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ABSTRACT

We use the method of characteristic sets with respect to two term or-
derings to prove the existence and obtain a method of computation
of a bivariate dimension polynomial associated with a non-reflexive
difference-differential ideal in the algebra of difference-differential
polynomials with several basic derivations and one translation. As
a consequence, we obtain a new proof and a method of computation
of the dimension polynomial of a non-reflexive prime difference
ideal in the algebra of difference polynomials over an ordinary dif-
ference field. We also discuss applications of our results to systems
of algebraic difference-differential equations.
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1 INTRODUCTION

The role of dimension polynomials in differential and difference
algebra is similar to the role of Hilbert polynomials in commutative
algebra and algebraic geometry. An important feature of such po-
lynomials is that they describe in exact terms the freedom degree
of a continuous or discrete dynamic system as well as the number
of arbitrary constants in the general solution of a system of partial
algebraic differential or difference equations. The notion of a dif-
ferential dimension polynomial was introduced by E. Kolchin [6]
who proved the following fundamental result.

THEOREM 1.1. Let K be a differential field (Char K = 0), that is,
a field considered together with the action of a set A = {81,...,0m}
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of mutually commuting derivations of K into itself. Let © denote
the free commutative semigroup of all power products of the form
6 =55 ... 6 (ki 2 0), letord 0 = 37, ki, and for anyr > 0,
let ©(r) = {6 € ©®|ord 6 < r}. Furthermore, let L = K(n1,...,0n)A
be a differential field extension of K generated by a finite set n =
{n,....nn}. (Asafield L = K{0n;|0 € ©,1 <j<n}).)

Then there exists a polynomial v, k (t) € Q[t] such that

() oy (r) = trdegg K({0n10 € ©(r), 1 < j < n}) for all suffi-
ciently larger € Z;

(i) degwyx < m and wyk(t) can be written as wy g (t) =

a,-(t -: l) where ag, . ..,am € Z;
i=0

(iii) d = degwy |k, am and ag do not depend on the choice of the
system of A-generators n of the extension L/K (clearly, ay # am if and
only ifd < m, that isap, = 0). Moreover, ap, is equal to the differential
transcendence degree of L over K, that is, to the maximal number of
elements &1, . .., & € L such that the set {0&;|0 € ©,1 < i < k} is
algebraically independent over K.

The corresponding dimension polynomials of difference and
difference-differential field extensions were introduced in [9] and
[14]. The importance of these characteristics is determined by at
least three factors. First, for a wide class of algebraic differential
(respectively, difference or difference-differential) equations, the di-
mension polynomial of the corresponding field extension expresses
the strength of the system of equations in the sense of A. Einstein.
In the case of a system of partial differential equations, this concept,
introduced in [2] as an important qualitative characteristic of a sy-
stem, was expressed by a certain differential dimension polynomial
in [16]; the corresponding algebraic interpretations of the strength
of systems of difference and difference-differential equations were
obtained in [8, Sect. 6.4] and [12, Sect. 7.7]. Second, the dimen-
sion polynomial associated with a finitely generated differential,
difference or difference-differential field extension carries certain
birational invariants, that is, numbers that do not change when
we switch to another finite system of generators of the extension.
These invariants are closely connected with some other impor-
tant characteristics; for example, one of them is the differential
(respectively, difference or difference-differential) transcendence
degree of the extension. Finally, properties of dimension polyno-
mials associated with prime differential (respectively, difference or
difference-differential) ideals provide a powerful tool in the dimen-
sion theory of the corresponding rings (see, for example, [4], [5],
[8, Ch.7], and [15]).

In this paper we adjust a generalization of the Ritt-Kolchin met-
hod of characteristic sets developed in [13] to the case of (non-
inversive) difference-differential polynomials with one translation
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and apply this method to prove the existence and outline a method
of computation of a bivariate dimension polynomial associated
with a non-reflexive difference-differential polynomial ideal. Our
main result (Theorem 4.2) can be viewed as an essential genera-
lization (in the case of one translation) of the existing theorems
on bivariate dimension polynomials of difference-differential and
difference field extensions, see [10, Theorem 5.4] and [12, Theo-
rems 4.2.16 and 4.2.17]. The latter theorems deal with extensions
that arise from factor rings of difference-differential (or difference)
polynomial rings by reflexive difference-differential (respectively,
difference) prime ideals. Our paper extends these results to the case
when the prime ideals are not necessarily reflexive, so the induced
translations of the factor rings are not necessarily injective.

We also discuss the relationship between the obtained difference-
differential dimension polynomial and the concept of strength of a
system of algebraic difference-differential equations in the sense of
A. Einstein. Furthermore, as a consequence of our main result, we
obtain a new proof and a method of computation of the dimension
polynomial of a non-reflexive prime difference ideal in the algebra
of difference polynomials over an ordinary difference field. The
existence of such a polynomial was first established in [3, Section
4.4], an alternative proof was obtained in [17, Section 5.1]. However,
these proofs are not constructive, while our approach leads to an
algorithm for computing dimension polynomials.

2 PRELIMINARIES

Throughout the paper Z, N, Q and R denote the sets of all integers,
all non-negative integers, all rational numbers and all real numbers,
respectively. For any positive integer p, we set N, = {1,...,p}. By
aring we always mean an associative ring with unity. Every ring
homomorphism is unitary (maps unity onto unity), every subring
of a ring contains the unity of the ring, and every algebra over
a commutative ring is unitary. Every field considered below is
supposed to have zero characteristic.

If B= A1 X--- XAy is a Cartesian product of k ordered sets with
orders <1, - - - <, respectively (k € N, k > 1), then by the product
order on B we mean a partial order <p such that (a1, ...,a;) <p
(af,... ,a;c) if and only if a; <; a] fori = 1,...,k. In particular, if
a=(at,...,ax), a’ = (aj,.. .,a;c) € N* | then a <p d’ if and only
ifa; <ajfori=1,....k. We writea <p a’ifa <p a’ anda # a’.

The proof of the following statement can be found in [7, Chapter
0, Lemma 15].

LEMMA 2.1. Let A be an infinite subset of N™ X N, (m,n € N,
n > 1). Then there exists an infinite sequence of elements of A, strictly
increasing relative to the product order, in which every element has
the same projection on N,.

NUMERICAL POLYNOMIALS OF SUBSETS OF N x Z

Definition 2.2. Apolynomial f(t1,...,tp)inpvariablests, ..., tp
(p € N, p > 1) with rational coefficients is called numerical if

f(t1,...,tp) € Z for all sufficiently large p-tuples (t1,...,tp) € ZP
(that is, there exist integers s, .. .,sp such that f(ri,...,rp) € Z
whenever (r1, .. .,rp) €Zandr; >s;foralli=1,...,p)

Obviously, every polynomial with integer coefficients is numeri-
cal. As an example of a numerical polynomial in p variables with
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non-integer coefficients (p € N, p > 1) one can consider a polyno-
P
ti t
mial l_[ '] wherem,..., myp € N. (As usual, ( (keZ k=1)
i=1 \"™M k

-1)...(t- 1
t(t-1) k'(t k + )in one variable t,

denotes the polynomial

) !
o] = 1, and K = 0 if k < 0.) It can be shown (see [8, Corol-

lary 2.1.5]) that a numerical polynomial f(t1,...,1p) in p variables
can be expressed as a linear combination of products of the form

1 +i tp +1
( ! . 1) ... ( P P) with integer coefficients (ig, .. .,ip € N).
11 lp

In the rest of the section we deal with subsets of N™*1 (m is a
positive integer) treated as a Cartesian product N X N (so that

the last coordinate has a special meaning). If a = (a1, ...,am+1) €
m

N™*1 we set ordy a = Z a; and ordy a = a;;+1. Furthermore, we
i=1

treat N™*1 as a partially ordered set with respect to the product

order <p.

If A € N™*1 then V, will denote the set of all elements v €
N™*1 such that there is no a € A with a <p v. Clearly, v =
(v1,...,Um+1) € Vg4 if and only if for any element (a1, ..., dm+1) €
A, there exists i € N,1 < i < m+ 1, such that a; > v;. Furthermore,
for any r, s € N, we set

Alr,s) = {x=(x1,...,Xm+1) € A| ord; x < r,ordy x < s}.

The following theorem is a direct consequence of the corre-
sponding statement proved in [8, Chapter 2]; it generalizes the
well-known Kolchin’s result on the univariate numerical polyno-
mials associated with subsets of N (see [7, Chapter 0, Lemma
17]).

THEOREM 2.3. Let A be a subset of N1, Then there exists a
numerical polynomial w4(t1, t2) with the following properties:

(i) wa(r,s) = Card Va(r,s) for all sufficiently large (r,s) € N2,
(As in Definition 2.2, it means that there exist ro,so € N such that
the equality holds for all integersr > ro, s > so; as usual, Card M
denotes the number of elements of a finite set M).

(i) deg, wa < manddeg, wa <1 (so the total degree deg wx
of the polynomial does not exceed m + 1).

(i) deg wa = m+1ifandonlyifA = 0. In this case v A(t1,12) =
(5™ (2 + 1).

(iv) w4 is a zero polynomial if and only if (0,...,0) € A.

Definition 2.4. The polynomial w4(t1, t2) whose existence is sta-
ted by Theorem 2.4 is called the dimension polynomial of the set
A C N1 ass0ciated with the orders ord; and ords.

A closed-form formula for w4 (#1, t2) can be found in [8, Proposi-
tion 2.2.11].

BASIC NOTATION AND TERMINOLOGY ON
DIFFERENCE-DIFFERENTIAL RINGS AND FIELDS

By a difference-differential ring we mean a commutative ring
R considered together with finite sets A = {81,...,9;n} and 2 =
{o1,...,0n} of derivations and injective endomorphisms of R, re-
spectively, such that any two mappings of the set A [J X commute.
In what follows, we consider a special case when the set X consists
of a single endomorphism o called a translation. The set A J{o}
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will be referred to as a basic set of the difference-differential ring R,
which is also called a A-o-ring. If R is a field, it is called a difference-
differential field or a A-o-field. We will often use prefix A-o- instead
of the adjective “difference-differential”.

Let T be the free commutative semigroup generated by the set
AJ{c}, that is, the semigroup of all power products

r=6k skl (kile).
m
The numbers ordp 7 = Z k; and ord, r = [ are called the orders
i=1
of 7 with respect to A and o, respectively. For every r, s € N, we set
T(r,s)={r€T|ordp 7 <r, ords T < s}.

Furthermore, ® will denote the subsemigroup of T generated by
A, so every element 7 € T can be written as 7 = fa! where 0 € ©,
leN.Ifr e N, wesetO(r)={0 € ©] ordp 0 < r}.

A subring (ideal) Ry of a A-o-ring R is called a difference-differential
(or A-o-) subring of R (respectively, a difference-differential (or A-
o-) ideal of R) if Ry is closed with respect to the action of any
operator of A o. In this case the restriction of a mapping from
AJ o on Ry is denoted by the same symbol. If a prime ideal P of
R is closed with respect to the action of A |J o, it is called a prime
difference-differential (or A-c-) ideal of R.

If R is a A-o-field and Ry a subfield of R which is also a A-o-
subring of R, then Ry is said to be a A-o-subfield of R; R, in turn, is
called a difference-differential (or A-o-) field extension or a A-o-
overfield of Ry. In this case we also say that we have a A-o-field
extension R/Ry.

If Ris a A-o-ring and S C R, then the intersection of all A-
o-ideals of R containing the set S is, obviously, the smallest A-o-
ideal of R containing S. This ideal is denoted by [S]; as an ideal,
it is generated by all elements 77 where 7 € T, 5 € S. (Here and
below we frequently write 7y for z(n) (r € T, n € R).) If the set
S is finite, S = {n1,...,7p}, we say that the A-o-ideal I = [S] is
finitely generated (in this case we write I = [71,...,7p]) and call
Ns-->Mp difference-differential (or A-o-) generators of I. A A-o-
ideal I of a A-o-ring R is called reflexive if the inclusion ¥ (a) € I
(k € N, a € R) implies that a € I. For any A-c-ideal I of R, the set
I* ={a eR| ak(a) € I for some k € N} is the smallest reflexive
A-c-ideal containing I; it is called the reflexive closure of I in R.

If Ky is a A-o-subfield of a A-o-field K and S C K, then the
intersection of all A-o-subfields of K containing K and S is the uni-
que A-o-subfield of K containing Ko and S and contained in every
A-c-subfield of K containing Ky and S. It is denoted by Ko(S). If S
is finite, S = {n1,...,nn}, then K is said to be a finitely generated
A-o-extension of Ky with the set of A-o-generators {n1,...,1nn}.
In this case we write K = Ko(51, . . ., jn). As a field, Ko(n1, - - -, jn)
coincides with the field Ko({rn;i|r € T,1 < i < n}).

Let R and S be two difference-differential rings with the same
basic set A | J{c}, so that elements of A and o act on each of the
rings as derivations and an endomorphism, respectively, and every
two mapping of the set A | J{o'} commute. A ring homomorphism ¢ :
R — S is called a difference-differential (or A-c-) homomorphism
if p(aa) = ad(a) for any @ € A|J{c}, a € R. In this case Ker¢ is a
reflexive A-o-ideal of R. Furthermore, if ] is a reflexive A-o-ideal
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of A-o-ring R, then the factor ring R/J has a natural structure of
a A-o-ring such that the canonical epimorphism R — R/] is a
A-o-homomorphism.

IfKisaA-o-fieldand Y = {y1,. .., yn} is a finite set of symbols,
then one can consider a countable set of symbols TY = {ry;|r €
T,1 < j < n} and the polynomial ring R = K[{ry;|ltr € T, 1 < j <
n}] in the set of indeterminates TY over the field K. This polynomial
ring is naturally viewed as a A-o-ring where a(ry;) = (at)y; for
any @ € A J{o}, 7 € T, 1 < j < n, and the elements of A [ J{o} act
on the coeflicients of the polynomials of R as they act in the field
K. The ring R is called the ring of difference-differential (or A-o-)
polynomials in the set of difference-differential (A-o-) indetermi-
nates y1, . . ., yn over K. This ring is denoted by K{yi,...,yn} and
its elements are called difference-differential (or A-c-) polynomi-
als. If f € K{y1,...,yn} and n = (91, . .., np) is an n-dimensional
vector with coordinates in some A-g-overfield of K, then f() (or
f(n,-..,nn)) denotes the result of the replacement of every entry
ty;in fbytn; (r €T,1<i<n).

A A-c-ideal in the ring K{yi,...,yn} is called linear if it is
generated (as a A-o-ideal) by homogeneous linear A-o-polynomials
(i. e, A-o-polynomials of the form Z?zl aitiyi, where a; € K,
7;€T,1<k; <n).

Let R be a A-o-ring and U a family of elements of some A-
o-overring of R. We say that U is A-c-algebraically) dependent
over R, if the family TU = {ru|r € T, u € U} is algebraically
dependent over R (that is, there exist elements uy,...,u € TU
and a nonzero polynomial f in k variables with coefficients in R
such that f(u1,...,ug) = 0). Otherwise, the family U is said to be
A-o-algebraically independent over R.

If K is a A-o-field and L a A-o-field extension of K, then a set
B C L is said to be a A-o-transcendence basis of L over K if B is
A-o-algebraically independent over K and every element a € L is
A-c-algebraic over K(B) (it means that the set {ra |7 € T} is alge-
braically dependent over the field K(B)). If L is a finitely generated
A-o-field extension of K, then all A-o-transcendence bases of L
over K are finite and have the same number of elements (one can
easily obtain this result by mimicking the proof of Proposition 4.1.6
of [12]). This number is called the A-o-transcendence degree of L
over K (or the A-o-transcendence degree of the extension L/K); it
is denoted by A-o-tr. degy L.

Let K be a A-o-field K and L a finitely generated A-o-extension of

K with a set of A-o-generatorsn = {n1,...,0n}, L = K{§1,...,0n)-
Then there exists a natural A-c-homo-
morphism @y of the ring of A-c-polynomials K{yi, ..., yn} onto

the A-o-subring K{n1,...,nn} of L such that ®;(a) = a for any
a € K and &;(yj) = nj forj = 1,...,n. If Ais a A-o-polynomial
in K{y1,...,yn}, then the element ®;(A) is called the value of A
at n and is denoted by A(y). Obviously, the kernel P of the A-o-
homomorphism @y, is a prime reflexive A-c-ideal of K{y1, ..., yn}.
This ideal is called the defining ideal of . If we consider the quotient
field Q of the factor ring K{y1,...,yn}/P as a A-o-field (where

5(%) _ v5(u)1:2u5(v) and O'(%) _ %

A), then this quotient field is naturally A-o-isomorphic to the
field L. The A-c-isomorphism of Q onto L is identical on K and
maps the canonical images of the A-indeterminates yy,. ..,y in
K{y1,...,yn}/P to the elements 71, .. ., n,, respectively.

for any u,v € RS €
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3 REDUCTION OF A-c-POLYNOMIALS.
CHARACTERISTIC SETS

Let K be a difference-differential field with a basic set A J{o}
(A = {b1,...,0m} is a set of derivations, o is an endomorphism
of K). Let R = K{yi,...,yn} be the ring of A-o-polynomials in
the set of A-o-indeterminates y1, . ..,y, over K and let TY denote
the set of all elements 7y; € R(r € T, 1 < i < n) called terms. If
u = ty; € TY, then the numbers ordp 7 and ord, 7 are called the
orders of the term u with respect to A and o, respectively.

We will consider two total orders <p and <, on the set of all
terms TY defined as follows:

Ifu = 5{(‘...55{"01’% and v = 5f1 ‘..5,l{l"0'qyj 1 <i,j<n),
then u <p v (respectively, u <4 v) if the (m + 3)-tuple (orda u,
ordg u, k1, . .., km, i) is less than the (m + 3)-tuple (ordp v, ords v,
I, ..., Im,J) (respectively, the (m+3)-tuple (ords u, ordp u, k1, . . .,
km, i) is less than the (m + 3)-tuple (ords v, ordp v, 11, . . ., Im, j))
with respect to the lexicographic order on N**3. We write u <p v
if either u <p v or u = v; the relation <, is defined in the same
way.

An element 7 € T is said to be divisible by an element 7’ € T if

. . T
7 = 7"'t’ for some r”’ € T. In this case we write 7’ | r and "/ = —.

The least common multiple of elements i, . .
T = Sfil...(s,];{mali (1 <i<p)isdefinedasr = 5;11 ...5,1{"01
with dj = max{klj, . ,kpj} (1<j<m)l=max{l,... ,lp}; itis
denoted by lem{ry, . . ., rp}.

Ifu = n1y;, v = oy € TY, we say that u divides v and write

1 €T, where

v
u|vifandonlyifi = jand 71 | 72. In this case the ratio — is defined
u

T

as 2. If u; = 1Yi...,Up = Tpy; are terms with the same A-o-
a1

indeterminate y;, then the least common multiple of these terms,

denoted by lem(uy, . . ., up), is defined as lem(ry, . . ., Tp)yi.
The following statement is a consequence of Lemma 2.1.

LEMMA 3.1. Let S be any infinite set of terms in K{y1, ...
Then there exists an infinite sequence of terms uy, uz, . ..
that up | up,q foreveryk =1,2,....

,yn}~

inS such

If A € K{y1,...,yn} \ K, then the highest with respect to the
orderings <p and <, terms that appear in A are called the A-
leader and the o-leader of A; they are denoted by uy and vg4, re-
spectively. If A is written as a polynomial in one variable v4, A =
Ig(wa)? + Ig_1(va)* ' + - + Iy (A-o-polynomials Iz, Ig_1,. .., Iy
do not contain v,4), then I; is called a leading coefficient of A; the par-
tial derivative dA/dv 4 = dId(UA)d_l +(d- l)Id_l(UA)d_2 +---+1
is called a separant of A. The leading coefficient and the separant
of a A-o-polynomial A are denoted by I4 and Sy, respectively.

Definition 3.2. Let A and B be two A-o-polynomials in the ring
K{y1,...,yn}. We say that A has lower rank than B and write
rk A < rk Bif either A € K, B ¢ K, or (v4, degvA A, ordp uy) is less
than (vp, deg,,, B,orda u ) with respect to the lexicographic order
(where the terms v4 and vg are compared with respect to the order
<o and the other coordinates are compared with respect to the
natural order on N). If the two vectors are equal (or A, B € K), we
say that the A-o-polynomials A and B are of the same rank and
write rk A = rk B.
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Definition 3.3. If A, B € K{yi, ..
ced with respect to A if

(i) B does not contain terms 7v4 such that ordpa z > 0 and
orda(tug) < ordpaug.

., Yn}, then B is said to be redu-

(ii) If B contains a term tv4 where ordp 7 = 0, then either
ordp ug < ordp ug or ordp uag < ordp ug and
deg,,, B <deg,, A

If B € K{y1,...,yn}, then B is said to be reduced with respect
toaset A C K{y1,...,yn} if B is reduced with respect to every
element of A.

REMARK 3.4. It follows from the last definition that a A-o-polynomial
B is not reduced with respect to a A-o-polynomial A (A ¢ K) if either
B contains some term tv 4 such that ordp T > 0 and orda(tug) <
ord up or B contains ' v 4 for somei € N and in this case ordp ug <
ordy up and deg,,, A < degi,,, B.

Definition 3.5. A set of A-o-polynomials A in K{y1,...,yn}
is called autoreduced if A (K = 0 and every element of A is
reduced with respect to any other element of this set.

PROPOSITION 3.6. Every autoreduced set of A-o-polynomials in
the ring K{y1, ..., yn} is finite.

Proor. Suppose that A is an infinite autoreduced subset of
K{y1,...,yn}. Then there is an infinite subset A’ of A such that all
A-o-polynomials in A’ have distinct o-leaders. Indeed, otherwise
there exists an infinite set A; € A such that all A-o-polynomials
in Ay have the same o-leader v. It follows that the infinite set
{ordp ua |A € A1} contains a nondecreasing infinite sequence
ordpug, < ordpug, < ....Since the sequence {deg, A;|i =
1,2,...} cannot be strictly decreasing, there exists two indices
iand j such that i < j and deg,, A; < deg,, A;j. We obtain that A; is
not reduced with respect to A; that contradicts the fact that A is
an autoreduced set.

Thus, we can assume that all leaders of our infinite autoreduced
set A are distinct. By Lemma 3.1, there exists an infinite sequence
Bi, B3, ... ofelementsof A suchthat vp, |vp,,, foralli =1,2,....
(Also, since the leaders of elements of our sequence are distinct,
YBi+1 +1)

Let k; = ord, vp, and I; = ordp up,. Since up, is the A-leader of
Bi,l; > ki (i = 1,2,...),sothatthe infinite set {l;—k; | i € N, i > 1}
contains a nondecreasing sequence l;, — kj,, l;, — ki,,.... Then

— ki, =1;, = ordpup,, .

‘UBi
UB_Z uBil) = kiz - kil + li1 < kiz + liz
1

orda (

It follows that B;, contains a term TUB, =B, such that ordp 7 >
0 and ordA(TuBil) < ordp ug,, - Thus, the A-o-polynomial B;, is
reduced with respect to B;, that contradicts the fact that A is an
autoreduced set. O

The proof of the following statement is similar to the proof of
the reduction theorem for difference-differential polynomials in the
case of classical autoreduced sets, see [1].

ProPoOsITION 3.7. Let A = {A1,...,Ap} be an autoreduced set in
the ring of A-o-polynomialsK{y1,...,yn} andletB € K{y1,...,yn}.
Then there exist a A-o-polynomial By and nonnegative integers k;, I;
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(1 < i < p) such that By is reduced with respect to A, rk By < rk B,

p
and l_[ I/ﬁi_ SIIL{_B = By (mod[A)).
i=1

With the notation of the last proposition, we say that the A-o-
polynomial B reduces to By modulo A.

Throughout the rest of the paper, while considering an autore-
duced set A = {A1,...,Ap} in the ring K{y1, ...,yn} we always
assume that its elements are arranged in order of increasing rank,
rkAp <--- <rkAp.

Definition 3.8. If A = {A1,...,Ap}, B = {B1,...,Bq} are two
autoreduced sets of A-o-polynomials K{yi,...,yn}, we say that
A has lower rank than 8 if one of the following two cases holds:

(1) There exists k € N such that k < min{p, g}, rk A; = rk B; for
i=1,...,k—1andrkA; < rkBy.

(2)p >qandrkA; =1kB;fori=1,...,q.

If p=gandrkA; =1k B; fori=1,...,p, then A is said to have
the same rank as 8. In this case we write rk A = rk 8.

Repeating the arguments of the proof of the corresponding result
for autoreduced sets of differential polynomials (see [7, Chapter I,
Proposition 3]) we obtain the following statement.

PROPOSITION 3.9. In every nonempty family of autoreduced sets
of differential polynomials there exists an autoreduced set of lowest
rank.

This statement shows that if J is a A-o-ideal (or even a subset)
of the ring of A-o-polynomials K{yi,...,yn}, then J contains an
autoreduced subset of lowest rank.(Clearly, the set of all autoredu-
ced subsets of ] is not empty: if A € J, then {A} is an autoreduced
subset of J.)

Definition 3.10. If ] is a subset (in particular, a A-c-ideal) of the
ring of A-c-polynomials K{y1, . . ., yn}, then an autoreduced subset
of J of lowest rank is called a characteristic set of J.

ProposITION 3.11. Let A = {Ay,...,Ap} be a characteristic set
of a nonempty subset ] of the ring of A-o-polyno-
mials R = K{y1,...,yn}. Then an element B € ] is reduced with
respect to A if and only if B = 0.

Proor. First of all, note that if B # 0 and rk B < rk Ay, then {B}
is an autoreduced set and rk{B} < rk A that contradicts the fact
that A is a characteristic set of J. Letrk B > rk A andlet Ay, ..., A;
(1 < j < p) be all elements of A whose rank is lower that the rank
of B. Then the set A’ = {Ay,... ,Aj, B} is autoreduced. Indeed,
the A-o-polynomials Ay, ..., A; are reduced with respect to each
other and B is reduced with respect to the set {A1,...,A;}, since
B is reduced with respect to A. Furthermore, each A; (1 < i < j)is
reduced with respect to B because rk A; < rk B. By the choice of B,
ifj < p,thentk B < rkAj;1,sork A’ < rk A; if j = p, then we still
have the inequality rk A’ < rk A by the second part of Definition
3.8. It follows that (A is not a characteristic set of J, contrary to our
assumption. Thus, B = 0. o

Definition 3.12. Let A = {Aq, ... ,Ap} be an autoreduced set in
the ring K{y1, ..., yn} such that all A-o-polyno-
mials A; (1 < i < p) are linear. Then the set A is said to be coherent
if it satisfies the following two conditions.
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(i) 7A; reduces to zero modulo A foranyr € T, 1 < i < p.
(ii) For every A;, Aj € A, 1<i<j<pletw=lem{va,;,va,}
and 7/ = —, ¢ = -2 Then (t"14;)(7"Ai) = (t'1a, )" Aj)
V4, vaA;
reduces to zero modulo A.

The proof of the following statement can be obtained by mi-
micking the proof of the corresponding result for autoreduced sets
of difference polynomials, see [8, Theorem 6.5.3].

ProPOSITION 3.13. Every characteristic set of a linear A-o-ideal in
the ring of A-o-polynomials K{yi,...,yn} is a coherent autoreduced
set. Conversely, if A is a coherent autoreduced set in K{yi,...,yn}
consisting of linear A-o-polynomials, then A is a characteristic set of
the linear A-o-ideal [ A].

4 DIMENSION POLYNOMIALS. THE MAIN
THEOREM

Let K be a A-o-field (as before A = {61, .. ., m } is a set of mutually
commuting derivations of K and o is an endomorphism of K that
commutes with every §;). Let R = K{yi, ..., yn} be the ring of A-
o-polynomials over K and P a prime A-o-ideal of R. Let P* denote
the reflexive closure of P in R (as we have mentioned, P* is also a
prime A-c-ideal of R) and for every r,s € N, let R,s = K[{ry; |7 €
T(r,s),1 < i < n}]. In other words, R, is a polynomial ring over
K in indeterminates 7y; such that ordp 7 < r and ords 7 < s. Let
Prs = P(\Rys, P}y = P*(\Rys, and let L, L¥, Lys and Ly denote
the quotient fields of the integral domains R/P, R/P*, Rys/P,s and
Ry /P;,, respectively. If n; denotes the canonical image of y; in
Ry [P}, then L* is a A-o-field extension of K, L* = K(n1,...,1n),
and Ly¢ = K({rni |t € T(r,s), 1 < i < n}).

The following statement is an analog of the theorem on the
dimension polynomial of an inversive difference-differential field
extension proved in [13].

THEOREM 4.1. With the above notation, there exists a numerical
polynomial ¢p=(t1,t2) € Q[t1, t2] such that
(i) ¢pp+(r,s) = tr.degg Ly for all sufficiently large pairs (r,s) €
N2,
(ii) The polynomial ¢p+(t1,12) is linear with respect to t and
deg,, ¢p+ < m, so this polynomial can be written as

$p(t1.12) = P ()12 + G5 (11)

where ¢(1 (t1) and gﬁg* (t1) are numerical polynomials in one variable

P*
m .
Z bi(tl + l)
1

that, in turn, can be written as
i=0

$) = Za,—(“ N i) and ¢?(t1) =

i=0

with a;, b; € Z (1 < i < m). Furthermore, an, = A-o-tr. degg L*.

Proor. Let A = {A1,...,Ap} be a characteristic set of the A-o-
ideal P* and for any r,s € N, let

Urs = {u € TY | ordpu < r, ordy u < s and either u is not
a multiple of any v4, or u is a multiple of some o-leader of an
element of A and for every r € T, A € A such that u = tvy4, one

has ordpa(tug) > r}.
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Using our concept of an autoreduced and the arguments of the
proof of Theorem 6 in [7, Chapter II], we obtain that the set Uys(n) =
{u(n) | u € Uys} is a transcendence basis of L}, over K. In order to
evaluate the number of elements of Uy s (and therefore, tr. degy L),
let us consider the sets U/, = {u € TY | ordpu < r,ordgu <'s
and u is not a multiple of any va, } and U/’ = {u € TY | ordp u <
r,ords u < s and there exist A € A such that u = rvy and
ordp(tus) > r}. Clearly, U/ NU//s = 0 and Uy, s = U/ ;U U/s.

By Theorem 2.3, there exists a numerical polynomial in two va-
riables qﬁ(l)(tl, t2) such that ¢<1)(r, s) = Card U/, for all sufficiently
large (r,s) € N2, deg,, ¢(1) < m, and deg,, ¢(1) < 1. Furthermore,
repeating the arguments of the proof of Theorem 4.2 of [11] (con-
sidered in the case of one translation) we obtain that there exists
a bivariate numerical polynomial ¢(2)(t1, t2) such that ¢(2)(r, s) =
Card U/, for all sufficiently large (r,s) € N? and ¢(®)(t1, t) is an
alternating sum of bivariate numerical polynomials of subsets of
N™*1 described in section 2. Each such a polynomial can be repre-
sented in the form (2), so deg,, ¢(Z) < mand deg,, ¢(2) < 1. Clearly
the polynomial ¢p+(t1,t2) = ¢(1)(t1,t2) + qﬁ(z)(tl, ty) satisfies all
conditions of the theorem. The fact that ap, = A-o-tr. degg L* can
be established in the same way as in the last part of the proof of
Theorem 3.1 in [13]. O

Note that in the case when o is an automorphism of K, the sta-
tement of the last theorem was proved in [10] with the use of a
theorem on the multivariate dimension polynomial of a difference-
differential module and properties of modules of Kéhler differenti-
als.

The following theorem is the main result of the paper.

THEOREM 4.2. With the notation introduced at the beginning of
this section, there exists a bivariate numerical polynomial yp(t1, t2)
such that

(i) ¥p(r,s) = tr.degg Lys for all sufficiently large pairs (r,s) €
NZ,

(if) The polynomial yp(t1,t2) is linear with respect to ty and

deg, Yp < m, so it can be written as

Up(ti,t2) = v )tz + Y2 (1)
where lﬁl(,l)(tl) and ¢§,2)(t1) are numerical polynomials in one variable.

Proor. We start with the proof for the case A = 0. In this case we
will use the above notation and conventions just replacing the prefix
A-o- by o- (and "difference-differential” by *difference”). Let A =
{A1,...,Ap} be a characteristic set of the g-ideal P* (the reflexive
closure of the prime o-ideal P of the ring of o-polynomials R =
K{yi1,...,yn}) and let v; denote the o-leader of A; (j = 1,...,p).
Letni =yi+P (1 <i<n),L=K({ckpi|k €N, 1<i<n})(the
quotient field of R/P) and Ly = K({o¥n; |0 <k <s, 1 <i < n}).

For every j = 1,...,p, let s; be the smallest nonnegative integer
such that % (Aj) € P. Furthermore, let

V:{uETY|u¢aivj forany i e N, 1 <j<p},
Vi={veV]ordgv <r}(reN), Ve ={u@n)|lueV},w =
{O'kvj|1 <j<p,0<k<sj—1}, and W(n) = {u(n) |u € W}.

It is easy to see that the set V(5) is algebraically independent
over K. Indeed, suppose there exist v1, . .., v; € V and a polynomial
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f(X1,...,X;) in [ variables with coefficients in the field K such
that f(v1(n),...,vi(n)) = 0. Then f(vi,...,v;) € P € P* and
f(v1,...,v;) is reduced with respect to the characteristic set A
(this o-polynomial does not contain any transforms of the leaders
of elements of A). Therefore, f = 0, so the set V() is algebraically
independent over K.

Now we notice that every element of the field L is algebraic over
its subfield K (V(n) U W(n)).

Indeed, since L = K(V(n) U W(1) U{O’k’Uj(I]) [1<j<p,
k > s;}), it is sufficient to prove that every element o
k > sj (1 < i< p)is algebraic over K (V(17) U W(1)).

Since 0%/ Aj € P, we have 6% Aj(17) = 0, hence O'kAj(q) = 0 for
all k > s;. If one writes A; as a polynomial in v},

vj(n7) with

1) -1

C_ G) @ ()
Aj = 4 Y; +Iqulvj’ +oet

(Ig), .. .,Iéj) do not contain v;) and k > s;, then

74/ = (le‘%‘)(”)) oim® + (Uklg)-l(n)) ()T +
e 4 O—kl(g])(’]) — 0

Note that Ig) ¢ P*, since Ig) is an initial of an element of the
characteristic set of P* and therefore is reduced with respect to

this set (by Proposition 3.11, the inclusion I,g,) € P* would im-
ply Ig,) = 0). Since the o-ideal P* is reflexive, aklg) ¢ P* hence
aklg)(ry) # 0. It follows that o* vj(n) is algebraic over the field

K (V(r]) UWm) U{ulp) |u <s Ukui}) (the term ordering <, was
defined at the beginning of section 3). By induction on the well-
ordered (with respect to <) set of terms TY we obtain that all ele-
ments crkvj(q) (1 <j < p,k € N)arealgebraic over K (V(n) U W(n)),
so L is algebraic over this field as well.

Let {wi,...,wq} be a maximal subset of W such that the set
{w1(n), ..., wq(n)} is algebraically independent over K (V(n)). Then
V() U{wi(n), ..., wg(n)} is a transcendence basis of the field L
over K. Furthermore, since the set W(n) is finite, there exists rp € N
such that
i) wi, . .., Wq € Ryy;

(ii) ro = max{ords v; +sj|1 < j <p}
(iii) Every element of W(n) is algebraic over the field
K (Vry () U{wi (), ..., wq(m)}).

Letr > ro, R, = K[{akyi|l <i<nO0<k<r},and P, =
P\ Ry. Let L, denote the quotient field of the integral domain
R, /P, and {i(r) =yi+Pr € R /P, C Ly (1 £i < n). Furthermore,
let £ = (¢ gDy, and V() = {0({7) o € Vy ). We are
going to prove that

By = V(@) Jiwi@ ). owg @)}

is a transcendence basis of L, over K.

Repeating the arguments of the proof of Theorem 4.1 (applied to
V(¢ (") instead of V(n)) we obtain that V;.({ Myis algebraically inde-
pendent over K. Let us show that the elements w (gv(r)), et wq(gv(r))
are algebraically independent over the field K(V;-({ )y). Suppose
that g(wl(é’(r)), e ,wq(gv(r))) = 0 for some polynomial g in ¢
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indeterminates with coefficients in K (Vr({ (r ))) Then there ex-

ist elements z1,...,z4 € V;, such that all coefficients of f lie in
K(z1 (§(r)), cee, zd(gv(r)) ). Multiplying f by the common denomina-
tor of these coefficients we obtain a nonzero polynomial g in d + ¢
indeterminates such that

921 (), zg ), wi (@), wg () = 0,

hence g(z1,...,24,W1,...,wq) € Pr C P.

Considering the image of g under the natural homomorphism
R — R/P C L we obtain that g(z1(n), ..., z4(n),
wi(n), ..., wq(n)) = 0 where z;(7) € K(V(1)), 1 < i < d. Since
V(n) U{wi1(n), ..., wq(n)} is a transcendence basis of L/K, g = 0,
a contradiction. Therefore, the elements wl({(r)), et wq(g’<’)) are

algebraically independent over K (Vr(§ (r) )), so that the set B, is

algebraically independent over K.

Now let r > rg and let u = alyi where 0 < I <r(1<i<n).
If u is not a transform of any vy (1 < k < p), then u € V, and
u() € Vo(Q).

If u = 0/v; where 0 < j < s — 1 (in this case ords u < 1),
then u € W, hence the element u(n) is algebraic over the field
K (Ve(n) U{w1 (), .. ., wq(r])}). As above, we obtain the existence
of a nonzero polynomial h in d+q+1 variables (d € N) and elements
Z1,...,2q € Vy such that h(z1,...,24,w1,...,wq,u) € Pr. Then
h(z1("), ...,
2a@ ), w1, wg(C),u(C")) = 0 hence u(¢") is alge-
braic over the field K(B,).

Suppose that u = o/v) where s < j < r—ordog (1 < k < p).
Then o/A, € Py, hence 6/A, (")) = 0. If one writes Ay as a
polynomial of vy,

Ak = Ikdkv;jk + -+ Iklvk + IkO

(I;j do not contain vy and all terms in I;; are lower than vy with
respect to <), then Ujlkdk ¢ P*, since Iiq, is the initial of an
element of a characteristic set of P* and the ideal P* is reflexive.
Therefore, ajlkdk (£ # 0, so the equality o/ A (") = 0 shows
that the element u({ My = g/ v (¢ My is algebraic over the field

K (Vr(g“)) U@ |0 € TY, v <4 u}).
Using the induction on the well-ordered (with respect to the or-
der <) set TY we obtain that u({ M)y is algebraic over the field

K (V,(gm) Uolor @) 1<k <d,0<j<sg 1}), which, as

we have seen, is algebraic over K(B;). It follows that u(gv(r)) is
algebraic over K(B;) for every term u with ords u < r. Therefore,
B, is a transcendence basis of L, over K.

Now we are going to complete the proof of the theorem conside-
ring the case when Card A = m > 0. In this case, the field L, can be
treated as the subfield K({0o/&; |6 € ©(r),0 < j < 5,1 < i < n})of
the differential (A-) overfield K({c/&; |0 < j < 5,1 < i < n})a of
K. (&; is the canonical image of y; in R, /Pys; the index A indicates
that we consider a differential, not a difference-differential, field
extension.)

By the Kolchin’s theorem (Theorem 1.1), for any s € N, there ex-
ists a numerical polynomial ys(t) = X2, ai(s)(t;ri) in one variable
t such that y,(r) = tr. degg Ly for all sufficiently large r € N and
ai(s) €Z(0 <i<m).
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On the other hand, the first part of the proof (with the use of
the finite set of o-indeterminates {O(r)y; |6 € ©(r), 1 < i < n}
instead of {y1, ..., yn}) shows that tr. degg L,s = Card V-5 + A(r)
where V5 = {u = ry; € TY |7 € T(r,s) and u # r’v; for any
" € T, 1 < j < p}. (vj denotes the o-leader of the element A;
of a characteristic set A = {Aj,...,Ap} of the reflexive closure
P* of P.) Since the set W in the first part of the proof is finite and
depends only on the o-orders of terms of Aj, 1 < j < p, the number
of elements of the corresponding set in the general case depends
only on r; we have denoted it by A(r).

By Theorem 2.3, there exist rg, so € N and a bivariate numerical
polynomial w(t1, t2) such that w(r,s) = Card Vs forallr > rg, s >
S0, degt1 w < m and degt2 ® < 1. Thus, tr.degg Lys = w(r,s) +
Ar) for all r > rg, s > so. At the same time, we have seen that

tr.degy Lrs, = xs,(r) = X2, ai(so)(r j l) for all sufficiently large

r € N (ai(so) € Z). It follows that A(r) is a polynomial of r for
all sufficiently large r € N, say, for all r > r;. Therefore, for any
s > s, r > max{ro,r1}, tr.degg Lrs = w(r,s) + A(r) is expressed
as a bivariate numerical polynomial in r and s. O

Definition 4.3. The numerical polynomial ¢p(t1, t2)
whose existence is established by Theorem 4.2 is called the A-o-
dimension polynomial of the A-o-ideal P.

The proof of the last theorem (as well as the proof of Theorem 4.1)
shows that the main step in the computation of a A-o-dimension
polynomial is the construction of a characteristic set in the sense
of section 3. It can be realized by the corresponding generalization
of the Ritt-Kolchin algorithm described in [8, Section 5.5], but the
development and implementation of such a generalization is the
subject of future research.

The following illustrating example uses the notation of the proofs
of Theorems 4.1 and 4.2.

Example 4.4. Let K be a difference-differential (A-c-) field with
two basic derivations, A = {81, 02}, and one basic endomorphism o.
Let K{y} be the ring of A-o-polynomials in one A-c-indeterminate
y over K and let P be a linear (and therefore prime) A-o-ideal of
K{y} generated by the A-c-polynomial A = oy + 0'512y + 0'522y
(that is, P = [A]). Then P* = [B], where B = oy + (512y + 5§y,
and Proposition 3.13 shows that {B} is a characteristic set of the
A-o-ideal P*. With the notation of the proof of Theorem 4.1, we
have Ul; = {u € TY|ordpu < r,ordsu < s and u is not a
multiple of oy} and U/, = {u € TY | ordpu < r, ordg u < s and
there is t € T such that u = t(oy) and ordA(f512) > r}. Then

- +2
Card U/, = Card{8!5yy|i+j<r} = (r2 )and
CardUr’QZCard{o"(S{éé‘yH <i<s,r-2<j+k<r}=
r+2 r+2-2
s 2 2

Since 0B € P, the proof of Theorem 4.2 shows that if Yp(t1, t2) is
the A-o-dimension polynomial of the A-o-ideal P, then

= (2r + 1)s.

¥(r,s) = Card U/ + Card U/} + Card{a(Sli(Sgy li+j<r-2}
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for all sufficiently large (r,s) € N2 It follows that
Up(t, t2) = (2t + Dy + (tl ; 2) + (1‘21) that is

p(t1, 1) = (21 + Vg + 12 + 11 + 1.
1

We conclude with a brief discussion of the connection between
the A-o-dimension polynomial and the concept of strength of a sy-
stem of difference-differential equations in the sense of A. Einstein.

Consider a system of difference-differential equations

Ai(f1,- .5 fa) =0 1

with m basic partial derivations and one translation o over a field K
of functions of m real variables x1, . . ., x;; treated as a difference-
differential field with basic set of derivations A = {81,...,0m}
and one translation o where §; = 9/0x; (1 < i £ m)and o :
fx) - f(?+ﬁ) is a shift of the argument x = (x1, . . ., x;,) by some
vector & in R™. (f1,. .., fn are unknown functions of x1, ..., xm).
We assume that system (3) is algebraic, that is, all A;(y1,...,yn)
are elements of a ring of A-o-polynomials K{y1,...,yn} over the
functional A-o-field K.

Let us consider a sequence of nodes in R™ that begins at some

i=1,...,9

initial node P and goes in the direction of the vector h with step
|h]. We say that a node Q has o-order i (with respect to P) if the
distance between Q and P is i|h|.

Let us consider the values of the unknown functions fi, ...,
fn and their partial derivatives of order at most r at the nodes of
o-order at most s (r and s are positive integers). With the notation
of section 2, we can say that we consider the values 7 f;(#) where
t€T,ordp7 <randords 7 < s.

If fi, ..., fn should not satisfy any system of equations (or any
other condition), these values can be chosen arbitrarily. Because
of the system (and equations obtained from the equations of the
system by partial differentiations and translations in the direction ,
the number of independent values of the functions fi, ..., f, and
their partial derivatives whose order does not exceed r at the nodes
of o-order at most s decreases. This number, which is a function of
two variables, r and s, is the "measure of strength” of the system
in the sense of A. Einstein. We denote it by Sys. Suppose that the
A-o-ideal P generated in K{y1,...,yn} by the A-o-polynomials
Ay, ...,Aq is prime (e. g, the polynomials are linear). Then we say
that the system of difference-differential equations (1) is prime. In
this case, the A-o-dimension polynomial {/p(t1, t2) has the property
that yp(r,s) = Sy, for all sufficiently large (r,s) € N2, so this
dimension polynomial is the measure of strength of the system of
difference-differential equations (1) in the sense of A. Einstein.

An important perspective for the use of the obtained results
is the computation of dimension polynomials (and therefore the
Einstein’s strength) of differential equations with delay that arise
in applications. Examples of the corresponding computation in the
differential and inverse difference cases can be found in [8, Chapters
6 and 9]. Computations of the same kind in the non-inverse case
(based on the results of this paper) is a subject for future work.
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