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Abstract: The 1D Vlasov-Poisson system is the simplest kinetic model for describing
an electrostatic collisionless plasma, and the BGK waves are its famous exact steady
solutions. They play an important role on the long time dynamics of a collisionless
plasma as potential “final states” or “attractors”, thanks to many numerical simulations
and observations. Despite their importance, the existence of stable BGK waves has been
an open problem since the discovery of BGK waves in 1957. In this paper, linearly stable
BGK waves are constructed near homogeneous states.

1. Introduction

The 1D Vlasov-Poisson (VP) system is the simplest kinetic model for describing a
collisionless plasma:

0 fi+vi fu £ Edyfe =0, Ey = / Lfs — f_1dv. 0

where fi (¢, x, v) denote distribution functions for ions (+) and electrons (—) respec-
tively, with their self-consistent electric field E. In plasma physics literature, 1D VP for
the electrons with a fixed ion background is often studied. The equation becomes

+00
O f +vd, f — Edyf =0, Exz—/ Fdv+1, (2a)
—0o0

where 1 is the fixed ion density. There are important physical phenomena from the study
of Vlasov models. They include Landau damping ([7,20,23]), and kinetic instabilities
such as two-stream instabilities ([2]). The BGK waves were discovered by Bernstein-
Greene-Kruskal in 1957 ([6]), as exact, spatially periodic steady state solutions to the

Published online: 28 March 2017


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-017-2873-2&domain=pdf
http://orcid.org/0000-0002-7342-1805

Y. Guo, Z. Lin

Vlasov-Poisson system. Consider general BGK waves with non-even distribution func-
tions for ions (+) and electrons (—)

B M++(e+) whenv >0
y V) = , 3
fi (s v) {ui,_ (e+) whenv <0 )
where e = % =+ B. The self-consistent potential B satisfies
e = / os(en)dv + / o (e3)dv @)
v>0 v<0
—/ p— +(e-)dv —/ p—,—(e-)dv="h(p).
v>0 v<0
Denote the homogeneous state
1,2
M+ + (jv ) when v > 0
fo+ (v) = L . &)
Mt — (Ev ) whenv < 0
For the case with fixed ion background, let the electron distribution be
fﬂ (. v) = H—+(e—) whenv >0 ’
H—,—(e—) whenv <0
and
po=1= [ ueaterdv [ ueav=ne. ©)
v>0 v<0
where 1 is the ion density. Denote
-+ (3v?) whenv >0
fo(v) = - . (7)
H— - (Ev ) whenv < 0

The existence of small BGK waves satisfying (4) (6) follows from the Liapunov center
theorem (see e.g. [14]).

Lemma 1. Consider the ODE —Byx = h (B) where h € C'. Ifh (0) = 0, i’ (0) =

2
(%3—’;) > 0, then there exist a family of periodic solutions with ||B|lcc = ¢ << 1

with minimum period Pg — Py when ¢ — 0. We can normalize B(x) to be even in

P P . . . P .
[—Tﬂ, Tﬁ] with maximum at x = 0, minimum at x = :l:Tﬁ, min § = —max B, so that

2 5
B(x) =ecos —x + O(g7). (8)
Pg

Remarkably, these BGK waves play crucial roles in understanding long time dy-
namics of the Vlasov-Poisson system, which have been an important topic in plasma
physics. Many numerical simulations [5,11,12,21,22,24,26,28] indicate that for initial
data near a stable homogeneous state including Maxwellian, the asymptotic behavior of
approaching a BGK wave or superposition of BGK waves is usually observed. Moreover,
BGK waves also appear as the ‘attractor’ or "final states" for the saturation of an unsta-
ble homogeneous state ([2,4,8-10,12,13]). For example, in [13], starting near a BGK
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wave with double period which is unstable, the authors observed the gradual evolution
to another BGK wave of minimal period. To understand such long time behaviors, an
important first step is to construct stable BGK waves.

Ever since the discovery of BGK waves, their stability has been an active research
area. There has been a lot of formal analysis in the physical literature. Instability of
BGK waves to perturbations of multiple periods was proved in [14] for waves of small
amplitude and in [18,19] for waves of large amplitude. Unfortunately, despite intense
efforts, no stable BGK waves to perturbations of minimum period have been found since
1957.

One difficulty is that stable BGK waves cannot be obtained by the traditional energy-
Casimir method, which was first used by Newcomb in the 1950s ([27]) to prove nonlinear
stability of Maxwellian. This method requires the profiles jt+ + to be monotone decreas-
ing to e4, which implies that & (8) defined in (4) or (6) is a decreasing function of f.
So, by differentiating (4) or (6) and integrating it with g, we get

[ 82 =1 ) B0?] ax =,

and thus 8, = 0 (i.e. homogeneous states). So for any nontrivial BGK waves, the profiles
M+ + cannot be monotone and thus the energy-Casimir method does not work. For the
homogeneous equilibria, due to the separation of Fourier modes, a simple dispersion
relation function can be analyzed to get the Penrose stability criterion ([25]). However,
even for small BGK waves, due to the coupling of infinitely many modes, the dispersion
relation is difficult to study for linear stability.

In the rest of this paper, we assume M/j:,+(9)v M’iy_(e) = 0 for |0|] < o+ and
denote 0 = min{o,, o_}. That is, the distribution function is assumed to be flat
near 0. First, this simplifies some technical steps in our construction. Second, this as-
sumption is also physically relevant. It was known that in the long time evolution of
VP near a homogeneous state, the distribution function can develop a plateau due to the
resonant particles ([3]).

Our first result shows that small BGK waves with non-even distribution are generally
spectrally stable, that is, the spectra of the linearized VP operator lies in the imaginary
axis.

Theorem 2. (i) (Uneven and Two species) Assume i+ + € C 3 (R) are nonnegative and

max |ul (I < CA+ YD (v > 1), Wy, 0), Wy _(0) =0for|f] <os. (9

1<i<3
Define fo + (v) by (5) and assume:

/ / 2
/fo,+ (v)dv=ffo,_<v>dv, ff‘“(v“fo"(v) - (2—”) . a0)
v Py

/ f5e @ +2f0,_ ® an
v
/ / 2
[l W, () 0
vV — v Py

for any critical point of v, of fo + (v) + fo.— (v) with |v.| > o, and

’ 4 2
fO,+ (v) + f(),, (U)dv ) (2’#75) . when |v,| < o. (13)
0

v— v,
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Then when ¢ = ||B||co is small enough, the BGK wave [fﬁ, —ﬁx] satisfying (4) is

spectrally stable against Pg-periodic perturbations.
(ii) (Uneven and Fixed ion background) Assume ji_ 1+ € C 3 (R) are nonnegative and

max | (u-2) W< A+ D7 > D, (1-s) ©) =0 for 0] 0w (14)

Define fo (v) by (7) and assume: [ % #0,

/ 2
/fo(v)dvzl, /fov(”) - (i—’Z) , (15)

/ 2
—fo @) dv < <2—]T> (16)

v — Uy Py

for any critical point of v, of fo (v) with |v,| > o, and

fo (v)

v — v

27\ 2
dv#\|— | , when |v| <o. (17)
Po

Then small BGK waves [ 1P, —,BX] satisfying (6) are spectrally stable against Pg-
periodic perturbations.

The conditions in the above Theorem are quite natural and general: (10) is the bi-
furcation condition of small BGK waves; (11) is a non-degeneracy condition which is
true for generic non-even profiles; (12) is the Penrose stability condition (at period Pp)
for the flat homogeneous states fo +. The condition (13) is to ensure that O is the only
discrete eigenvalue for the homogeneous profile with period Py. For the fixed ion case,
the conditions are similar with fy + being replaced by fy. We refer to the final section
for more explicit construction of examples. Theorem 2 shows that for general non-even
Penrose stable profiles flat near 0, the small BGK waves are linearly stable.

Next, we give a sharp stability criterion for small BGK waves with even profiles.

Theorem 3. (i) (Even and Two species) Assume i+ — = [+ 4+ = [+ € C3 (R) are
nonnegative and

max [ ()] < A+ D7 (v > 1. 5h(6) =0 for 6] < 0.

Denote fo.+ (V) = i+ (%vz) and assume: (10), (12), (13) and
— 1.2
/ bt w15V, as)
v
Then the small BGK waves 4 (e+), —By] satisfying (4) are spectrally stable if
-2,/ v / v? . /
v [/L+(7) — /L_(?)] > 0 (equivalently Pg < 0),
and unstable if

2 2
/v72[u+(%) _ M/_(%)] < 0 (equivalently Plé > 0).
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Here, the derivative Pé is respect to ¢ = max |B|. Moreover, for the stable case, there
exists a pair of nonzero imaginary eigenvalues of the linearized VP operator around
[n+(ex), =Bl

(ii) (Even and Fixed ion background) Assume pu— . = p—_ = [ € C3(R) is
nonnegative and

max ] = A+1y)7(r > 1), w'©) =0for o] <o

Denote fo(v) = (%vz) and assume: (15), (16), (17) and

r(1.2
f @) oo, (19)

U2
Then the small BGK waves [j1(e—), —By] satisfying (6) are unstable.

Let o+ be the width of flatness near O for w. It is shown in Section 6 that when o
is small, (18) is always satisfied. Moreover, when o_ > o} (06— <K 03), the stability

(instability) condition P/f/3 <0 (Pﬁ’} < 0) is satisfied. So for the even and two-species

case, we can construct both stable and unstable small BGK waves. For the stable case,
there exist a pair of purely imaginary nonzero eigenvalues of the linearized VP operator.
This suggests that there exists a time periodic solution of the linearized VP equation,
for which the electric field does not decay in time. So there is no Landau damping even
at the linear level. In contrast, for linearly stable BGK waves with uneven profiles as in
Theorem 2 (i), such nonzero purely imaginary eigenvalues do not exist and the Landau
damping might be true. The problems of constructing nonlinear time periodic solutions
for the even case and proving Landau damping for the uneven case are currently under
investigation.

Last, we discuss some key ideas in the proof. Our analysis relies on a delicate per-
turbation argument from a stable homogeneous equilibria. It is well-known that the
original spectra analysis around small BGK waves is difficult due to unbounded pertur-

bation B, d, g+ in the following eigenfunction equation at a BGK wave ( fﬁ (x,v), ,8)
satisfying (3) and (4):

Agx + 00y gt T frdvgs T Pxvply . =0, v >0 (20)
Ag+ + 00,8+ T Brovgs :|:¢xvy/iﬁ =0,v<0
—x =p = / (g+ — g-)dv, 20

where X is the eigenvalue and (g4, ¢) is the eigenfunction. For an unstable eigenvalue
A with ReA > 0, it is possible to ‘integrate’ the Vlasov equation (20) and study a nice
operator on the electric potential ¢ to exclude unstable eigenvalues away from 0. The
situation is much more subtle when A is near zero, which is exactly the focus of the
current stability analysis.

There are three new ingredients in our resolution to such an open question. The first
is to use action-angle variables to integrate the Vlasov equation (20) and define a charge
operator p (A; €) acting on electric potential ¢, where ¢ = ||~ . Remarkably, we observe
that if 4 4 are flat near the origin, then the operator p(A; €) is analytic in A near 0 and
continuous in . The second ingredient is to prove the number of eigenvalue A near zero
is no more than two for the non-even BGK waves and no more than four for the even
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BGK waves, thanks to a new abstract lemma on stability of eigenvalues and the counting
of the multiplicity of zero eigenvalue for the homogeneous state. The last ingredient is
to use the Hamiltonian structure of the linearized Vlasov-Poisson system and the zero
eigenmode due to translation. Combining such a structure with the eigenvalue counting
near 0, we can rule out unstable eigenvalues for the uneven steady states. For the even
states, the even and odd perturbations can be studied separately. For odd perturbations,
the unstable eigenvalues can be ruled out by the counting as in the uneven case. For
even perturbations, the possible unstable eigenvalues must be real, from which a sharp
stability criterion can be derived.

Since neutrally stable spectra can easily become unstable under perturbations, it is
generally difficult to construct stable steady states in Hamiltonian systems via a pertur-
bation method. Our successful construction provides a general approach to find stability
criteria to ensure that the zero eigenvalue can only bifurcate to stable ones for Hamilto-
nian systems with certain natural symmetry. The linearized Vlasov-Poisson system near
BGK waves is a linear Hamiltonian system 7 £ (28) with an indefinite energy functional
(Lg, g), for which there are very few methods to study the stability issues. Our approach
could be useful for other problems with an indefinite energy functional.

2. Stability of Spectra

First, we give an abstract lemma about the stability of eigenvalues near 0. Let K (A, €) be
a family of bounded linear operators from Hilbert space X to X, where A € C, ¢ € R.
We assume that:

fore << 1, K(A, ¢) is analytic near A = 0. 22)

That is, for ¢ << 1, the map A — K (4, €) is analytic as an operator-valued function on
a small disk B (0) C C. This is equivalent to that A — (K (A, &)u, v) is analytic for
any u, v € X (see [16]). We investigate the set of generalized eigenvalues A = { € C
such that there is 0 # r € X such that I+ K (A, ¢)) r = 0}.

Lemma 4. (Stability of Spectra) Assume (22) and:

1) ker{I + K (0, 0)} =span{ry, r2}.

2)I+K(0,0): I-P)X — (I —P)X is invertible, where P is the projection to the
span of {r1, r2} and

det(X+ K, 0)rj 1) ~ A", (i, j=1,2)

near A = 0.
3) K (X, 0) is continuous in A and K (A, 0) : (I —=P)X — (I-P)X.
4) For any ) € C with |1| << 1,

lim [IK . &) = K, O)llLex.x) =0

Then there exists o > 0 such that for alle << 1, #(A° N {|A] < a}) < m.

Proof. The proof uses the Liapunov-Schmidt reduction on ker{I + K (0, 0)} and its
complement space. By assumptions 2) and 3), there exists ¢ > 0 such that for any A % 0
with [A] < o, (I+ K(X,0)) |a—p)x is invertible. We assume |A| < o below.

Let A € A?, so that there is r, = r #% 0 such that

A+ KA, e)r={+KX,0+[K(,e) — K(4,0)]}r =0. (23)
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Letr = rt+rll, where r!l = ajr| +asr; is the projection of r to {ry, r»}. Then projecting

(23) to (I-P) X, we get
A+KO,0)rt+XT—=P)[K(, &) — KO, O]} (rL + r”) =0.

Solving 7 in terms of r!l, we get

rt=—[I+d+KX,0) ' A=P) (K, &) — KO, 0)]!
I+KO0,0) " A=P)[K(, &) — K&, 0)]r

= Z-(, e){air) +aara},

where P is the projection to ker I+ K (0, 0)) = {r, 2} and

Zte)=—[I+A+ KX, 0)'A=P) (KO, &) — K&, 0)] !

A+KQX,0) " A-P)[K*, &) — K, 0)].
Plugging above formula to the equation (23), we have
0=[KG.8) = K 01 (2 ) +1) (@1 +azr)
+ X+KR,0) (@r1 +ar)+ T+ KX, 0)(X-P)r).

Taking inner product of above equation with r{ and r; respectively, we get

2 2
D (A+KO0)rjrdaj+ Y Bij(h,e)a; =0, i=1,2,
j=1 j

where
Bij(h.£) = ([K(A, &) — K(h, 01[Z (0, ¢) +I]rj,r,-> .
Here, in the above we use the fact that
I+ KX, 0)A=P)r,ri)=0,i=1,2.
Define the 2 by 2 matrix A(A, €) = (Al-j (A, s)) by
Aij=(A+KQR,0)r;,r)+Bij(h,e), i, j=1,2,

then the eigenvalue problem (23) is equivalent to det A(A, &) = 0.

(24)

(25)

(26)

By assumption (22), K (A, €) is analytic near A = 0, it follows that det A(X, ¢) is

analytic in A near O for ¢ << 1. By 2),

det A(%, 0) = det((T+ K (%, 0)) rj, ri) «~ A™.

Moreover, by 4) we have lim,_,¢ |det A(), €) — det A(X, 0)] = 0. It follows from the
analytical function theory, there exists @ > 0 such that there are at most m distinct A

with [A| < « satisfying det A(A, &) = 0. Thus # (A N {|A| < a}) <m. O

By the same proof, we have a similar result when ker (I + K (0, 0)) is one-dimensional.
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Corollary 5. Assume (22) and:

1) ker{I + K(0, 0)} =span{r}.

2) {I+ K(0, 0)} is invertible from {1 — P} X — {I — P} X, where P is the projection to
span{r}, and ({I + K (1, 0)}r, r) «~ A,

3) {I+ K(x, 0)} is continuous in A and {1+ K (A, 0)} maps from {I — P} X to {I — P}X.

4) Forany A € C, limg_,¢ ||K(X, &) — K(A,0)|]| — O.

Then there exists a o > O such that if |e| << 1, #{A* N {|A] < a} < m.

3. Vlasov Spectra

In this section, we use the Hamiltonian structure of the linearized Vlasov-Poisson oper-
ator to show that the Vlasov spectra is symmetric to both real and imaginary axes. We
only consider the two-species case and the same is true for the fixed ion case. Define the
linearized Vlasov-Poisson operator

8+ _ [ — (VOy — By Oy) g+ + 0x POy iy
A (g_> = (— Wiy + Brdy) g — ax¢>avu-) ’ @7)

with

o= ()" (/{g+ —g }dv>,

where puy = /Li(%h)lz + B). Define X1 to be the |/L/i| weighted L? space and
X = X+ x X_. We consider the spectra of the operator .4 in X.

Lemma 6. (Structure of Vlasov Spectra) The essential spectrum of the linearized Vlasov-
Poisson operator A'is in the imaginary axis. Let ). be an eigenvalue of A, then A, —%, —\
must also be eigenvalues.

Proof. We first note that the transport operator — (vd, F Bxdy) is an anti-symmetric
closed operator with imaginary axis being its essential spectrum, while 0, ¢ 9, 1+ with

o=(2)" (/{g+ —g_}dv)

is a relative compact perturbation. Thus by Weyl’s Theorem (Th. 5.35 in [17]), the
essential spectrum of A remains the same, with possible additional discrete eigenvalues
outside the imaginary axis. The same is true for the adjoint operator A4*.

Define the operators

—1
Ligs =2 Bf =(}) ( / fdv> T = =i (00, F Bed)
My
Then formally the operator A = 7 L is of Hamiltonian form, where the operators
_(J+ O _(L+—B B
J—(O j_),ﬁ_< 5 E__B) (28)

are anti-symmetric and symmetric respectively on X. We choose A to be an eigenvalue
of A. Since A maps real functions to real functions, if A is an eigenvalue of A, then so
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is . To show that —2 is also an eigenvalue of A4, it suffices to assume that Re A # 0
since otherwise —A = A is already an eigenvalue. Assume Re A > 0 and g = (g4, g_)
is an eigenfunction. Then from Ag = JLg = Ag, clearly £g # 0 since otherwise
Ag = JLg = 0 so that A = 0, a contradiction. Since J* = —J and L* = L,
A* = —LJ.Define h = Lg # 0, then

Ah=— (L) L§=—L(TL)§ = —)LE = —)h,

so —A is an eigenvalue of A*. Since the essential spectrum of A* is in the imaginary
axis and Re (—1) # 0, so —2A is an isolated eigenvalue of A* with finite multiplicity.
This implies that —x € o (A) = o (A*) is also an isolated eigenvalue of A with the same
multiplicity (see [17] p. 184). Then by complex conjugate, —A is an eigenvalues of .A.
0

4. Action-Angle Reformulation

To use Lemma 4 on the stability of spectra, we reformulate the eigenvalue problem (20)
to a Fredholm operator for the potential function ¢. To achieve this, we solve f in terms
of ¢ by using the action-angle variables of the steady trajectory. Below, we treat the
two-species case. The fixed ion case is similar.

Action-Angle Formulation: The construction of the action-angle variables follows from
Section 50.B in [1].

Inside separatrix: When the initial state is in the trapped region, that is,
(x,v) € Qp = {e+x < max f = —min B}, 29)
the particle is trapped in the interval [—a. (e+), o+ (e+)], with the period
o (et) dx’
Ti(ex) =2 [ —
—ax(ex) v/ 2(ex F B(X))
where e; = +f (x4 (e+)). Define the action variable
Ii(ex) l/ei Ti(ey)de!
+(let) = —— +(ey)dey,
27 J_ max B =

and the angle variable

2 * dx’
0y = , v>0,
Ti(et) J-os /2(ex F B(X)))
and
2 x dx’'
Qi =27 — il al

Ti(es) Jooy /2(ex F B(X))

On the separatrix:
When (x, v) € {ex = — min B}, the particle takes infinite time to approach the saddle

point (%, 0) for electrons and (0, 0) for ions.
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Outside separatrix:
When the initial state is in the upper untrapped region, that is,

(x,v) € 2y ={ex > —min B, v > 0}, (30)
or in the lower untrapped region, that is,
(x,v) € Q_ ={ex > —min S, v < 0}, 3D

the particle goes through the whole interval [0, Pﬁ] without changing its direction. Then
the period of the particle motion is

Pg dx’

0 2(ex F AR

We define the action and angle variables by

Ti(ex) =

1 e+
Lifer) = 5- / Ti(é)dels, (32)

—min

0

27 x dx’
=T Ti(er) /0 NeCET DR

and denote

2

wr(ly) = ——
=) = e oy

to be the frequency. We list some basic properties of action-angle variables (see [1]).
First, for both trapped region g and untrapped regions 21, the action-angle transform
(x,v) = (I+, 0+) is a smooth diffeomorphism with Jacobian 1. Second, in the coor-
dinates (/t, 01), the particle motion equation X4 = Vi, Vi = F8; (X+) becomes
I+ =0, 0+ = wi (/1) for trapped particles; for free particle, it becomes I+ = 0, 61 =
w+(I+), when V4 (0) > Oand I+ = 0, Oy = —w+(11), when Vi (0) < 0. So the
particle trajectory (X4 (7; x, v), V4 (¢; x, v)) becomes: (I+, 6+ + tw+(1+)) inside the
separatrix; (I4, 6+ +tws+(I1)) forv > 0 and (I+, 0+ —twi(Iy)) for v < 0, out-
side the separatrix. Here, (I, 04) are the action-angle variables for the initial position
(X+(0), V4 (0)) = (x,v). Correspondingly, we have the following relations of the
transport operators in (x, v) and (I+, 64):

VO F Brxdy = w+(I+)0s, (33)
inside the separatrix, and
_ ) wx(+)dp, forv=>0
VOx F Prdy = {—a)j[(li)agi forv <0 (34)

outside the separatrix. We summarize main properties of the action-angle transform in
the following lemma.
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Lemma 7. In the angle-action variables (11, 041), we have
(i)0 < wi < 0,
(i) limey — — min g T (ex) = 00, lime, |5 wa(ex) =0,
(iii) Inside the trapped region Q2:

V0 + ,Bxav = w:l:(lj:)aei-
(iv) Outside the trapped region:
VOy F BxOy = w4+ (I4+)0,, forv >0,
vy F Brdy = —wr(I1)dg,, forv <O0.

Recall that in this paper, the profiles 1+ of BGK waves are assumed to be flat near
zero in an interval [—o+, 0+]. Let ¢ = min {0y, 0_}. Below, the notation f < g

(f 2 g) stands for f < Cg (f > Cg), for a generic constant C > 0 independent of
€ = |Bloc-

Lemma 8. Assume ¢ = << 0. For |lex| > & (outside of separatrix), we have
[e%e} b D

J
2] <1,
2 2 2
o/ (Ii)—<—> ] |ws(Ie) — == vl
* Py I+ Py
d 1 P,
— | = , x——ﬂei <e,
dI:t wi(li) 2
and
(1) = 2 frez + 0(——) (35)
[6)) = — e .
+ ([ P + T

Proof. Fix ex > § >> ¢, from = ¢ cos %,—’;x + 0(e?), we get

Pp dx’ P
x foro—, (36)

= +
0 V20exFBE))  V2ex (e4)?

Ti(ex) =

since by Taylor expansion

_ / 2
[Z(ei - ﬁ(x’))} V2 ey )12 {1 - zicos 2T L0 <<i> )} . @7
et Pg et

- . Pg _ &
Similarly, since TenJos = 1+0(;7).

by =

2 * dx’
Ti(es) /0 V2(ex F B()
21 ePg . 2m e\?
— PN {x ¥ dres sin P—ﬂx + O((a) )}
2 e

in 22+ 0(e2) (38)
= —X — SIN —X )
Pﬂ + ey Pﬂ
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and thus |2 < 1, |x — 220, |, 97, x < &. By (36) and (37), we have

2 &
wi(ly) = P—ﬂ\/ 2eq + O(ﬁ)-

Combined above with [v] = {/2e+ + O(¢g), we get ’wi(li) — %)—’g [v]| < e. Note that

dly  Tiex) 1
dey 21 wi(ly)’
and from (36)
/ Pﬁ 1 3
Ti(ex) = ————5+0() = ——Ti(ex) + O(o),
Zei) Pﬁ
SO
() 2 T )dei <2n>2+0()
w =——Ti(ex)— = | — e
T T e 2 T\ g

which implies that

” 21\ ? 'd 1 '<
@il i)_<P_ﬁ> ’ E(w;ui)) ~ e

This finishes the proof of the lemma. O

The density operator p (A, ¢) : Consider a BGK wave solution

[M+,:t(e+)» M—,:I:(e—)» —Bx]

as in Theorems 2 and 3. For an eigenvalue A = a + bi, let (g1, ¢) be the eigenfunction
satisfying (20) and (21). We will do the Fourier expansion of g+ and ¢ in both action-

angle variables (/+, 6+1).
Define the spaces

HS1 = {Pg — periodic H ! functions with zero mean},
and
HO1 = {Py — periodic H ! functions with zero mean}.

For any potential ¢ € Hgl, we expand

2
¢ =D i (Ux)e™ . where ¢ (Ix) = %/O P (x)e " =q0, .

keZ

Then, we expand
gr =Y grUp)e™™, kel

(39)

(40)
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Inside the separatrix (e4+(x, v) < —min §): Since |e+(x, v)| = |%v2 + ,3’ <eg<<
o so that ¢xvu/ii = 0 in (20), thanks to the flatness assumption for p+ +. By (33),

V0y g+ F Brvg+ = w+(I+)0p, 8+, (41)

in the trapped region, so Ag+ + w+(/+)dg, g+ = 0 from (20). We therefore deduce that
g (1+) = 0 inside separatrix, for all k € Z.
Outside the separatrix (e+(x,v) > —min §8): By (34), the equation (20) becomes

Ag+ T wi(14)0, g+ F M;,i(3+)w+(1+)39+¢ =0, for v >0, (42)
M tw_(I_)dg_g— £ M/_i(e,)a),(l,)897¢ =0, for £v >0, 43)

in the untrapped reglon We may solve (42-43) by using the expansions (39-40) to
obtain: If A # 0, thengk (I) =0fork =0 and for k # 0,

/Lir,i(€+)0)+ (1+) ¢1-:(1+)

+
) =
8ic (1) ws £ 1)1k

for +v > 0, (44)

and B
ne (e )o— (I-) ¢ (1-)
wy £ A/ik
We note that (44—45) are also valid inside the separatrix thanks to the flatness of p14 4.
By using (44-45), we define the charge density operator as

g =) =— for v > 0. 45)

P, e)¢
_ Z / ko= L"(i)% (I+)dv +/ P iui—(i)@( (I+)dv
k40, + 0 O+ 5 v<0 W+ —

(46)

In the formula (46), we note that (/1, 1) in the right hand side can be restricted to the
untrapped region since . _(e+), p)y ,(e+) = 0 in the trapped region. We also note
that for any A # 0,

Pp
/ ph, &) dx://(g+—g7) dxdv
0
z//g+d1+d9+_//g_d1_d9_ =0,

by using that g,ﬁc = 0 when k = 0. Hence —0 2p(r, €)¢ is well-defined and the self-

consistent Poisson equation (21) is reduced to (I + 0 2 p(x,e))¢p = 0. So we conclude
that for nonzero eigenvalues, the eigenspaces of (20-21) are equivalent to null spaces of
the operator

I+8x_2p(k,8) : Hs1 — Hsl,

where 8’2 denotes twice anti-derivatives with zero mean. To apply Lemma 4, werescale
above operators to be defined in the same function space H0 Let G ¢> ¢( x) be

the mapping from H] — H_, and define the operator
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KO\, €)= Gga;zp()\,s)c;gl

in HJ.
0
To study the properties of the operators K (A, €), we introduce two lemmas.

Lemma 9. Ifu (v) € W7” (R) (p > 1,5 > %) , then for any z € C withRe z # 0, we

have
/ u(v)dv
RV—2Z

Jfor some constant C independent of z.

Proof. Letz =a+ib,witha,b € R, b # 0. Then

/ u (v) / u(v)(v—a)+lbu(v)

——dv = 5 dv

RV—2Z R (v —a)* + b2

Since 5 > %, the space W*? (R) is embedded to the Holder space C% with y €

(o, s—-) So

lu () —u (@] =< |v—al” lullco« < C llullysrlv—al”.

= Cllullwsrw)

The real part is estimated by
/u(v)(v—a) U‘
R (v—a)® +b?
@ —u@) @ —a)
D dv| +
—l+a (v—a) +b lv—al>1
+a )y —u(a 1 L’
sf Mcu(/ —,d) el o
—1+4a lv—al>1 |v — al?

vV—a

1+a

-1

S ”u”W&P/ lv—al™ dv+lullpr < lullysy -
—1+a

u (v)

v—a

<

Similarly, for the imaginary part, we have

/ bu (v) du‘
R (v—a)*+ b2

I+a
(u (v) —u(a))b u (v)
= /—l+a w—aler +n|u(a)|+/|v_a|21 v—a
S lullws.p -

Here, in the above we use

1+a 1
————dv| < dy =1
‘/Ha (U—a)2+b2 ' ~/R1+y2 Y
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Lemma 10. Given ¢ € H' (0, Pg) and ¢ = ¥ 5 (11)e'*%,
i)Ifw:R*"— R and [w (%vz) dv < oo, then

> f w (es) |9 )P dle < 19125, 7
k

and

2
> / w(ex) [¢) (I0)|" dIe S IBIIT~ llpell3s . (48)
k
2)Ifw:R" — RY andfvzw (%vz) dv < oo, then

ZkZ/wi (L) w () | ¢ (1) [* d e S l1gel2s -

k50

Proof. Proof of i): Since (x, v) — (I+, 6+) has Jacobian 1, so
+ 2 _ 2
> [wenlofunlar= [ [wen s P
k

< sup/ w (ex) dv [9ll72 < 16117 -
X

To prove (48), we notice that
1 2 : Bx
+/ —ikO1 4/
¢, (I1) = — ) —dby,
K (1) 2 /() e (x) EY: +

and by Lemma 8, <e.So

3 / w(es) |oF )} dls = / / w(ex) |¢' ()]
k

< % sup / wer)dv ¢ 22 < 1612 6]
X

dx
dlL

0x

alL

2
dxdv

Proof of ii): We note that by Lemma 7,

. ) w+(I+)0g.¢ when (x,v) € Qo U Q4
Vhx = v0x F frdy = { —wi(I+)0p,¢  when (x,v) €Q_

where ¢, Q24 are defined in (29), (30), (31). Thus,

>k / Wl (1) w (ex) |9 (1) |* d s

k#0

://w(ei)|v¢x|2 dxdv

ssup//w(ei)w dv 4] S g2
X
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Lemma 11. (i) O # X is an eigenvalue of the linearized VP operator iff there exists
0 # ¢ € Hy such that {I + K (X, &)}¢ = 0.

(ii) For ¢ << o and any A € C with Re A > 0, the operator K (X, €) : HO1 — H(} is
uniformly bounded to A.

(iii) For e << o, K(, &) : Hy — Hj is analytic in ) when |A| << L.

Proof. (i) follows from the definition of the operator K (X, €). Indeed, A is a non-zero
eigenvalue for the Vlasov-Poisson operator satisfying (20) (21), if and only if (42), (43),
(44) and (45) are valid, which by the Poisson equation (21) is equivalent to ¢, =
p(r, e)por (I +372p(h, )¢ = 0.

Proof of (ii): By the change of variable from [0, Py] to [0, Pg], it is equivalent to
show that the operator

2o\, e): H! — H!

is uniformly bounded. For any ¢ € Hgl, let ® = 9 2,0()L, &)¢. Since ® (x) has zero
mean, SO

(@l g1 = | Dxll2 = sup (Dx, ¥).
velL?
1l 2=1

Let W = 3;] ¥ be the anti-derivative of { with zero mean, then ||W|| 51 = |||l 2. Let
W(x) =) eF (L),
k
then

(O, ¥) = = (Pxx, W) = — (p (X, 8)9, W)

== 2 f i“i;d)k () (L)d L + / Ol yhar, ).
% )

W+

k#0, ik
(49)
To estlmate the above integrals, we change the integration variable to wy with d1y =
———dw+. Define
ol (1 )
- 1
HE (1) = oxply ¢ T VE (L) ————. (50)
wy (1+)

Noting that ,u’i)i = 0 for |e+| < o, so Hki* (w+) = 0 for ws near O (i.e. near

separatrix). By zero extension, we can think of Hki *(w+) as a function defined in R.
Then the first integral in (49) can be estimated by

+,+
H (o
[ w b L
R w4+ + %
by Lemma 9. Smce 7 is bounded outside of separatrix, so

1 e
e U= d@
i / ¢ (x ) 4

H'®R)'

= —||¢||W11 S —||¢||H1 (S

o ()| = =37
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Similarly, [ ¥ (71)] < L{|W|| ;1. By assumption (9),

2
/4/65: (1l ) dex < oo,
thus from
da)i _ da)i dli _ a);:
dey  dlider i’
and (35)

/(wiu;,+)2 doy S /«/E(MQH)Z des < 00

Thanks to Lemma 8, we know that @/, (/1) ~~ 1 when /. ;. # 0, since the supports of
Wy 4 are outside the separatrix. So

dot = oy (I1)dls - dly, (52)
d _dl. d 1 d d

dw+ o dwiE o w’i(]i)a - E7

when u/y 4 # 0. Combining above, we get

1
< Sl 19141,

L2R) ~ k

|

where Hki’Jr is defined in (50). By using Lemma 8 and (51), we have

d 4 1 21 =402 2
‘a)_Hk " N % <||¢||H1 (/ (0l ) “I’;ﬂ dli)
+ L%2(R)
AN
2 2
+ || W] 1 (/ (wsls 1) || dli) )+k—2ll¢||yl||‘1’||Hl~
Thus

Z/ (O)t) wi| < Z H ij:,+

k20 o+ k20

H'(R)

1

1 _ 2
<Y <%||¢>||H1 ( / (021t ) |\I’;'“|2d1i)

k#£0

1 T
1 (/ (eiy L) |6F| dl) k—2||¢||H1||w||H1>

1

2
SNl (Z f (el ,)? |"¥;'E’|2d1i)
k
+ W] 1 (Zf wrile )’ |0 |d1i) + 1l 1%

Sl g W g
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by Lemma 10. The second term in (49) can be estimated in the same way. So we have

0200 19| = 101 S N9l
Proof of (iii): By (36), when |e+| > o, we have

ws =27/Ti(ex) 2 Vo

So for |A| << /0,

2 /o, uniformly for any |k| > 1. (53)

)L+
—_— .
ik F

Hence, the integrals in (49) are clearly bounded by ||¢]||g1||W||g1. We further take
complex A derivatives of (49) to get

(8)\, (IO()" 8)4)) s \I'I)

== > (— / R (LW Ul + / (“’“—ﬁ‘)zﬁqjgdg),

; Ay2
k£0, + ik(wx + 77) o+ — 7

which by (53) againis bounded by ||¢|| 51 ||W|| 1. This shows that 9, K (A, &) is bounded
operator in HO1 and thus K (X, €) is an analytic operator in H(} when |A| << 1. O

Proposition 12. For ¢ << o and any A € C withRe A > 0,
1K () = K O)ll gt a1y < CVE, (54)

where C is a positive constant independent of A.

Proof. 1t is equivalent to show that

-2 -2
3 2p(h ) — 0; p“"”HuH;,Hg)fcﬁ’

where C > 0 is independent of 1. Let ¢, ¥ € Hgl, then it suffices to show that

[((p(h, ) = p(r, 0) ¢, V)| < CVellpll 1l 1W]l 1,

for some constant C independent of A.

The proof is split into three steps.

Step 1. Representation. We note that for the homogeneous case (¢ = 0) with period
Pg, the action-angle variables become

Pﬁ 2
= —_— s I = — N 9 = —X.
o+ P,g|v| £ =5 [vl, O+ R
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Then
(p(x, 0)p, V)

_ Z (/ i/’L:I:+¢k iOdIiJf/wiMi;d’k iod&)
+

k0, £ O+ + % ik

P w. _
_ Z <2_,3> (/ iﬂi;qbk iodwi+/ wrply ¢2:o iOd >
ys w+ + w4+ — 7

k40, £ zk

H:|:+0 +,—:;0

k H-
= Z da) + —Adwi,
k40, + Wi+ 7 Ox — g
1 (Pg ? 2 1 v2
M/i,izﬂ/i,i (E <§> Wy _M:I::I: 2 )

1 2 . P
— f e My (Lo,)ap.,
0 2

where

+.0
& 2

1

+,0 o i kO Pg
vl = — YR (—04)d04,
k a7 ), e (27_[ +)d0+

+£.4:0 P\ / 1(Ps\* 5\ 20540
H (wt) = o WMy E o wy d’k \I"k ,
‘ Ps\? 1/ Pg\> .
+,-:0 B , B 2\ ,£.05+0
H> — - Oy
o (ox) <—2n> Wiy (2 <_2n> wi) P

In the case ¢ > 0, we use the same notations (/+, 6+) and w+ for action-angle variables
and frequency, to make it convenient to estimate the difference ((p (A, £)—p (A, 0)) ¢, V).
Then as in the proof of Lemma 11, we can write

and

i+s +,—:¢
(O)ﬂz) H > " (wt)
(G0, 9 = 3 / dos+ [ PP o,
k0, + W+ 7 Wt ~
where
1
HE T (04) = oy, (ex) p (I) ¥ (1) ——— - ,
)y (I+)
_. - 1
HE 7% (0g) = oapty _ (ex) ¢ (T (1) ———,
)y (I+)
with

1 27 )
P Ue) = — | P (s, 0))e = db.,
27‘[ 0

1 27 )
WES (1) = / W(x (I, 04))e = 0.
2w 0
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Here, in the above formula for ¢>,§E‘8, \Ilki’e, we use (x (I+, 0+), v (I+, 64)) to denote

the action-angle transform (7+, 6+) — (x, v) in the case ¢ > 0. Defining

G,it T (we) = H (0p) — HFTO (wi) (55)

i

(o) = o) — (1),

then we get

() Gi (@)
(P(he8) = p( 0§ 0) = 3 /—dwi+/ﬁdwi.
+

T T T

By Lemma 9, the proof is reduced to estimate H G,f’i H " We write

+ / / 1 P : & =€ 1
G,jf' (wt) = wx (Mi,+ (ex) — 1y 4 (E <§> wi)) ‘P;E (Ii)‘l’ljt’ (Ii)m
+
. (1 (Ps\* , 1 Pg L
+oLiy (5 (E) a)i) (a)/i I~ <2n’> >¢k IV (1)
1 -
+ospl, (—( ) 2) (2—“> Iy — ¢2E*°) (L)
1
+oLpl (‘ ( ) w ) (2—ﬂ> io Co () — io)

=3 G (o). (56)

j=1

. =+, +,0 =+, +,0
Step 2. Estimates for ¢, - ¢ and Yy & Vo when |ex| > %
We note that

1, P
¢ (1) — 970 = P /0 e M0 (x (I, 61)) — ¢(§ei)]dei

1 2 ke x(I+,04)
=5 e " /P éx(£)dE | db+, (57
T Jo Lo,
and ‘x — —Qi‘ < ¢ by Lemma 8, so
4. 1o x(1+,0+) )
657 =2 < max| [, gu)de] < min {VEllgllp el (58)
> 0+
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and

2
> [ (wan ) o 1) - 62 as (59
k

f / 0ty ,) / 62 (0)de
L6 (x,v)

2
<m1n{8||¢||H1,8 ||¢x||(2>o ff(wiﬂl,+) dxdv
< min [ellgI, e2lixl% )

dxdv

Similarly, we have

1 2T x(1+,0+)
W - w = o [ e Uﬁ Wi (©)de | de,

27‘[ 01

W () = W0 < min {VE Wil e oo (60)

and

2 2 .
5 [ (st ) [0 1) - wE | dr S min {6 g e o) oD
k

This completes Step 2.

Step 3. Estimate for ||Gi’i||H1.

Here, the function G* ¥ is defined in (55). We will estimate ||G**|| 1 and it is
similar for ||G* | | 1. we have

1 Pﬂ 2
ex = > (E) X = 0(e),
and thus by (9)
1 [/ Pg\?
Wy y (ex) — ply 4 (5 <ﬁ) wi)

We recall that G+ = Z =1 GjE *+J (see (56)) in the following estimates, where we
also use (52) to transform the integrals [ - - - dwy to [ ---dI+. By (51),

Y
§Cs(1+wi) , ¥y > 1.

+,+;1
Joi+]

< &
2 S Il 19 .

By Lemma 8

2
Pp
AT (E) ‘58’ "

HGi+2‘

, S k2||¢||H1||‘lf||H1
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It is straightforward to get

1

. 2 2 2
lae2) N—nwnm ( / (021 1) |67 (1) — 67| du) :

and

1
+,+:;4 2 +, +.0 2 2
e I k||¢||H1 (/ (s ) |05 (1) — wE| cui)

Now we estimate H dLG,:—L’Jr (wt) H . We note that
[OF3 L2

d 1P\ ,
dw+ |:M/i+ (e) = iy (5 <27r> Cuﬂ[>i|
w4 1 (Ps 5\ [ Ps)?
= (14 (ex) o —ML(z <2ﬂ> op |\ 5 ) @+

Y
<ewy (1 +a):2t> ,

by (9) and Lemma 8. So we can get

d )

L2
1

2 2
d]i)

e 1 2
S Gl 1911 + 1111 ([ (x4 )

/
(wi) o
1
1 5 2 2
il (/ (@2.) dli> .
d Gi+2

For H Tz (w4) H S the above estimate also holds true by using
L

a4 ! <
dls \o\(I+) )|~

By using (58) and (60), we can get that

(67) (w

d .
@Gf’“‘ (01)

(v aw

(67) (o

_Gj:+3 (1) +
d(():t L2

1
S 2191l ( / (sl )’

1
+ 1l (/ (IR

L2

2 3
dli)

1

2 2
d[j:)
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2 2 2
+min{ﬁ||w|m,s||wx||oo}</ (@2nf.) |ef dzi)
1

2 2 2
+min{ﬁ||¢||H1,s||¢x||oo}(/ (ednl) W) d@) .

Combining above, we have

I
> |oit] S s elm el
k k

1
1 2 . 2 2
+ 1l ( f (0xps ) o0 <1i>—¢,f*°) dli)

1

1 2 2
+ %||¢||H1 (/ (wiﬂ/i,+)2 \ylic'g(li) — \I-’/jc’o‘ d[:t)
1 ) , 2 2
+ 219l ( / (0 1) (w,j[) (I+) d1i>

1 5 2
+ Il (f (wxpl ) du)

2
+min{¢§||w||H1,s||wx||oo}(/ N

1

D=

(67)

2 3
d]i)

1

2 3
dIi) }

2
+min{¢5||¢||ﬁl,s||¢x||oo}(f (edufy) Wi
< Vel lgllg
by using Lemma 10 and (59 ), (61). Similarly, we get

S l6ET],, £ VEw s,
k

So by Lemma 9, we have

(oG &) = p 0. 0N, W) S 3 G
k

o]
H! H!

S Vel 11l g
This finishes the proof. O

Lemma 13. Assume the conditions in Theorems 3 and 2. For any 8o > 0, when ¢ is
small enough, there exists no unstable eigenvalue )\ of the linearized VP (20) (21) with
Re A > 0 and || = do.

Proof. We note that I + 9 2 p (A, 0) is uniformly invertible when Re A > 0 and |A| > §¢
(see Lemma 15). So the conclusion follows from Proposition 12. 0O

The following lemma is used in the proof of Theorem 3.
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Lemma 14. Assume py + = o — = pg (even case). Let A € Cand |A| << /o,
¢,V € H) and ¢x, ¥ € L. Then

|0 (KA, 8) = KX, 0) ¢, )| = Ce Al ldxllLoo 1Yl oo -
Proof. Tt suffices to estimate

@ (0720 (s 0) = 97200, 0)) 9, 9)|

for¢, v € He1 . Note that in the untrapped region, the points (x, v) and (x, —v) have the
same action-angle coordinates (I, 6+). Sowhen 4 — = 4 — = @4, we can combine
the integrals for p(A, €)¢ in (46) as

[N W+
> [ / ( —+ )ugeiwk (&)el"@idv}
k20, + v>0 \w++ ;7 @ 1k

2w e
= / izu—i(i)(pk (Io)e ’kgidv (62)
k40, + v>0 wl + 2
and then
wiﬂi(ei) 2
Bph, &)p = —42/ ———— L ) dv.
a) + kz)
Note that,

B 20001, &), ¥) = (3.p(%, )¢, V),

where W = 372y Then

(@ (0720 (1 &) = 9701, 0)) 6. 1)
= 0 (00 ©) = (., 0) 6, W)

w1

:_4}\21@/—12]6 (wr)dw+,
k2

where
G} (01) = G (1) = G (@)

is defined in (55). Note that wy > /o in the support of Gki and [A| << /0, s0

w3

_— < Cy (independent of 1).
[0} + 512,
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Thus

4|?»| Wl +
[(0x (X, &) — p(A,0) ¢, V)| < < e Gy (wy)doy
k:l: kz]

4\
<Z | |||G%\L2Nelx|||¢x||m||w oo,

by the same estimates for ), HG,f’i”Lz as in the proof of Proposition 12 and by
choosing L* bounds in (59) and (61). This finishes the proof of the lemma. O

5. Proof of Main Theorems

First, we study the spectrum of the linearized operator I + K (X, 0) in HO] for flat homo-
geneous states.

Lemma 185. (i) (Even Case) Consider the flat homogeneous states satisfying the assump-
tions in Theorem 3. Then:

(1) I+K(A,O0)isinvertiblewhenRe A > 0; foranys > 0, I+ K (A, 0)) " Lis uniformly
bounded in {Re . > 0, |A| > 5§},
.o i
(2) I1+K(%,0)isanalytic near » = 0; ker I+ K(0,0)) = {¢' 0", e "Ry = {r1, ra};
I+K@©,0 : (I -P)X — (I-P)X is invertible, where P is the project to

spani{ry, r2}.
(3) det(d+ K(x,0)rj,r;) «~ A% near A = 0.

(ii) (Uneven Case) Consider the flat homogeneous states satisfying the assumptions in
Theorem 2. Then (1) and (2) are valid, and det(I+ K (A, 0))rj, r;) « A2 near . = 0.

Proof. (i) (Even Case) We only consider the two-species case and the proof for the fixed
ion case is similar. Denote (4 + = 4 — = [+.
Proof of (1): We note that when ¢ = 0, I + K (A, 0) is the Penrose diagonal operator

o 2m i1 2w
@+ K, 0) e 0" =T+ 2p(, 0)}e 70" (63)
472 L i 2m
[ e s
0 v+ g

When |k| > 1, by the Penrose stability condition (12), there is no unstable eigenvalue
with Re A > 0. So we restrict to the critical case k = 1. Define

d? ol + ]
= | ==

F =
(w) P} v—w

(64)

Then linear instability is equivalent to that F(w) = 1 for some w with Imw > 0. We
define the Penrose curve: {(a, F(a + 0i))}, the image of the real axis in the complex
plane. For the flat profiles, the Penrose curve is an interval in the real axis near (1, 0),
and under the condition (18) it passes beyond (1, 0) to the right. Now we prove the linear
stability of homogeneous equilibria. We assume the contrary, there is wo = a + bi with
a € R, b > 0such that F(wp) = 1. We now approximate u+ by non-constant x} near
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0, such that £, — w4 in some strong topology, while p/{' (0) = 0, but u//(§) < 0 for
& > 0. We define
2 n/ n/
Fy(w) = 4i2 el
Py vV—w

Now the Penrose curves for F, (w) break the constant interval so that (1, 0) is a proper
point of the boundary, and from (12), (1, 0) is the single largest intersection of Penrose
curves with real axis. Since F(Xg) = 1, and F; (1) are analytic near Xg, lim F;, (1) =
F (X)) for A near Ay we therefore conclude that there is A, near Ag such that F,(A,) = 1.
By the open mapping theorem, there is a full neighborhood B, of (1,0) such that
B, € F,(ImA > 0). This contradicts to the fact that (1, 0) is a proper boundary point.
The uniform boundedness of (I+ K (X, O))_l on {ReA > 0, |A| > §} follows from the
Penrose condition (12) and (13).

The proof of (2) is by straightforward calculations. To show (3), we note that F (0) =
F’ (0) = 0 and by (18)

8 2 / + /
F o) = [ = gu s 0, (65)
Py v

Define the 2 by 2 matrix
A0 =I+KO,0r;,r), jl=12.

(D))
1 1

(ii) (Uneven Case) The proof of (1) and (2) is similar. Finally, we note that F' (0) =
0, F'(0) # 0 (by (11)),sodet A (1, 0) —~ Anearrh=0. O

Then near A = 0,

Proof of Theorem 2. We only consider the two species case since the proof for the fixed
ion case is similar. First, we study the eigenvalues near 0. Combining Lemma 15 (ii) and
Lemma 4, we know that the number of eigenvalues for I + K (X, €) near 0 is at most two
when ¢ is small. By Lemma 6, the nonzero eigenvalues must appear in pairs. But clearly
the translation invariance leads to a zero eigenvector [u;’i(&,) By, —/L'_,i(e_) By, Bxl
for the linearized Vlasov-Poisson equation (20) (21), which gives rise to a zero eigenvec-
tor for I+ K (0, ¢) for all ¢ > 0. So we conclude that there exists no nonzero eigenvalues
near 0, besides the translation mode. That is, there exists 5o > 0, such that there is no
nonzero eigenvalue A with |[A| < §p for I + K (X, ¢), when ¢ << 1. By Lemma 13,
when ¢ is small enough, there exists no unstable eigenvalue A of linearized VP (20)
(21) with ReA > 0 and |A| > §&p. This proves the spectral stability of small BGK
waves. 0O

Lastly, we prove Theorem 3 for the even case.

Proof of Theorem 3. We give the detailed proof for the two species case and make some
comments on the fixed ion case at the end. Denote p+ + = pu+ - = p+. Again by
Lemma 13, it suffices to exclude unstable eigenvalues near 0. First, it follows from
Lemma 15 (i) and Lemma 4 that when ¢ << 1, there exist at most four eigenvalues
near A = 0 for I + K (A, ¢). By Lemma 6, besides the translation mode, any nonzero
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eigenvalue near 0 must be either purely imaginary or real, since any eigenvalue with
both nonzero real and imaginary parts must appear in quadruple.

Now we exclude real eigenvalues to show spectral stability. Assume A € R and
|A| << 1. First, we show that when u/, (e+) are even, the operator p(X, €)¢ preserves
parity. For an even function ¢ (x) € H/, let ¢ (x) = Y ;.7 ¢i (I+)e’*®. Then for
k # 0, ¢,f(li) = qfk(li) for untrapped particles, since (x, v) and (—x, v) have
action-angle coordinates (/, 0) and (I, 2w — 0) respectively. Thus by (62),

pOe)p= Y / 02‘”*“ f(ei)@( (L)e' = dv (66)

k#£0, + a’i

—4 / wiﬂi(eiﬁf’k (I+) c
v>0

SRS os kOrdv,
k>0, + w1+

is again an even function in x. Similarly, it can be shown that when ¢ is odd, so is
p (A, &)¢. Thus, we can consider I + K (A, ¢) in the even and odd spaces separately. In
the odd subspace H(}dd of HOI, we notice that I + K (0, 0) has a 1D kernel spanned by

ry = sin %)—’;x. By (63) and noticing that for even profiles the function F' (w) defined by
(64) is even, so

(T+ KGO0 ri ) = (140,70, 0)) ra, ) (67)
=1— F(i}) « aor*.

where ap = F” (0) > 0 (see (65)) by the condition (18 ). We also note that for any
e > 0,1+ K (0, ¢) has a translation kernel which is odd. So by Corollary 5 and Lemma
6, there is no nonzero eigenvalue A near zero for I + K (A, 8) When e << 1.

We can now restrict ourselves to the even subspace HJ. ., of H so that I+ K (0, 0)
has 1D kernel spanned by rop = cos %T)X- We note that (66) is vahd for all A € C with

M| << 1. So letting v = 22, we may rewrite K (A, ¢) in terms of v. That is, we define

2 +
p(v,e)p =4 Z / @ik () () cos kfidv,

k>0, £ V>0 wl+ g
and
K, &) =Ggd 2p(v, a)Ggl.

Then _IE (v, &) is analytic for v near zero. Suppose (I + K (X, €))r = 0 or equivalently
I+ K, e)r =0, forr € HL_ and let Pr = arg, where P is the projection to

even
{ro}. As in the proof of Lemma Zl we use the Liapunov-Schmidt reduction to solve
I+ K (v, &))r =0 to obtain

(I+K@,0)r+(K@v,&) —K©v,0){Z (v, ¢) +}Pr =0,
which is equivalent to

0= ((I + IZ(V, O)) 70, ro) (68)
+ ((k(v, &) — K(v,0)) [zi(v, g) + 1] 7o, r()) ,
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where
Ztw,e) = —[1+ [+ K,0)) " A=P)(K(v, &) — K(v,0))]""
([+K(*, 0) " A=P)[Kw, &) — K(v,0)]

as defined in (24) is analytic in v near 0. Since the eigenvalue A must be real or pure
imaginary, so it suffices to study the equation (68) for v = A? € R. As in (67), we have

(T+ K (v,0)) ro, r0) = ((I+ K (v, 0)) ro, ro) (69)
=1—F(i)A) « apr? = apv,

with ap > 0. So from the implicit function theorem, for ¢ << 1 there is an unique
v(e) € R so that (68) is valid, with v(0) = 0. There is a growing mode A (¢) > 0 if and
only if v(g) = A (¢)? > 0, and there is a purely imaginary eigenvalue 0 # A (¢) € iR
if and only if v(e) = A (¢)> < 0. By (69) and (68) we need

S, &) = ((E(v, &) — K(v,0)) (zl(v, £) + I) o, r0> <0
for ¢ << 1 to ensure that v(e) > 0. Note that
S(v,e) =[S, e) — S0,e)]+ S, ¢)

and
I[S(, &) — 80, &)1l < max [3,S0", &)| [v], (70)
v'e(0,v)

where
3,S(v, &) = (av [K(v, &) — K(v,0)] I:ZJ'(I), £) + 1] ro. ro)

+([Rw.e) = R.0] 0,240, )0, 1) .
For v = A2 near 0, by lemma 14,
(8 (R, ) = R0, 0)) (24, 8) +1) 0, 10|

— ﬁ ‘(ak (KA, &) — K(1,0)) (ZL(v, €) +I) ro, Fo)’

sel|(zrwa+0)n| Il Se

~

wl

and by Proposition 12,
‘((k(‘* ) — K(v,0)) 3,2+ (v, &)ro, r0>’
= (K0 0) ~ KGL0) 020, 00, 10| £ V.

" 2
Noting that v(e) = v'(0)e+ % +--- = O (&), thus acombination of above estimates

and (70) gives

1S(v, &) — S0, )| = O (8%).



The Existence of Stable BGK Waves

Since S(0, 0) = 0, so a sharp stability criterion is for the first nonzero derivative:
d
d—S(O, &)|e=0 < 0 for instability,
£
and
d .
d—S(O, &)|e=0 > 0 for stability.
€

Moreover, under the stability condition <& 75 =S(0, &)|e=0 > 0, from our proof we have a
pair of imaginary eigenvalues bifurcating from & = 0. Note that since Z+(0, 0) = 0,

d d _ _
=50, )le—0 = (G *p(0. )G ro. ro)le—o.
For rg = cos(%x),
2
L, _ Py 27 Pﬁ 2
2G5 rg = 072 cos(— —x) = ——= cos(=—x).
"Gy 1o N COS(Pﬂ Pox) - cos( ﬂx)
Notice that for ¢ € Hgl,

p(0. )¢ = fR (1, (ex) + 1 (e2)) dv ¢,

So
S0, &) = %(8;2,0(0, £)Gy'ro, G5'ro)
P
- _fo/ ﬂ/(ug(egw’,(e,))du cosz(i)—Zx)dx
Py
4n2/ /“”(“” +’3< ))
+ul ( v —,3( ))]dv cos (—x)dx
Notice that by (8),
d Pg _ 2
%ﬂ (F()x) |e=0 = cOS < Ox)
So

d
—S(O, &)le=0

PoP (0) Po 1 , 2w
= / /( ( >+,u (2 ))dvcos (?Ox)dx
P
4712f 0/( ( )—,u/(%vz) dvcos3(i)—7;x)dx
P2 P, (0) 1 1 /
2‘%/@;(2 2)” <2 2>>dv=_Pﬂ(0)‘
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So we deduce the stability criterion that Pf; (0) < O for stability and Pé 0) > 0 for

instability. Moreover, in the stable case (Pé > O), there exists a pair of nonzero purely

imaginary eigenvalues.
Lastly, we calculate Pﬁ’, (0). Recall

2

v v? ,
B = h(B) = /m? +B) - /m? _B=H®.

Since H'(0) = 0, H"(0) = (3)?,

2 2 s e
H"(0) :/Mz(%)_/ul(%) Z/M+522) _/M_U(ZZ)-

Leta, = (213—7;)2, a3 = H"(0), and define g (1) = 2H (1) — uh (u), then

N TR0
p~0B Jo (yZHP) = HW))

.41 B g3 —ud
= lim ——a3 — du
(

du

So we deduce instability when

;o2 ;o2
[ M+(22) - / “—(22) >0 (equivalently Py > 0),
v v

and stability when
;o2 )2
/ ﬁf) - / &22) <0 (equivalently Py < 0) )
v v

The proof for the fixed ion case is similar. Here, the condition (19) plays a duel role.
It is the stability condition for the homogeneous state (,u (% vz) , O) at the critical period
Py, and is also equivalent to the instability condition P/; > 0 for small BGK waves. O

6. Examples

1. The flat profiles satisfying conditions in Theorems 2 and 3 can be easily constructed.
We give an example for the uneven and one species case. Let

f () =co (e*(vf'“)z + ef(”“”)z) ,

where v; > 0and ¢y > 0is such thatf f (v)dv = 1. Note that f (v) has two maximum
at v; and —v; and one minimum at 0. If vy is large enough, then

! (v)dv</f (v)dvand /¥dv>0.

vt v
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We now modify f (v) slightly to get fy (v) which is flat in a small interval [—o, o] and

slightly uneven such that [ %d v # 0. Let v, and vj, be the two maximum points of
fo (v), then we still have

/ ’ ’ 2
max { Jo @) dv, Jo @) dv} < Jo (v)dv = <2_7r> .
v

v — v, v — Vp Py

Since f fo( )d % 0, when o is small, the function F (w) = f Aol )dv is monotone
in [—o, a] and the condition (17) is also satisfied. Thus, the proﬁles fo (v) satisfies all
the conditions in Theorem 2. The small BGK waves bifurcating near (fo (v), 0) are
spectrally stable.

2. For the even case, the condition [ m*:—zﬂ’]d v > 0 is always true when the flatness
width o4 are small enough. Consider 4 to be the modification (flattening near 0) of
non-flat profiles with local minimum at 0. Let 09 = max {0}, o_} and take an interval
I = [209, a] such that 4!y > c¢o > 0in I. Then

/[M++M 1 >2€0/__20<__l)
20’0 a

Since ¢/, > 0in [0, 200],

/+ / /+ /
/ (s 2M_]dv :2/ [ 2M_]dv
v v>0 v

1 1 L
2 CO —_— = +/ Mdv
200 a vea v2
> 0,

when oy is small enough. By the same argument, both stability and instability conditions

5, 02 v?
fv— () = (1> 0 (< 0) (71)

can be satisfied by choosing different o+ for p+. Indeed, when 1 > o_ > oy (06— K
oy K 1), we get + (—) sign in (71).
3. For the one species and even case, by the same arguments as above, the instability

()

waves near [ (1 2) are linearly unstable. But for a slightly uneven profile fy (v) close

condition | dv > 0is always satisfied when the flatness width is small. So BGK

to ( ), by Theorem 2, the BGK waves near f (v) are linearly stable. These suggest
that there exist a transition from stability to instability when we increase the amplitude
of BGK waves bifurcated from fo (v) up to the one close to an unstable BGK wave
bifurcated from u (3v2).

4. In Theorems 3 and 2, we construct linearly stable BGK waves for both even and
uneven cases. However, there is a significant difference in their spectra which must lie
in the imaginary axis. For the uneven case, there is no nonzero imaginary eigenvalue of
the linearized VP operator at a stable small BGK wave. In contrast, for the even case,
there exists a pair of nonzero imaginary eigenvalues for the stable small BGK waves. In
particular, these imply that there is no linear damping for the even BGK waves due to
the existence of nonzero time periodic solutions of linearized Vlasov-Poisson equation.
For the uneven case, the linear damping is under investigation ([15]).
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