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ABSTRACT. We present a simplified proof for a recent theorem by Junyan
Cao and Mihai Paun, confirming a special case of litaka’s C,m conjecture: if
f: X — Y is an algebraic fiber space, and if the Albanese mapping of Y is
generically finite over its image, then we have the inequality of Kodaira dimen-
sions k(X) > k(YY) + k(F), where F denotes a general fiber of f. We include
a detailed survey of the main algebraic and analytic techniques, especially the
construction of singular hermitian metrics on pushforwards of adjoint bundles
(due to Berndtsson, Paun, and Takayama).

A. INTRODUCTION

1. Main result. In the classification of algebraic varieties up to birational equiv-
alence, the most fundamental invariants of a smooth projective variety X are the
spaces of global sections of the pluricanonical bundles w$™. The rate of growth of
the plurigenera P,,(X) = dim H°(X,w{™) is measured by the Kodaira dimension

log P, (X
k(X) = limsup log Fn(X) € {—00,0,1,...,dim X}.
m—+oo  logm
The following conjecture by litaka and Viehweg predicts the behavior of the Kodaira
dimension in families. Recall that an algebraic fiber space is a surjective morphism

with connected fibers between two smooth projective varieties.

Conjecture. Let f: X — Y be an algebraic fiber space with general fiber F'. Pro-
vided that k(Y') > 0, the Kodaira dimension of X satisfies the inequality

K(X) > k(F) + max{x(Y), var(f)},
where var(f) measures the birational variation in moduli of the fibers.

Using analytic techniques, Cao and Paun [CPI15] have recently proved the con-
jectured subadditivity of the Kodaira dimension in the case where Y is an abelian
variety; as k(YY) = 0, this amounts to the inequality

K(X) > k(F).
With very little extra work, one can deduce the subadditivity of the Kodaira dimen-
sion in any algebraic fiber space whose base Y has maximal Albanese dimension,
meaning that the Albanese mapping Y — Alb(Y") is generically finite over its im-

age. This includes of course the case where Y is a curve of genus > 1, where the
following result was first proved by Kawamata [Kaw82, Theorem 2].
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Theorem 11. Let f: X — Y be an algebraic fiber space with general fiber F.
Assume that Y has mazimal Albanese dimension, then k(X) > k(F) + (Y).

Remark. A proof of this result is also claimed in [CHII], however the proof given
there is incomplete because of a serious mistake in §4.

The purpose of this paper is to explain a simplified proof of the Cao-Paun the-
orem that combines both analytic and algebraic techniques. We first reduce to the
case when x(X) = 0 and Y is an abelian variety, where we then prove a more
precise statement (Theorem . This is done in We then take the
opportunity to provide a detailed survey of the results that are used in the proof,
for the benefit of those readers who are more familiar with one or the other side of
the story.

In we discuss the main algebraic tools, contained mostly in the
papers [CHO4| [Hac04l [Lailll [PP11al [PS14], namely results from generic vanishing
theory. The upshot of the discussion is that when f: X — A is a fiber space over
an abelian variety, with x(X) = 0, then for all m sufficiently large and divisible,
f*w?ém is a unipotent vector bundle on A, meaning a successive extension of copies
of 04. This is as far as the algebraic techniques seem to go at present. While we
recall the basic generic vanishing and Fourier-Mukai tools involved, as this topic
is well-established in the literature, we provide fewer background details. Sources
where a comprehensive treatment can be found include the lecture notes [Sch13],
as well as [Par12] [Pop12].

In [Chapter D| and |[Chapter E| we discuss the main analytic tools, contained
mostly in the papers [BP0S|, [PT14, [CP15], namely the existence of singular metrics
with semi-positive curvature (in a suitable sense) on pushforwards of pluricanonical
bundles, and a very surprising criterion for such a metric to be smooth and flat.
This time, the upshot is that when f: X — A is a fiber space onto an abelian
variety, with x(X) = 0, then f.w$™ is a vector bundle with a flat hermitian metric.
Because a unipotent vector bundle with a flat hermitian metric must be trivial, the
algebraic and analytic results together lead to the conclusion in Since
the analytic results are still new, and are likely to be less familiar to algebraic
geometers, we decided to include as many details as possible. For another survey
of these and related results, we recommend [Paul6].

Remark. For the sake of exposition, we present only the simplest version of the
result by Cao and Paun. One can tweak the proof of to show that the

inequality in [Theorem 11]still holds when X is replaced by a klt pair (X, A), and
F by the pair (F, Ap); this is done in [CP15, Theorem 4.22].

2. What is new? The presentation in contains various small improve-
ments compared to the original papers [BP0S, [PT14], [CP15]. We briefly summarize
the main points here. Let f: X — Y be a projective and surjective holomorphic
mapping between two complex manifolds. Given a holomorphic line bundle L on X,
and a singular hermitian metric A on L with semi-positive curvature, we construct
a singular hermitian metric on the torsion-free coherent sheaf

F = fu(wx)y ® LOIL(h)),

and show that this metric has semi-positive curvature (in the sense that the log-
arithm of the norm of every local section of the dual sheaf is plurisubharmonic).
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In [PT14], Pdun and Takayama constructed a singular hermitian metric with semi-
positive curvature on the larger sheaf f, (w Xy ® L), under the additional assump-
tion that the restriction of (L, h) to a general fiber of f has trivial multiplier ideal.
Another difference with [PT14] is that we do not use approximation by smooth
metrics or results about Stein manifolds; instead, both the construction of the met-
ric, and the proof that it has semi-positive curvature, rely on the Ohsawa-Takegoshi
extension theorem with sharp estimates, recently proved by Blocki and Guan-Zhou
[Blo13| [GZ15]. This approach was suggested to us by Mihai Paun.

Note. Berndtsson and Lempert [BL16] explain how one can use the curvature prop-
erties of pushforwards of adjoint bundles to get a relatively short proof of (one ver-
sion of) the Ohsawa-Takegoshi theorem with sharp estimates. This suggests that
the two results are not so far from each other. That said, we hope that using the
Ohsawa-Takegoshi theorem as a black box will make the proof of the main result
more accessible to algebraic geometers than it would otherwise be.

We introduce what we call the “minimal extension property” for singular her-
mitian metrics (See, and show that, as a consequence of the Ohsawa-Takegoshi
theorem with sharp estimates, the singular hermitian metric on .# always has this
property. We then use the minimal extension property, together with some basic
inequalities from analysis, to give an alternative proof for the following result by
Cao and Paun: when Y is projective, .% is a hermitian flat bundle if and only if the
line bundle det.Z has trivial first Chern class in H?(Y,R). The original argument
in [CP15] relied on some results by Raufi about curvature tensors for singular her-
mitian metrics [Raul5]. We also show that when Y is projective, every nontrivial
morphism of sheaves % — Oy is split surjective; this result is new.

In we apply these results to construct canonical singular hermitian
metrics with semi-positive curvature on the sheaves f*w?é;"y for m > 2. Here, one

small improvement over [PT14] is the observation that these metrics are continuous
on the Zariski-open subset of Y where f: X — Y is submersive.

Our discussion of generic vanishing theory in is fairly standard, but
includes (in a new result relating the structure of the cohomological support
loci VO(w$™) for m > 2 to the litaka fibration of X. Here the main is

one of the crucial ingredients.

3. Acknowledgements. We thank Mihai Paun for encouraging us to write this
paper, and for many useful discussions and advice about its contents. We also
thank Dano Kim and Luigi Lombardi for reading and commenting on a draft ver-
sion. During the preparation of the paper, CH was partially supported by NSF
grants DMS-1300750 and DMS-1265285 and by a grant from the Simons Founda-
tion (Award #256202). MP was partially supported by NSF grant DMS-1405516
and by a Simons Fellowship. CS was partially supported by NSF grants DMS-
1404947 and DMS-1551677, and by a Centennial Fellowship from the American
Mathematical Society.

B. PROOF OF THE MAIN STATEMENT

4. Main analytic and algebraic input. In this section we lay out the tools
neeed to prove the main result. We also give a brief sketch of the proof, which is
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presented in more detail in[§5] The rest of the paper will be devoted to a detailed
survey of the results stated here.

We first note that one can reduceto the special case when k(X) =0
and Y = A is an abelian variety, with the help of the Iitaka fibration; the argument
for this is recalled in [§5] below. We will therefore make these assumptions in the
remainder of this section. The condition x(X) = 0 is equivalent to saying that
P, (X) <1 for all m € N, with equality for m sufficiently large and divisible. Let
F be the general fiber of f: X — A. Our goal is to prove that x(F) = 0. What
we will actually show is that P, (F) = 1 whenever P,,,(X) = 1; this is enough to
conclude that k(F) = 0.

Fix now an integer m € N such that P,,(X) = 1, and consider the pushforward
of the m-th pluricanonical bundle

— ®
ﬁm = f*me-

This is a torsion-free coherent sheaf on A, whose rank at the generic point of A is
equal to P, (F). (In fact, this holds for every smooth fiber of f, by invariance of
plurigenera.) The space of global sections of %, has dimension

RO (A, fiw$™) = dim H(X,w3{™) = P (X) = 1.

To obtain the conclusion, it is enough to show that .%,, has rank 1 generically; we
will in fact prove the stronger statement that .%,, ~ € 4. This uses both algebraic
and analytic properties of .%,,.

Generic vanishing and unipotency. We first explain the algebraic input. We
borrow an idea from generic vanishing theory, initiated in [GL87, [GLI1], namely
to consider the locus

VYA, Z,) ={PePic”(4) | H(A, Z,, @ P) #0}
= { P ePic’(4) | H*(X,w{™ @ f*P) #0} C Pic’(A).
The following result by Chen-Hacon [CHO04, §3], Lai [Lailll Theorem 3.5] and Siu
[SiuTll, Theorem 2.2] describes the structure of VO(4,.%,,); it is a generalization
of a famous theorem by Simpson [Sim93]. The proof by Simpson (which applies
when m = 0,1) relies on Hodge theory and the Gelfond-Schneider theorem in

transcendence theory; the cited works use a construction with cyclic coverings,
originally due to Viehweg, to reduce the general case to the case m = 1. We review

the argument in

Theorem 41. Let X be a smooth projective variety. For each m € N, the locus
{PePic®(X) | H*(X,w¥" ® P) #0} C Pic”(X)
is a finite union of abelian subvarieties translated by points of finite order.
This theorem implies that V(A, .%,,) is also a finite union of abelian subvarieties
translated by points of finite order. The reason is that, as f: X — A has connected
fibers, the pullback morphism f*: Pic®(A4) — Pic’(X) is injective. Since we are

assuming that P, (X) = 1, we have 04 € VO(A, %,,); let so € HO(X,w$™) be any
nontrivial section. Now we observe that x(X) = 0 forces

VYA, Z,) ={04}.
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To see why, suppose that we had P € VY(A,.%,,) for some nontrivial line bundle

P € Pic’(A). By [Theorem 41} we can assume that P has finite order d # 1. Let
s1€ H'(A, Zm ® P) = HO(X’“J%T” ®f*P)

be any nontrivial section; then 5?‘1 and s?d are two linearly independent sections

of w4 contradicting the fact that Py, (X) = 1.

Knowing the locus VY(A,.%,,) gives us a lot of information about .%,,, due to
the following result |[PS14l Theorem 1.10]. It is based on a vanishing theorem
for pushforwards of pluricanonical bundles, which is again proved using Viehweg’s
cyclic covering construction; we review the argument in

Theorem 42. Let f: X — A be a morphism from a smooth projective variety to
an abelian variety. For every m € N, the sheaf F,, = f*w;eém is a GV-sheaf on A.

Recall that a coherent sheaf .% on an abelian variety A is called a GV-sheaf if
its cohomology support loci

Vi(A,7)={PePic®(A) | H(A,F@P)#0}

satisfy the inequalities codim V¢(A,.%#) > i for every i € N. This property can be
seen as a variant of (semi-)positivity on abelian varieties; in fact every GV-sheaf
on A is nef, see [PP11b, Theorem 4.1].

Note. A more conceptual description involves the Fourier-Mukai transform
R®p: Dioh(@) — D! (ﬁPico(A))v

coh

which is an equivalence between the bounded derived categories of coherent sheaves
on A and the dual abelian variety Pic’(A). In terms of the Fourier-Mukai transform,
% is a GV-sheaf if and only if the complex of sheaves

RHom (ROp(F),0;) € Dl (Gpico )

is concentrated in degree 0, and is therefore again a coherent sheaf .# on Pic’(A).
By the base change theorem, the support of .% is precisely the locus VO(A4,.%7).

In the case at hand, we have VO(A,.%,,) = {04}; consequently, .%,, is a suc-
cessive extension of skyscraper sheaves supported at the origin in PicO(A). We will
use this via the following elementary consequence; see [§9] for details. Recall first
from [Muk81] that a vector bundle U on A is called unipotent if it has a filtration

0=UycU,c---CcU,=U
such that U;/U;_1 ~ 04 for all i = 1,...,n. Note in particular that detU ~ 04.
More generally, U is called homogeneous if it has a filtration
0=UycU,c---CcU,=U

such that U;/U;_; is isomorphic to a line bundle in PicO(A) foralli=1,...,n. A
homogeneous vector bundle U is called decomposable if U = Uy & Uy, where the U;
are non-zero vector bundles, and indecomposable if this is not the case.

Corollary 43. Let X be a smooth projective variety with x(X) =0, and let f: X —
A be an algebraic fiber space over an abelian variety.

(a) If Fp £ 0 for some m € N, then the coherent sheaf F, is an indecompos-
able homogeneous vector bundle.
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(b) If HO(X,w$™) # 0 for some m € N, then the coherent sheaf F,, is an
indecomposable unipotent vector bundle.

Singular hermitian metrics on pushforwards of pluricanonical bundles.
We now come to the analytic input. To motivate it, recall that the space of global
sections of .%,, has dimension P,,(X) = 1. In order to show that P, (F) = 1, we
therefore need to argue that the unipotent vector bundle .%,, is actually the trivial
bundle & 4. For the moment this seems quite hopeless with algebraic methods, so
it is at this point that the analytic methods take over.

The crucial development that allows us to proceed is recent work on the notion
of a singular hermitian metric on a torsion-free sheaf; the highlight of this study is
the following remarkable result by Paun and Takayama [PT14] Theorem 3.3.5]. In
order to state it, recall that to a singular hermitian metric h on a line bundle L,
one associates the multiplier ideal sheaf Z(h) C O, consisting of those functions
that are locally square-integrable with respect to h.

Theorem 44. Let f: X — Y be a projective morphism of smooth varieties, and
let (L,h) be a line bundle on X with a singular hermitian metric of semi-positive
curvature. Then the torsion-free sheaf f, (wX/y®L®I(h)) has a canonical singular
hermitian metric with semi-positive curvature.

The relevant definitions and the proof are described in [Chapter D] and [Chap-|
where we also present another key statement. Indeed, Cao and P&un [CP15]
Corollary 2.9 and Theorem 5.23] show that their singular hermitian metrics behave
much like smooth metrics with Griffiths semi-positive curvature: if the determinant
line bundle det.# has trivial first Chern class, then .# is actually a hermitian flat
bundle. This is (a) below; part (b) is new.

Theorem 45. Let f: X — Y be a surjective morphism of smooth projective vari-
eties. Let (L,h) be a line bundle on X with a singular hermitian metric of semi-
positive curvature, and define F = f, (wX/y R L® I(h)).

(a) If c1(det F) = 0 in H?(Y,R), then the torsion-free sheaf F is locally free,
and the singular hermitian metric in[Theorem 77 is smooth and flat.

(b) Every nonzero morphism F — Oy is split surjective.

The application of these results to stems from the fact that the
bundles .%,, with m > 2 naturally fit into this framework. Let us briefly summarize
how this works when f: X — Y is an algebraic fiber space with general fiber F'. For
every m € N such that P, (F') # 0, the spaces of m-canonical forms on the smooth
fibers of f induce in a canonical way a singular hermitian metric with semi-positive
curvature on wy,y, called the m-th Narasimhan-Simha metric. (For m = 1, the
Narasimhan-Simha metric is of course just the Hodge metric.) Denote by h the
induced singular hermitian metric on the line bundle L = w?éy;*l). Pretty much
by construction, the inclusion

is generically an isomorphism, and so [I'heorem 44| and [I'heorem 45| apply.

Corollary 46. Let f: X — Y be an algebraic fiber space.

(a) For any m € N, the torsion-free sheaf f*w_;e}’/ny has a canonical singular
hermitian metric with semi-positive curvature.
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(b) If c¢1(det f*w?é;”y) = 0 in H2(Y,R), then f*w??;”y is locally free, and the
singular hermitian metric on it is smooth and flat.
(c) Every nonzero morphism f*w%?%/ — Oy 1is split surjective.

In our case, %, = f*w;eém is a unipotent vector bundle by [Corollary 43| and so
the hypothesis in (b) is satisfied; after this point, the proof of [Theorem 11| becomes
straightforward.

5. Proof of Theorem 11. We now explain how follows quickly by
combining the results outlined in the previous section. Recall that we are starting
with an algebraic fiber space f: X — Y, where X is a smooth projective variety,
and Y is of maximal Albanese dimension. Let us note right away that one can
perform a useful reduction, following in part the argument in [CH02, Theorem 4.9].

Lemma 51. To prove|Theorem 11, it is enough to assume that k(X) = 0 and that
Y is an abelian variety.

Proof. We begin by showing that if x(X) = —oo, then k(F) = —oo. If this were
not the case, then we could pick some m > 0 such that P, (F) > 0 and hence
fw§¥™ # 0. Let Y — A be the Albanese morphism of Y, and g: X — A the
induced morphism. Since F' is an irreducible component of the general fiber of
X — g(X) C A, it follows that g.w$™ # 0. By |[Theorem 42| g.w5™ is a GV-sheaf,
and in particular by the general [Lemma 74| below, the set

Vo(gw§™) ={Pe Pic’(A) | HYA, g.w§¥" @ P)#0}

is non-empty. Now by and the comments immediately after, VO( g*w?}m)
contains a torsion point P € Pic’(A), i.e. there is an integer k& > 0 such that
P®F ~ 4. But then h%(X,w§™ @ g*P) = h°(A, g.w{™ ® P) # 0 and so

RO(X, w¥F™) = hO(X, (W™ @ P)®F) # 0.
This contradicts the assumption k(X) = —cc.

Assume now that x(X) > 0. We will first prove the statement in the case that
k(Y) = 0. By Kawamata’s theorem [Kaw81, Theorem 1], since Y is of maximal
Albanese dimension, it is in fact birational to its Albanese variety and so we may
assume that Y is an abelian variety. Let h: X — Z the litaka fibration of X.
Since we are allowed to work birationally, we can assume that Z is smooth. We
denote by G its general fiber, so that in particular £(G) = 0. By the same result of
Kawamata, the Albanese map of G is surjective, so we deduce that B = f(G) CY
is an abelian subvariety. If G — B’ — B is the Stein factorization, then B’ — B is
an étale map of abelian varieties. We thus have an induced fiber space

G — B
over an abelian variety, with x(G) = 0, and whose general fiber is H = F' N G.
Assuming that holds for algebraic fibers spaces of Kodaira dimension

zero over abelian varieties, we obtain k(H) = 0. Note however that H is also an
irreducible component of the general fiber of

hip: F —s h(F).

Considering the Stein factorization of this morphism, the easy addition formula
[Mor8T7, Corollary 2.3], implies that

k(F) < k(H) 4+ dimh(F) = dim h(F).
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(Note that we can assume that g(F) is smooth, by passing to a birational model.)
Since dim h(F) < dim Z = k(X ), we obtain the required inequality x(F) < k(X).

Finally we prove the general case. Since Y has maximal Albanese dimension,
after replacing it by a resolution of singularities of an étale cover of its Stein fac-
torization, and X by a resolution of the corresponding fiber product, by [KawS81]
Theorem 13] we may assume that Y = Z x K where Z is of general type and K is an
abelian variety. In particular x(Y') = dim Z = k(Z). If E is the general fiber of the
induced morphism X — Z, then the induced morphism E — K has general fiber
isomorphic to F. By what we have proven above, we deduce that x(F) > k(F).
We then have the required inequality

K(X) = K(Z) + K(E) 2 k(Y) + K(F),
where the first equality is [Kaw&1l Theorem 3], since Z is of general type. ([l

We may therefore assume that f: X — A is a fiber space onto an abelian variety,
and k(X ) = 0. Note that this last condition means that we have h®(X,w3™) = 1 for
all sufficiently divisible integers m > 0. The task at hand is to show that x(F) = 0.
(It is a well known consequence of the easy addition formula [Mor87, Corollary 2.3]
that if k(F) = —oo, then x(X) = —oco.) We show in fact the following more precise
statement:

Theorem 52. If f: X — A is an algebraic fiber space over an abelian variety, with
k(X) =0, then we have

T = fuZ = O,

for every m € N such that H(X,w$™) # 0.

Proof. From[Corollary 43| we know that .%,, is an indecomposable unipotent vector
bundle on A. In particular,

det %, ~ O4.

[Corollary 46]implies then that .%,, has a smooth hermitian metric that is flat. Thus
., 1s a successive extension of trivial bundles &4 that can be split off as direct
summands with the help of the flat metric. It follows that in fact %, ~ ﬁfr, the
trivial bundle of some rank r > 1. But then, since

hO(A, ™) = B (X, wi™) = 1,
we obtain that » = 1, which is the statement of the theorem. ([l

In the remaining chapters, we explain the material in [34] in more detail.

C. GENERIC VANISHING

6. Canonical bundles and their pushforwards. As explained above, the al-
gebraic tools used in this paper revolve around the topic of generic vanishing. This
study was initiated by Green and Lazarsfeld [GL87, [GL91], in part as an attempt
to provide a useful weaker version of Kodaira Vanishing for the canonical bundle,
in the absence of twists by positive line bundles. An important addition was pro-
vided in work of Simpson [Sim93]. The results of Green-Lazarsfeld were extended
to include higher direct images of canonical bundles in [Hac04]. From the point
of view of this paper, the main statements to keep in mind are summarized in the
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following theorem. Recall that for any coherent sheaf .# on an abelian variety A,
we consider for all k£ > 0 the cohomological support loci

VH(F)={P ePic®(A) | H¥(X,Z @ P) 40}
They are closed subsets of Pic’(A), by the semi-continuity theorem for cohomology.

Theorem 61. If f: X — A is a morphism from a smooth projective variety to an
abelian variety, then for any j, k > 0 we have
(1) [Hac04] codimp;co(a) VF(RI fuwx) > k.
(2) [GLI1l Sim93] Every irreducible component of VF(R’ f.wx) is a translate
of an abelian subvariety of A by a point of finite order.

What we use in this paper are (partial) extensions of these results to push-
forwards of pluricanonical bundles f*w?ém, for m > 2. We describe these in the
following sections, beginning with an abstract study in the next.

7. The GV property and unipotency. Let A be an abelian variety of dimension
g. The generic vanishing property (1) in the theorem above can be formalized into
the following;:

Definition 71. The sheaf .Z is called a GV-sheaf on A if it satisfies
codimp;co( ) VH(F) >k for all k > 0.

We will identify Pic’(A) with the dual abelian variety A, and denote by P the
normalized Poincaré bundle on A x A. It induces the integral transforms

R®p: D!, (04) — D!, (03), RE®pF =Rpo,(p;F @ P).

coh coh
and
RUp: DY, (03) — D!, (O4), RIYpY =Rpi, (059 @ P).

coh coh
These functors are known from [Muk81l, Theorem 2.2] to be equivalences of derived
categories, usually called the Fourier-Mukai transforms; moreover,

(72) RUpoRDp = (—14)"[—9] and R®poRYp = (—15)"[—g],
where [—g] denotes shifting g places to the right.
Standard applications of base change (see e.g. [PP11b, Lemma 2.1] and [PP11al,
Proposition 3.14]) lead to the following basic properties of GV -sheaves:
Lemma 73. Let .F be a coherent sheaf on A. Then:
(1) F is a GV-sheaf if and only if
codim 3 Supp RF®Op.Z >k for all k> 0.
(2) If F is a GV-sheaf, then
VI(F)C - - CVYF) CVOUZP).
To give a sense of what is going on, here is a sketch of the proof of part (1):
note that the restriction of p;*.% ® P to a fiber A x {a} of py is isomorphic to
the sheaf .7 ® a on A, and so fiberwise we are looking at the cohomology groups

HF*(A, Z ®a). A simple application of the theorem on cohomology and base change
then shows for every m > 0 that

U Supp R*®p.7 = U VE(F).

k>m k>m
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This implies the result by descending induction on k.
Lemma 74. If % is a GV-sheaf on A, then % = 0 if and only if V°(F) = 0.

Proof. By we see that VO(F) = () is equivalent to V*(F) = { for all
k > 0, which by base change is in turn equivalent to R®p.#% = 0. By Mukai’s

derived equivalence, this is equivalent to .% = 0. ([l

The following proposition is the same as [Hac04, Corollary 3.2(4)], since it can
be seen that the assumption on % imposed there is equivalent to that of being a
GV-sheaf. This is the main way in which generic vanishing is used in this paper;
for the definition of a unipotent vector bundle see §]

Proposition 75. Let # be a GV-sheaf on an abelian variety A. If VO(F) = {0},

then Z is a unipotent vector bundle.

Proof. By [Muk81l, Example 2.9], if g = dim A, then .% is a unipotent vector bundle
if and only if

(76) R®p.F =0 foralli#g, and RI®PpF =¥,
where ¢ is a coherent sheaf supported at the origin 0 € A. To review the argument,

notice that if this is the case, then if { = length(¢) > 0, we have h°(A4,%) # 0 and
so there is a short exact sequence
0—k(0)—9¥%—9 —0
where ¢’ is a coherent sheaf supported at the origin 0 € 21\, with length(¢’) =1—1.
Applying RV p we obtain a short exact sequence of vector bundles on A
0— 04 — RUpY — ROUpY — 0,

and by we have ROUpY = (—14)*.%. It is then not hard to see that .#' =
ROWp9' also satisfies the hypotheses in and so, proceeding by induction on
[, we may assume that .#’ is a unipotent vector bundle. It follows that .Z is also

a unipotent vector bundle as well (since it is an extension of a unipotent vector
bundle by &4).

We now check that the two conditions in are satisfied. By the
hypothesis implies that

Vi(ZF) C {0} for all ¢ > 0.

By base change one obtains that R'®p.Z is supported at most at 0 € A for 0 <
i < g. It remains to show that R'®p.# = 0 for i # g. Note that

Hj(g7 R'®p.F @ a) =0 forall j >0,0<i<g,and a € Pico(g),
and so by base change we have
RIVUp(R'®pF) =0 forallj >0and 0 <7 <g.

By an easy argument involving the spectral sequence of the composition of two
functors, since RUp o R®p = (—14)*[—g], it then follows that RV p(R®pF) =
H'((—14)*F[—g]), and so in particular

RUp(R®p.F) =0 for i<g.
But then RUp(R!®p.F) = 0 for i < g, and hence R'®p.F = 0 for i < g.
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For later use, we note that a very useful tool for detecting generic vanishing is a
cohomological criterion introduced in [Hac04, Corollary 3.1]. Before stating it, we
recall that an ample line bundle N on an abelian variety B induces an isogeny

@N:B—>§, r— NN,
where ¢, denotes translation by = € B.

Theorem 77. A coherent sheaf F# on A is a GV-sheaf if and only if given any
sufficiently large power M of an ample line bundle on A, one has

H'(A,Z @ R9Up(M~")) =0 forall i>0.
If ppr: A — A is the isogeny induced by M, this is also equivalent to
HY (A, 05 F@M)=0 forall i>0.

Remark. Note that since M is ample, H/(A,M~'®a) =0 for all i < g and a €
Pico(j) ~ A, and so R'WUp(M~1) =0 for i # g. If we denote RIUp(M 1) = ]\/4?1,
then by [Muk81l Proposition 3.11] we have gp}‘\/lj\?*\l ~ M®hO(M), hence the second
assertion.

8. Pushforwards of pluricanonical bundles. In this section we explain the

proof of [Theorem 42| following [PS14) §5]. In loc. cit. we noted that a very quick
proof can be given based on the general effective vanishing theorem for pushforwards

of pluricanonical bundles proved there. However, another more self-contained, if less
efficient, proof using cyclic covering constructions is also given; we choose to explain
this here, as cyclic covering constructions are in the background of many arguments
in this article. We first recall Kollar’s vanishing theorem [Kol86, Theorem 2.1].

Theorem 81. Let f : X — Y be a morphism of projective varieties, with X
smooth. If L is an ample line bundle on Y, then

HI(Y,R'fuwx ® L) =0 for all i and all j > 0.

Proof of[Theorem 43, Let M = L®?, where L is an ample and globally generated
line blAmdle on A, and d is an integer that can be chosen arbitrarily large. Let
ppm: A — A Dbe the isogeny induced by M. According to|[Theorem 77| it is enough
to show that o

HY (A, ¢ fow§™ @ M) =0 foralli>0.
Equivalently, we need to show that

H'(A, how¥ ® L% =0 foralli> 0,
where h: X7 — A is the base change of f: X — A via @)y, as in the diagram

X1 — X

bl

A\ (2% A
We can conclude immediately if we know that there exists a bound d = d(g, m),
i.e. depending only on ¢ = dim A and m, such that the vanishing in question

holds for any morphism h. (Note that we cannot apply Serre Vanishing here,

as construction depends on the original choice of M.) But [Proposition 82 below
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shows that there exists a morphism ¢ : Z — A with Z smooth projective, and
k < g+ m, such that h.w$" ® L®km=1) is a direct summand of ¢,wz. Applying
Kollar vanishing, we deduce that

HY(A hw?"@L®) =0 forall i>0 andall d> (¢g+m)(m—1)+1,
X1

which finishes the proof. (The main result of [PS14] shows that one can in fact take
d>m(g+1)—g.) O

Proposition 82. Let f : X — Y be a morphism of projective varieties, with X
smooth and Y of dimension n. Let L be an ample and globally generated line bundle
onY, and m > 1 an integer. Then there exists a smooth projective variety Z with a
morphism ¢ : Z — Y, and an integer 0 < k < n+m, such that f*w?ém ® L®k(m—1)
is a direct summand in YWz .

Proof. The sheaf f*w?}m ® L®P™ ig globally generated for some sufficiently large p.
Denote by k£ the minimal p > 0 for which this is satisfied.
Consider now the adjunction morphism

f*f*w?}m — w?}m.

After blowing up X, if necessary, we can assume that the image sheaf is of the form
w§™ ® Ox(—F) for a divisor E with normal crossing support. As f.w$™ ® L&km
is globally generated, the line bundle

is globally generated as well. It is therefore isomorphic to Ox (D), where D is an
irreducible smooth divisor, not contained in the support of E, such that D+ F also
has normal crossings. We have thus arranged that

(wx @ fFLE*)®™ ~ Oy (D + E).

We can now take the associated covering of X of degree m, branched along D + F,
and resolve its singularities. This gives us a generically finite morphism ¢g: Z — X
of degree m, and we denote ¢p = fog: Z — Y.

By a well-known calculation of Esnault and Viehweg, see e.g. [EV92, Lemma
2.3], the direct image g.wz contains the sheaf

wx ® (wx ® L) e (- | m2 (D + B)))
= uFm © IS D0y (- | 2iE))
as a direct summand. If we now apply f., we find that
fu(w§m © Ox (- | =51 E))) @ L4
is a direct summand of p,wz. Finally, F is the relative base locus of w?ém, and so
fo(wfm © Ox (- | 252E)) ) ~ L™

In other words, f*w?}m ® L®k(m=1) {5 4 direct summand in pxwz. By [Theorem 81
the sheaf f.w§™ @ LEFm=1+n+1 ig 0_regular in the sense of Castelnuovo-Mumford,
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and hence globally generatedﬂ By our minimal choice of k, this is only possible if
k(m—1)+n+1>(k—1)m+1,

which is equivalent to £ < n + m. O

9. Fiber spaces over abelian varieties. Let f: X — A be a fiber space over
an abelian variety. For simplicity, for each m > 0 we denote

Fn = fuwd™.

Note that %y = 4. Though this is not really necessary for the argument, we first
remark that we can be precise about the values of m > 1 for which .%,, # 0.

Lemma 91. We have %, # 0 if and only if there exists P € Pic’(A) such that
HO(X,w™ @ f*P) # 0.

Proof. By we know that %, is a GV-sheaf on A for all m > 1. We
conclude from that %, # 0 if and only if V°(%,,) # 0, which by the
projection formula is precisely the statement of the lemma. ([l

The purpose of this subsection is to give the

Proof of [Corollary 43 We will only prove the second statement, since the first one
is similar. We fix an m such that H°(4,.%,,) = HO(X,w$™) # 0. In particular

Fm is a non-trivial GV-sheaf on A. Since x(X) = 0, we have h%(A, .Z,,) = 1, and
in particular 0 € V°(%,,). We claim that

Vo(ﬁm) = {0}7

which implies that .%,, is unipotent by

To see this, note first that by and the comments immediately after,
VO(.%#,,) is a union of torsion translates of abelian subvarieties of Pic’(A). Then,
proceeding as in [CHOI, Lemma 2.1], if there were two distinct points P,Q €
VO(.Z,,) we could assume that they are both torsion of the same order k. Since f
is a fiber space, the mapping

f*: Pic’(4) — Pic’(X)
is injective, and so f*P and f*Q are distinct as well. Now if P € V°(.%,,), then
HY(X,w{™ ® f*P) ~ HY(A, Z,, ® P) # 0,

and similarly for Q. Let D € |/mKx + f*P| and G € [/mKx + f*Q|, so that
kD, kG € |mkKx|. Since h°(X,w{™") = 1, it follows that kD = kF, and hence
f*P = f*Q. This is the required contradiction.

Finally, since h°(A,.%,,) = 1, it is clear that .%,, is indecomposable. |

1Recall that a sheaf # on Y is 0-regular with respect to an ample and globally generated line
bundle L if

HY(Y,Z®L® %) =0 forall i>0.

The Castelnuovo-Mumford Lemma says that every 0-regular sheaf is globally generated.
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10. Cohomological support loci for pluricanonical bundles. In this section

we explain an important ingredient used in namely

the analogue of Simpson’s theorem for the 0-th cohomological support locus of
a pluricanonical bundle. We give a slight generalization, emphasizing again the
ubiquitous cyclic covering trick.

For a coherent sheaf . on an abelian variety A, for each k > 1 we consider the
following refinement of V°(.%), namely

VAF)={PecPi®(A) | °(X,Z@P)>k}.

Theorem 101. Let f : X — A be a morphism from a smooth projective variety
to an abelian variety, and fir integers m,k > 1. Then every irreducible component
of Vko(f*w?}m) is a torsion subvariety, i.e. a translate of an abelian subvariety of
Pic’(A) by a torsion point.

To prove we first collect a few lemmas. Given a smooth projective
variety X, and a line bundle L on X with x(L) > 0, recall that the asymptotic
multiplier ideal of L is defined as

Z(|Ll) =Z(3D) < Ox,

where p is any sufficiently large and divisible integer, D is the divisor of a general
section in H°(X, L®?), and the ideal sheaf on the right is the multiplier ideal of the
Q-divisor %D; see [Laz04, Ch. 11]. It is easy to see that the ideal sheaf Z(||L|) is
independent of the choice of p and D. Further properties of asymptotic multiplier
ideals appear in the proof of below.

Lemma 102. There exists a morphism g: Y — X with Y smooth and projective,
such that the sheaf wx ® L®ZI(||L||) is a direct summand of g.wy .

Proof. Take D as above, and let u: X’ — X be a log resolution of (X, D) such that
X’ is smooth and p*D plus the exceptional divisor of p is a divisor with simple
normal crossing support. Then

ﬂ*L®p — ﬁX/(,LL*D)7

and we let f: Y — X’ be a resolution of singularities of the degree p branched
covering of X’ defined by p*D. According to the calculation of Esnault and Viehweg
recalled in the proof of f«wy contains as a direct summand the sheaf

wx QUL Ox (— L%/fDJ) ~ M*(OJX ®L) ® Ox (KX'/X — Ll,u*DJ),

p

and so p, frwy contains as a direct summand the sheaf
wx @ L® p.Ox: (KX//X - L%,M*DJ) =wy @ LR Z(||L]).
We can therefore take g = o f. O

Lemma 103. If % and & are two coherent sheaves on an abelian variety A, and
Z s a direct summand of 4, then every irreducible component of VX(F) is also
an irreducible component of V2(9) for some £ > k.

Proof. Let Z C V2(.%) be an irreducible component. We can assume without loss
of generality that k = min{ (X, 7 ® ) | a €7 } By assumption, we have a
decomposition ¥ ~.% @ .%’'. We define

(=k+mn{h"(X,7' ®a)|acZ}.
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By the semicontinuity of h°(4,.#’ ® a) and h°(4,.F ® «a), it follows that there
is a neighborhood U of the generic point of Z such that h°(%’ ® a) < £ — k and
h%(Z ® a) < k for any a € U. Since h%(F ® o) < k for any a € U\ (U N Z) it is
easy to see that Z is an irreducible component of V,2(¥). (]

Lemma 104. If V2(f.w$™) contains a point, then it also contains a torsion sub-
variety through that point.

Proof. Take any point in V2(f.w%™). Since Pic’(X) is divisible, we may assume
that our point is of the form L™ for some Ly € Pic’(X). This means that

R (X, W™ ® f*LE™) > k.

For r > 0, set Z, = Z(|lw¥" @ f*L§"||). According to [Lemma 102 there exists a

morphism g: Y — X such that
wx ® (wx ® fF*L)2™ VRT,_; =w@" L™ VeI, ,

is a direct summand of g.wy. Consequently, f.(w5" ® L' ® 17, 1) is a direct
summand of h,wy, where h = fog: Y — A. By Simpson’s theorem we know
that, for any ¢, every irreducible component of V,?(h,wy) is a torsion subvariety.
Together with this shows that every irreducible component of

V(R @ Lo © L))

is a torsion subvariety. We observe that this set contains Lj: the reason is that
since Z,,, € Z,,,—1 (see [Laz04, Theorem 11.1.8]), we have

HO (X7 (WX ® f*LO)®m ®Im) - HO (X7 (WX ® f*LO)®m ®Im—1)
g HO (X7 (wX ® f*L0)®7n)7

and the two spaces on the outside are equal because the subscheme defined by Z,,
is contained in the base locus of (wx ® f*Ly)®™ by [Laz04, Theorem 11.1.8].

Now let W be an irreducible component of V;(f.(w§™ ® Lg@(mfl) ® Im-1))
passing through the point Ly. For every L € W, we have

W (X,w&m @ L™ Ve L) > 0 (X,wd" e LV T, 1 0 L) > k,

and so L(S@(m_l) @ W C V2(f.w¥™). As noted above, L?(m_l) ® W contains the
point L%@m; it is also a torsion subvariety, because W is a torsion subvariety and
LoeW. O

Proof of [Theorem 101, Let Z C V2(f.w$™) be an irreducible component; we have

to show that Z is a torsion subvariety. In case Z is a point, this follows directly from
so let us assume that dim Z > 1. Let Zy C Z denote the Zariski-open
subset obtained by removing the intersection with the other irreducible components
of VI( f*wf?}m). Then again by every point of Zy lies on a torsion
subvariety that is contained in Z. Because there are only countably many torsion
subvarieties in Pic’(X), Baire’s theorem implies that Z itself must be a torsion
subvariety. ([
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11. Iitaka fibration and cohomological support loci. In this section, we use
to give a precise description of the cohomological support loci

VOwg™) ={PePic’(X) | HY(X,w§"®P)#0}
for all m > 2, in terms of the Iitaka fibration of X. After a birational modification
of X, the litaka fibration can be realized as a morphism f: X — Y, where Y is

smooth projective of dimension k(X). By the universal property of the Albanese
mapping, we obtain a commutative diagram

a
*X>AX

X

[ ]

Yy 2 Ay
where Ax = Alb(X) and Ay = Alb(Y) are the two Albanese varieties. The
following simple lemma appears in [CH04, Lemma 2.6].

Lemma 111. With notation as above, the following things are true:

a) The homomorphism ar is surjective with connected fibers.
f

b) Setting K = ker(ay), we have a short exact sequence
f

0 — Pic’(Y) — Pic’(X) — Pic’(K) — 0.
(¢) If F is a general fiber of f, then the kernel of the natural homomorphism
Pic’(X) — Pic®(F) is a finite union of torsion translates of Pic®(Y).
Using this lemma and the results of Green-Lazarsfeld [GL8T, [GLI1] and Simpson
[Sim93], one can prove the following results about the locus V°(wx):

(1) There are finitely many quotient abelian varieties Alb(X) — B; and finitely
many torsion points o; € Pic’(X) such that

-

Vo(wx) = (ai —I—PiCO(Bi)).

i=1

This is proved in [GL91, Theorem 0.1] and [Sim93]. Note that V°(wx) may
be empty; in that case, we take n = 0.

(2) We have Pic’(B;) C Pic’(Y), where f: X — Y is the Iitaka fibration;
when X is of maximal Albanese dimension, then the union of the Pic®(B;)
generates Pic’(Y). This is proved in [CHO4, [CHOT].

(3) At a general point P of the i-th irreducible component a; + Pic®(B;), one
has sUv =0 for all s € HY(X,wx ®P) and all v € H'(B;, Og,); conversely,
if s € H(X,wx ® P) is nonzero and s Uv = 0 for some v € H'(X, Ox),
then necessarily v € HY(B;, Og,).

Note. One can interpret property (3) as follows. If P € Pic’(X) is a general point
of a component of VO(wx), and we identify the tangent space to Pic’(X) at the
point P with the vector space H'(X, Ox), then sUv =0 € H'(X,wx ® P) if and
only if s deforms to first order in the direction of v. Property (3) then says that if
s deforms to first order in the direction of v, then it deforms to arbitrary order.

It turns out that the cohomology support loci VO(wg™) for m > 2 are governed
by the litaka fibration f: X — Y: in contrast to the case m = 1, every irreducible
component is now simply a torsion translate of PiCO(Y).
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Theorem 112. Let X be a smooth complex projective variety, and let F be a
general fiber of the litaka fibration f: X — Y. Let m > 2.

(a) For every torsion point a € Pic’(X), and every 8 € Pic’(Y), we have
(X, w§™ @ a) = R (X, w§{" @ a® f*B).
(b) There exist finitely many torsion points ay, ..., a, € Pic’(X) such that

VO™ = | (ai + Pic’(V)).
i=1
(c) At every point a € VO(w{™), one has sUv =0 for all s € H*(X,w{™ @)
and all v € HY(Y, Oy); conversely, if s € H°(X, w?@m ® «) is nonzero and
sUwv =0 for somev € H' (X, Ox), then necessarily v € H (Y, Oy).

Proof. We begin by proving (a), following Jiang’s version [Jialll Lemma 3.2] of the
original argument in [HP02, Proposition 2.12]. Let g: X — Ay be the morphism
induced by composing f with the Albanese map of Y.

X 5 Ay
N
Y - Ay
Let H be an ample divisor on Ay. By construction, g factors through the Iitaka
fibration of X, and so there is an integer d > 0 such that
(113) dKx ~g*H+ FE
for some effective divisor £ on X. In particular, all sufficiently large and divisible

powers of wx have nontrivial global sections.
Now consider the torsion-free coherent sheaf

7 = g (v @a (Wi V))

on the abelian variety Ay . From our discussion of asymptotic multiplier ideals in
it is easy to see that we have inclusions

m m RK(m—1
(™ @ of) = (™) € Z(Iw%"™ 1),
by choosing the integer p € N in the definition of the asymptotic multiplier ideal as
a multiple of the order of the torsion point a € Pic’(X). Since
HO(X,wf" @ a @ I(|wf" @ al)) = HO(X,w{™ @ a),

this shows that H°(Ay, #) = H°(X,w{™ ® ). For p € N sufficiently large and
divisible, we have

Here pu: X’ — X is a log resolution of the complete linear system of w
divisor F' + D has simple normal crossing support, the linear system |D| is base
point free, and

(114) p(m —1)u*Kx ~ F + D.

(see [Laz04l, 9.2.10]). We may also assume that the larger divisor F'+ D + p*E has
simple normal crossing support.

?}p(mfl): the



18 C. D. HACON, M. POPA, AND CH. SCHNELL

Now .# is the pushforward, via the mapping go u: X’ — Ay, of the line bundle

,U,*Ck® ﬁx/(KX/ + (m— 1)/L*KX . L%FJ),

and for any ¢ € Q, we have the Q-linear equivalence of Q-divisors
(m— DKy — |2F| ~g =5(F + D) + 22D (4" g* H + ' E) — | 1 F|
by combining (113]) and (114)). This allows us to write
Kxi + (m—D)p*Kx — | LF| ~g Ky + A+ 200 0 g,

where A is the Q-divisor on X’ given by the formula

A=lep sl pylep |1p|.

By construction, the support of A is a divisor with simple normal crossings; and if
we choose € > 0 sufficiently small, then A is a boundary divisor, meaning that the
coefficient of every irreducible component belongs to the interval [0,1). To see that
A > 0 it suffices to observe that p(m — 1)u*E > dF and to check that |A] =0 it
suffices to observe that the coefficients of ;;D + {%F} are < 1 and apply continuity.
In particular, the pair (X', A) is klt. We can now apply the version for Q-divisors
of Kollar’s vanishing theorem [Kol95] §10] and conclude that the pushforward of

p(a@g'8) @ Ox (Kx + (m— 1) Kx — | LF])
under the map gop: X’ — Ay has vanishing higher cohomology for all 8 € Pic? (Y).
Together with the projection formula, this shows that
H'(Ay,Z ®B) =0
for every i > 0 and every § € Pic’(Y). It follows that
W (Ay, F @ B) = x(Ay, F ® )
has the same value for every 8 € Pic’(Y). But then
(X, wd" ®a) = h°(Ay, F) =h’(Ay, .7 @ g*B)
=1 (X wamg e T(Wi ™))
<h(X,w§" ®a®g*B),
and by semicontinuity, we conclude that in fact
(X, w¥™ ®a) = h(X,w§" @ a®g*B).

We next prove (b). Assuming that V°(w$™) is nonempty, there are by
finitely many distinct torsion elements ay, ..., a, € Pic’(X), and abelian
subvarieties B; C Pic(X), such that

VO(wg™) = U(ai + By).

By (a) we know that Pic®(Y) C B;; indeed, (a) implies that for every torsion point
a € VO(wP™) we have a + Pic’(Y) € VO(w$™), and this applies of course to a;.
To prove (b), it is therefore enough to show that B; C Pic’(Y). Take an arbitrary
element o € VO(w$™), and let s € HY(X,w§{™ ® ) be a nonzero global section.
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The restriction of s to a general fiber F' of the litaka fibration f: X — Y is then a
nonzero global section of
W™ @ alr,

and because k(F) = 0, it follows that a|r is torsion in Pic’(F). According to
a nonzero multiple of a therefore belongs to Pic’(Y'). This is enough
to conclude that B; C Pic’(Y), and so (b) is proved.

To prove (c), note first that standard arguments (see for instance [EV92, Lemma
12.6]) imply the first half, namely that if v € H'(Y, Oy) then

sUv=0 forallsGHO(X,w}eém@oz).
For the second half, suppose that s € H°(X,w$™ ® a) is a nonzero global section

such that s Uv = 0 for some v € H'(X, Ox). Restricting to a general fiber F of
the Titaka fibration f: X — Y, we get

0=s|lpUvlp EHl(F,w%m®a|F),

where s|p € H°(F,wf™ ® a|r) is nonzero, and v|p € H'(F,0p). Since a €

VO(wg™), we have a|p = a;|p for some i = 1,..., s, as a consequence of [Lemma 111

and (b). In particular, a|r is torsion, say of order k, and so
sk | € HO(F,wdm).
Let ap: F — Ap denote the Albanese mapping of F'. Recalling that x(F) = 0, we
get from [Theorem 52| that (ap)*w?km = 04,.. Under the isomorphism
HO(F,w§*™) = H(Ap, 04,.),
our nonzero section s®¥|p therefore corresponds to a nonzero constant o € C;
likewise, under the isomorphism
Hl(F; ﬁF) = Hl(AF7 ﬁAF)a
the vector v|p corresponds to a vector u € m! (AF, ﬁAF). It is not hard to see that
the two isomorphisms are compatible with cup product; consequently, s®* Uv =

0 implies that ou = 0, and hence that « = 0. By the infinitesimal version of
Lemma 111} this means that v € H*(Y, Oy), as asserted. O

D. SINGULAR METRICS ON PUSHFORWARDS OF ADJOINT LINE BUNDLES

12. Plurisubharmonic functions. Let X be a complex manifold. We begin our
survey of the analytic techniques by recalling the following important definition;
see for example [Dem12) I1.5] for more details.

Definition 121. A function ¢: X — [—00,+00) is called plurisubharmonic if it is
upper semi-continuous, locally integrable, and satisfies the mean-value inequality

1
(122) (vonO < [ (pondu
™ JA
for every holomorphic mapping v: A — X from the open unit disk A C C.
Suppose that ¢ is plurisubharmonic. From (122]) one can deduce, by integrating
over the space of lines through a given point, that the mean-value inequality

1
(WOL)(O)S@/B(WMM
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also holds for any open embedding ¢: B < X of the open unit ball B C C™; here n is
the local dimension of X at the point ¢(0). In other words, every plurisubharmonic
function is also subharmonic. Together with local integrability, this implies that ¢
is locally bounded from above.

Lemma 123. Fvery plurisubharmonic function on a compact complex manifold is
locally constant.

Proof. Let ¢ be a plurisubharmonic function on a compact complex manifold X. As
 is upper semi-continuous and locally bounded from above, it achieves a maximum
on every connected component of X. The mean-value inequality then forces ¢ to
be locally constant. O

Observe that a plurisubharmonic function is uniquely determined by its values on
any subset whose complement has measure zero. Indeed, the mean-value inequality
provides an upper bound on the value at any point x € X, and the upper semi-
continuity a lower bound. One also has the following analogue of the Riemann and
Hartogs extension theorems for holomorphic functions [Dem12, Theorem 1.5.24]; by
what we have just said, there can be at most one extension in each case.

Lemma 124. Let Z C X be a closed analytic subset, and let ¢ be a plurisubhar-
monic function on X \ Z.

(a) If codim Z > 2, then ¢ extends to a plurisubharmonic function on X.
(b) If codim Z = 1, then ¢ extends to a plurisubharmonic function on X if and
only if it is locally bounded near every point of Z.

A plurisubharmonic function ¢ determines a coherent sheaf of ideals Z(¢) C Ox,
called the multiplier ideal sheaf, whose sections over any open subset U C X consist
of those holomorphic functions f € H°(U, Ox) for which the function |f|?e~¥ is
locally integrable. We use the convention that the value of the product is 0 at
points x € X where f(z) =0 and ¢(z) = —oc0.

Since plurisubharmonic functions are locally bounded from above, Montel’s the-
orem in several variables implies the following compactness property.

Proposition 125. Let p: B — [—00,+00) be a plurisubharmonic function on the
open unit ball B C C™. Consider the collection of holomorphic functions

o) = { remwon | [ 1rerans}.

Any sequence of functions in Hy (@) has a subsequence that converges uniformly on
compact subsets to an element of Hy ().

Proof. The mean-value inequality for holomorphic functions implies that all func-
tions in Hg () are uniformly bounded on every closed ball of radius R < 1. Let us
briefly review the argument. Because ¢ is locally bounded from above, there is a
constant C' > 0 such that ¢ < C on the closed ball of radius (R+ 1)/2. Fix a point
z € Br(0) in the closed ball of radius R, and a holomorphic function f € Hg/(p).
By the mean-value inequality,

P < #/ P du < C/ e dp < K€
N Tn‘LL(B) B, (2) N TnM(B) B, (z) N T’n/L(B)’
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where r = (1—R)/2. By the n-dimensional version of Montel’s theorem [GR09, The-
orem I.A.12], this uniform bound implies that any sequence fo, f1, f2,... € Hg ()
has a subsequence that converges uniformly on compact subsets to a holomorphic
function f € H°(B, 0p). By Fatou’s lemma,

/ |f|?e % du < liminf/ |fel?e ¢ du < K,
which means that f € Hg(p). O

Note. The example of an orthonormal sequence in Hg (¢) shows that the conver-
gence need not be with respect to the L?-norm.

13. Singular hermitian metrics on line bundles. Many of the newer ap-
plications of analytic techniques in algebraic geometry — such as Siu’s proof of the
invariance of plurigenera — rely on the notion of singular hermitian metrics on holo-
morphic line bundles. The word “singular” here means two things at once: first,
that the metric is not necessarily C*°; second, that certain vectors in the fibers of
the line bundle are allowed to have either infinite length or length zero.

Let X be a complex manifold, and let L be a holomorphic line bundle on X
with a singular hermitian metric h. In any local trivialization of L, such a metric
is represented by a “weight function” of the form e™%, where ¢ is a measurable
function with values in [—o0,400]. More precisely, suppose that the restriction
of L to an open subset U C X is trivial, and that s € H°(U, L) is a nowhere
vanishing holomorphic section. Then any other holomorphic section s € H(U, L)
can be written as s = fsg for a unique holomorphic function f on U, and the length
squared of s with respect to the singular hermitian metric h is

(131) [slr = 1f[?e7*.

The points where ¢ is not finite correspond to singularities of the metric: at points
where p(z) = —oo, the metric becomes infinite; at points where ¢(x) = +o0, the
metric stops being positive definite.

Note. At points € U where ¢(x) = —oo, we use the following convention: the
product in (131)) equals 0 if f(z) = 0; otherwise, it equals +oco. With this rule in
place, |s|p, is a well-defined measurable function on U with values in [0, +o0].

We say that a singular hermitian metric h is continuous if the local weight
functions ¢ are continuous functions with values in [—oo, +00]. This is equivalent
to asking that, for every open subset U C X and every section s € H°(U, L), the
function |s|p: U — [0, 400] should be continuous.

We say that the pair (L, h) has semi-positive curvature if the local weight func-
tions ¢ are plurisubharmonic. In that case, ¢ is locally integrable, and the curvature
current of (L, h) can be defined, in the sense of distributions, by the formula

Oy = Eaéw
2m
It is easy to see that Oy is a well-defined closed positive (1,1)-current on X; its
cohomology class in H?(X,R) equals the first Chern class ¢;(L). Conversely, if the
current Oy, is positive, then one can make the local weight functions ¢ plurisubhar-
monic by modifying them on a set of measure zero [Dem12, Theorem 1.5.8].
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Note. Most authors include the condition of local integrability into the definition
of a singular hermitian metric. We use a different convention, so as to be consistent
with the definition of singular hermitian metrics on vector bundles later on.

A singular hermitian metric of semi-positive curvature is automatically positive
definite at every point. Indeed, ¢ is locally bounded from above, and so the factor
e~ % in the local expression for h may equal 400 at certain points, but has to be
locally bounded from below by a positive constant. Moreover, ¢ is upper semi-
continuous, and so the function |s|,: U — [0, +00] is not just measurable, but even
lower semi-continuous, for every holomorphic section s € H°(U, L) on some open
subset U C X.

Lemma 132. Suppose that X is compact, and that h is a singular hermitian metric
with semi-positive curvature on a holomorphic line bundle L. If ¢1(L) = 0 in
H?(X,R), then h is actually a smooth metric with zero curvature.

Proof. The cohomology class of the closed positive (1,1)-current Oy, equals zero in
H?(X,R), and so there is a globally defined plurisubharmonic function 1 in X such

that O, = g@&b. By [Lemma 123} v is locally constant, and so ©; = 0. Now all

the local weight functions ¢ satisfy 09 = 0, and are therefore smooth functions;
but this means exactly that h is a smooth metric. (I

The curvature assumption implies that the multiplier ideal sheaf Z(h) C Ox is a
coherent sheaf of ideals on X; in the notation from above, a holomorphic function
f: U — Cis asection of Z(h) if and only if the function | f|?e~¥ is locally integrable.
Consequently, the subspace

H°(X,L®ZI(h)) C H(X,L)

consists of all global holomorphic sections of L for which the lower semi-continuous
function |s|7: X — [0, +00] is locally integrable.

14. The Ohsawa-Takegoshi extension theorem. It is known that a line bundle
on a projective complex manifold admits a singular hermitian metric with semi-
positive curvature if and only if it is pseudo-effective. The power of the metric
approach to positivity comes from fact that one can extend holomorphic sections
from submanifolds with precise bounds on the norm of the extension. The most
important result in this direction is the famous Ohsawa-Takegoshi theoremﬂ

Let X be a complex manifold of dimension n, and let (L, h) be a holomorphic
line bundle with a singular hermitian metric of semi-positive curvature. What we
actually need is the “adjoint version” of the Ohsawa-Takegoshi theorem, which is
about extending sections of the adjoint bundle wx ® L, or equivalently, holomorphic
n-forms with coefficients in L. Before we can state the theorem, we first have to
introduce some notation.

Given 8 € H%(X,wx®L), we define a nonnegative measurable (n, n)-form |3|? as
follows: view BA 3 as a smooth (n,n)-form with coefficients in L ® L, compose with

2We use the name “Ohsawa-Takegoshi theorem” for convenience only; in reality, there is a large
collection of different L2-extension theorems in complex analysis, of which [Theorem 144| below is
an important but nevertheless special case. For more on this topic, see for example [?].
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the singular hermitian metric h, and then multiply by the factor ¢, = 27"( —1)"2/ 2,
Locally, we can write 8 = fso ® dz1 A --- A dz,, and then

(141) 1Bli = [fPe™?(dzy A dyy) A= A (dan A dy,,),

where 21 = 21 +y1v—1,...,2n = x, + YoV —1 are local holomorphic coordinates
on U. Using this notation, we have

H(X,wx ® LOI(h))
={B e H (X,wx ® L) | |B} is locally integrable }.
We also define the L2-norm of the element 3 € H(X,wx ® L) to be

(142) 1812 = /X 1B € [0, +o0].

When X is compact, 3 € H°(X,wx®L®Z(h)) is equivalent to having || 3]|7 < +oc;
in general, finiteness of the L2-norm is a much stronger requirement.

Now suppose that f: X — B is a holomorphic mapping to the open unit ball
B C C". We assume that f is projective and that 0 € B is a regular value of f; the
central fiber X = f71(0) is therefore a projective complex manifold of dimension
n —r = dim X — dim B. We denote by (Lo, ho) the restriction of (L, h) to Xo. As
long as hg is not identically equal to 400, it defines a singular hermitian metric
with semi-positive curvature on Lg, and we have the space

(143) H(Xo,wx, ® Lo ® Z(ho))

of holomorphic (n — r)-forms with coefficients in Ly that are square-integrable with
respect to hg; as before, the defining condition is that the integral

lafz, = /X af2,
0

should be finite; note that the definition of |04|%Lo involves the constant ¢, _,..

The Ohsawa-Takegoshi theorem says that every section of wx, ® Lo ® Z(hg) can
be extended to a section of wx ® L ® Z(h) with finite L?-norm — and, crucially, it
provides a universal upper bound on the L?-norm of the extension. (If hy = +o0,
then the space in is trivial and the extension problem is not interesting.) Here
B € H(X,wx ® L) is an extension of o € H(Xo,wx, ® Lo) if

Blx, = andf =aA(dfy A Ndfy),

where f = (f1,..., fr). That said, the precise statement of the Ohsawa-Takegoshi
extension theorem is the following.

Theorem 144. Let f: X — B be a projective morphism such that 0 € B is a
reqular value. Let (L,h) be a holomorphic line bundle with a singular hermitian
metric of semi-positive curvature. Denote by (Lo, hg) the restriction to the central
fiber Xo = f~1(0), and suppose that hg # +oo. Then for every o € H° (Xo,wxo ®
Lo ® Z(ho)), there exists at least one 8 € H°(X,wx ® L ® Z(h)) with

Blxo =andf and |B]} < u(B)- ol

The special thing about this form of the extension theorem is that the constant
w(B) = 7" /r! in the estimate is the volume of the unit ball B C C"; the example
of a product X = B x X shows that this is optimal. Earlier proofs of the Ohsawa-
Takegoshi theorem, for example by Siu or Paun [Siu02l, [Pau07], only gave a weaker
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estimate, in which u(B) had to be replaced by a certain constant Cy < 200. The
proof of the sharp estimate is due to Blocki and Guan-Zhou [Blo13| [GZ15]. There
is also a (weaker) version of the Ohsawa-Takegoshi theorem for the case where the
fibers are compact Kéhler manifolds, proved by Cao [Caol4].

Proof of [Theorem 174} In [GZI5, §3.12], the result is stated only for “projective

families”, meaning in the case where f: X — B is smooth and everywhere sub-
mersive, but the same proof works as long as 0 € B is a regular value. Guan and
Zhou have (27)"/r! as the constant, but the extra factor of 2" goes away because
our definition of ||3]|? and ||a||? involves dividing by 2" and 2"~", respectively.
For the reader who wants to look up the result in [GZ15], we briefly explain
how to deduce [Theorem 144] from Guan and Zhou’s main theorem. Choose an
embedding X < B x PV, and let H C X be the preimage of a sufficiently general
hyperplane in PY. Then X \ H is a Stein manifold and X, \ Xo N H a closed
submanifold. We can now apply [GZ15, Theorem 2.2] to the pair (X, Xj), taking
A=0,ca(t)=1,and U =rlog|f[> =rlog(|f1]* + -+ |fr][}). O

Note. Observe that if we write the inequality in in the form
1
—== 1815 < llallz,,
n(B) ’
then it looks like a mean-value inequality; this fact will play a crucial role later or,
when we construct singular hermitian metrics on pushforwards of adjoint bundles.

15. Coherent sheaves and Fréchet spaces. In this section, we briefly review
some fundamental results about section spaces of coherent sheaves on complex
manifolds. Recall that a Fréchet space is a Hausdorff topological vector space, whose
topology is induced by a countable family of semi-norms, and which is complete
with respect to this family of semi-norms. Most of the familiar theorems about
Banach spaces, such as the open mapping theorem or the closed graph theorem,
remain true for Fréchet spaces.

Ezample 151. On a complex manifold X, the vector space H°(X, Ox) of all holo-
morphic functions on X is a Fréchet space, under the topology of uniform conver-
gence on compact subsets. More precisely, each compact subset K C X gives rise
to a semi-norm

£l = sup|f(x)|
zeK

on the space H%(X, Ox); to get a countable family, write X as a countable union
of compact subsets. The same construction works for any open subset U C X, and
when U C V, the restriction mapping H°(V, 0x) — H°(U, Ox) is continuous.

In fact, the section spaces of all coherent sheaves on a given complex manifold
can be made into Fréchet spaces in a consistent way; the construction is explained
for example in [GR0O9, Ch. VIII, §A]. Let % be a coherent sheaf on a complex man-
ifold X. Then for every open subset U C X, the space of sections H°(U,.%) has the
structure of a Fréchet space, in such a way that if U C V, the restriction mapping
H(V,Z) — H°(U, %) is continuous. Moreover, if ¢: .# — ¢ is any morphism be-
tween two coherent sheaves, then the induced mappings ¢y : HO(U,.%) — H°(U,9)
are all continuous. The Fréchet space topology has several other good properties,
such as the following [GR09 Proposition VIIIL.A.2].
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Proposition 152. If # C ¥, then H°(U,.%) is a closed subspace of H°(U,9).

Let f: X — Y be a proper holomorphic mapping between complex manifolds,
and let .# be a coherent sheaf on X. By Grauert’s coherence theorem, the push-
forward sheaf f,.% is a coherent sheaf on Y. The vector space

HO(}/’f*f) = HO(XNQ.)

therefore has two (a priori different) Fréchet space topologies, one coming from Y,
the other from X.

Proposition 153. In the situation just described, the two Fréchet space topologies
on H(Y, f.7) = H°(X,.Z) are equal.

Proof. Since the problem is local, we may replace Y by a Stein open subset and
assume that we have a surjective morphism

O3 — .7

The induced mapping H°(Y, Oy )®™ — HO(Y, f,.#) is continuous and surjective;
by the open mapping theorem, the topology on HY(Y, f..#) must be the quotient
topology. We also get a morphism ﬁ;‘?m — %, and therefore a factorization

HO(Y,0y)®™ — H(X,0x)®™ — H°(X, 7).

Both mappings are continuous: the first because, f being proper, uniform conver-
gence on compact subsets of Y implies uniform convergence on compact subsets
of X; the second because ﬁ;‘?m — % is a morphism. It follows that the identity
mapping

HY(Y, f.7) — H°(X,.F)

is continuous; by the open mapping theorem, it must be a homeomorphism. (I

16. Singular hermitian inner products. Before we can talk about singular
hermitian metrics on vector bundles, we first have to be clear about what we mean
by a “singular” hermitian inner product on a vector space. The purpose of this
section is to define this notion with some care. Throughout, we let V be a finite-
dimensional complex vector space. There are two ways in which a hermitian inner
product can be singular: there may be vectors whose length is 4+oc0, and others
whose length is 0. The best way to formalize this is to work not with the inner
product itself, but with the associated length function [BPOS|, §3].

Definition 161. A singular hermitian inner product on a finite-dimensional com-
plex vector space V' is a function |—|,: V — [0, 400] with the following properties:
(1) |Av|p = |A] - |v]p for every A € C\ {0} and every v € V, and |0];, = 0.
(2) v+ w|p < |v|p + |w|p, for every v,w € V.
(3) v+ wli+|v—wl} =22 + 2w} for every v,w € V.

Our convention is that an inequality is satisfied if both sides are equal to +oo.
It is easy to deduce from the axioms that both
Vo={veV|lvp=0} and Vi, ={veV ||vp<+oo}

are linear subspaces of V. We say that h is positive definite if Vj = 0; we say that h
is finite if Vi, = V. Clearly, |—|5 is a semi-norm on Vjy,; it is a norm if and only if
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Vo = 0. The third axiom is the parallelogram law for this semi-norm. The formula
3
1
wwh =1 > (V=D* - Jo+ (V=D
k=0

therefore defines a semi-definite hermitian inner product on the subspace Vfy,; it is
positive definite if and only if Vj = 0. We use the same notation for the induced
hermitian inner product on the quotient space Vg, /Vb.

Given a singular hermitian inner product h on V| we obtain a singular hermitian
inner product h* on the dual space V* = Home(V, C) by setting

|fh*:sup{|f(v)|‘UEVWith|v|h7éO}
VUlh

for any linear functional f € V*, with the understanding that a fraction with
denominator +o00 is equal to 0. (If Vi = V, then we define |f|p- = 0 for f = 0, and
| f]n= = 400 otherwise.) It is easy to see that |f|p+ = 0 if and only if f annihilates
the subspace Vj,, and that |f|,+ < +oo if and only if f annihilates the subspace
Vo. One then checks that h* is again a singular hermitian inner product on V*,

and that the resulting hermitian inner product (—, —)p+ on
{fEV* |fh*<—|—oo}
~ Homc (Vg / Vo, C
(Fev |1/l =0} (Vi V0. €)
agrees with the one naturally induced by (—,—),. Here is another way to think

about h*. From a nonzero linear functional f: V — C, we get an induced singular
hermitian inner product on C by setting

‘)‘|h,f = inf{ [v]s, ’ v € V satisfies f(v) = )\}

If A # 0, this quantity is +oo unless the restriction of f to the subspace Vg, is
nonzero; if Vo =V, then |A|, s = 0 for every A € C. Taking into account various
special cases, the following result is immediate from the definition.

Lemma 162. Let f: V — C be a nonzero linear functional. Then

B
Ay = 0
s = 11

for every nonzero \ € C.

Let »r = dim V. Since the product of 0 and 400 is undefined, we do not get a
singular hermitian inner product on

-
det V= AV
unless Vo = 0 or Vg, = V. But when h is either positive definite or finite, there is a
well-defined singular hermitian inner product det h on the one-dimensional vector
space det V. If Vg, = V, we declare that
(vi,v1)n o (U1, v
[v1 A- - A vplder n = det ) :
(O, 0100 o+ (U, V)

If Vi #V and Vy = 0, we let |—|qet » equal +00 on all nonzero elements of det V.
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17. Singular hermitian metrics on vector bundles. The purpose of this
section is to extend the concept of singular hermitian metrics from holomorphic
line bundles to holomorphic vector bundles of arbitrary rank. Let X be a complex
manifold, and let E be a holomorphic vector bundle on X of some rank r > 1.

Definition 171. A singular hermitian metric on E is a function h that associates
to every point z € X a singular hermitian inner product |—|j, . : E; — [0, +00] on
the complex vector space E,, subject to the following two conditions:

(1) h is finite and positive definite almost everywhere, meaning that for all =
outside a set of measure zero, |—|p, is a hermitian inner product on E,.
(2) h is measurable, meaning that the function

Is|p: U — [0,4+00], x> ‘s(x)’hx,
is measurable whenever U C X is open and s € H(U, E).

In the case r = 1, this specializes to the definition of singular hermitian metrics
on holomorphic line bundles. The requirement that h be measurable is extremely
weak: the singular hermitian metrics that we will actually encounter below are at
least semi-continuous. The advantage of the above definition is that it behaves well
under duality. By applying the general construction from the previous section, we
obtain on each fiber

E = Hom¢(E,,C)
of the dual bundle E* a singular hermitian inner product |—|p+ ;. The following
result shows that these form a singular hermitian metric on E*.

Proposition 172. A singular hermitian metric h on a holomorphic vector bundle
FE induces a singular hermitian metric h* on the dual bundle E*.

Proof. If |—|p, is finite and positive definite, then |—|5+ , is also finite and positive
definite, and so the first condition in the definition is clearly satisfied. The second
condition is of a local nature, and so we may assume without loss of generality
that E is the trivial bundle of rank r. Denote by s1,...,s, € H’(X, E) the global
sections corresponding to a choice of trivialization. The expression

Hij(x) = (si(x), s5(2))na
is well-defined outside a set of measure zero, and the resulting function is measur-
able. Denote by H € Mat,»,(C) the r x r-matrix with entries H; ;. Then h* is
represented by the transpose of the matrix H !, in the natural trivialization of E*;

the usual formula for the inverse of a matrix shows that all entries of this matrix
are again measurable functions. O

Note. In more sheaf-theoretic terms, a singular hermitian metric on a holomorphic
vector bundle F is a morphism of sheaves of sets

|—|n: E— Mx
from E to the sheaf of measurable functions on X with values in [0, +o0c]. The
following conditions need to be satisfied:
(1) One has |fs|, = |f] - |s|n for every s € HO(U, E) and every f € HO(U, 0).
(2) If s € HY(U, E) and |s|;, = 0 almost everywhere, then s = 0.
(3) For almost every point z € X, the function |—|p.: E; — [0,+00] is a

singular hermitian inner product (in the sense of [Definition 171)).
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Again, we use the convention that |f|-|s|, = 0 at points where f is zero.

18. Semi-positive curvature. Let h be a singular hermitian metric on a holo-
morphic vector bundle E, and denote by A* the induced singular hermitian metric
on the dual bundle E*. Suppose for a moment that i is smooth, and denote by O,
the curvature tensor of the Chern connection; it is a (1, 1)-form with coefficients in
the bundle End(F). One says that (E,h) has semi-positive curvature in the sense
of Griffiths if, for every choice of holomorphic tangent vector £ € T, X, the matrix
Ox(&,€) is positive semi-definite [Dem12, VII.6]. This is known to be equivalent to
the condition that the function log|f|s~ is plurisubharmonic for every local section
f € H°(U, E*). In the singular case, we use this condition as the definition.

Definition 181. We say that the pair (E,h) has semi-positive curvature if the
function log| f|,~ is plurisubharmonic for every f € H(U, E*).

The point of this definition is that it allows us to talk about the curvature of a
singular hermitian metric without mentioning the curvature tensor: unlike in the
case of line bundles, the curvature tensor of i does not in general make sense even
as a distribution [Rauldl Theorem 1.3]. The following lemma gives an equivalent
formulation of the definition.

Lemma 182. Let h be a singular hermitian metric on E. Then (E,h) has semi-
positive curvature if, and only if, for every open subset U C X and every nonzero
morphism E|y — L to a line bundle, the induced singular hermitian metric on L
has semi-positive curvature.

Proof. The construction of the induced singular hermitian metric on L works as in
At each point x € U, the linear mapping E, — L, between fibers
induces a singular hermitian inner product on the one-dimensional complex vector
space L,: the length of a vector A € L, is the infimum of |e| , over all e € E,, that
map to A. (If E, — L, is zero, then the infimum equals 400 whenever A\ # 0.)
Let us compute the curvature of the induced metric. After replacing X by an
open neighborhood of a given point in U, we may assume that L is trivial; our
morphism E — Ox is then given by a linear functional f € HY(X, E*). Let e=%
be the weight function of the induced metric. The formula in says that

e P — ;2

1f (@) o
for every x € X. Taking logarithms, we get ¢ = 2log|f|n~, which is plurisubhar-
monic because the pair (E, h) has semi-positive curvature. O

Suppose that (F,h) has semi-positive curvature. Since plurisubharmonic func-
tions are locally bounded from above, the singular hermitian inner product |—|p+ 4
on E} must be finite for every x € X; dually, every |—|; , must be positive definite.
The determinant line bundle det E therefore has a well-defined singular hermitian

metric that we denote by the symbol det h. We will prove later (in|Proposition 251))

that the pair (det F, det h) again has semi-positive curvature.

When (E, h) has semi-positive curvature, the pointwise length of any holomor-
phic section of E* is an upper semi-continuous function. Likewise, the pointwise
length of any holomorphic section of E is a lower semi-continuous function.
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Lemma 183. If (E,h) has semi-positive curvature, then for any s € H°(X, E),
the function |s|p: X — [0,400] is lower semi-continuous.

Proof. Since the question is local, we may assume without loss of generality that
X is the open unit ball in C™, and E the trivial bundle of rank » > 1. We have

S
sl > £ ()l
|l
for every f € HY(X, E*), and it is easy to see that |s|;, is the pointwise supremum

of the collection of functions on the right-hand side. Because log|f|n« is upper
semi-continuous, each

| f(s)] =1f(s)- e~ log|fln~

[f e
is a lower semi-continuous function from X to [0, +oo]; their pointwise supremum
is therefore also lower semi-continuous. O

Ezample 184. The following example, due to Raufi [Rauldl Theorem 1.3], shows
that the function |s|, can indeed have jumps. Let E be the trivial bundle of rank
2 on C. We first define a singular hermitian metric A* on the dual bundle E*: at
each point z € C, it is represented by the matrix

14122 =z
2 P

From this, one computes that the singular hermitian metric h on F is given by

i | 2|2 —z
a2 1 lep

as long as z # 0. Contrary to what this formula might suggest, one has

|(1’O)|h,0 =1
the length of the vector (1,0) is thus |z|=2 for z # 0, but 1 for 2 = 0.

19. Singular hermitian metrics on torsion-free sheaves. Let X be a complex
manifold, and let .% be a torsion-free coherent sheaf on X. Let X (%) C X denote
the maximal open subset where % is locally free; then X\ X (%) is a closed analytic
subset of codimension > 2. If % # 0, then the restriction of .# to the open subset
X (%) is a holomorphic vector bundle E of some rank r > 1.

Definition 191. A singular hermitian metric on % is a singular hermitian metric
h on the holomorphic vector bundle E. We say that such a metric has semi-positive
curvature if the pair (E,h) has semi-positive curvature.

Suppose that .# has a singular hermitian metric with semi-positive curvature.
Since X \ X (%) has codimension > 2, every holomorphic section of the dual bundle
E* extends to a holomorphic section of the reflexive coherent sheaf

F*=Hom(F,0x),

and every plurisubharmonic function on X (%) extends to a plurisubharmonic func-

tion on X (see|Lemma 124). For every open subset U C X and every holomorphic
section f € HY(U,.Z*), we thus obtain a well-defined plurisubharmonic function

log|f|p: U — [—00,400).

Note that the function |f|s+ is upper semi-continuous.
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What about holomorphic sections of the sheaf .7 itself? For any s € H°(U,.%),
the function |s|; is lower semi-continuous on UNX (.%). In a suitable neighborhood
of every point in U, we can imitate the proof of [Lemma 183] and take the pointwise
supremum of the functions

If(s)] - e~ tosl/Inx

where f runs over all sections of .Z*. Since the pointwise supremum of a family of
lower semi-continuous functions is again lower semi-continuous, we obtain in this
manner a distinguished extension

[s|n: U — [0, 4+00]
to a lower semi-continuous function on U.

Definition 192. We say that a singular hermitian metric on % is continuous if,
for every open subset U C X and every holomorphic section s € H°(U,.#), the
function |s|n: U — [0, 400] is continuous.

Proposition 193. Let ¢: F — & be a morphism between two torsion-free coherent
sheaves that is generically an isomorphism. If % has a singular hermitian metric
with semi-positive curvature, then so does 9.

Proof. Let h denote the singular hermitian metric on .#. On the open subset of
X(Z)N X(¥) where ¢ is an isomorphism, ¢ clearly acquires a singular hermit-
ian metric that we also denote by h for simplicity. Because the dual morphism
¢*: G* — F* is injective, the function log|f|n~ is plurisubharmonic for every
f € HYU,9*) C H°(U,.Z*). Consequently, h extends to a singular hermitian
metric with semi-positive curvature on all of X (¥). O

Example 194. If .# has a singular hermitian metric of semi-positive curvature, then
O k%

the same is true for the reflexive hull #
20. The minimal extension property. The Ohsawa-Takegoshi theorem leads
us to consider the following “minimal extension property” for singular hermitian
metrics. To keep the statement simple, let us assume that X is a connected complex
manifold of dimension n, and denote by B C C™ the open unit ball.

Definition 201. We say that a singular hermitian metric on .% has the minimal
extension property if there exists a nowhere dense closed analytic subset Z C X
with the following two properties:

(1) .7 is locally free on X \ Z, or equivalently, X \ Z C X (.%).
(2) For every embedding ¢: B — X with z = ¢(0) € X \ Z, and every v € E,
with ||, = 1, there is a holomorphic section s € H(B,.*.#) such that

1
s(0)=v and 7/ s|2dp < 1;
n(B) B‘ I
here (E, h) denotes the restriction to the open subset X (.%).

The point of the minimal extension property is the ability to extend sections
over the “bad” locus Z, with good control on the norm of the extension. We will
see later that pushforwards of adjoint line bundles always have this property, as a
consequence of the Ohsawa-Takegoshi theorem.
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FEzample 202. The minimal extension property rules out certain undesirable exam-
ples like the following. Let Z C X be a closed analytic subset of codimension > 2,
and let Z; C Ox denote the ideal sheaf of Z. Then Zy is trivial on X \ Z, and
the constant hermitian metric on this trivial bundle is a singular hermitian metric
with semi-positive curvature on Z;. But this metric does not have the minimal
extension property, because a holomorphic function f: B — C with f(0) = 1 and

b 2
5 /Blfl dp<1

must be constant.

21. Pushforwards of adjoint line bundles. Let X be a complex manifold of
dimension n, and let (L, k) be a holomorphic line bundle with a singular hermitian
metric of semi-positive curvature. If X is compact, the space H(X,wx ® L) is
finite-dimensional, and the formula

18112 = /X 1812

endows it with a positive definite singular hermitian inner product that is finite
on the subspace H°(X,wx ® L ® Z(h)). We are now going to analyze how this
construction behaves in families.

Suppose then that f: X — Y is a projective surjective morphism between two
connected complex manifolds, with dim X = n and dimY = r; the general fiber of
f is a projective complex manifold of dimension n — r, but there may be singular
fibers. Let (L,h) be a holomorphic line bundle with a singular hermitian metric
of semi-positive curvature on X. The following important theorem was essentially
proved by Paun and Takayama [PT14, Theorem 3.3.5], building on earlier results
for smooth morphisms by Berndtsson and Paun [Ber09l [BP0S].

Theorem 211. Let f: X — Y be a projective surjective morphism between two
connected complex manifolds. If (L, h) is a holomorphic line bundle with a singular
hermitian metric of semi-positive curvature on X, then the pushforward sheaf

F = f* (wX/y ® L ®I(h))

has a canonical singular hermitian metric H. This metric has semi-positive curva-
ture and satisfies the minimal extension property.

The metric in the theorem is uniquely characterized by a simple property that
we now describe. Recall from and that any 8 € H° (X, wx ®L ®I(h))
gives rise to a locally integrable (n,n)-form |3|2. Any such form can be integrated
against compactly supported smooth functions, and therefore defines a current of
bidegree (n,n) on X. If we use brackets to denote the evaluation pairing between
(n,n)-currents and compactly supported smooth functions, then

(B ) = /X 6113,

By the same token, any section 8 € HO(Y,wy ® .#) defines a current of bidegree
(r,r) on Y that we denote by the symbol |3|%. Now suppose that

BeH'(Uwy ® F)~HO(f'(U),wx ® LRI(h)).
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The singular hermitian metric H is uniquely characterized by the condition that

(187, ¢) = (IBI%, f¢)

for every compactly supported smooth function ¢ € A.(U). Said differently, |3|%
is the pushforward of the current |3|? under the proper mapping f.

Corollary 212. In the situation of [Theorem 211|, suppose that the inclusion
felwxyy @ LRI(h)) = fulwx/y ® L)

is generically an isomorphism. Then f.(wx/y ® L) also has a singular hermitian
metric with semi-positive curvature and the minimal extension property.

Proof. The existence of the metric follows from [Proposition 193] The minimal
extension property continues to hold because every section of f, (w xy @LRT (h))
is of course also a section of f.(wx/y ® L).

Example 213. If we apply to the identity morphism id: X — X, we
only get a singular hermitian metric on L&®Z(h). To recover the singular hermitian

metric on L that we started from, we can use [Corollary 21

The proof of gives the following additional information about the
singular hermitian metric on .# = f, (wx/y ® L @ Z(h)) (see the end of [§24)).

Corollary 214. In the situation of |Theorem 211|, suppose that f: X — Y is sub-
mersive and that the singular hermitian metric h on the line bundle L is continuous.

Then the singular hermitian metric H on % is also continuous.

The following three sections explain the proof of In a nutshell,
it is an application of the Ohsawa-Takegoshi extension theorem. We present the

argument in three parts that rely on successively stronger versions of the extension
theorem: first the ability to extend sections from a fiber; then the fact that there
is a universal bound on the norm of the extension; and finally the optimal bound
in [Theorem 1441

22. Proof of the pushforward theorem, Part I. Our first goal is to define the
singular hermitian metric on

F = fe(wx/y ® LOI(N)),
and to establish a few basic facts about it. In this part of the proof, we only use the
weakest version of the Ohsawa-Takegoshi extension theorem, namely the ability to
extend sections from a fiber.

The idea is to construct the metric first over a Zariski-open subset Y\ Z where
everything is nice, and then to extend it over the bad locus Z. To begin with, choose
a nowhere dense closed analytic subset Z C Y with the following three properties:

(1) The morphism f is submersive over Y\ Z.
(2) Both .# and the quotient sheaf f.(wx/y ® L)/# are locally free on Y \ Z.
(3) OnY'\ Z, the locally free sheaf f.(wx/y ® L) has the base change property.

By the base change theorem, the third condition will hold as long as the coherent
sheaves R’ f,(wx/y ® L) are locally free on Y\ Z. The restriction of .Z to the open
subset Y\ Z is a holomorphic vector bundle E of some rank r > 1. The second
and third condition together guarantee that

Ey =1, C fulwx)y @ L)y = H* (X, wx, ® Ly)
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whenever y € Y \ Z. As before, (Ly, h,) denotes the restriction of (L, h) to the
fiber X,, = f~!(y); it may happen that h, = +o0o. The Ohsawa-Takegoshi theorem
gives us the following additional information about E,,.

Lemma 221. For anyy € Y \ Z, we have inclusions
H°(Xy,wx, ® L, ® Z(hy)) C B, C H*(X,,wx, ® Ly).

Proof. If hy = +o00, then the subspace of the left is trivial, which means that the
asserted inclusion is true by default. If h, is not identically equal to +o0, then
given o € H°(X,,wx, ® L, ® Z(h,)) and a suitable open neighborhood U of the

point y, there is by some
BeH (Uwy ® F) ~H(f'(U),wx ® LRI(h))

such that 3|x, = a Adf. Since wy is trivial on U, this gives us a section of .7 in a
neighborhood of the fiber X, whose restriction to X, agrees with a. O

Note. We will see in a moment that the two subspaces
H°(X,,wx, ® L, ® Z(h,)) C E,

are equal for almost every y € Y \ Z. But unless .# = 0, the two subspaces are
different for example at points where h,, is identically equal to +oo.

We can now define on each E, with y € Y\ Z a singular hermitian inner product
in the following manner. Given an element

a€ B, C H (X, wx, ® Ly),

we can integrate over the compact complex manifold X, and define

alt, = [ laff, € (0.4l
X?!
It is easy to see that |—|g,y is a positive definite singular hermitian inner product.
Clearly |o|p, < +oo if and only if o € H?(X,,wx, ® Ly ® Z(hy)); in light of
our singular hermitian inner product |—|g,, is therefore finite precisely
on the subspace H°(X,,wx, ® L, ® Z(hy)) C E,.

Let us now analyze how the individual singular hermitian inner products |—|#,,
fit together on Y\ Z. Fix a point y € Y \ Z and an open neighborhood U C Y \ Z
biholomorphic to the open unit ball B C C”; after pulling everything back to U, we
may assume without loss of generality that Y = B and Z = () and y = 0. Denote
by t1,...,t, the standard coordinate system on B; then the canonical bundle wpg
is trivialized by the global section dt; A --- A dt,, and the volume form on B is

dp = cp(dty A+ Adtp) A(dEy A -+ AdL).
Fix a holomorphic section s € H(B, E), and denote by
B=sA(dty A---Adt,) € H(B,wp ® E) ~ H(X,wx ® L ® Z(h))

the corresponding holomorphic n-form on X with coefficients in L. Since f: X — B
is smooth, Ehresmann’s fibration theorem shows that X is diffeomorphic to the
product B x Xg. After choosing a Kéhler metric wg on Xy, we can write

n—r

2 _ 1. W
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where F': Bx Xy — [0, +00] is lower semi-continuous and locally integrable; the rea-
son is of course that the local weight functions for (L, h) are upper semi-continuous
functions. At every point y € B, we then have by construction
2 wy "

(223) Wl = [ o) gy

By Fubini’s theorem, the function y — |s(y)|,y is measurable; moreover, since F'
is locally integrable and X, is compact, we must have |s(y)|q,, < +oo for almost
every y € B. Being coherent, E is generated over B by a finite number of global
sections; the singular hermitian inner product |—| g, is therefore finite and positive-
definite for almost every y € B, hence for almost every y € Y \ Z. In particular,

the first inclusion in [Lemma 221{is an equality for almost every y € Y\ Z. We may
summarize the conclusion as follows.

Proposition 224. On Y \ Z, the singular hermitian inner products |—|m,, deter-
mine a singular hermitian metric on the holomorphic vector bundle E.

While we are not yet ready to show that (E, H) has semi-positive curvature, we
can already show that the function |s|g is always lower semi-continuous.

Proposition 225. For any open subset U CY \ Z and any section s € HO(U, E),
the function |s|g: U — [0, +00] is lower semi-continuous.

Proof. As before, we may assume that U = B is the open unit ball in C™; it is
clearly sufficient to show that ||z is lower semi-continuous at the origin. In other
words, we need to argue that

500 < L inf Is(e)] 1,

holds for every sequence yg,y1,%2,... € B that converges to the origin. As in
, the given section s € H°(B, E) determines a lower semi-continuous function
F: B x X — [0, +00] such that is satisfied. By the lower semi-continuity of
F' and Fatou’s lemma, we obtain

fo PO < ) ety
< liminf/ F(yk,f)ﬂ,
k—+oo Jx, (n—r)!
which is the desired inequality up to taking square roots. ([l

23. Proof of the pushforward theorem, Part II. Having defined (E, H) on
the open subset Y\ Z, our next task is to say something about the induced singular
hermitian metric H* on the dual vector bundle E*. In particular, we need to prove
that the norm of any local section of .#* is uniformly bounded in the neighborhood
of any point in Z, and that its logarithm is an upper semi-continuous function. This
part of the argument relies on the existence of a uniform bound in the Ohsawa-
Takegoshi theorem, but not on the precise value of the constant. Let us start by
reformulating the statement of the Ohsawa-Takegoshi in terms of the pair (E, H).

Lemma 231. For every embedding .: B — Y withy = 1(0) € Y\ Z, and for every
a € By, with |a|g ., =1, there is a holomorphic section s € H°(B,* F) with

s(0)=a and / 5|2 du < Co,
B
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where Cy is the same constant as in the Ohsawa-Takegoshi theorem.

Proof. After pulling everything back to B, we may assume that Y = B and y = 0.
Since |a|g,0 = 1, by [Theorem 144|there exists an element 3 € H° (X7 wx ®L®I(h))
with

flx, —and and |8l = [ 5 < Co
X

In fact, one can take Cy = p(B), but the exact value of the constant is not important
here. Using dt1; A --- A dt, as a trivialization of the canonical bundle wpg, we may
consider 3 as a holomorphic section s € H°(B, .%); the two conditions from above
then turn into

s(0) =a and / s du < Co,
B
due to the fact that du = ¢, (dty A -+ Adty) A (dEy A -+ A diy). O

Fix an open subset U C Y and a holomorphic section g € H°(U,.#*); after
replacing Y by the open subset U, we may assume without loss of generality that
g € H°(Y, .Z*). Consider the measurable function

(232) P =loglglpg~: Y \ Z = [—o0, +0].

Ultimately, our goal is to show that ¢ extends to a plurisubharmonic function on
all of Y. The following boundedness result is the crucial step in this direction.

Proposition 233. FEvery point in Y has an open neighborhood U C'Y such that
¥ = log|g| g~ is bounded from above by a constant on U\U N Z.

Proof. Choose two sufficiently small open neighborhoods U C V C Y of the given
point, such that V is compact, U C V, and for every point y € U, there is an
embedding ¢: B < Y of the unit ball B C C" with ¢(0) = y and «(B) C V. We
shall argue that there is a constant C' > 0 such that v < C on U\U N Z.

Fix a point y € U\ Z. If ¥(y) = —o0, there is nothing to prove, so let us suppose
from now on that ¥ (y) # —oo. By definition of the metric on the dual bundle, we
can then find a vector o € E, with |a|q,, = 1 such that

Y(y) =log|g(a)]|-
Choose an embedding ¢: B < Y such that +(0) = y and «(B) C V. Using
Lemma 231} we obtain a holomorphic section s € H(V,.%) with s(0) = a and

/E@WS%
\%

the integrand is of course only defined on the subset V' '\ V' N Z, but this does not
matter because V N Z has measure zero. It follows that ¢(y) is equal to the value
of log|g(s)| at the point y, and so the desired upper bound for 1 is a consequence
of Cemma 234] below. O

Lemma 234. Fiz K > 0, and consider the set

/S%WSK}
Vv

There is a constant C > 0 such that, for every section s € Sk, the holomorphic
function g(s) is uniformly bounded by C on the compact set U.

Sk = {seHO(V,y)
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Proof. Since g(s) is holomorphic on V| it is clear that each individual function g(s)
is bounded on U. To get an upper bound that works for every s € Sk at once, we
use a compactness argument. Given a section s € HY(V,.%), we invert the process
from above and define

B=s® (dtyA---Ndt,) € H(V,wy ® F) = H(f71(V),wx ® LR I(h)).
If s € Sk, then one has

1812 = /V 2y dp < K.

Because V is compact and f is proper, we can cover f~1(V) by finitely many
open sets W that are biholomorphic to the open unit ball in C™, and on which
L is trivial. Let z1,...,z, be a holomorphic coordinate system on W, choose a
nowhere vanishing holomorphic section s € H°(W, L), and write |so|? = e~%, with
 plurisubharmonic on W. Then 8w = bso ® dz1 A - - - A dz,, for some holomorphic
function b € HY(W, Oy ), and

/ |b]2e™?(dzy A dyy) A--- A (dey, A dy,) = / B2 < K.
w w

As we are dealing with finitely many open sets, shows that every

sequence in Sk has a subsequence that converges uniformly on compact subsets to
some 3 € H(f~1(V),wx ® L ®Z(h)). This is all that we need.

Indeed, suppose that the assertion was false. Then we could find a sequence
50,81, 82, ... € Sk such that the maximum value of |g(sx)| on the compact set U
was at least k. Let (B, 81, B2, ... denote the corresponding sequence of holomorphic
sections of wx ® L®Z(h) on the open set f~1(V); after passing to a subsequence, the
B will converge uniformly on compact subsets to 8 € H° (ffl(V), wx ®L ®I(h)).
Let s € HO(V,.Z) be the unique section of .% such that

B=s® (dty A---Adty).
By Proposition 153} the s;, converge to s in the Fréchet space topology on HO(V,.%).

Since g: # — Oy is a morphism, the holomorphic functions g(sx) therefore con-
verge uniformly on compact subsets to g(s). But then |g(sx)| must be uniformly
bounded on U, contradicting our initial choice. O

The next step is to show that the function ¢ = log|g|p~ is upper semi-continuous

on Y \ Z. The proof is similar to that of [Proposition 225

Proposition 235. For every g € H(Y,.F*), the function 1 = log|g|g~ is upper
semi-continuous on' Y \ Z.

Proof. After restricting everything to a suitable open neighborhood of any given
point y € Y \ Z, we may assume without loss of generality that Y = B and Z = ()
and y = 0. Then g € H°(B, E*), and it will be enough to show that 1) = log|g|z-
is upper semi-continuous at the origin. In other words, we need to argue that

(236) lim sup ¢ (yx) < ¥(0)
k—+oo
for every sequence yo, y1,¥2, ... € B that converges to the origin. We may assume

that ¥(yx) # —oo for all k € N, and that the sequence ¥ (yg) actually has a limit.
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As we saw before, there is, for each k € N, a holomorphic section s, € H(B, E)
such that 1 (yx) equals the value of log|g(sg)| at the point y; the Ohsawa-Takegoshi
theorem allows us to choose these sections in such a way that

|k (yx) |y, =1 and / skl dp < K
B

for some constant K > 0. Passing to a subsequence, if necessary, we can arrange
that the s, converge uniformly on compact subsets to some s € H°(B, E). Then
the holomorphic functions g(sj) converge uniformly on compact subsets to g(s),
and reduces to showing that the value at the origin of log|g(s)| is less or equal
to 1(0). By definition of the dual metric H*, we have

Y > log|g(s)| — log|s|m,

and so this is equivalent to proving that |s(0)|go < 1. Asin (222) and (223)), each
sy determines a lower semi-continuous function Fj: B x Xo — [0, +00] with

n—r
Wo

(n—mr)l’
Likewise, s determines a lower semi-continuous function F: B x Xo — [0, +00].

Since the local weight functions e~ % of the pair (L, h) are lower semi-continuous,
and since s converges uniformly on compact subsets to s, we get

F(0,—) < liminf Fy (yx, —).
k—+o00

1= Jse(yn) 2y, = /X Fi(ye,—)
0

We can now apply Fatou’s lemma and conclude the proof in the same way as in

Proposition 225 O

24. Proof of the pushforward theorem, Part ITI. In this section, we complete
the proof of by showing that the pair (E, H) has semi-positive cur-
vature, and that H extends to a singular hermitian metric on .# with the minimal
extension property. The key point is that we can prove the required mean-value
inequalities because the optimal value of the constant in the Ohsawa-Takegoshi
theorem is exactly the volume of the unit ball. To illustrate how this works, let us
first show that the singular hermitian metric H on Y\ Z has the minimal extension
property (see [§20). For the statement, recall that 7 = dim Y, and that B C C" is
the open unit ball.

Proposition 241. For every embedding .: B — Y with y = ¢(0) € Y \ Z, and for
every a € E, with |a|g, = 1, there is a holomorphic section s € H*(B,*.F) with

1
5(0)=a and —/52d,u§1.
0) 5 st

Proof. The proof is the same as that of we only need to replace the
constant Cy by its optimal value u(B). O

Now let us prove that H extends to a singular hermitian metric on .% with semi-
positive curvature. Keeping the notation from above, this amounts to proving that
the function ¢: Y\ Z — [—o00,4+00) in extends to a plurisubharmonic function
on Y. We already know that 1 is upper semi-continuous (by [Proposition 235|) and
bounded from above in a neighborhood of every point in Y (by [Proposition 233]).
What we need to prove is the mean-value inequality along holomorphic arcs in




38 C. D. HACON, M. POPA, AND CH. SCHNELL

Y \ Z. The Ohsawa-Takegoshi theorem with sharp estimates renders the proof of
the mean-value inequality almost a triviality.

Proposition 242. For every holomorphic mapping v: A — Y \ Z, the function
¥ = log|g|m~ satisfies the mean-value inequality

(won©) <+ [ (wor)du.
TJA
Proof. If h is identically equal to 400 on the preimage of v(A), the inequality is
clear, so we may assume that this is not the case. Since f: X — Y is submersive
over Y \ Z, we may then pull everything back to A and reduce the problem to
the case Y = A. If ¢(0) = —oo, then the mean-value inequality holds by default.
Assuming from now on that ¥(0) # —oo, we choose an element o € FEy with
|a|m,0 = 1, such that
¥(0) = log|g|m+,0 = log|g(a)|.

Using the minimal extension property (in with m = 1), there is a

holomorphic section s € H(A, E) such that

1
s(0) =a and f/|s|%,dy§1.
TJA

The existence of this section is all that we need to prove the mean-value inequality.
By definition of the metric H* on the dual bundle, we have the pointwise inequality

l9(s)]

|8z

9| m+ >

and therefore 21 > log|g(s)|? — log|s|%; here g(s) is a holomorphic function on A,
whose value at the origin equals g(«). Integrating, we get

1 1 1
7/ 2¢dp > f/ 10g|g(8)|2du—*/ log|s3; dps
™ JA T™JA T JA

Now log|g(s)|® satisfies the mean-value inequality, and so the first term on the
right-hand side is at least log|g(a)|?> = 21(0). Since the function x + —logx is
convex, and since the function |s|?; is integrable, the second term can be estimated

by Jensen’s inequality to be at least

1
—log </|5|§{d,u> > —logl=0.
T™JA

Putting everything together, we obtain

1
2 /A 2 dyi > 20(0),

which is the mean-value inequality (up to a factor of 2). O

| 2

We have verified that ¢ is plurisubharmonic on Y \ Z. We already know from
that 1 is locally bounded from above in a neighborhood of every
point in Y'; consequently, it extends uniquely to a plurisubharmonic function on all
of Y, using By duality, the singular hermitian metric H is therefore
well-defined on the entire open set Y'(.%) where the sheaf # = f, (wx ® L ® Z(h))
is locally free. We have already shown that H has the minimal extension property.

This finishes the proof of [Theorem 211 O
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Proof of [Corollary 21] Suppose that f: X — Y is submersive and that the sin-

gular hermitian metric A on the line bundle L is continuous. To prove that H is
continuous, it suffices to show that for every locally defined section s € H°(U, %),
the function |s|% on U\ UN Z admits a continuous extension to all of U. This is a
local problem, and so we may assume that Y = B is the open unit ball in C", with
coordinates t1,...,t,, and that s € H°(B,.%). Define

B=sA(dty A---Ndt,) € H(B,wp ® .F) = H*(X,wx ® LRI(h)).

By Ehresmann’s fibration theorem, X is diffeomorphic to the product B x X, and
as in (222)), we can write

n—r

2 0
=F-dpyN ————
1815 H (n—r)!
with F': B x Xy — [0, +00] continuous. Now
wTL—'f
y | Fly, =)y
Xo (n—r)!
defines a continuous function on B that agrees with |s|% on the complement of the
bad set Z, due to (223]). O

25. Positivity of the determinant line bundle. In this section, we show that if
a holomorphic vector bundle E has a singular hermitian metric with semi-positive
curvature, then the determinant line bundle det £ has the same property. The
proof in [Raulbl Proposition 1.1] relies on locally approximating a given singular
hermitian metric from below by smooth hermitian metrics [BP0O8, Proposition 3.1].

Proposition 251. If (E,h) has semi-positive curvature, so does (det E,det h).

Let us first analyze what happens over a point. Let V be a complex vector space
of dimension r, and |—|, a positive definite singular hermitian inner product on V; in
the notation of we have Vy = 0. Let P(V) be the projective space parametrizing
one-dimensional quotient spaces of V', and denote by ¢'(1) the universal line bundle
on P(V). We have a surjective morphism V®¢& — €(1), and so h induces a singular
hermitian metric on ¢(1), with singularities along the subspace P(V/Vj,) C P(V).
To see this, choose a basis e1,...,e,. € V such that ey, ..., e, form an orthonormal
basis of Vs, with respect to the inner product (—, —)s, and denote by [z1,..., 2]
the resulting homogeneous coordinates on P(V'). Then the local weight functions
of the metric on €'(1) are given by the formula

log(|z1]? + - + |z]?),

with the convention that z; = 1 on the i-th standard affine open subset.
Now the one-dimensional complex vector space detV = A"V is naturally the
space of global sections of an adjoint bundle on P(V'), because

detV ~ HO(P(V),wp) ® O(r)).

The isomorphism works as follows. The element e; A --- A e, € det V' determines a
holomorphic r-form dz; A --- A dz, on the dual vector space V*; after contraction
with the Euler vector field 210/0z1+- - -+2,.0/0z;, we get a holomorphic (r—1)-form

Q= Z(—l)i_lzidzl Ao A cjz\l Ao Ndz,
=1
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on P(V) that is homogeneous of degree r, hence a global section of the holomorphic
line bundle wp(vy ® O(r). Integration over P(V') therefore defines a positive definite
singular hermitian inner product H on det V. We have

2 CT-_1'Q/\§
lex A Aeplfy = =
pv) (22 + -+ |2]?)

which simplifies in the affine chart z; =1 to

dp
|€1/\"~/\6|2:/ .
T Jer (U el )
Now there are two cases. If Vi, # V, then k < r, and the integral is easily seen to

be +o0o. If Vi, = V, then k = r, and the integral evaluates to 7"~/(r — 1)!, the
volume of the open unit ball in C"~!. In conclusion, we always have

r—1

ex A Mgl = et A Al

A
(r—1)
With this result in hand, we can now prove [Proposition 251

Proof. Let p: P(E) — X denote the associated P"~!-bundle, and let 0z (1) be the
universal line bundle on P(F). We have a surjective morphism p*E — Og(1), and
by the singular hermitian metric on E induces a singular hermitian
metric on the line bundle €g(1), still with semi-positive curvature. We have

wppy/x = p-det E® Op(-r),

and therefore det E ~ p, (wp(p),x ® Op(r)) is the pushforward of an adjoint bundle.
The calculation above shows that, up to a factor of 7”~!/(r — 1)!, the resulting
singular hermitian metric on det F agrees with det h pointwise. The assertion about

the curvature of (det F, det h) is therefore a consequence of [Corollary 212 O

26. Consequences of the minimal extension property. In this section, we
derive a few interesting consequences from the minimal extension property. All of
the results below are true for smooth hermitian metrics with Griffiths semi-positive
curvature on holomorphic vector bundles; the minimal extension property is what
makes them work even in the presence of singularities.

Let .% be a torsion-free coherent sheaf on X, of generic rank r > 1, and suppose
that % has a singular hermitian metric with semi-positive curvature and the mini-
mal extension property. Let E be the holomorphic vector bundle of rank 7 obtained
by restricting % to the open subset X (.%); by assumption, the pair (F, h) has semi-
positive curvature. shows that (det F, det h) also has semi-positive
curvature. Let det.# be the holomorphic line bundle obtained as the double dual
of \".Z; its restriction to X (%) agrees with det E. Since X \ X(.#) has codimen-
sion > 2, the singular hermitian metric on det E' extends uniquely to a singular
hermitian metric on det #. The following result is due to Cao and Paun [CPI5|
Theorem 5.23], who proved it using results by Raufi [Raul5].

Theorem 261. Suppose that X is compact and that c¢i(det F) = 0 in H*(X,R).
Then F is locally free, and (E,h) is a hermitian flat bundle on X = X ().

Proof. Since X is compact, the singular hermitian metric on det.# is smooth and

has zero curvature (by [Lemma 132)). Restricting to the open subset X (%), we
see that the same is true for (det E/,det h). Now the idea is to use the minimal
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extension property to construct, locally on X, a collection of r sections of .# that
are orthonormal with respect to h.

We can certainly cover X by open subsets that are isomorphic to the open unit
ball B C C™ and are centered at points € X \ Z where the singular hermitian
inner product |—|p . is finite and positive definite. After restricting everything to
an open subset of this kind, we may assume that X = B, that the point 0 € B lies
in the subset B\ Z, and that |—|5 ¢ is a genuine hermitian inner product on the r-
dimensional complex vector space Ey. Choose an orthonormal basis ey, ..., e, € Ejy.
By the minimal extension property for %, we can find r holomorphic sections
81,...,8. € HY(B,.Z) such that

1
$;(0) =¢; and 7/si2du§1.

Since the logarithm function is strictly concave, Jensen’s inequality shows that

1 1
262 7/10 il dp < lo (/342d>§0,
( ) M(B) B g| l|h 14 g ,LL(B) B‘ Z|h 1Y

with equality if and only if |s;|r, = 1 almost everywhere.
Now let us analyze the singular hermitian metric on det E. The expression

Hij(@) = (si(x), $;(2))n,a
is well-defined outside a set of measure zero, and the resulting function is locally
integrable. Denote by H(x) the r X r-matrix with these entries; it is almost every-
where positive definite, and we have

2
|deth =det H.

Since det h is actually smooth and flat, we can choose a nowhere vanishing section
§ € H(B,det.Z) such that |6|get, = 1. We then have sy A+ As, = g-6 for a
holomorphic function g € H°(B, 0p) with g(0) = 1, and

|81/\"'/\5r

2
‘dethzdetH.

From Hadamard’s inequality for semi-positive definite matrices, we obtain

912 = [s1 A+ A sy

T

9(2)|? = det H(z) < [ Hsle) = [Tlsi@)]; ..

i=1

with equality if and only if the matrix H(z) is diagonal. Taking logarithms, we get

loglg ()| < Y log|s(x)[7 .
=1

This inequality is valid almost everywhere; integrating, we find that

1 1
263 —/mgg?d < —/siQd.

Now log|g|? is plurisubharmonic, and so the mean-value inequality shows that the
left-hand side in is greater or equal to log|g(0)|> = 0. At the same time,
the right-hand side is less or equal to 0 by . The conclusion is that all our
inequalities are actually equalities, and so H(x) is almost everywhere equal to the
identity matrix of size 7 x 7. In other words, the sections si,...,s, € H°(B,.%)
are almost everywhere orthonormal with respect to h.
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For any holomorphic section f € H°(B,.7*), we therefore have

.
= |fosil
i=1

almost everywhere on B; because the logarithms of both sides are plurisubharmonic
functions on B, the identity actually holds everywhere. The singular hermitian
metric h* is therefore smooth; but then A is also smooth, and the pair (E,h) is a
hermitian flat bundle.

To conclude the proof, we need to argue that .# is locally free on all of B. The
sections sq,...,s, € H'(B,.7) give rise to a morphism of sheaves

o OF — F.

|f

We already know that ¢ is an isomorphism on the open subset B(.%); by Hartog’s
theorem, its inverse extends to a morphism of sheaves

T =05
with 700 = id. Because .7 is torsion-free, this forces o to be an isomorphism. [

Note. Our proof gives a different interpretation for the fact that (det E, det h) has
semi-positive curvature. Indeed, without assuming that det h is smooth and flat, we
have det H = |g|?¢=%, where ¢: B — [—00, +0) is locally integrable and ¢(0) = 0.
The various inequalities above then combine to give

1
w(B) Jp

which is exactly the mean-value inequality for .

The next theorem is a new result. It says that when X is compact, all global
sections of the dual coherent sheaf .#* arise from trivial summands in .%. Equiva-
lently, every nonzero morphism % — Ox has a section, which means that % splits
off a direct summand isomorphic to Ox.

Theorem 264. Suppose that X is compact and connected. Then for every nonzero
f € HY(X,F*), there exists a unique global section s € H°(X,.F) such that |s|y, is
a.e. constant and fos=1.

Proof. Because the singular hermitian metric on .# has semi-positive curvature,
the function log| f|p+ is plurisubharmonic on X, hence equal to a nonzero constant.
After rescaling the metric, we may assume without loss of generality that |f|,~ = 1.
As in the proof of we cover X by open subsets that are isomorphic
to B C C™ and are centered at points « € X \ Z where |—|;,, is finite and positive
definite. We shall argue that there is a unique section of % with the desired
properties on each open set of this type; by uniqueness, these sections will then
glue together to give us the global section s € H°(X,.#) that we are looking for.

We may therefore assume without loss of generality that X = B, that the origin
belongs to the subset B\ Z, and that |—|p,0 is a hermitian inner product on the
vector space Fy. It is easy to see from

a { 0

[v|n,0

heo =1

v € By with v|h,0¢o}=f
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that there exists a vector v € Ey with f(v) = 1 and |v|,0 = 1. By the minimal

extension property, there is a section s € H 0( Z ) such that
s(0)=v and /\ |2 dp < 1.
Now f o s is a holomorphic function on B7 and by definition of A*, we have
If |

Taking logarithms and integrating, we get

1 / 2 1 2 1 2
——— [ log|fos duﬁ—/logs du<log(/s dp | <0,
u(B) Jy B o= gy st w(B) 5"

using Jensen’s inequality along the way. By the mean-value inequality, the left-
hand side is greater or equal to log(f o s)(0) = 0, and so once again, all inequalities
must be equalities. It follows that f os = 1, and that the measurable function sy,
is equal to 1 almost everywhere.

It remains to prove the uniqueness statement. Suppose that s’ € H(B,.%) is
another holomorphic section with the property that fos’ =1 and |s'|, = 1 almost
everywhere. Outside a set of measure zero, we have

|s" — sl + |s" + sl7 = 2|s[; + 2|55 =4,

and since f(s' + s) = 2, we must have |s’ + s|7 > 4. This implies that |s' — s]
almost everywhere, and hence that s’ = s.

>
0o

E. PUSHFORWARDS OF RELATIVE PLURICANONICAL BUNDLES

27. Introduction. In the previous chapter, we presented a general formalism for
constructing singular hermitian metrics with semi-positive curvature on sheaves of
the form f.(wx/y ® L). The applications to algebraic geometry come from the fact
that the sheaves f*wg?;"y with m > 2 naturally fit into this framework. The main
result is the following; see [BPOS| Corollary 4.2], and also [Tsulll Theorem 1.12],
[PT14, Theorem 4.2.2].

Theorem 271. Let f: X — Y be a surjective projective morphism with connected
fibers between two complexr manifolds. Suppose that f*w;%;”y %0 for some m > 2.

(a) The line bundle wx,y has a canonical singular hermitian metric with semi-
positive curvature, called the m-th Narasimhan-Simha metric. This metric
s continuous on the preimage of the smooth locus of f.

(b) If h denotes the induced singular hermitian metric on L = ®(m=1)

=wy)y , then
fs (Wx/y RL® I(h)) — f*wX/Y
is an isomorphism over the smooth locus of f.
We can therefore apply and conclude that for any m > 1, the

torsion-free sheaf f*w;@};"y has a singular hermitian metric with semi-positive curva-
ture and the minimal extension property. Over the smooth locus of f, this metric is
finite and continuous. The minimal extension property has the following remarkable
consequences.

Corollary 272. Suppose that 'Y is compact.
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(a) If c1(det f*wg?;"y) = 0 in H*(Y,R), then f*w;%;”y is locally free and the
singular hermitian metric on it is smooth and flat.
(b) Any nonzero morphism f*w;e;’/"y — Oy 1s split surjective.

Proof. This follows from [Theorem 261| and [Theorem 264} O

Note. There are two or three points in the proof where we need to use invariance

of plurigenera. This means that [Iheorem 271| cannot be used to give a new proof
for the invariance of plurigenera.

28. The absolute case. Let us start by discussing the absolute case. Take X to
be a smooth projective variety of dimension n. Fix an integer m > 1 for which the
vector space
Vi = H(X,w$™)

of all m-canonical forms is nontrivial. Our goal is to construct a singular hermitian
metric on the line bundle wy, with singularities along the base locus of V;,, such
that all elements of V,,, have bounded norm. We can measure the length of an
m-~canonical form v € V,, by a real number £(v) € [0, +00), defined by the formula

(281) () = ( /X (c;ymv)l/my/z.

2 . . .
The constant ¢, = 27"(—1)" /2 is there to make the expression in parentheses
positive. A more concrete definition is as follows. In local coordinates zy, ..., z,,
we have an expression

v=g(z1,..,20)(dz1 A -+ A dzp)®,
with g holomorphic; the integrand in (281) is then locally given by
(282) \g|2/mcn(dz1/\--~/\dzn)/\(d21 A-eo NdzZp).

For m > 2, the length function ¢ is not a norm, because the triangle inequality fails
to hold. On the other hand, ¢ is continuous on V,,, with ¢(v) = 0 iff v = 0; we also
have ¢(Av) = |\| - £(v) for every A € C.

We can now construct a singular hermitian metric h,, on the line bundle wx by
using the length function £. Given an element £ in the fiber of wx at a point z € X,
we define

[€lh,e = inf{ L)t/ ’ v € Vi, satisfies v(z) = %™ } € [0, 400].

In other words, we look for the m-canonical form of minimal length whose value at
the point z is equal to the m-th power of ¢; if = belongs to the base locus of V,,,
then |€]p,, » = oo for £ # 0. We obtain in this way a singular hermitian metric Ay,
on the line bundle wx, with singularities precisely along the base locus of the linear
system V,,,. The advantage of this construction is that it is completely canonical:
there is no need to choose a basis for V,,.

Note. Following Paun and Takayama, we may call h,,, the m-th Narasimhan-Simha
metric on the line bundle wx, because Narasimhan and Simha [NS68] used this
metric in the special case wx ample. A similar construction also appears in Kawa-
mata’s proof of Iitaka’s conjecture over curves [Kaw82, §2].

Proposition 283. The Narasimhan-Simha metric h,, on wx is continuous, has
singularities exactly along the base locus of Vi, and has semi-positive curvature.
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Proof. We compute the local weights of h,,. Let z1,...,z, be local holomorphic
coordinates on a suitable open subset U C X, and set sg = dz1 A --- A dz,,, which
is a nowhere vanishing section of wx on the subset U. Consider the function

Om = —log|so|z : U — [~00, 4+00).

m

The definition of h,, shows that, for every x € U,

2 1 . _ om
(284) om(x) = — sup { log 0 v € Vp, satisfies v(z) = so(z) } .

For each v € V,,, there is a holomorphic function g,: U — C with v|y = g, - s?m.

If g, (x) # 0, then the m-canonical form v/g,(z) contributes to the right-hand side
of (284]), and so we obtain

2
(285) om(z) = — sup{ log|g, ()] ‘ v € V,,, satisfies £(v) < 1 }
m

We will see in a moment that the supremum is actually a maximum, because the
set of m-canonical forms v € V,,, with ¢(v) <1 is compact. Evidently, ., (x) = —o0
if and only if z € U belongs to the base locus of V,,.

Now observe that the family of holomorphic functions

Gm = {490 € H'(U,Ox) | v € V,, satisfies £(v) <1}

is uniformly bounded on compact subsets. Indeed, the fact that ¢(v) < 1 gives us
a uniform bound on the L?/™-norm of each g¢,, and then we can argue as in the
proof of using the mean-value inequality. By the n-dimensional
version of Montel’s theorem, the family G,, is equicontinuous; due to , our
©m is therefore continuous, as a function from U into [—o0, +00).

From , we can also determine the curvature properties of h,,. For each fixed
v € Vi, the function log|g,|?/™ is continuous and plurisubharmonic, and equal to
—oo precisely on the zero locus of g,. As the upper envelope of an equicontinuous
family of plurisubharmonic functions, ., is itself plurisubharmonic [DemI12], Theo-
rem 1.5.7]. This shows that the Narasimhan-Simha metric on wy has semi-positive
curvature. [

Another good feature of the Narasimhan-Simha metric is that all m-canonical
forms are bounded with respect to this metric. Indeed, if we also use h,, to denote
the induced singular hermitian metric on w?}m, then by construction, we have the
pointwise inequality |v|n,, < ¢(v) for every v € V,,,. In order to fit the Narasimhan-

Simha metric into the framework of we write

K(m—1
W& = wx @wd™Y,

and endow the line bundle L = w?;(mfl) with the singular hermitian metric A
induced by h,,. This metric is continuous and has semi-positive curvature.

Lemma 286. For every v € V,,,, we have ||v||n, < £(v).

Proof. We keep the notation introduced during the proof of [Proposition 283 The

weight of h with respect to the section s?(m_l) of the line bundle w;@é(m_l) is

e*(m*l)wm7
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where ¢, is the function defined in (285). Now fix an m-canonical form v € V,,
with ¢(v) = 1. On the open set U, the integrand in the definition of |v||; is

|go|2e™ T em e (dzy Ao Adzp) A (dZL A -+ A dZy).
Because of (285)), we have ¢,, > log|g,|?/™, and therefore
|91}|2€7(m71)wm < |9v|2 ) |gv|72(m71)/m = |gv|2/m~

Looking back at the definition of ¢(v) in (282]), this shows that |[v]|, < £(v). O

Since £ is not itself a norm, the inequality will in general be strict. One useful

consequence of is the identity
(287) H°(X,wx ® L& ZI(h)) = H'(X,wx ® L) = H°(X,w{™).

Note that the multiplier ideal Z(h) may well be nontrivial; nevertheless, it imposes
no extra conditions on global sections of w}eém.

29. The Ohsawa-Takegoshi theorem for pluricanonical forms. To analyze
how the Narasimhan-Simha metric behaves in families, we will need a version of
the Ohsawa-Takegoshi theorem for m-canonical forms. Suppose that f: X — B
is a holomorphic mapping to the open unit ball B C C", with f projective and
f(X) = B, and such that the central fiber Xy = f~1(0) is nonsingular. To simplify
the discussion, let us also assume that f is the restriction of a holomorphic family
over a ball of slightly larger radius. As in , we have length functions ¢ and £y
on X respectively Xop; because X is not compact, it may happen that £(v) = 400
for certain v € HO(X,w¥™).

Theorem 291. For each u € H° (Xo,w;@}om), there is some v € H® (X, w?}m) with
((v) < p(B)™? - bo(w),
such that the restriction of v to X is equal to u A (dfy A -+ A df,.)®™.

Proof. Without loss of generality, we may assume that fo(u) = 1. Since Xy is a
projective complex manifold, invariance of plurigenera tells us that the fiber of the
coherent sheaf f*w;e}m at the point 0 € B is equal to H° (Xo,w;@}om). Because B is
a Stein manifold, we can then certainly find a section

ve H(B, fwi™) = HO(X,w$™)

with the correct restriction to Xy. By assuming that f comes from a morphism to
a ball of slightly larger radius, we can also arrange that the quantity

((v) = (/X(cgvm)l/m>m/2

is finite. Of course, v will not in general satisfy the desired inequality.

The way to deal with this problem is to consider w?}m =wyxy ® w?}(mfl) as an
adjoint bundle and to apply the Ohsawa-Takegoshi theorem to get another extension
of smaller length. The section v € H°(X,w$™) induces a singular hermitian metric
on the line bundle w}e}m, whose curvature is semi-positive. With respect to a local
trivialization

.
@Y. me|U — ﬁU,
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the weight of this metric is given by log|p o v|2. Endow the line bundle wi?(m_l)
with the singular hermitian metric whose local weight is

-1
mn log|p o v|2.

It is easy to see that the norm of u with respect to this metric is still equal to
lo(u) = 1. says that there exists another section v’ € HO(X,w$™),
with the same restriction to Xg, whose norm squared is bounded by p(B). To get
a useful expression for the norm squared, write

with F' meromorphic on X and identically equal to 1 on Xy; then the inequality in
the Ohsawa-Takegoshi theorem takes the form

/X PP A D)™ < u(B).

We can use this to get an upper bound for the quantity

o) = (/X|F|2/m(cmm)1/m>mﬂ.

To begin with, let us write (c'v A ﬁ)l/m = Ldu, where L is a nonnegative real-
analytic function on X, and dp is some choice of volume form. Using Holder’s
inequality with exponents 1/m and (m — 1)/m, we have

1/m (m—1)/m
Z(v’)2/m:/ |F1*/™Ldp < </ |F|2Ldu> (/ Ldu) :
X X X

and therefore £(v') < u(B)'/2 - £(v)(m=D/™ which we may rewrite as

() o) N\
(B = (M(B)m/2> |

Now we iterate this construction to produce an infinite sequence of m-canonical
forms wg, vy, ve,... € HO(X, w%m), all with the correct restriction to Xy. The
inequality from above shows that one of two things happens: either £(v;) < p(B)™/?
for some k > 0; or £(v;,) > u(B)™/? for every k € N, and

: _ m/2
Jm C(vg) = u(B)™7

If the former happens, we are done. If the latter happens, we apply it
says that a subsequence converges uniformly on compact subsets to an m-canonical

form v € H(X,w§™). Now v satisfies £(v) < pu(B)™/? (by Fatou’s lemma), and
its restriction to Xj is of course still equal to u A (dfy A -+ A df,)®™. O

Lemma 292. Let X be a complex manifold, and let vo,v1,va,... € HO(X,w$™)
be a sequence of m-canonical forms such that {(vy) < C for every k € N. Then a
subsequence converges uniformly on compact subsets to a limit v € H°(X, w%m).

Proof. With respect to a local trivialization of w?}m, we have a sequence of holo-
morphic functions whose L2/™-norm is uniformly bounded. Using the mean-value
inequality, this implies that the sequence of functions is uniformly bounded on
compact subsets; now apply Montel’s theorem to get the desired conclusion. ([
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Note. One interesting thing about the proof of is that it looks very
similar to Viehweg’s covering trick (which we used for example in the proof of

Proposition 82f). The advantage of the metric approach is that one can take a limit
to obtain a solution with the same properties as in the case m = 1.

30. The relative case. With the help of it is quite easy to analyze
the behavior of the Narasimhan-Simha metric in families. Let us first consider the

case of a smooth morphism f: X — Y; as in the statement of [Theorem 271] we
assume that f is projective with connected fibers, and that f(X) =Y. Recall that
by invariance of plurigenera, the dimension of the space of m-canonical forms on
the fiber X, = f~(y) is the same for every y € Y.

The restriction of the relative canonical bundle wx/y to the fiber X, identifies
to the canonical bundle wx, of the fiber. We can therefore apply the construction
in fiber by fiber to produce a singular hermitian metric A, on wx,y, called the
m-th relative Narasimhan-Simha metric; we shall give a more careful definition of
h,, in a moment. The first result is that h,, is continuous.

Proposition 301. Under the assumptions above, the relative Narasimhan-Simha
metric on wx;y 18 Continuous.

Proof. Once again, this is an application of the Ohsawa-Takegoshi theorem for
pluricanonical forms, which allows us to extend m-canonical forms from the fibers
of f, with a uniform upper bound on the length of the extension. After shrinking Y,
we can assume that Y = B is the open unit ball in C", with coordinates t1,...,t,.
We denote by V,,, = H(X,w%™) the (typically infinite-dimensional) vector space
of all m-canonical forms on X. Given v € V,,, and a point y € Y, we have

vlx, = vy @ (dty Ao+ A dt,)®™

for a unique m-canonical form v, € H O(Xy,w?}fj”). We denote by ¢(v) the length
of v on X, and by ¢, (v,) the length of v, on X,. The Ohsawa-Takegoshi theorem

for pluricanonical forms (in [Theorem 291)) implies that, possibly after shrinking Y,
there is a constant C' > 0 with the following property:

For every y € Y and every m-canonical form u on X, of length <1,

(302) there is an m-canonical form v € V,, such that v, = v and ¢(v) < C.

Now let n = dim X. As the morphism f is smooth, every point in X has an open
neighborhood U with coordinates z1,...,2zp—p,t1,...,t,. Then sg = dz1 A --- A
dzn—, gives a local trivialization of wy,y, and we consider the weight function

om = —log|solp U — [—00,+00)

of the relative Narasimhan-Simha metric h,,. On each fiber, ¢,, is given by the
formula in (285); we can use the Ohsawa-Takegoshi theorem to obtain a more
uniform description. For each v € V,,,, we have

UlU =Gy - (80 ANdty A= N dtr)®m
for a unique holomorphic function g,: U — C. By (285) and (302]), we have
2
om(x) = Esup{ log|g, ()] ‘ v € V,, satisfies £(v) < C and ¢, (vy) <1 };

where y = f(z). We are going to prove that this defines a continuous function on

U.
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Fix a point = € U, and let xg,z1,22,... be any sequence in U with limit x. Set
yr = f(zr) and y = f(x). For every k € N, choose an m-canonical form uj of
length ¢, (ux) = 1 on the fiber X,,, such that u; computes ¢, (2r). Extend ug to
an m-canonical form vy, of length ¢(v;) < C on X by using ; then

om(Tr) = %10g|gvk (xk)‘

After passing to a subsequence, vg, v1, V2, ... converges uniformly on compact sub-
sets to an m-canonical form v € H°(X,w§™). Since £, (vn.y, ) = 1, Fatou’s lemma
shows that ¢, (v,) < 1. Moreover, the holomorphic functions g,, converge uniformly
on compact subsets to g,, and therefore

(303) lim_ () = Toglgu(2)| < ().

k—+o00

On the other hand, we can choose an m-canonical form u’ of length ¢, (u’) = 1 on
the fiber X, such that «’ computes ¢,,(z). Extend v’ to an m-canonical form v’
of length ¢(v') < C on X by using (302)); then

2
m =—1 v’ .
() = 2 loglgu (0)

Now it is easy to see from the definition of the length function that £, (v;, ) tends
to £y(v,) as k — +o0. In particular, the m-canonical form v, on X,, has nonzero
length for k > 0, which means that

2 (1oglgue (r4)] ~ 10804, (1)) < ).
Since the left-hand side tends to ., (x), we obtain
(304) m () < lim inf o, (2).
The two inequalities in and together say that ¢, is continuous. O

Next, we prove that h,, has semi-positive curvature — just as in the case of
adjoint bundles, the proof of this fact is very short, because we know the optimal

value of the constant in [Theorem 2911

Proposition 305. Under the assumptions above, the relative Narasimhan-Simha
metric on wx;y has semi-positive curvature.

Proof. Keep the notation introduced during the proof of [Proposition 301 Because

the local weight function ,, is continuous, it suffices to prove that ¢, satisfies the
mean-value inequality for mappings from the one-dimensional unit disk A into U.
If the image of A lies in a single fiber, this is okay, because we already know from
that ¢,, is plurisubharmonic on each fiber. So assume from now on
that the mapping from A to Y is non-constant. Since the morphism f is smooth,
we can then make a base change and reduce the problem to the case where Y = A
and where i: A — X is a section of f: X — A.

Now let zo = i(0) and Xo = f7*(0), and choose some u € H"(Xo,w$") with
lo(u) = 1 that computes ¢, (xg). By there exists an m-canonical

form v € H(X,w$™) with v|x, = u A df¥™, whose length satisfies the inequality

() < u(A)Y™? by (u) = 7™/2.
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In the notation introduced during the proof of we then have
©m(T0) = 3 IOg‘gv(xO)"
m

If we define v, € HO(Xy,w?;Z”) by the formula v

x, = Uy Adf®™, then we have

(P = [ (@onn) = [ 0, i

Now we observe that for almost every y € A, the ratio v, /¢, (v,) is an m-canonical
form on X, of unit length; by definition of the weight function ¢,,, we have

2 2 .
em(@) > —(loglg, (@)] — log £, (v,)) = —loglg,(x)| — log €, (v,)™.

If we now compute the mean value of ¢, o i over A, we find that

1 1 2 1
— | omlily)du> = | —log|g.(i(y))|dp — = | log,(v,)*>™ dpu.
~ [ emtidn= 2 [ Zrogla (it du— 1 [ 1og6, (0, du
The first term on the right is greater or equal to 2/mlog|g, (zo)| = ¢m (o), because
the function g, o4 is holomorphic. To estimate the remaining integral, note that

1 1 1
f/ 1og€y(vy)2/m dp < log (/ Ey(vy)Z/’” dM) = log < .K(U)Q/m> <0,
T™JA ™ JA T

by Jensen’s inequality and the fact that £(v) < 7™/2. Consequently, ¢, does satisfy
the required mean-value inequality, and h,, has semi-positive curvature. [

Note. Compare also Lemma 7 and Lemma 8 in [Kaw82].

After these preparations, we can now prove [Theorem 271]in general.

Proof of [Theorem 271 Suppose that f: X — Y is a projective morphism between
two complex manifolds with f(X) =Y. Let Z C Y denote the closed analytic

subset where f fails to be submersive. We already know that the restriction of the
line bundle wy,y to f~'(Y \ Z) has a well-defined singular hermitian metric Ay,
that is continuous and has semi-positive curvature. To show that h,, extends to a
singular hermitian metric with semi-positive curvature on all of X, all we need to
prove is that the local weights of h,, remain bounded near f~1(Z); this is justified
by Piun and Takayama [PT14, Theorem 4.2.7] observed that this
local boundedness again follows very easily from the Ohsawa-Takegoshi theorem
for pluricanonical forms.

Fix a point zp € X with f(xg) € Z. Since the problem is local on Y, we may
assume that Y = B is the open unit ball in C", with coordinates t¢1,...,t,., and
that f(z¢) = 0. On a suitable neighborhood U of the point xg, we have coordinates
z1,...,2n; note that because f is most likely not submersive at x, we cannot assert
that ti,...,t, are part of this coordinate system. Let so € H°(U, wx,/y) be a local
trivialization of wx/y, chosen so that

dzy N Ndzy = 50 A (dEty A= A dty).
Denote by ¢,, the weight function of h,, with respect to this local trivialization:

om(x) = flog\soﬁm: U — [—00,+00)
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For v € HO(X,w$™), we have v|y = g, - (dz1 A -+ A dz,)®™ for a holomorphic
function g, : U — C. As explained during the proof of the Ohsawa-
Takegoshi theorem for pluricanonical forms implies that there is a constant C' > 0
with the following property: for every x € U, there is some v € HY(X, w?}m) of
length £(v) < C such that

o () = = Toglgy ()]

For z sufficiently close to xg, there is a positive number R > 0 such that U con-
tains the closed ball of radius R centered at z. The mean-value inequality and
the fact that £(v) < C now combine to give us an upper bound for ¢,,(z) that
depends only on C' and R, but is independent of the point x. In particular, ¢,
is uniformly bounded in a neighborhood of the point zg € f~1(Z), and therefore
extends uniquely to a plurisubharmonic function on all of U.

The Narasimhan-Simha metric on each fiber X, with y ¢ Z satisfies ; by
the Ohsawa-Takegoshi theorem, this means that the inclusion

[ (WX/Y ®L ®I(h)) = fa (WX/Y b L) = f*wg?'%/
is an isomorphism over Y \ Z. Due to|Corollary 214] the singular hermitian metric

on f*w;e;;”y is therefore finite and continuous on Y \ Z. O
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