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Abstract 

Under the concept of "Industry 4.0", production processes will be pushed to be increasingly interconnected, 
information based on a real time basis and, necessarily, much more efficient. In this context, capacity optimization 
goes beyond the traditional aim of capacity maximization, contributing also for organization’s profitability and value. 
Indeed, lean management and continuous improvement approaches suggest capacity optimization instead of 
maximization. The study of capacity optimization and costing models is an important research topic that deserves 
contributions from both the practical and theoretical perspectives. This paper presents and discusses a mathematical 
model for capacity management based on different costing models (ABC and TDABC). A generic model has been 
developed and it was used to analyze idle capacity and to design strategies towards the maximization of organization’s 
value. The trade-off capacity maximization vs operational efficiency is highlighted and it is shown that capacity 
optimization might hide operational inefficiency.  
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1. Introduction 

The cost of idle capacity is a fundamental information for companies and their management of extreme importance 
in modern production systems. In general, it is defined as unused capacity or production potential and can be measured 
in several ways: tons of production, available hours of manufacturing, etc. The management of the idle capacity 
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Abstract 

In recent years, hybrid manufacturing has transitioned from research and development to commercially available industrial machine 
tools. This proliferation has led to a growing interest in the unique capabilities of these machines. Manufacturers in the mold and 
die, oil and gas, and aerospace industries are investigating hybrid manufacturing as a means of repairing high value components to 
reduce operating costs. As these parts become worn or damaged and taken out of service, each has its own unique distorted and 
worn geometry, and requires a distinct repair plan. This requires the repair strategy for these components to adapt to these 
fluctuations in geometry by modifying the re-manufacturing process on a part by part basis. This paper details a method of model 
transformation for adaptive part repair for use in a commercial hybrid manufacturing system. Nominal CAD geometry of the 
component is transformed based on data captured from the actual part geometry in a two-step process. The nominal geometry is 
first rigidly registered to the measured part data using an iterative algorithm. Then, individual cross sections of the nominal model 
are then deformed to match the actual data. After this transformation, final profile geometry can be constructed by using these 
informed transformations. This overall hybrid repair framework is shown to be of high accuracy and capable of yielding significant 
improvements in material usage efficiency and processing time compared to conventional repair approaches. 
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1. Introduction 

Post processing is often required on additively 
manufactured (AM) components in order to bring the 

part to its required geometric tolerances and final 
surface finish. This processing often involves several 
steps including: heat treatment, separation from the 
build plate, and/or final machining. Each of these steps 
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Post processing is often required on additively 
manufactured (AM) components in order to bring the 

part to its required geometric tolerances and final 
surface finish. This processing often involves several 
steps including: heat treatment, separation from the 
build plate, and/or final machining. Each of these steps 
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requires not only additional operating time, but also 
transfer and set up time between processes. These 
setups are a large contributor to the overall cost of an 
AM part [1]. 

Hybrid manufacturing seeks to reduce some of this 
cost by combining additive manufacturing with 
traditional subtractive manufacturing. This allows the 
part to remain fixtured in one machine while switching 
between adding and subtracting material throughout 
the build process. Commercial hybrid manufacturing 
machines combine the capability of additive 
manufacturing to create free form geometries with 
little material waste with the well-established accuracy 
and repeatability of machining. It also allows for 
unique processes such as the finishing of previously 
inaccessible internal geometries such as cooling 
channels. 

These systems are not only capable of 
manufacturing new components, but also possess the 
ability to repair damaged components. This potential 
has piqued the interest of the aerospace and mold and 
die industries, where repairs on worn high value items 
can have significant financial impact. Components 
previously repaired by hand or through limited 
automation can now be completely repaired in a single 
machine setup [2, 3]. While these systems have existed 
for some time in the research community [4, 5], only 
recently have large machine tool manufacturers begun 
to create their own hybrid machines [6]. This has 
greatly decreased the barrier to entry into this 
developing technology for large scale manufacturing 
companies.  

One case where hybrid manufacturing has benefited 
the aerospace industry is the repair of compressor 
blades. Throughout their use, these blades experience 
wear at the blade tip and must be repaired. This is done 
by removing the worn area, welding additional 
material to the blade tip, then machining and blending 
the geometry back to correct form. These blades also 
experience varying degrees of warp during normal use, 
and while this deformation may not be significant 
enough to scrap the part, it dramatically increases the 
complexity of a repair. To accommodate this, extra 
material is deposited during the welding stage and a 
margin of weld material is left after the machining 
process. This extra weld material must then be blended 
back into the original blade material by a skilled 
technician. This blend is required to make a smooth 
transition between original blade and the newly 
machined surface. The final inspection of the blade is 
then completed on the resulting machined geometry. 

Significant process savings could be made if the 
process could be adapted to differences in individual 
part geometry. 

 In order to adapt the process to individual blades, 
tooth paths must be adapted on a part-by-part basis. Qi 
et al. describe an addaptive additive repair method for 
compressor blades; however, it is adaptive only in the 
deposition method, not the overall geometry to be 
repaired [7, 8]. Therefore, the geometry of a worn or 
welded blade must be reconstructed. Reconstruction of 
compressor blade geometry has been studied in Ref. 
[9], however this method requires a full scan of the 
actual blade geometry in order to be implemented. 
Moreover, this method uses the nominal model to 
repair the actual geometry instead of adapting to match 
the actual part. This could lead to the creation of 
geometries which do not transition evenly into the 
parent material. The approach used in Ref. [10] also 
requires an entire scan of the blade geometry, which 
requires significant process time and is not easily 
implementable within a commercial hybrid 
manufacturing machine. Other methods of airfoil 
reconstruction such as the one presented in Ref. [11], 
do not extend the geometric reconstruction to unknown 
blade profiles. 

This paper demonstrates a modeling strategy for use 
in a hybrid manufacturing system to accurately 
reconstruct worn or unknown geometry of a generic 
compressor blade. In the additive phase, this strategy 
reconstructs the blade tip geometry in order to improve 
weld placement and increase material efficiency. In the 
subtractive phase, this algorithm reconstructs the 
geometry of the actual blade and creates geometry for 

Fig. 1. Process for unknown surface modelling 
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deposition method, not the overall geometry to be 
repaired [7, 8]. Therefore, the geometry of a worn or 
welded blade must be reconstructed. Reconstruction of 
compressor blade geometry has been studied in Ref. 
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reconstruction such as the one presented in Ref. [11], 
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the blade tip, which completes the surface to be 
machined. The final part qualification is then 
compared against the transformed geometry. The 
objective is not to return the actual geometry back to 
the nominal form, but instead to minimize deviation on 
the machined surface of the welded blade to eliminate 
expensive hand blending. 

2. Methodology 

The following strategy is designed to be 
implemented in conjunction with typical on-machine 
metrology technology available in hybrid 
manufacturing systems, namely coordinate 
measurement machine (CMM) type inspection probes. 
These devices can be used for part setup or mid cycle 
inspection and return the coordinates of the points 
probed, which can be accessed by programs in the 
controller or read by a networked computer. This data 

can then be manipulated by software located on the 
computer. Commands based on this data can then be 
uploaded and executed by the machine tool. 

Figure 1 depicts the process for the geometry 
manipulation. Data from the actual blade can be 
captured in the form of two-dimensional (2D) 
sections, an example of which is shown in Fig. 2. The 
nominal blade data can then be manipulated to match 
the actual data via a two-step process using a 
combination of rigid and non-rigid registration 
techniques. In this manner, transformations required to 
manipulate the nominal model to match known 
profiles of the existing geometry can be used to make 

informed transformations of on a third profile of the 
nominal model. These transformed and created 
profiles are then used to create a final model of the 
blade to be processed during the repair. 

2.1. Blade geometry input 

The actual blade geometry is captured by probing a 
number of cross sections (at least two) at prescribed 
heights along the radial direction of the blade below 
the region which is to be repaired.  The following 
formulation makes use of two profiles for this purpose, 
where a greater number of profiles would increase the 
accuracy of the algorithm. The profile’s mean camber 
line, shown in Fig. 2 is defined as continuous curve 
which lies equidistant to either side of the blade’s 
pressure surfaces. The calculation of this mean line is 
well documented [12] and can be constructed using 
available commercial programs [13]. The blade’s 
profile, defined as a matrix of 3D coordinates 𝑃𝑃𝑧𝑧 =
[𝑃𝑃0 … 𝑃𝑃𝑚𝑚] , a mean line, and its assigned thickness 
distribution can be computed where it is represented as 
a periodic interpolating cubic spline curve with a 
control point vector 𝐶𝐶𝑝𝑝𝑧𝑧 = [𝐶𝐶𝐶𝐶0 … 𝐶𝐶𝑃𝑃𝑛𝑛]  and a knot 
vector 𝑡𝑡𝑧𝑧 = [𝑡𝑡0 … 𝑡𝑡𝑛𝑛+4] . 𝑁𝑁𝑧𝑧 = [𝑁𝑁0,3(𝑡𝑡𝑧𝑧) … 𝑁𝑁𝑛𝑛,3(𝑡𝑡𝑧𝑧)]  
are the b-spline basis functions with the subscript z 
denoting the section height. 

 
 

𝑀𝑀𝑀𝑀𝐿𝐿𝑧𝑧(𝑡𝑡𝑧𝑧) =  ∑ 𝐶𝐶𝐶𝐶𝑧𝑧,𝑖𝑖𝑁𝑁𝑖𝑖,3(𝑡𝑡𝑧𝑧)
𝑛𝑛

𝑖𝑖=0
 

(1) 

 
The thickness distribution of the blade, defined as 

the normal distance from the mean camber line to the 
blade profile, is also imported. The thickness 
distribution for a given profile can be defined as: 

 
 𝑇𝑇𝑑𝑑𝑧𝑧 = 𝑓𝑓(𝑡𝑡𝑧𝑧) (2) 

 
The nominal geometry is input in a similar manner 

at three profiles. Two of these profiles are evaluated at 
the same height as probed on the actual geometry, 
while the third is the profile at the tip of the blade. 
These are imported as 𝑃𝑃𝑛𝑛𝑧𝑧, 𝑀𝑀𝑀𝑀𝑀𝑀𝑛𝑛𝑧𝑧(𝑡𝑡𝑧𝑧), 𝑇𝑇𝑇𝑇𝑛𝑛𝑧𝑧(𝑡𝑡𝑧𝑧)  
where n denotes the nominal model. 

2.2. Rigid profile registration 

The nominal geometry must first be rigidly aligned 
with the actual geometry in three-dimensional (3D) 

Fig.2. Image of compressor blade and cross section 
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space. This operation accounts for translational or 
rotational offsets that may occur between the fixtured 
actual part and its digital nominal counterpart. Due to 
changes in the actual geometry caused by 
deformations such as blade lean or twist, the overall 
geometries cannot be registered and instead must be 
registered section by section. It is important that each 
nominal profile 𝑃𝑃𝑛𝑛𝑧𝑧 must be considered against its 
counterpart 𝑃𝑃𝑧𝑧 in the actual geometry. This will 
account for any distortions that would change the 
placement of 𝑃𝑃𝑖𝑖 relative to the position of 𝑃𝑃𝑖𝑖+1.This is 
accomplished using a conventional iterative closest 
point (ICP) algorithm [14], which minimizes the 
overall mean squared distance between two point sets. 
This algorithm is iterated until the decrease in error 
between successive iterations is less than 0.1%. The 
required 3x3 rotation matrix 𝑅𝑅 and the 3x1 translation 
matrix 𝑇𝑇 applied to meet this result are then reported. 
This operation is performed for the two profiles on the 
actual geometry, yielding 𝑅𝑅1, 𝑅𝑅2, 𝑇𝑇1, 𝑇𝑇2. 

The third profile (e.g., tip profile) of the nominal 
blade must then be transformed. Since there is no 
information known about the tip profile of the actual 
blade, an informed transformation must be made using 
the previous two transformations. A linear 
approximation for both 𝑅𝑅3 and 𝑇𝑇3 can be made based 
on [𝑅𝑅1, 𝑅𝑅2]  and [𝑇𝑇1, 𝑇𝑇2]  respectively. In order to 
determine 𝑅𝑅3 , 𝑅𝑅1  and 𝑅𝑅2  must first be decomposed 
into their respective angular rotations about the global 
axes, 𝜃𝜃𝑥𝑥,   𝜃𝜃𝑦𝑦, and 𝜃𝜃𝑧𝑧.  Ref. [15] demonstrates a method 
for this procedure, but its application yields two 
possible solutions. The correct solution can be 
determined by once again transforming  𝑃𝑃𝑛𝑛𝑧𝑧  by the 
computed angles and analyzing the mean squared error 
between the data sets. The rotation angles for the third 
profile can then be calculated. The final rotation 
matrix can then be calculated by combining the 
individual X, Y, and Z rotations. 

The translation 𝑇𝑇3  can be calculated in a similar 
manner. The final translations and rotations can then 
be applied to the profiles. Since the transformation is 
rigid, the mean line for each curve can be transformed 
by manipulating the spline control points as one rigid 
data set. The transformed profiles, control points, and 
curves can then be written as: 

 
 𝑃𝑃𝑇𝑇𝑧𝑧 = 𝑅𝑅𝑧𝑧𝑃𝑃𝑛𝑛𝑧𝑧 + 𝑇𝑇𝑧𝑧 (3) 

 
 𝐶𝐶𝑝𝑝𝑇𝑇𝑧𝑧 = 𝑅𝑅𝑧𝑧𝐶𝐶𝑝𝑝𝑛𝑛𝑧𝑧 + 𝑇𝑇𝑧𝑧 (4) 

 
 

𝑀𝑀𝑀𝑀𝐿𝐿𝑇𝑇𝑧𝑧(𝑡𝑡𝑧𝑧) =  ∑ 𝐶𝐶𝑝𝑝𝑇𝑇𝑧𝑧,𝑖𝑖𝑁𝑁𝑖𝑖,3(𝑡𝑡𝑧𝑧)
𝑛𝑛

𝑖𝑖=0
 

(5) 

2.3. Non-rigid transformation 

While the nominal profiles have been transformed 
to match the location and orientation of the actual 
profiles, deviations may still exist in the geometry of 
the profiles themselves. The nominal profiles must 
then be distorted to match the actual blade geometry. 
Since the mean camber line is used to define the shape 
of the profile, comparison between 𝑀𝑀𝑀𝑀𝐿𝐿𝑧𝑧  and 
𝑀𝑀𝑀𝑀𝐿𝐿𝑇𝑇𝑧𝑧  can be used to calculate deviations in the 
profile geometry. The geometry of these curves can be 
compared by examining the b-spline control points. 
The deviation between these control points can be 
defined as 𝐷𝐷𝑧𝑧,𝑖𝑖. The tip mean camber line must also be 
transformed to capture the trend of any profile 
deviation that occurs along the radial direction of the 
blade. This is done using a linear interpolation on a 
control point to control point basis. The final 
transformed control points for the b-spline curve can 
then be defined as: 

 
 𝐶𝐶𝑝𝑝𝑓𝑓𝑧𝑧 =  𝐶𝐶𝑝𝑝𝑇𝑇𝑧𝑧 + 𝐷𝐷𝑧𝑧 (6) 

Thus, the final mean camber lines for the blade can 
be defined as: 

 

2.4. Profile creation 

Once the mean camber lines have been 
manipulated, the final blade profiles can be created. 
This is completed by evaluating the thickness 
distribution along the length of the curve, and 
projecting points normal to the curve. First, the 
derivative 𝑀𝑀𝑀𝑀𝐿𝐿𝐹𝐹𝑧𝑧

′ is calculated, then vectors normal to 
the curve are calculated within the plane of the profile 
and normalized, defined as 𝑁𝑁𝑧𝑧(𝑡𝑡) . Points are then 
placed on either side of 𝑀𝑀𝑀𝑀𝐿𝐿𝐹𝐹𝑧𝑧(𝑡𝑡) at a distance 𝑇𝑇𝑑𝑑𝑧𝑧(𝑡𝑡) 
along the normal vector 𝑁𝑁𝑧𝑧(𝑡𝑡) . Since the thickness 
distribution of the actual blade is known, the nominal 
thickness distribution can be replaced by the actual in 
the first two sections. The final profiles for each 

 
𝑀𝑀𝑀𝑀𝐿𝐿𝐹𝐹𝑧𝑧(𝑡𝑡𝑧𝑧) =  ∑ 𝐶𝐶𝑝𝑝𝐹𝐹𝑧𝑧,𝑖𝑖𝑁𝑁𝑖𝑖,3(𝑡𝑡𝑧𝑧)

𝑛𝑛
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the blade tip, which completes the surface to be 
machined. The final part qualification is then 
compared against the transformed geometry. The 
objective is not to return the actual geometry back to 
the nominal form, but instead to minimize deviation on 
the machined surface of the welded blade to eliminate 
expensive hand blending. 

2. Methodology 

The following strategy is designed to be 
implemented in conjunction with typical on-machine 
metrology technology available in hybrid 
manufacturing systems, namely coordinate 
measurement machine (CMM) type inspection probes. 
These devices can be used for part setup or mid cycle 
inspection and return the coordinates of the points 
probed, which can be accessed by programs in the 
controller or read by a networked computer. This data 

can then be manipulated by software located on the 
computer. Commands based on this data can then be 
uploaded and executed by the machine tool. 

Figure 1 depicts the process for the geometry 
manipulation. Data from the actual blade can be 
captured in the form of two-dimensional (2D) 
sections, an example of which is shown in Fig. 2. The 
nominal blade data can then be manipulated to match 
the actual data via a two-step process using a 
combination of rigid and non-rigid registration 
techniques. In this manner, transformations required to 
manipulate the nominal model to match known 
profiles of the existing geometry can be used to make 

informed transformations of on a third profile of the 
nominal model. These transformed and created 
profiles are then used to create a final model of the 
blade to be processed during the repair. 

2.1. Blade geometry input 

The actual blade geometry is captured by probing a 
number of cross sections (at least two) at prescribed 
heights along the radial direction of the blade below 
the region which is to be repaired.  The following 
formulation makes use of two profiles for this purpose, 
where a greater number of profiles would increase the 
accuracy of the algorithm. The profile’s mean camber 
line, shown in Fig. 2 is defined as continuous curve 
which lies equidistant to either side of the blade’s 
pressure surfaces. The calculation of this mean line is 
well documented [12] and can be constructed using 
available commercial programs [13]. The blade’s 
profile, defined as a matrix of 3D coordinates 𝑃𝑃𝑧𝑧 =
[𝑃𝑃0 … 𝑃𝑃𝑚𝑚] , a mean line, and its assigned thickness 
distribution can be computed where it is represented as 
a periodic interpolating cubic spline curve with a 
control point vector 𝐶𝐶𝑝𝑝𝑧𝑧 = [𝐶𝐶𝐶𝐶0 … 𝐶𝐶𝑃𝑃𝑛𝑛]  and a knot 
vector 𝑡𝑡𝑧𝑧 = [𝑡𝑡0 … 𝑡𝑡𝑛𝑛+4] . 𝑁𝑁𝑧𝑧 = [𝑁𝑁0,3(𝑡𝑡𝑧𝑧) … 𝑁𝑁𝑛𝑛,3(𝑡𝑡𝑧𝑧)]  
are the b-spline basis functions with the subscript z 
denoting the section height. 

 
 

𝑀𝑀𝑀𝑀𝐿𝐿𝑧𝑧(𝑡𝑡𝑧𝑧) =  ∑ 𝐶𝐶𝐶𝐶𝑧𝑧,𝑖𝑖𝑁𝑁𝑖𝑖,3(𝑡𝑡𝑧𝑧)
𝑛𝑛

𝑖𝑖=0
 

(1) 

 
The thickness distribution of the blade, defined as 

the normal distance from the mean camber line to the 
blade profile, is also imported. The thickness 
distribution for a given profile can be defined as: 

 
 𝑇𝑇𝑑𝑑𝑧𝑧 = 𝑓𝑓(𝑡𝑡𝑧𝑧) (2) 

 
The nominal geometry is input in a similar manner 

at three profiles. Two of these profiles are evaluated at 
the same height as probed on the actual geometry, 
while the third is the profile at the tip of the blade. 
These are imported as 𝑃𝑃𝑛𝑛𝑧𝑧, 𝑀𝑀𝑀𝑀𝑀𝑀𝑛𝑛𝑧𝑧(𝑡𝑡𝑧𝑧), 𝑇𝑇𝑇𝑇𝑛𝑛𝑧𝑧(𝑡𝑡𝑧𝑧)  
where n denotes the nominal model. 

2.2. Rigid profile registration 

The nominal geometry must first be rigidly aligned 
with the actual geometry in three-dimensional (3D) 

Fig.2. Image of compressor blade and cross section 
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space. This operation accounts for translational or 
rotational offsets that may occur between the fixtured 
actual part and its digital nominal counterpart. Due to 
changes in the actual geometry caused by 
deformations such as blade lean or twist, the overall 
geometries cannot be registered and instead must be 
registered section by section. It is important that each 
nominal profile 𝑃𝑃𝑛𝑛𝑧𝑧 must be considered against its 
counterpart 𝑃𝑃𝑧𝑧 in the actual geometry. This will 
account for any distortions that would change the 
placement of 𝑃𝑃𝑖𝑖 relative to the position of 𝑃𝑃𝑖𝑖+1.This is 
accomplished using a conventional iterative closest 
point (ICP) algorithm [14], which minimizes the 
overall mean squared distance between two point sets. 
This algorithm is iterated until the decrease in error 
between successive iterations is less than 0.1%. The 
required 3x3 rotation matrix 𝑅𝑅 and the 3x1 translation 
matrix 𝑇𝑇 applied to meet this result are then reported. 
This operation is performed for the two profiles on the 
actual geometry, yielding 𝑅𝑅1, 𝑅𝑅2, 𝑇𝑇1, 𝑇𝑇2. 

The third profile (e.g., tip profile) of the nominal 
blade must then be transformed. Since there is no 
information known about the tip profile of the actual 
blade, an informed transformation must be made using 
the previous two transformations. A linear 
approximation for both 𝑅𝑅3 and 𝑇𝑇3 can be made based 
on [𝑅𝑅1, 𝑅𝑅2]  and [𝑇𝑇1, 𝑇𝑇2]  respectively. In order to 
determine 𝑅𝑅3 , 𝑅𝑅1  and 𝑅𝑅2  must first be decomposed 
into their respective angular rotations about the global 
axes, 𝜃𝜃𝑥𝑥,   𝜃𝜃𝑦𝑦, and 𝜃𝜃𝑧𝑧.  Ref. [15] demonstrates a method 
for this procedure, but its application yields two 
possible solutions. The correct solution can be 
determined by once again transforming  𝑃𝑃𝑛𝑛𝑧𝑧  by the 
computed angles and analyzing the mean squared error 
between the data sets. The rotation angles for the third 
profile can then be calculated. The final rotation 
matrix can then be calculated by combining the 
individual X, Y, and Z rotations. 

The translation 𝑇𝑇3  can be calculated in a similar 
manner. The final translations and rotations can then 
be applied to the profiles. Since the transformation is 
rigid, the mean line for each curve can be transformed 
by manipulating the spline control points as one rigid 
data set. The transformed profiles, control points, and 
curves can then be written as: 

 
 𝑃𝑃𝑇𝑇𝑧𝑧 = 𝑅𝑅𝑧𝑧𝑃𝑃𝑛𝑛𝑧𝑧 + 𝑇𝑇𝑧𝑧 (3) 

 
 𝐶𝐶𝑝𝑝𝑇𝑇𝑧𝑧 = 𝑅𝑅𝑧𝑧𝐶𝐶𝑝𝑝𝑛𝑛𝑧𝑧 + 𝑇𝑇𝑧𝑧 (4) 

 
 

𝑀𝑀𝑀𝑀𝐿𝐿𝑇𝑇𝑧𝑧(𝑡𝑡𝑧𝑧) =  ∑ 𝐶𝐶𝑝𝑝𝑇𝑇𝑧𝑧,𝑖𝑖𝑁𝑁𝑖𝑖,3(𝑡𝑡𝑧𝑧)
𝑛𝑛

𝑖𝑖=0
 

(5) 

2.3. Non-rigid transformation 

While the nominal profiles have been transformed 
to match the location and orientation of the actual 
profiles, deviations may still exist in the geometry of 
the profiles themselves. The nominal profiles must 
then be distorted to match the actual blade geometry. 
Since the mean camber line is used to define the shape 
of the profile, comparison between 𝑀𝑀𝑀𝑀𝐿𝐿𝑧𝑧  and 
𝑀𝑀𝑀𝑀𝐿𝐿𝑇𝑇𝑧𝑧  can be used to calculate deviations in the 
profile geometry. The geometry of these curves can be 
compared by examining the b-spline control points. 
The deviation between these control points can be 
defined as 𝐷𝐷𝑧𝑧,𝑖𝑖. The tip mean camber line must also be 
transformed to capture the trend of any profile 
deviation that occurs along the radial direction of the 
blade. This is done using a linear interpolation on a 
control point to control point basis. The final 
transformed control points for the b-spline curve can 
then be defined as: 

 
 𝐶𝐶𝑝𝑝𝑓𝑓𝑧𝑧 =  𝐶𝐶𝑝𝑝𝑇𝑇𝑧𝑧 + 𝐷𝐷𝑧𝑧 (6) 

Thus, the final mean camber lines for the blade can 
be defined as: 

 

2.4. Profile creation 

Once the mean camber lines have been 
manipulated, the final blade profiles can be created. 
This is completed by evaluating the thickness 
distribution along the length of the curve, and 
projecting points normal to the curve. First, the 
derivative 𝑀𝑀𝑀𝑀𝐿𝐿𝐹𝐹𝑧𝑧

′ is calculated, then vectors normal to 
the curve are calculated within the plane of the profile 
and normalized, defined as 𝑁𝑁𝑧𝑧(𝑡𝑡) . Points are then 
placed on either side of 𝑀𝑀𝑀𝑀𝐿𝐿𝐹𝐹𝑧𝑧(𝑡𝑡) at a distance 𝑇𝑇𝑑𝑑𝑧𝑧(𝑡𝑡) 
along the normal vector 𝑁𝑁𝑧𝑧(𝑡𝑡) . Since the thickness 
distribution of the actual blade is known, the nominal 
thickness distribution can be replaced by the actual in 
the first two sections. The final profiles for each 

 
𝑀𝑀𝑀𝑀𝐿𝐿𝐹𝐹𝑧𝑧(𝑡𝑡𝑧𝑧) =  ∑ 𝐶𝐶𝑝𝑝𝐹𝐹𝑧𝑧,𝑖𝑖𝑁𝑁𝑖𝑖,3(𝑡𝑡𝑧𝑧)

𝑛𝑛

𝑖𝑖=0
 

(7) 
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contour (e.g., i = 1,..,n) can then be evaluated in the 
following general form:  

 
 𝑃𝑃𝑓𝑓𝑖𝑖 = 𝑀𝑀𝐶𝐶𝐿𝐿𝐹𝐹𝑖𝑖(𝑡𝑡) +/−𝑇𝑇𝑑𝑑𝑖𝑖(𝑡𝑡)𝑁𝑁𝑖𝑖(𝑡𝑡) (8) 

 
The leading and trailing edge profiles can then be 

created by making circular arcs of radius 𝑇𝑇𝑇𝑇(0) and 
𝑇𝑇𝑇𝑇(𝑡𝑡𝑛𝑛+4)  at their respective ends of the profile which 
span between the two points placed normal to the 
curve in the previous step. The completed profiles can 
then be lofted to create a surface body or solid model.  

3. Results 

A nominal compressor blade was designed to 
determine the accuracy of the proposed hybrid repair 

framework. This was done by assigning a thickness 
distribution to a constructed profile mean line. This 
single section was then translated and rotated about the 
blades vertical axis to create two additional profiles. 
Cubic splines were fitted to all three profiles and lofted 
to create a solid model. 

To create a used blade for repair, artificial defects 
were introduced to manipulate the nominal model. 
These artificial defects included adding twist to the 
blade and changes to the blade chord length, 
simulating airfoil damage that may occur in regular 
use. Twist was implemented by manipulating the 
rotations about the vertical axis, while chord length 
changes were implemented by manipulating the 
profile mean line for each section. Although not used 
in the transformation process, the tip section of the 
actual blade was constructed to serve as a visual 
reference and comparison tool. 

To test this algorithm, a used blade segment was 
generated to include a twist along the radial direction 
of the blade. This geometry (red) is shown in 
comparison to the previously created nominal model 
(grey) in Fig. 3. Once generated, these geometries 
were input into the previously described algorithm. 
Figure 4. shows these profiles throughout various 
stages of the algorithm. The ICP algorithm transforms 
the lower two profiles rigidly to minimize the overall 
distance between the two profiles, but deviations 
between the mean camber lines of the second profile 
still remain. The third (tip) profile also is transformed 
to an appropriate position. Figure 4c shows the exact 
alignment of both the profile mean lines and the 
profiles themselves. This is expected, as the algorithm 

Fig 3. Overlay of the actual service part (red) and its nominal 
cad model (grey) 

Figure 4: Evolution of nominal geometry throughout the registration process; (a) nominal geometry, (b) rigid registration,  
(c) profile mean line transformation 

a. b. c. 

Nominal blade and camber line 
Actual blade and camber line 

ICP transformed blade and camber line 
Actual blade and camber line 

Fully transformed blade and camber line 
Actual blade and camber line 
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should directly manipulate the nominal curve to fit the 
actual curves. 

Figure 5a shows a surface comparison between the 
generated model and the actual blade after the 
completion of rigid registration. This shows a mean 
surface profile deviation over the entire blade of 
0.00034 mm, with a maximum deviation of -0.098 mm 
occurring at the tip of the blade. There is also deviation 
reported along the leading edge of the blade, showing 
a shift in the profiles along the chordal direction of the 
blade that increases along the radial direction of the 
blade. The histogram next to the error bar shows that 
much of data points lie very close to no deviation and 
the standard deviation of the data was calculated as 
0.022 mm. 

Figure 5b shows the final surface comparison after 
the completion of the algorithm. Notably, the 
deviations along the leading edge have greatly 
decreased and have localized to the region between the 
second and third profiles. The maximum deviation has 
also increased to 0.107 mm due to the interpolated 
transformation of the mean line. 

4. Discussion 

In the case of blade re-manufacturing, the third (tip) 
profile is unknown and must be machined from the 
additively deposited material. The machining strategy 
based on this transformed geometry must not gouge 
the original blade material, but also not leave excess 
weld material which must later be removed and 
blended into the original material. Therefore, it is 
important for the algorithm to accurately construct the 
region in which the welded material meets the parent 
blade material. To demonstrate this, two profiles of a 
welded geometry and their equivalent nominal 
geometry were input to the hybrid repair framework. 
Figure 6 shows the results of these simulations. The 
transformed blade is shown within the transparent 
welded geometry. The maximum deviation between 
these two surfaces is 0.011 mm. This is largely due to 
the linear interpolation between analyzed sections. If 
the number of probed sections were increased, a higher 
order interpolation could be fit, which would better 
predict the deviations throughout the surface. 
However, this would also increase the cycle time for 
data acquisition due to the necessity to probe increased 
number of sections. 

Fig. 5. Surface comparison: (a) rigidly registered blade to actual geometry  (b) completely registered blade to actual geometry 

a. b. 

Fig 6. Profile comparison of completely registered blade 
(opaque) to actual welded geometry (transparent) 
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contour (e.g., i = 1,..,n) can then be evaluated in the 
following general form:  

 
 𝑃𝑃𝑓𝑓𝑖𝑖 = 𝑀𝑀𝐶𝐶𝐿𝐿𝐹𝐹𝑖𝑖(𝑡𝑡) +/−𝑇𝑇𝑑𝑑𝑖𝑖(𝑡𝑡)𝑁𝑁𝑖𝑖(𝑡𝑡) (8) 

 
The leading and trailing edge profiles can then be 

created by making circular arcs of radius 𝑇𝑇𝑇𝑇(0) and 
𝑇𝑇𝑇𝑇(𝑡𝑡𝑛𝑛+4)  at their respective ends of the profile which 
span between the two points placed normal to the 
curve in the previous step. The completed profiles can 
then be lofted to create a surface body or solid model.  

3. Results 

A nominal compressor blade was designed to 
determine the accuracy of the proposed hybrid repair 

framework. This was done by assigning a thickness 
distribution to a constructed profile mean line. This 
single section was then translated and rotated about the 
blades vertical axis to create two additional profiles. 
Cubic splines were fitted to all three profiles and lofted 
to create a solid model. 

To create a used blade for repair, artificial defects 
were introduced to manipulate the nominal model. 
These artificial defects included adding twist to the 
blade and changes to the blade chord length, 
simulating airfoil damage that may occur in regular 
use. Twist was implemented by manipulating the 
rotations about the vertical axis, while chord length 
changes were implemented by manipulating the 
profile mean line for each section. Although not used 
in the transformation process, the tip section of the 
actual blade was constructed to serve as a visual 
reference and comparison tool. 

To test this algorithm, a used blade segment was 
generated to include a twist along the radial direction 
of the blade. This geometry (red) is shown in 
comparison to the previously created nominal model 
(grey) in Fig. 3. Once generated, these geometries 
were input into the previously described algorithm. 
Figure 4. shows these profiles throughout various 
stages of the algorithm. The ICP algorithm transforms 
the lower two profiles rigidly to minimize the overall 
distance between the two profiles, but deviations 
between the mean camber lines of the second profile 
still remain. The third (tip) profile also is transformed 
to an appropriate position. Figure 4c shows the exact 
alignment of both the profile mean lines and the 
profiles themselves. This is expected, as the algorithm 

Fig 3. Overlay of the actual service part (red) and its nominal 
cad model (grey) 

Figure 4: Evolution of nominal geometry throughout the registration process; (a) nominal geometry, (b) rigid registration,  
(c) profile mean line transformation 

a. b. c. 

Nominal blade and camber line 
Actual blade and camber line 

ICP transformed blade and camber line 
Actual blade and camber line 

Fully transformed blade and camber line 
Actual blade and camber line 
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should directly manipulate the nominal curve to fit the 
actual curves. 

Figure 5a shows a surface comparison between the 
generated model and the actual blade after the 
completion of rigid registration. This shows a mean 
surface profile deviation over the entire blade of 
0.00034 mm, with a maximum deviation of -0.098 mm 
occurring at the tip of the blade. There is also deviation 
reported along the leading edge of the blade, showing 
a shift in the profiles along the chordal direction of the 
blade that increases along the radial direction of the 
blade. The histogram next to the error bar shows that 
much of data points lie very close to no deviation and 
the standard deviation of the data was calculated as 
0.022 mm. 

Figure 5b shows the final surface comparison after 
the completion of the algorithm. Notably, the 
deviations along the leading edge have greatly 
decreased and have localized to the region between the 
second and third profiles. The maximum deviation has 
also increased to 0.107 mm due to the interpolated 
transformation of the mean line. 

4. Discussion 

In the case of blade re-manufacturing, the third (tip) 
profile is unknown and must be machined from the 
additively deposited material. The machining strategy 
based on this transformed geometry must not gouge 
the original blade material, but also not leave excess 
weld material which must later be removed and 
blended into the original material. Therefore, it is 
important for the algorithm to accurately construct the 
region in which the welded material meets the parent 
blade material. To demonstrate this, two profiles of a 
welded geometry and their equivalent nominal 
geometry were input to the hybrid repair framework. 
Figure 6 shows the results of these simulations. The 
transformed blade is shown within the transparent 
welded geometry. The maximum deviation between 
these two surfaces is 0.011 mm. This is largely due to 
the linear interpolation between analyzed sections. If 
the number of probed sections were increased, a higher 
order interpolation could be fit, which would better 
predict the deviations throughout the surface. 
However, this would also increase the cycle time for 
data acquisition due to the necessity to probe increased 
number of sections. 

Fig. 5. Surface comparison: (a) rigidly registered blade to actual geometry  (b) completely registered blade to actual geometry 

a. b. 

Fig 6. Profile comparison of completely registered blade 
(opaque) to actual welded geometry (transparent) 
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This adaptive geometry transformation method is 
also useful in the additive phase of repair. In non-
adaptive hybrid repair processing, the original 
damaged portion of the blade is cut off from the parent 
material. Material is then welded to the blade along a 
path described by the nominal model. However, due to 
variations in part geometry, this nominal weld may not 
provide enough margin between the weld and the 
surface of the part to be machined for the case of a 
distorted blade, as shown in Fig. 7a. In practice, to 

accommodate for this unwanted issue, the size of the 
nominal weld is often increased to provide the 
required margin, as shown in Fig. 7b. In this manner, 
an adaptive hybrid repair geometry could be used to 
reduce wasted material and also decrease overall 
process time associated with machining excess 
additively deposited material (Fig. 7c). 

 Inconel 718 airfoils with varying levels of 
distortion were created to determine the effects of this 
hybrid part repair strategy, as described in Table 1. 

Table 1. Parameters and performance for adaptive hybrid repair scenarios. Z represents the height above the 
bottom profile 
 

Twist 
(deg/mm) 

Chord Length 
Change (mm) 

Non-Adaptive Hybrid 
Repair Strategy 

Adaptive Hybrid Repair 
Strategy 

Non-Adaptive vs. Adaptive Hybrid 
Repair Strategy 

Weld Volume 
(mm3) 

Material 
Efficiency 

Weld Volume 
(mm3) 

Material 
Efficiency 

Increase in 
Machining 
Time (s) 

Increase in 
Deposition 
Time (s) 

Total Increase 
in Process 

Time 

0 0 260 - 260 - - - - 
+0.26 0 392 66% 260 100% +44.5 +13.0 80.1% 

0 -0.125-0.02*z 385 68% 260 100% +42.2 +12.4 75.7% 
-0.26 -0.125-0.02*z 494 53% 260 100% +79.1 +23.2 142.1% 
-0.5 0 417 62% 260 100% +52.7 +15.5 94.6% 
-0.26 0 349 74% 260 100% +29.7 +8.8 53.5% 

 

a. c. b. 

Fig. 7. Weld bead profiles superimposed on an actual geometry (a) created from the nominal data (b) created by increasing the offset of 
nominal weld (c) weld created using adaptive geometry. Changes in weld geometry are shown for each case at a specific cross section 
are shown in (d). 

Adaptive Weld Nominal Weld Offset Nominal Weld 

Actual blade 
d. 
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The adapted geometries for each of these samples 
were calculated. Adaptive weld geometries for each 
sample were created by adding a margin of 0.635 mm 
to the thickness distributions of each profile to allow 
adequate margin for tool engagement during final 
machining. The created surface was then clipped at a 
consistent height and closed to form a solid geometry. 
The nominal weld geometry was created using the 
same process. Nominal offset welds were created for 
each sample by increasing the thickness of the nominal 
weld until the minimum required margin of 0.635 mm 
between the weld and the surface of the part was 
reached. 

Material efficiencies for each sample were 
calculated for each sample by dividing the nominal 
weld volume by each sample’s respective weld 
volume. This was done for both the non-adaptive (Fig. 
7b) and adaptive (Fig. 7c) procedures. Table 1 shows 
the results for all 5 samples, while Fig. 8a presents the 
effect on material efficiency as blade distortion 
changes. In the non-adaptive process, shown in Fig. 
7b, material efficiency decreases to 62.3% as the blade 
is distorted with increasing twist of -0.50 deg/mm. In 

comparison, the adaptive repair strategy, shown in Fig. 
7c, maintains high material efficiency up to this level 
of twist in the out-of-service blade. From Table 1, it is 
also clear that chord length changes from nominal 
have a further deteriorating effect on material 
efficiency. This is particularly clear for non-adaptive 
repair of a twist of -0.26 deg/mm, where a chord length 
change of -0.125 - 0.02*z results in a 52.5% material 
efficiency, this compared to a 74.4% material 
efficiency for a similar repair involving no chord 
length change. 

The process inefficiency associated with a non-
adaptive repair strategy not only wastes raw material 
and processing time in the additive stage of a hybrid 
repair, but also increases processing time in the 
subsequent subtractive stage. To calculate weld 
deposition time, the total weld volume was divided by 
a conservative fine weld deposition rate, this taken to 
be that reported for Inconel 718 using a commercially 
available hybrid manufacturing machine [16]. The 
volume to be machined was calculated by performing 
the Boolean difference between the weld geometries 
and the blade geometries. This volume was then 
divided by a conventional material removal rate for 
Inconel 718 [17]. The resultant overall process time 
combining these two components of process time is 
shown in Fig. 8b. From the figure, significant savings 
can be achieved with an adaptive repair strategy as the 
actual blade geometry varies to a greater degree from 
the nominal geometry. In this regard, a non-adaptive 
hybrid repair framework could yield an approximately 
94.1% increase in total processing time relative to an 
adaptive hybrid repair framework for a deformed 
blade with a twist of -0.5 deg/mm. Similarly, chord 
length changes would have a significant impact on the 
relative increases in overall processing time. This is 
particularly clear for non-adaptive repair of a twist of 
-0.26 deg/mm, where a chord length change of -0.125 
- 0.02*z results in an increase in processing time of 
102.4 seconds, this compared to an increase in 
processing time of 38.5 seconds for a similar repair 
involving no chord length change. Work is ongoing to 
further characterize the effects of adaptive repair 
strategies for more generalized part geometries.   

5. Conclusion  

A method of adaptive geometry transformation was 
developed for the re-manufacture of high valued 
components. The strategy was shown to be capable of 
accurately transforming nominal CAD geometry to 
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This adaptive geometry transformation method is 
also useful in the additive phase of repair. In non-
adaptive hybrid repair processing, the original 
damaged portion of the blade is cut off from the parent 
material. Material is then welded to the blade along a 
path described by the nominal model. However, due to 
variations in part geometry, this nominal weld may not 
provide enough margin between the weld and the 
surface of the part to be machined for the case of a 
distorted blade, as shown in Fig. 7a. In practice, to 

accommodate for this unwanted issue, the size of the 
nominal weld is often increased to provide the 
required margin, as shown in Fig. 7b. In this manner, 
an adaptive hybrid repair geometry could be used to 
reduce wasted material and also decrease overall 
process time associated with machining excess 
additively deposited material (Fig. 7c). 

 Inconel 718 airfoils with varying levels of 
distortion were created to determine the effects of this 
hybrid part repair strategy, as described in Table 1. 

Table 1. Parameters and performance for adaptive hybrid repair scenarios. Z represents the height above the 
bottom profile 
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The adapted geometries for each of these samples 
were calculated. Adaptive weld geometries for each 
sample were created by adding a margin of 0.635 mm 
to the thickness distributions of each profile to allow 
adequate margin for tool engagement during final 
machining. The created surface was then clipped at a 
consistent height and closed to form a solid geometry. 
The nominal weld geometry was created using the 
same process. Nominal offset welds were created for 
each sample by increasing the thickness of the nominal 
weld until the minimum required margin of 0.635 mm 
between the weld and the surface of the part was 
reached. 

Material efficiencies for each sample were 
calculated for each sample by dividing the nominal 
weld volume by each sample’s respective weld 
volume. This was done for both the non-adaptive (Fig. 
7b) and adaptive (Fig. 7c) procedures. Table 1 shows 
the results for all 5 samples, while Fig. 8a presents the 
effect on material efficiency as blade distortion 
changes. In the non-adaptive process, shown in Fig. 
7b, material efficiency decreases to 62.3% as the blade 
is distorted with increasing twist of -0.50 deg/mm. In 

comparison, the adaptive repair strategy, shown in Fig. 
7c, maintains high material efficiency up to this level 
of twist in the out-of-service blade. From Table 1, it is 
also clear that chord length changes from nominal 
have a further deteriorating effect on material 
efficiency. This is particularly clear for non-adaptive 
repair of a twist of -0.26 deg/mm, where a chord length 
change of -0.125 - 0.02*z results in a 52.5% material 
efficiency, this compared to a 74.4% material 
efficiency for a similar repair involving no chord 
length change. 

The process inefficiency associated with a non-
adaptive repair strategy not only wastes raw material 
and processing time in the additive stage of a hybrid 
repair, but also increases processing time in the 
subsequent subtractive stage. To calculate weld 
deposition time, the total weld volume was divided by 
a conservative fine weld deposition rate, this taken to 
be that reported for Inconel 718 using a commercially 
available hybrid manufacturing machine [16]. The 
volume to be machined was calculated by performing 
the Boolean difference between the weld geometries 
and the blade geometries. This volume was then 
divided by a conventional material removal rate for 
Inconel 718 [17]. The resultant overall process time 
combining these two components of process time is 
shown in Fig. 8b. From the figure, significant savings 
can be achieved with an adaptive repair strategy as the 
actual blade geometry varies to a greater degree from 
the nominal geometry. In this regard, a non-adaptive 
hybrid repair framework could yield an approximately 
94.1% increase in total processing time relative to an 
adaptive hybrid repair framework for a deformed 
blade with a twist of -0.5 deg/mm. Similarly, chord 
length changes would have a significant impact on the 
relative increases in overall processing time. This is 
particularly clear for non-adaptive repair of a twist of 
-0.26 deg/mm, where a chord length change of -0.125 
- 0.02*z results in an increase in processing time of 
102.4 seconds, this compared to an increase in 
processing time of 38.5 seconds for a similar repair 
involving no chord length change. Work is ongoing to 
further characterize the effects of adaptive repair 
strategies for more generalized part geometries.   

5. Conclusion  

A method of adaptive geometry transformation was 
developed for the re-manufacture of high valued 
components. The strategy was shown to be capable of 
accurately transforming nominal CAD geometry to 
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match that of a deformed sample geometry. Additional 
transformations were successfully performed on 
extended nominal geometry to re-create unknown 
geometry in a scenario common to hybrid part repairs 
in the aerospace sector. This overall strategy was 
shown to be successful in morphing a nominal part 
geometry to match that of a part to be machined with 
a maximum surface deviation of 0.011 mm. The 
resulting framework was implemented in an adaptive 
repair framework to determine additive weld 
placement. These experiments showed significant 
increases in material efficiency and decreases in 
hybrid repair processing time, these being sensitive to 
the degree of deformation (e.g., twist, chord length 
change) in the out-of-service part geometries. Future 
work will pursue further qualification of the of the 
algorithm, as well as deeper investigation into its 
effect on process efficiency.  
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