where there is no timing jitter, the line-
width (FWHM) of the Mth harmonic is given by yq=2,/T,
where dg is determined using the following expression:

sin[(2N + Drdo\* 1 0%
(2N + 1)7dy 2
Solving Eq. (13) iteratively shows that (2N -+ 1)7dg

=1.3915574 rad, so the spectral FWHM of the Mth har-
monic is given by

0.88589294

TN T T (14

Equation (14) shows that to measure a linewidth of 10717 He,
which Kartner er al.* considered as the limit with an ideally
stabilized laser, the acquisition time and the coherence length
of the laser must both exceed 8.86 x 10'®'s, which is approxi-
mately the age of the Earth. To accomplish this at a frequency
of 1 GHz would require N to be at least 4.43 x 10%°.

In order to make approximations that are consistent
with the conditions for our measurements, we determine

2

N
Z cos(2nnd) cos(w®,) + sin(2mnd) sin(w®,,)

n=—N

N
Z sin(27nd) cos(w®,) — cos(2mnd) sin(w®,,)
n=—N
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2

o (11)

approximate values of N for which our measured linewidths
could be explained by the effects of the finite acquisition time.
These must be lower bounds for the actual values of N
because other effects including timing jitter are not included.
Our measurements have been made using a spectrum analyzer
at resolution bandwidths (RBW) of 1Hz or 0.1 Hz, corre-
sponding to acquisition times of 1.8 or 18 s, respectively. The
mode-locked laser has a pulse repetition frequency of 74.254
MHz so that T=13.467ns, where the acquisition time is
equal to 2N+ 1)T. Thus, N=6.67 x 107 for an RBW of
1Hz, and 6.67 x 10% for an RBW of 0.1 Hz. Note that Eq.
(14) shows that, with no timing jitter, the measured linewidth
would be 0.49 Hz with an RBW of 1 Hz, and 0.049 Hz with an
RBW of 0.1 Hz, which are comparable to our measurements.

Exactly at the peak of the Mth harmonic, because wy®,,
< 1, Eq. (11) shows that

(2N + 1)(B 4 3CVo)** VR,
8T
\2
e (M) (1 — w2,0%,), (15)

G(T, COM) =

where Ogys is the rms value of the timing jitter. Thus, the
timing-jitter causes a small decrease in the power spectral
density at the peak for the Mth harmonic, which is propor-
tional to M?>, so this decrease is more prominent at the
higher-order harmonics.

Next values that are typical for our measurements will
be used to guide the approximations in determining the con-
tribution of timing jitter to the linewidth. Equation (11)
shows that, with timing jitter, the linewidth (FWHM) of the
Mth harmonic be given by y; =20,/T, where the equation
for ¢, is as follows:

2

N N
Z cos(2nnd;)cos(w®,) | + Z sin(27nd; )sin(w®,) T 2
n=—N n=—N —
N 2 N 2| =5 L_ZN cos(w®,) (16)
+ Z sin(2nnd)cos(w®,)| + Z cos(2nnd)sin(w®,) B
n=—N =—N

Note that from Eq. (14), the argument 27nd; in Eq. (16) is approximately 0.4429 zn/N in the summations so no expansions
are used for the functions of this argument. First, we expand the functions of w®, in Eq. (16) to second order in this variable

2

2

N 0)2®2 N
Z cos(2mndy) (1 - ”) + Z sin(2mnd; ) w®, . N 12
n=—N 2 n=—N _ l Z (1 _ w2®n) (17)
N (1)2®2 N ? a 2 n=—N 2
+ nZ_:Nsin(Znnél)<l ) ”> + n;Ncos@nnél)w@n
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Performing the squares in Eq. (17) and retaining the terms to
second order

sin[(2v + Dz ]\ 1 [ sin](2N + 1)7s)]
(2N + Dsin(nd;) ) 2 \ (2N + 1)sin(nd,)

Z *@? cos(2nnd;)

(2N +1 n*—N
1 A ’
+ mn;NQ)@n Sin(ZTmél)]
1 A ’
+ mn;N(L)@n COS(2TU’15] )‘|
1 - 202
TNt 1)n;Nw ©,=0 (18)

Finally, deleting the summations with oscillatory terms, and
thus of smaller magnitude, gives the following expression
for 0,:

AR
(2N + 1)sin(nd;) ] 2

Equation (19) differs from Eq. (13), showing that timing
jitter causes a small increase in the linewidth, which is pro-
portional to M?, so this increase is more prominent at the
higher-order harmonics. Table I gives values for the frac-
tional decrease in the PSD at the peak and the increase in the
linewidth caused by timing jitter which were calculated
using Egs. (15) and (19).

The effects of timing jitter in a mode-locked laser have
been modeled as a random walk.'! Practical limits to the
drift in the pulse repetition frequency require a bounded ran-
dom walk model so that for large values of the acquisition
time, Ta > Ty, the rms value of the random variable ®,
approaches a constant ®g. Thus, the rms value, Orys is
given by the following expressions, where the limit ®, the
time constant Ty, and the parameter o depend on the particu-
lar mode locking system that is used with the laser.

®RMS =oavT,y for Ty < Ty, (20A)
Orys = Oy for Ty > Ty. (20B)
Thus, from Egs. (19), (20A), and (20B),
2
sin[(2N + 1)z, ] 1 — w3,0*Ty
= for T4 < T 21A
<(2N+ 1)sin(70,) 2 or Ta<To, (214)

TABLE I. Fractional decrease in the peak PSD and increase in the linewidth
caused by timing jitter.

Frequency O\ s (deg) Peak PSD decrease Linewidth increase
74.254 MHz 1078 0.663% 0.444%
74.254 MHz 107° 0.00663% 0.00444%
7.4254 GHz 10710 0.663% 0.444%
7.4254 GHz 1071 0.00663% 0.00444%
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2
sin[(2N + 1)mds] 1 —w3,0;
= for Ty >Ty. (21B
((2N+ Dsin(nd;) 2 or Ta=To. (21B)
The value of yo, which is the linewidth with no timing

jitter, was already determined in Eq. (14). It is convenient to
define f=(2N+ 1)ndy=1.3915574 rad, and consider the
following function of (ff + A), where A < f8

sin(B+A) _sin(B) [, l—co
Brh "~ B [1 A[ﬂ t(ﬁ)”
1
=7 (1 —0.53743591A). (22)

Combining Egs. (19) and (22) gives the following expression
for the linewidth with timing jitter:

=70 [1 + 1.3371256{1 - \/m”

~ 7 (1 + 0.66856278 3, ORyys) - (23)

Combining Eq. (22) with Egs. (20A) and (20B) gives the fol-
lowing expressions for the linewidth when the timing jitter is
modeled as a bounded random walk

72 = o (1 + .66856278w2,0*Ts) for Ta < Ty,  (24A)

73 2 7o (1 4 .66856278w%,0%)  for Ty > Ty.  (24B)

Equations (24A) and (24B) show that the measured line-
width varies inversely with the acquisition time for small
values of T, and then reaches a plateau, with the possibility
of returning to the inverse dependence at large T4 if the laser
is stabilized to reduce T. Nevertheless, It must be acknowl-
edged that as the length of the pulse train of the laser and the
observation time are increased, the measured linewidth can-
not be made arbitrarily small because other phenomena
would become more evident—particularly the fundamental
limit which is caused by the spectral width of the laser

beam.'?

MEASUREMENTS OF THE MICROWAVE FREQUENCY
COMB GENERATED WITH A PASSIVELY
MODE-LOCKED LASER AND A SCANNING
TUNNELING MICROSCOPE

We have previously generated a microwave frequency
comb with more than 200 measurable harmonics by focusing
a passively mode-locked ultrafast laser on the tunneling
junction of a STM.! The mechanism for this effect may be
understood because the laser radiation imposes a pulsed elec-
tric field on the tunneling junction and the non-linear
current-voltage characteristics of this junction cause optical
rectification. Thus, there is a sequence of short (=15f5s)
pulses in the tunneling current having a separation (13.5ns)
which constitutes a microwave frequency comb.

The 15-fs pulse train from a Kerr-lens passively mode-
locked Ti:Sapphire laser (CompactPro, Femtolasers; 7w
=1.55eV) having a nominal pulse repetition frequency of
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|

FIG. 1. STM measurement head showing the sample holder with a small
gold bead as the sample at the end of a miniature coaxial cable.

74.254 MHz) was focused to a 100 um spot at the tunneling
junction of a scanning tunneling microscope (UHV700, RHK
Technology) operated in air with a DC tunneling current of
10 pA. Freshly etched tungsten tips were annealed shortly
before each measurement to remove water and oxide layers.
The sample electrodes were small (dia. < 1 mm) beads of gold
formed in a hydrogen flame. Figure 1 shows the STM mea-
surement head with the sample holder and the gold bead
which is connected to a section of miniature coaxial cable.
Figure 2 is a block diagram of the apparatus, where a bias-T,
represented by the capacitor and inductor, separates the bias
supply from the microwave spectrum analyzer (RSA-6120B,
Tektronix) in the sample circuit of the STM.

The laser was not stabilized, so thermal effects and
vibrations caused the pulse repetition frequency to vary with
time. The measured drift rate was typically 0.2 Hz/s, which
corresponds to a change of 0.36 Hz or 3.6 Hz in the pulse
repetition frequency during acquisition when using a RBW
of 1 or 0.1 Hz, respectively. We have not yet made a full
characterization of the timing jitter, but we have determined
that step changes in the pulse repetition frequency occur as
small “jumps” at irregular intervals. We have made measure-
ments using a spectrum analyzer at RBWs of 1 Hz or 0.1 Hz,
corresponding to acquisition times of 1.8 or 18 s, respec-
tively, and the following data are consistent with our meas-
urements of the timing jitter which show that the jumps in
the pulse repetition frequency are more likely to occur during
the longer acquisition time for a RBW of 0.1 Hz.

Current Preamp H STM control electronics |

STM Tip
Laser
STM Sample
H Spectrum Analyzer |
Bias-T —L—

/ZSTM Bias Supply

FIG. 2. Block diagram of apparatus to generate a microwave frequency
comb by mixing in the tunneling junction of an STM.
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TABLE II. Measurements with an RBW of 0.1 Hz.

File No. Linewidth FWHM (Hz) Peak power (dBm)
1 0.12 —138.72
2 0.14 —137.10
3 0.16 —141.47
4 0.16 —141.47
5 0.20 —151.28
6 0.23 —137.33
7 0.23 —142.47
8 1.17 —144.19

The linewidth for the fundamental of the microwave fre-
quency comb, which is at the pulse repetition rate for the
mode-locked laser (74.25 MHz), was measured using a RBW
of 0.1 Hz, which is the lowest setting for the spectrum ana-
lyzer. Table II presents the measured linewidth and peak
power for each of the eight measurements. This table shows
that, with a RBW of 0.1 Hz, the linewidth varied by a factor
of 9.8 and the peak power varied by 14 dB. However, much
less variation has been seen in other measurements with a
RBW of 1 Hz or greater. For example, using a RBW of 1 Hz
with a different tip electrode, a set of six consecutive meas-
urements of the peak power at the first harmonic had a mean
of —121.83 dBm with a standard deviation of 0.47 dBm.

Figure 3 (File 1 of Table II) shows the power spectral
density of the fundamental as a function of the frequency
with a linewidth of 0.12 Hz. The solid squares represent the
data measured by the spectrum analyzer and the dashed red
curve is a best fit of these data using the dominant first term
in the brackets of Eq. (13). The empirical value of N =2.62
x 10® corresponds to a pulse train having a duration of
(2N + 1)T=7.06 s, which is somewhat less than the acquisi-
tion time of 18 s when using a RBW of 0.1 Hz. The reduced
value of the RBW in these measurements enables us to place
a lower value for the upper bound of the linewidth than that
found in the earlier measurements.'
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FIG. 3. Power spectral density in the fundamental at 74.25 MHz, with a line-
width of 0.12 Hz. Solid squares represent the measured data and the dashed
red curve is a best fit using Eq. (13).
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FIG. 4. Measured power spectral density in the fundamental at 74.25 MHz
with a double peak having a total FWHM linewidth of 0.23 Hz.

Figure 4 (File 7 of Table II) shows the power spectral
density of the fundamental as a function of the frequency for
a double peak having a total linewidth of 0.23 Hz. The PSD
at each peak is approximately one-half the value for the sin-
gle peak in Fig. 3. Graphs for each of the 6 files having a
linewidth greater than 0.14 Hz have two or more peaks in the
PSD, whereas no measurements with more than one peak in
the PSD were made earlier using a RBW of 1 Hz.! We attrib-
ute the presence of two or more peaks at a single harmonic
to jumps in the pulse repetition frequency during the acquisi-
tion time.

DISCUSSION AND CONCLUSIONS

In any measurement of the spectrum of the harmonics in
a microwave frequency comb, the apparent linewidth is lim-
ited by the effective length of the pulse train of the laser—
which is the lesser of two values: the inherent length, and the
duration of the measured sample. However, in our measure-
ments the laser was not stabilized and we observe a drift in
the pulse repetition frequency consisting of small “jumps” at
irregular intervals. Thus, our measurements suggest that
three separate cases may be defined:

(1) The RBW is much greater than the intrinsic linewidth.
For example, with ideal stabilization of the laser, as con-
sidered by Kartner et al.,* the apparent linewidth would
be equal to the RBW of the spectrum analyzer (e.g., | Hz
with a RBW of 1 Hz, 0.1 Hz with a RBW of 0.1 Hz, etc.).
We have made many measurements of the microwave
frequency comb using a RBW of 1 Hz or 10 Hz, which
show an apparent linewidth of approximately 1Hz or
10 Hz, respectively, because there is a low probability
for a jump in the pulse repetition frequency to occur dur-
ing the corresponding short values of the acquisition
time.

(2) The RBW is much less than the intrinsic linewidth.
Spectrum analyzers with a RBW less than 0.1 Hz are not

J. Appl. Phys. 114, 223107 (2013)

yet available. However, we anticipate that with such
instruments the apparent linewidth would increase in
proportion to the acquisition time up to the point where
saturation would occur due to the finite bounds on the
drift.

(3) The RBW is comparable with the intrinsic linewidth. In
our measurements using the intermediate value of 0.1 Hz
for the RBW, we observe a stochastic structure in the
spectrum where 2 (e.g., Fig. 4) or rarely 3 peaks appear
in the measured spectrum at a single harmonic of the
microwave frequency comb, and attribute this to the
occurrence of 1 or 2 jumps in the pulse repetition fre-
quency during the acquisition time.

Some insight into these effects may be obtained by con-
sidering the present analysis using small values of N in the
summations. Our calculations and measurements agree with
previous work suggesting that timing jitter may be the domi-
nant cause for the linewidth in a microwave frequency comb
produced with an ultrafast laser.*> However, it must be
acknowledged that as the length of the pulse train of the laser
and the observation time are increased, the measured line-
width could not be made arbitrarily small. This is because
other sources would become more evident—particularly the
fundarr;ental limit caused by the spectral width of the laser
beam.'
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