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An Adaptive Observer for
Recirculation-Based Solid
Oxide Fuel Cells
In this paper, we present an observer design for online estimation of species concentra-
tions in recirculation-based solid oxide fuel cell (SOFC) systems with integrated reform-
ers. For the system considered, on-board reforming of methane results in mixture of
several species of different concentrations along the fuel path. The presence of a fuel
reformer gives way to coupling of system equations, in turn, increasing species interac-
tions and complexity of the state equations. The knowledge of concentration of species at
key locations in the fuel cell can help prevent cell damage and improve longevity. In this
regard, the use of sensors to determine species concentration is an invasive process
which is expensive to both utilize and maintain. While existing observers are designed
either for chemical reactors or for a fuel cell exclusively, the proposed strategy aims to
improve on that by considering a combined reformer and fuel cell and designing a non-
linear adaptive observer using readily measured concentrations and selected variables.
For estimating certain critical indicators, such as fuel utilization, state transformations
have been used in the design to obtain a more versatile and computationally efficient
reduced order observer. The study develops detailed stability analysis of the observers
and quantifies the effect of uncertainties on observer performance.
[DOI: 10.1115/1.4033271]

1 Introduction

In recent years, SOFC have attracted interests due to factors
such as their fuel flexibility and tolerance to impurities. High-
temperature operating conditions (800–1000 �C) of SOFCs are
conducive to internal reforming of fuels, and the exhaust gases are
excellent means for sustaining on-board fuel reforming. SOFCs
are not only tolerant to carbon monoxide but can also use it as
fuel. Furthermore, high operating temperatures makes SOFC-gas
turbine hybrids excellent combined heat and power (CHP) sys-
tems. Optimal performance of SOFC systems can be realized
through well-designed control strategies. Critical performance
variables such as fuel utilization and steam-to-carbon ratio
(STCR) play important roles in determining the overall efficiency
and longevity of the system [1,2]. Hence, they must be controlled
within safety limits during operation.

Utilization and STCR are functions of species concentrations.
Hence, for implementing control algorithms, it is necessary to
measure the concentrations. The reforming process in SOFCs
results in a number of gaseous species in the reformer and the fuel
cell. For instance, steam reforming of methane results in five spe-
cies, namely, CH4, CO, CO2, H2, and H2O. Control of utilization
and STCR would, therefore, require a large number of concentra-
tion sensors which would elevate costs and complicate the hard-
ware. A means of reducing concentration sensors is to design
observers that dynamically estimate the species concentrations. In
this paper, we design an observer for a steam reformer-based
tubular SOFC system with anode recirculation and methane as
fuel. We develop a lumped control-oriented model that captures
the details of heat and mass transfer, chemical kinetics, and elec-
trochemical phenomena of the system. Our control-oriented
model has similarities with the tubular SOFC models developed

in Refs. [1] and [3]. The kinetics of steam reforming are modeled
based on the experimental results in Ref. [4]. Other tubular SOFC
system models appear in Refs. [5–8], and models of planar SOFC
systems appear in Ref. [9] and references therein.

In the literature, there are few observer designs for fuel cell
systems [10]; however, there exist estimation and adaptive control
designs that focus exclusively on either chemical reactors or bio-
reactors [11]. In contrast, we consider a coupled steam reformer
and fuel cell system. The observers in Refs. [12] and [13] rely on
temperature dynamics. In our observer design, we refrain from
using the temperature dynamics of the SOFC system. This is
because high-temperature operating conditions can result in
significant heat exchange through radiative means or otherwise,
which would remain unmodeled. Several designs, such as
Refs. [13] and [14], assume prior knowledge of reaction rates.
However, in Ref. [15], the author shows estimation errors arising
from uncertain reaction rate parameters and adopts an adaptive
approach to circumvent this issue. In Ref. [12], the observer
design is based on coordinate transformations that eliminate reac-
tion rate terms. In our adaptive design, we treat the rates of steam
reforming reactions as unknown parameters that must be dynami-
cally estimated. In Ref. [10], the authors have designed an adapt-
ive observer for hydrogen estimation in a polymer electrolyte
membrane fuel cell. The observer considers the inlet hydrogen
partial pressure as a slowly varying unknown parameter and uses
voltage measurements. Using a linearized model for estimation of
species concentration in a recirculation-based SOFC which is non-
linear by nature is difficult and cumbersome because too many
operating points are needed. Hence, we propose a nonlinear
observer design with minimal concentration sensors used along
with cell voltage measurement. Furthermore, a reduced order
observer using bulk flow rate sensors is developed if the focus
will be on fuel utilization. The higher-order observer with some
species concentration sensors and cell voltage measurement can
be used if more insight into species concentration is needed.

This paper is organized as follows: In the Secs. 2 and 3, we
describe the SOFC system and provide an outline of the system
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model. In our discussion on the SOFC model development, we
first describe the SOFC system. In Sec. 3, we develop the math-
ematical model of the SOFC system. We first present the equa-
tions for the fundamental gas and solid control volume models.
Sections 3.1 and 3.2 describe the steam reformer and SOFC sys-
tem models. We focus primarily on the mass transfer phenom-
ena and chemical kinetics. Although not elaborated in our
discussion, the heat transfer phenomena of the system is mod-
eled in detail but omitted here for the sake of brevity. Next, we
present the problem and summarize our prior results. We then
present the proposed dynamic observer design that uses cell
voltage measurements. A reduced order observer for estimation
of fuel utilization is subsequently developed. We prove the
boundedness and convergence properties of the proposed observ-
ers followed by simulation results. Finally, we provide the con-
cluding remarks.

2 System Overview

Our analysis is based on a steam reformer-based tubular SOFC
system. The system consists of three primary components,
namely, the steam reformer that produces a hydrogen-rich gas
from a mixture of methane and steam, the SOFC that generates
electricity from electrochemical reactions, and the combustor
where excess fuel is burnt to generate heat. Methane is chosen as

the fuel for the system, with a molar flow rate of _Nf . It is noted
here that the analysis and control development approach can be
extended to other fuels as well, such as methanol, ethanol, etc.
The SOFC system is described in Fig. 1.

The reformer produces a hydrogen-rich gas which is supplied
to the anode of the fuel cell. Electrochemical reactions occurring
at the anode due to current draw result in a steam-rich gas mixture
at the anode exit. A fraction k of the anode efflux is recirculated
through the reformer into a mixing chamber where fuel is added.
The recirculation k is assumed to a fixed known fraction. In
tubular SOFCs, recirculation is typically achieved through the
deliberate use of imperfect seals. The mixing of the two fluid
streams and pressurization is achieved in the gas mixer using an
ejector or a recirculating fuel pump, Ref. [2]. The steam reforming
process occurring in the reformer catalyst bed is an endothermic
process. The energy required to sustain the process is supplied
from two sources, namely, the combustor efflux that is passed
through the reformer and the aforementioned recirculated anode
flow, as shown in Fig. 1. The remaining anode efflux is mixed
with the cathode efflux in the combustion chamber. The combus-
tor also serves to preheat the cathode air which has a molar flow
rate of _Nair. The tubular construction of each cell causes the air to
first enter the cell through the air supply tube and then reverse its
direction to enter the cathode chamber. The cathode air serves as
the source of oxygen for the fuel cell.

3 System Model

The essential dynamics of the SOFC system in Fig. 1 are mod-
eled using fundamental solid volume and gas control volume
models. The control development presented in this paper is
primarily based on mass balance equations of the reformer and
the fuel cell. Details of the model development as used for simula-
tions are available in Ref. [16].

The mass balance equation for individual species is constructed
as follows:

Ng
_X j;g ¼ _f inX j;in � _fexX j;g þRj;g; j ¼ 1; 2;…; 7 (1)

where specific values of subscripts j, j¼ 1, 2,…,7, correspond to
the species CH4, CO, CO2, H2, H2O, N2, and O2, respectively.
From Eq. (1) exploiting conservation of mass when all species are
considered, we additionally have

X7
j¼1

X j;in ¼
X7
j¼1

X j;g ¼ 1 )
X7
j¼1

_X j;g ¼ 0 ) _fex ¼ _fin þ
X7
j¼1

Rj;g

(2)

3.1 Reformer Model. For steam reforming of methane we
consider a packed-bed tubular reformer with nickel–alumina cata-
lyst [17]. A schematic diagram of the steam reformer is shown in
Fig. 2. The exhaust, reformate, and recirculated flows are modeled
using gas control volumes and the catalyst bed is modeled as a
solid volume. The details of heat transfer characteristics of the
system are given in Ref. [1] and are not repeated here. Instead, we
emphasize on the reformer reaction kinetics and mass transfer
phenomena. The three main reactions that simultaneously occur
during steam reforming of methane are [4]

Fig. 1 Schematic diagram of the SOFC system

Fig. 2 Schematic diagram of tubular steam reformer
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ðIÞ CH4 þ H2O $ COþ 3H2

ðIIÞ COþ H2O $ CO2 þ H2

ðIIIÞ CH4 þ 2H2O $ CO2 þ 4H2

(3)

From Fig. 1, the mass balance equations for CH4, CO, CO2, H2,
and H2O can be written using Eq. (1) as follows:

Nr
_X 1;r ¼ k _NoX1;a � _N inX1;r þR1;r þ _Nf

Nr
_X 2;r ¼ k _NoX2;a � _N inX2;r þR2;r

Nr
_X 3;r ¼ k _NoX3;a � _N inX3;r þR3;r

Nr
_X 4;r ¼ k _NoX4;a � _N inX4;r þR4;r

Nr
_X 5;r ¼ k _NoX5;a � _N inX5;r þR5;r

(4)

where Nr¼PrVr/RuTr and k is the anode recirculation fraction,
as indicated in Fig. 1. Note that the reformer inlet and exit
flows shown in Fig. 1 do not contain O2 and N2. Hence, X6;r

¼ X7;r ¼ 0 and R6;r ¼ R7;r ¼ 0. From Eq. (3), we express Rj;r;
j ¼ 1; 2;…; 5 in terms of the reaction rates rI, rII, and rIII as
follows:

Rr ¼ Gr;G ¼

�1 0 �1

1 �1 0

0 1 1

3 1 4

�1 �1 �2

2
6666664

3
7777775
; Rr ¼

R1;r

R2;r

R3;r

R4;r

R5;r

2
6666664

3
7777775

(5)

r¼ [rI, rII, rIII]
T. Since G has a rank of 2, therefore, there are only

two independent reaction rates among Rj;r; j ¼ 1; 2;…; 5. Con-
sidering the rate of formation of CH4 and CO in the reformer to
be independent, we can write

R3;r ¼ �R1;r �R2;r

R4;r ¼ �4R1;r �R2;r

R5;r ¼ 2R1;r þR2;r

(6)

and rewrite Eq. (4) as follows:

Nr
_X 1;r ¼ k _NoX1;a � _N inX1;r þR1;r þ _Nf

Nr
_X 2;r ¼ k _NoX2;a � _N inX2;r þR2;r

Nr
_X 3;r ¼ k _NoX3;a � _N inX3;r �R1;r �R2;r

Nr
_X 4;r ¼ k _NoX4;a � _N inX4;r � 4R1;r �R2;r

Nr
_X 5;r ¼ k _NoX5;a � _N inX5;r þ 2R1;r þR2;r

(7)

From Eqs. (2) and (7) we deduce

_N in ¼ k _No þ _Nf þ
X7
j¼1

Rj;r ) _N in ¼ k _No þ _Nf � 2R1;r (8)

3.2 SOFC Model. We assume our system to be comprised of
N cell tubular SOFC, connected in series. A schematic diagram of
an individual cell is shown in Fig. 3. The anode, cathode, and air
flows are modeled using gas control volumes. The air-feed tube
and the electrolyte are modeled as solid volumes. The following
chemical and electrochemical reactions occur simultaneously in
the anode control volume:

ðIÞ CH4 þ H2O $ COþ 3H2

ðIIÞ COþ H2O $ CO2 þ H2

ðIIIÞ CH4 þ 2H2O $ CO2 þ 4H2

ðIVÞ H2 þ O2� ! H2Oþ 2e

(9)

Steam reforming, represented by reactions I, II, and III, occurs in
the anode due to high temperatures and the presence of nickel cat-
alyst. The primary electrochemical process is steam generation
from H2, described by reaction IV. Simultaneous electrochemical
conversion of CO to CO2 in the anode is also possible. However,
this electrochemical reaction is ignored, since its reaction rate is
much slower in presence of reactions II and IV, as indicated in
Refs. [18] and references therein.

From Fig. 1 and Eq. (1), the mass balance equations for CH4,
CO, CO2, H2, and H2O can be written as

Na
_X 1;a ¼ � _NoX1;a þ _N inX1;r þR1;a

Na
_X 2;a ¼ � _NoX2;a þ _N inX2;r þR2;a

Na
_X 3;a ¼ � _NoX3;a þ _N inX3;r þR3;a

Na
_X 4;a ¼ � _NoX4;a þ _N inX4;r þR4;a � re

Na
_X 5;a ¼ � _NoX5;a þ _N inX5;r þR5;a þ re

(10)

where Na¼PaVa/RuTa and re is the rate of electrochemical reac-
tion given by

re ¼
iN cell

nF
(11)

Since current i can be measured, the rate of electrochemical
reaction re is considered known. As with the reformate control
volume, the anode inlet and exit flows do not contain O2 and N2.
Therefore, X6;a ¼ X7;a ¼ 0. From Eq. (9), we express Rj;a;
j ¼ 1; 2;…; 5 in terms of the reaction rates rI, rII, and rIII as
follows:

Ra ¼ Grþ re½0 0 0� 1 1�T

where Ra ¼ ½R1;a R2;a R3;a R4;a R5;a�T, and G and r are given
in Eq. (5). Since G has a rank of 2 and re is known, therefore,
there are only two independent reaction rates among Rj;a;
j ¼ 1; 2;…; 5. Considering R1;a and R2;a to be independent, we
can write

R3;a ¼ �R1;a �R2;a

R4;a ¼ �4R1;a �R2;a � re

R5;a ¼ 2R1;a þR2;a þ re

(12)

and rewrite Eq. (10) as

Na
_X 1;a ¼ � _NoX1;a þ _N inX1;r þR1;a

Na
_X 2;a ¼ � _NoX2;a þ _N inX2;r þR2;a

Na
_X 3;a ¼ � _NoX3;a þ _N inX3;r �R1;a �R2;a

Na
_X 4;a ¼ � _NoX4;a þ _N inX4;r � 4R1;a �R2;a � re

Na
_X 5;a ¼ � _NoX5;a þ _N inX5;r þ 2R1;a þR2;a þ re

(13)

Fig. 3 Schematic diagram of tubular SOFC
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From Eqs. (2) and (13) we deduce that

_No ¼ _N in þ
X7
j¼1

Rj;a ) _No ¼ _N in � 2R1;a (14)

The electrochemical conversion of O2 to O2� ions takes place
in the cathode control volume

1

2
O2 þ 2e ! O2� (15)

with the reaction rate as given in Eq. (11). Considering the mole
fractions of N2 and O2 in air to be 0.79 and 0.21, respectively, the
mass balance equations of the cathode control volume can be writ-
ten from Eqs. (11) and (15) as follows:

Nc
_X 6;c ¼ 0:79 _N air � _N air �

rIV
2

� �
X6;c

Nc
_X 7;c ¼ 0:21 _N air � _N air �

rIV
2

� �
X7;c �

rIV
2

X i;c ¼ 0; i ¼ 1; 2;…; 5

(16)

4 Problem Statement and Prior Design

The observer design problem statement is as follows: given that
temperatures and pressures can be sensed in the reformer and
anode volumes, and given that the fuel cell current and voltage
can be measured, design an observer for estimation of rates of
steam reformation reactions, molar flow rates, and species concen-
trations using a minimum number of concentration sensors.

We summarize our prior observer design [19] which used four
concentration sensors. The sensing requirement is that any two
species of the gas mixture must be sensed at the reformer and
anode exits. We state the equations for a sample observer design
where CH4 and CO concentrations are sensed in the reformer and
anode volumes, i.e., measurements of X 1;r; X 1;a; X2;r; X2;a are
assumed to be available. Note that this choice is arbitrary and sim-
ilar observers can be designed by sensing any two of CH4, CO,
CO2, H2, and H2O at the reformer and anode exits. The variables

to be estimated are _N in; _No; R2;r; R2;a; X i;r; X i;a; i ¼ 1; 2;…; 5.

Their estimates are denoted by _̂N in; _̂No; R̂2;r; R̂2;a; X̂ i;r; X̂ i;a;
i ¼ 1; 2;…; 5. Based on Eqs. (7), (8), (13), and (14), the following
observer equations are proposed.

Using Eqs. (8) and (14) to express R1;r and R1;a in terms of the
flow rates effectively reducing the order of the observer and using
Eqs. (7) and (13), we get the structure of the observer equations as

Nr
_̂X 1;r ¼ k _̂NoðX̂ 1;a þ 0:5Þ � _̂N inðX̂ 1;r þ 0:5Þ þ L1;r E1;r þ 1:5 _Nf

Na
_̂X 1;a ¼ � _̂NoðX̂ 1;a þ 0:5Þ þ _̂N inðX̂ 1;r þ 0:5Þ þ L1;a E1;a

Nr
_̂X 2;r ¼ k _̂NoX̂ 2;a � _̂N inX̂ 2;r þ R̂2;r þ L2;r E2;r

Na
_̂X 2;a ¼ � _̂NoX̂ 2;a þ _̂N inX̂ 2;r þ R̂2;a þ L2;a E2;a

Nr
_̂X 3;r ¼ k _̂NoðX̂ 3;a � 0:5Þ � _̂N inðX̂ 3;r � 0:5Þ � 0:5 _Nf � R̂2;r

Na
_̂X 3;a ¼ � _̂NoðX̂ 3;a � 0:5Þ þ _̂N inðX̂ 3;r � 0:5Þ � R̂2;a

Nr
_̂X 4;r ¼ k _̂NoðX̂ 4;a � 2Þ � _̂N inðX̂ 4;r � 2Þ � 2 _Nf � R̂2;r

Na
_̂X 4;a ¼ � _̂NoðX̂ 4;a � 2Þ þ _̂N inðX̂ 4;r � 2Þ � R̂2;a � iN cell=nF

Nr
_̂X 5;r ¼ k _̂NoðX̂ 5;a þ 1Þ � _̂N inðX̂ 5;r � 1Þ þ _Nf þ R̂2;r

Na
_̂X 5;a ¼ � _̂NoðX̂ 5;a þ 1Þ þ _̂N inðX̂ 5;r þ 1Þ þ R̂2;a þ iN cell=nF

Since direct measurements of the slowly varying parameters
_N in; _No and formation rates R2;r and R2;a are not available, the
following adaptation laws were derived exploiting the fact that
X1;r; X 1;a; X2;r , and X 2;a are corelated to the above parameters:

_̂_N in ¼ c1½ðE1;a � E1;rÞðX̂ 1;r þ 0:5ÞþðE2;a � E2;rÞX̂ 2;r�
_̂_N o ¼ c2½ðkE1;r � E1;aÞðX̂ 1;a þ 0:5ÞþðkE2;r � E2;aÞX̂ 2;a�

_̂R 2;r ¼ c3 E2;r

_̂R 2;a ¼ c4 E2;a

where c1, c2, c3, c4> 0,L1;r; L1;a; L2;r; L2;a > 0, E1;r ¼X1;r �X̂ 1;r;
E1;a ¼X1;a�X̂ 1;a; E2;r ¼X2;r �X̂ 2;r , and E2;a ¼X2;a�X̂ 2;a.
This nonlinear observer guarantees uniform asymptotic stability of
the observer error dynamics [19].

5 Design Using Cell Voltage Measurement

5.1 Observer Design. In Sec. 4, we have outlined an observer
design procedure that uses four concentration sensors. In this sec-
tion, we propose an observer design that uses cell voltage mea-
surement and three concentration sensors, reducing the number of
required concentration sensors by one. The three required concen-
tration sensors are a steam and a hydrogen sensor at the reformer
outlet and a steam sensor at the anode outlet. Hence, in addition to
cell voltage Vcell, the measurements of X4;r; X5;r , and X5;a are
assumed to be available. The observer equations are

Nr
_̂X 1;r ¼ k _̂NoðX̂ 1;a þ 0:5Þ � _̂N inðX̂ 1;r þ 0:5Þ þ 1:5 _Nf þ g1;r

Na
_̂X 1;a ¼ � _̂NoðX̂ 1;a þ 0:5Þ þ _̂N inðX̂ 1;r þ 0:5Þ þ g1;a

Nr
_̂X 2;r ¼ k _̂NoX̂ 2;a � _̂N inX̂ 2;r þ R̂2;r þ g2;r

Na
_̂X 2;a ¼ � _̂NoX̂ 2;a þ _̂N inX̂ 2;r þ R̂2;a þ g2;a

Nr
_̂X 3;r ¼ k _̂NoðX̂ 3;a � 0:5Þ � _̂N inðX̂ 3;r � 0:5Þ � 0:5 _Nf

� R̂2;r þ g3;r

Na
_̂X 3;a ¼ � _̂NoðX̂ 3;a � 0:5Þ þ _̂N inðX̂ 3;r � 0:5Þ � R̂2;a þ g3;a

Nr
_̂X 4;r ¼ k _̂NoðX̂ 4;a � 2Þ � _̂N inðX̂ 4;r � 2Þ � 2 _Nf � R̂2;r

þ L4;r E4;r þ g4;r

Na
_̂X 4;a ¼ � _̂NoðX̂ 4;a � 2Þ þ _̂N inðX̂ 4;r � 2Þ � R̂2;a

� iN cell=nFþ g4;a

Nr
_̂X 5;r ¼ k _̂NoðX̂ 5;a þ 1Þ � _̂N inðX̂ 5;r þ 1Þ þ _Nf þ R̂2;r

þ L5;r E5;r þ g5;r

Na
_̂X 5;a ¼ � _̂NoðX̂ 5;a þ 1Þ þ _̂N inðX̂ 5;r þ 1Þ þ R̂2;a

þ iN cell=nFþ L5;a E5;a þ g5;a ð17Þ

with the following adaptation laws:

_̂_N in ¼ c1½ðE4;r=Nr � n4;a=NaÞð2� X̂ 4;rÞ
þðE5;a=Na � E5;r=NrÞ ðX̂ 5;r þ 1Þ� þ gp1

_̂_N o ¼ c2½ðkE4;r=Nr � n4;a=NaÞðX̂ 4;a � 2Þ
þ ðkE5;r=Nr � E5;a=NaÞ ðX̂ 5;a þ 1Þ� þ gp2

_̂R 2;r ¼ c3 ½E5;r=Nr � E4;r=Nr� þ gp3
_̂R 2;a ¼ c4 ½E5;a=Na � n4;a=Na� þ gp4

(18)
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where

E4;r ¼ X4;r � X̂ 4;r; E5;r ¼ X5;r � X̂ 5;r; E5;a ¼ X5;a � X̂ 5;a

(19)

and L4;r; L5;r; L5;a, c1, c2, c3, and c4 are positive constants. In
Eq. (18), n4,a is given by

n4;a ¼ �X 4;a � X̂ 4;a (20)

where �X 4;a is an estimate of X4;a obtained dynamically using the
cell voltage and measurement X5;a, given as follows:

_�X 4;a ¼ ko½Vcell � V̂ cell þ qTalnðX5;aÞ � qTalnðX̂ 5;aÞ�
þ �g4;a; ko > 0 (21)

The cell voltage Vcell of the SOFC system is expressed as
follows [20]:

Vcell ¼ f1 Ta; Tc; ið Þ þ RuTa
nF

ln pH2
p
1=2
O2

=pH2O

� �
(22)

Since pH2
¼ PaX4;a; pO2

¼ PcX7;c and pH2O ¼ PaX5;a, we can
express Eq. (22) as

Vcell ¼ f2ðTa;Tc;Pc; i;X7;cÞ þ qTa½lnðX4;aÞ � lnðX5;aÞ� (23)

where f1 is the maximum electromotive force (or reversible open
circuit voltage), f2 ¼ f1þ0:5ðRuTa=nFÞlnðPcX7;cÞ and q¼(Ru/nF)

[20]. The estimate V̂ c is given by

V̂ cell ¼ f2ðTa;Tc;Pc; i;X7;cÞ þ qTa½lnð �X 4;aÞ � lnðX̂ 5;aÞ� (24)

In Eqs. (17), (18), and (21), the terms g1,r, g1,a, g2,r, g2,a, g3,r, g3,a,
g4,r, g4,a, �g4;a, g4,a, g5,r, g5,a, gp1, gp2, gp3, and gp4 are included
to provide upper and lower bounds on state and parameter
estimates and prevent integrator wind-up. For instance, g1,r and
gp1 are designed as

g1;r ¼
�g1;r if ðX̂ 1;r � 1 and g1;r > 0Þ

or ðX̂ 1;r � 0 and g1;r < 0Þ
0 otherwise

8><
>:

g1;r ¼ ko _̂NoðX̂ 1;a þ 0:5Þ � _̂N inðX̂ 1;r þ 0:5Þ þ 1:5 _Nf

(25)

gp1 ¼
�gp1 if ð _̂N in � _N in;max and gp1 > 0Þ

or ð _̂N in � _N in;min and gp1 < 0Þ
0 otherwise

8>><
>>:

gp1 ¼ c1 ½ðE4;r � n4;aÞ ð2� X̂ 4;rÞ þ ðE5;a � E5;rÞ ðX̂ 5;r þ 1Þ�
(26)

The upper and lower bounds on the concentration estimates are 1

and 0, respectively. The bounds on the estimates of _̂Nin; _̂No; R̂2;r ,

and R̂2;a are dependent on the specific application.

5.2 Boundedness and Convergence. We first prove that
�E 4;a ¼ X4;a � �X 4;a is ultimately bounded. From Eqs. (21), (23),
and (24), we have

_�E 4;a ¼ �ko q Ta½lnðX4;aÞ � lnð �X 4;aÞ� þ _X 4;a � �g4;a

Taking V ¼ 0:5�E2

4;a as a Lyapunov function candidate and noting

from the Mean Value Theorem that ½lnðX4;aÞ � lnð �X 4;aÞ�
¼ k �E 4;a; k � 1, we have

_V ¼ �ko q Ta �E 4;a ln X4;að Þ � ln �X 4;a

� �� 	
þ �E 4;a

_X 4;a � �E 4;a�g4;a

� �ko q Ta �E
2

4;a þ j�E 4;aj j _X 4;aj

¼ �ko q Ta 1� h1ð Þ�E 2

4;a � ko q Ta h1�E
2

4;a þ j�E 4;aj sup jX_4;aj
� �

<�ko q Ta 1� h1ð Þj�E 4;aj2

8 j�E4;aj > l1; l1¢
sup jX_4;aj
� �

ko q Ta h1
ð27Þ

where 0< h1< 1. Note that in Eq. (27), the term �E4;a�g4;a � 0.

This can be inferred from Eqs. (25) and (26). If �X 4;a � 1 and

�g4;a > 0, then �E4;a � 0 and �g4;a < 0. Similarly, if �X 4;a � 0 and

�g4;a < 0, then �E4;a � 0 and �g4;a > 0. Otherwise, �g4;a ¼ 0. Also

note that in Eq. (27), sup j _X 4;aj can be obtained from the range of

operating conditions. It can be easily shown that �E 4;a is uniformly
ultimately bounded with an ultimate bound of l1. Hence, by

choosing ko to be large, causing �X 4;a in Eq. (21) to be singularly

perturbed, �E 4;a can be brought arbitrarily close to zero.
We next prove the ultimate boundedness of the state estimation

errors E4;r; E4;a; E5;r , and E5;a. The variables E4;r; E5;r , and E5;a

are defined in Eq. (19) and

E4;a ¼ X4;a � X̂ 4;a (28)

Consider the following Lyapunov function candidate:

V ¼ 1

2
E2
4;r þ E2

4;a þ E2
5;r þ E2

5;a þ
1

c1
E2

_N in
þ 1

c2
E2

_No




þ 1

c3
E2
R2;r

þ 1

c4
E2
R2;a

�

where

E _N in
¼ _N in � _̂N in; E _No

¼ _No � _̂No;

ER2;r
¼ R2;r � R̂2;r; ER2;a

¼ R2;a � R̂2;a

_E _N in
¼ � _̂_N in; _E _No

¼ � _̂_No; _ER2;r
¼ � _̂R 2;r; _ER2;a

¼ � _̂R 2;a

(29)

From Eqs. (17), (18), (20), (28), and (29), the derivative of V
along the system trajectories can be expressed as

_V ¼ �ðL4;r þ _N inÞE2
4;r=Nr þ ðk _No=Nr þ _N in=NaÞE4;r E4;a

� _NoE2
4;a=Na � ðL5;r þ _N inÞE2

5;r=Nr

þ ðk _No=Nr þ _N in=NaÞE5;r E5;a � ðL5;a þ _NoÞE2
5;a=Na

þ �E4;a½ð2� X̂ 4;aÞE _No
þ ðX̂ 4;r � 2ÞE _N in

� ER2;a
�=Na

�g4;rE4;r � g4;aE4;a � g5;rE5;r � g5;aE5;a � gp1E _N in

� gp2E _No
� gp3ER2;r

� gp4ER2;a

considering

E4;r ¼ X4;r � X̂ 4;r

note that 0 � X4;r � 1, since X4;r is a species mole fraction.
Extending the definition in Eq. (25), g4,r is defined as

g4;r ¼
�g4;r if ðX̂ 1;r � 1 and g4;r > 0Þ

or ðX̂ 4;r � 0 and g4;r < 0Þ
0 otherwise

8><
>:

g4;r ¼ k _̂NoðX̂ 4;a � 2Þ � _̂N inðX̂ 4;r � 2Þ � 2 _Nf � R̂2;r þ L4;r E4;r
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This shows that by design g4,r< 0, if E4;r � 0, and g4,r> 0, if
E4;r � 0, effectively setting

g4;rE4;r � 0

The definition of gp1 in Eq. (26) also assures that

gp1E _N in
� 0

Similarly from extensions of Eqs. (25) and (26) and the discussion
after Eq. (27), it is clear that

g4;aE4;a � 0; g5;rE5;r � 0; g5;aE5;a � 0

gp2E _No
� 0; gp3ER2;r

� 0; gp4ER2;a
� 0

Hence,

_V � �ET
4 Q4 E4 � ET

5 Q5 E5

þ �E 4;a ½ð2� X̂ 4;aÞE _No
þ ðX̂ 4;r � 2ÞE _N in

� ER2;a
� =Na (30)

where

E4 ¼ E4;rE4;a½ �T; E5 ¼ E5;rE5;a½ �T

Q4 ¼

L4;r þ _N in

� �
Nr

�0:5
k _No

Nr
þ

_N in

Na

 !

�0:5
k _No

Nr
þ

_N in

Na

 !
_No

Na

2
666664

3
777775

Q5 ¼

L5;r þ _N in

� �
Nr

�0:5
k _No

Nr
þ

_N in

Na

 !

�0:5
k _No

Nr
þ

_N in

Na

 !
L5;a þ _No

� �
Na

2
666664

3
777775

The molar flow rates _N in and _No are positive and bounded, and
0< k< 1. Furthermore, in the fuel cell, _No > _N in. This is because
in the anode, internal steam reforming produces more product
molecules from fewer reactant molecules and the electrochemical
reaction conserves the number of molecules. Also, the molar con-
tents Nr¼PrVr/RuTr and Na¼PaVa/RuTa are positive with bounds
dependent on the range of operating conditions. Hence, proper
choice of the observer gains L4;r; L5;r , and L5;a will ensure posi-
tive definiteness of Q4 and Q5. By inspection of the determinant
and first principle minor of the symmetric matrix Q4 being posi-
tive, it is clear that the matrix is positive definite, if

L4;r >
1

_No

1

4
k _No Na þ _N in Nr

� �2 � _No
_N in


 �

) L4;r � max sup Nrð Þ; sup Nað Þð Þ½ �2 sup _No

� �
(31)

Similarly, with L5;r ¼ L5;a ¼ L5, we can show that Q5 will be
positive definite, if

_N in þ L5

� �
_No þ L5

� �
>

1

4
k _No Na þ _N in Nr

� �2
) L5 � max sup Nrð Þ; sup Nað Þð Þ sup _No

� �
(32)

Thus, using the Rayleigh–Ritz inequality, we have

ET
4 Q4 E4 � infðk4;minÞjjE4jj2

ET
5 Q5 E5 � infðk5;minÞjjE5jj2

where k4,min and k5,min are the smaller eigenvalues of Q4 and Q5,
respectively. Hence,

ET
4 Q4 E4 þ ET

5 Q5 E5 � �k jjE4;5jj2

�k¢minðinfðk4;minÞ; infðk5;minÞÞ; �k > 0
(33)

where E4;5 ¼ ½E4 E5�T ¼ ½E4;r E4;a E5;r E5;a�T. Note that _N in; _No,
and R2;a are bounded variables and their estimates, along with

X̂ 4;r; X̂ 4;a, and Na, are also bounded by design (Eqs. (17) and
(18)). Therefore, from Eqs. (30) and (33), we deduce

_V � ��k jjE4;5jj2 þ j�E 4;aj hmax

¼ ��k ð1� h2Þ jjE4;5jj2 � �k h2 jjE4;5jj2 þ j�E4;aj hmax

< ��kð1� h2Þ jjE4;5jj2 ;

8jjE4;5jj > l2; l2¢
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1 hmax=�k h2

q (34)

where, 0< h2< 1 and

hmax ¼ sup ð½ð2� X̂ 4;aÞE _No
þ ðX̂ 4;r � 2ÞE _N in

� ER2;a
� =NaÞ

Thus, jjE4;5jj is ultimately bounded with an ultimate bound of l2.
Furthermore, from the definitions of l1 and �k in Eqs. (27) and
(33), we infer that l2 can be made arbitrarily small by choosing

large observer gains ko and �k.

Next, we show that _̂Nin; _̂No; R̂2;r , and R̂2;a converge to their
true values with small bounded errors. Since l2 can be made arbi-
trarily small, for every t0� 0, there exists T� 0 such that
g4,r¼ g4,a¼ g5,r¼ g5,a¼ 0 for t> t0þ T. Therefore, for suffi-
ciently large t0, the state equation for E4,5 can be written as

_E4;5 ¼ A4;5 E4;5 þ B4;5 Ep (35)

where Ep ¼ ½E _Nin
E _No

ER2;r
ER2;a

�T

A4;5 ¼

� L4;r þ _N in

� �
Nr

k _No

Nr
0 0

_N in

Na
�

_No

Na
0 0

0 0 � L5;r þ _N in

� �
Nr

k _No

Nr

0 0
_N in

Na
� L5;r þ _No

� �
Na

2
66666666666664

3
77777777777775

B4;5 ¼

�
X̂ 4;r � 2

� �
Nr

k X̂ 4;a � 2

� �
Nr

� 1

Nr
0

X̂ 4;r � 2

� �
Na

�
X̂ 4;a � 2

� �
Na

0 � 1

Na

�
1þ X̂ 5;r

� �
Nr

k 1þ X̂ 5;a

� �
Nr

1

Nr
0

1þ X̂ 5;r

� �
Na

�
1þ X̂ 5;a

� �
Na

0
1

Na

2
666666666666666664

3
777777777777777775

ð36Þ

From Eq. (35), we have

€E4;5 ¼ A4;5
_E4;5 þ _A4;5 E4;5 þ _B4;5 Ep þ B4;5

_Ep (37)

In Eq. (37), jjA4;5jj and k _A4;5k are bounded with bounds on Nr,

Na, _Nr; _Na; _N in; _No; €N in, and €No governed by the operating con-
ditions of the fuel cell. jjE4;5jj was shown to be bounded with an

ultimate bound of l2. jjB4;5jj and k _B4;5k are bounded due to the

observer design in Eq. (17). jjEpjj and k _Epk are also bounded by
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virtue of the design of the adaptation laws in Eq. (18). Finally,

k _E4;5k is bounded as inferred from Eq. (35) and the foregoing dis-

cussion. Hence, jj€E4;5jj is bounded, and

kE4;5k � l2; k€E4;5 k � l3; l2; l3 > 0 ) k _E4;5k � 2
ffiffiffiffiffiffiffiffiffiffi
l2 l3

p

(38)

The following lemma is presented to justify the above statement:
LEMMA 1. Let a function and its time derivatives be f(t), _f ðtÞ,

and €f ðtÞ, respectively, and all three functions be bounded as

follows: sup8t jf ðtÞj ¼ l2; sup8t j _f ðtÞj ¼ l, and sup8t j€f ðtÞj ¼ l3.
Then, l � 2

ffiffiffiffiffiffiffiffiffiffi
l2l3

p
.

Proof. Without loss of generality, we can say

df
_f
¼ d _f

€f
) €f df ¼ _f d _f

Integrating both sides, we get

ð _f

_f0

_f d _f ¼
ðf
f0

€f df ) 1

2
_f
2 � _f 20

� �
¼
ðf
f0

€f df

Since j€f j � l3 and from the successive use of inequalities, we
have

ðf
f0

€f df �
ðf
f0

€f df










�

ðf
f0

j€f jdf










� l3

ðf
f0

df










¼ l3

ðf
f0

df










¼ l3jf � f0j

Next, from the upper bound of f

jf � f0j � jf j þ jf0j ¼ 2l2

) 1

2
_f
2 � _f 20

� �
� 2l3l2

Finally, the maximum value of 1=2ð _f 2 � _f 20 Þ is 1=2ðl2 � 0Þ
¼ l2=2. Thus, l � 2

ffiffiffiffiffiffiffiffiffiffi
l2l3

p
w

From Eqs. (35) and (37), we deduce that

jj€E4;5jj � c1 l2 þ c2; ) l3 ¼ c1l2 þ c2 (39)

where c1 and c2 are fixed positive constants given by

c1 ¼ supðkA4;5k2 þ k _A4;5kÞ;
c2 ¼ supð½kA4;5k kB4;5kk _B4;5k�kEpkkB4;5k k _EpkÞ

From Eqs. (38) and (39), we conclude that as l2 ! 0 with large

values of the observer gains ko and �k, both jjE4;5jj and k _E4;5k
approach ultimate bounds that are arbitrarily close to zero. From
Eq. (36), we infer that since jjE4;5jj � l2, for all feasible operating
conditions of the SOFC, B4,5 will be nonsingular, and therefore,
from Eq. (35), we have

Ep ¼ B�1
4;5½ _E4;5 � A4;5 E4;5�

) jjEpjj � jjB�1
4;5jj ½2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 ðc1 l2 þ c2Þ

p
þ jjA4;5jjl2� (40)

From Eq. (40), it is clear that as l2 ! 0 so will jjEpjj and this

implies convergence of _̂N in; _̂No; R̂2;r , and R̂2;a to their true val-
ues with small bounded errors.

Finally, we show that the remaining state estimates,

X̂ 1;r; X̂ 2;r; X̂ 3;r; X̂ 1;a; X̂ 2;a, and X̂ 3;a, are ultimately bounded
around their true values with small errors. We prove this by estab-
lishing the input-to-state stability (ISS) property [21] of
E1;r; E1;a; E2;r; E2;a; E3;r , and E3;a, where

E1;r ¼ X1;r � X̂ 1;r; E1;a ¼ X1;a � X̂ 1;a

E2;r ¼ X2;r � X̂ 2;r; E2;a ¼ X2;a � X̂ 2;a

E3;r ¼ X3;r � X̂ 3;r; E3;a ¼ X3;a � X̂ 3;a

Consider the state equation of E3, which is given as

_E3 ¼ Q3 E3 þ B3 Ep (41)

where

E3 ¼ E3;rE3;a½ �T; Q3 ¼

_N in

Nr
� k _No

Nr

�
_N in

Na

_No

Na

2
66664

3
77775 (42)

and

B3 ¼
�

X̂ 3;r � 0:5
� �

Nr

k X̂ 3;a � 0:5
� �

Nr
� 1

Nr
0

X̂ 3;r � 0:5
� �

Na
�

X̂ 3;a � 0:5
� �

Na
0 � 1

Na

2
6666664

3
7777775

Considering B3 Ep to be the input in Eq. (41), the origin of the
unforced system

_E3 ¼ Q3 E3

is globally exponentially stable since Q3 and _Q3 are bounded, and
the pointwise eigenvalues of Q3 are negative and real [22]. Hence,
the system in Eq. (41) is ISS. Therefore, jjE3jj is ultimately
bounded by a class K function of supðjjB3jjÞsupðjjEpjjÞ. From
Eq. (40), it is clear that as l2 ! 0 so will jjEpjj. Thus, as jjEpjj
! 0 so will jjE3jj, confirming that the convergence of

_̂N in; _̂No; R̂2;r , and R̂2;a to their true values will lead to correct
estimation of X3;r and X3;a. Similar conclusions can be drawn for
X 1;r; X 2;a; X2;r , and X2;a by performing similar analysis as above

for the state equations of E1 ¼ ½E1;rE1;a�T and E2 ¼ ½E2;rE2;a�T.

5.3 Simulations. We provide simulation results to demon-
strate the performance of the voltage-based observer design pre-
sented in Secs. 4 and 5.

The observer was tested on the comprehensive fuel cell model
that captures the details of heat and mass transfer, chemical
kinetics, and electrochemistry. We performed an open-loop simu-
lation of the plant model in conjunction with the observer. For the
simulation, we chose _Nf ¼ 0:01 mol=s; _N air ¼ 0:1 mol=s, and
k¼ 0.75. The current demand was changed in steps as given
below:

i ¼

65 for 0 � t � 60

70 for 60 < t � 110

68 for 110 < t

8>>><
>>>:

The values of the observer gains are chosen as ko¼ 10,
L4;r ¼ L5 ¼ 1, and c1¼ c2¼ c3¼ c4¼ 250. The estimation algo-
rithm was switched on at t¼ 10 s and was left active for the rest of

the simulation. The estimates _̂N in; _̂No; R̂2;r , and R̂2;a along with
their model-generated actual values are plotted in Fig. 4. The
accuracy of these estimates is important, since it directly
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determines the estimation accuracy of CH4, CO, and CO2 concen-
trations, which are shown in Fig. 5. The corresponding plots of H2

and H2O are omitted for conciseness.
We have outlined an observer design procedure that uses three

concentration sensors and cell voltage measurement. The number
of concentration sensors can be further reduced by one, if meas-
urements of the net molar flow rates at the exit of the reformer
and anode, i.e., if _N in and _No, are available. The development of
the observer equations is left to the reader for the sake of brevity.

6 Reduced Order Observer for Estimation of Fuel

Utilization U

Dynamic load following limitations of the fuel cell for SOFCs
are attributed to the fuel delivery systems of SOFCs and its slower

mechanical subsystems, such as pumps, valves, and reformers
(reference snyder). As a result, hydrogen starvation can occur
potentially resulting in voltage drop, anode oxidation, and catalyst
corrosion [1]. These limitations are reflected in the transient
response of a single performance variable, which is fuel utiliza-
tion, often characterized by the variable U. Thus, for optimal per-
formance U must be maintained around an optimal value
(typically 80–90%) even under significant power fluctuations
[23]. Thus, further extending the above observer, the ensuing dis-
cussion proposes a reduced order observer for estimation of U.
The aim of using such an observer is to achieve better transient
control to avoid aforementioned limitations of SOFCs.

For the considered SOFC configuration, fuel utilization is math-
ematically defined as follows [1,6]:

U ¼ 1� ½ _Noð4X1;a þ X2;a þX4;aÞ�=½ _N inð4X1;r þX2;r þX4;rÞ�
) U ¼ 1� _Nofa= _N infr ð43Þ

Based on Eq. (3) which shows that the maximum H2 from
CH4 and CO are 4 and 1, respectively, it can be seen from the
mass-balance Eqs. (7) and (13) that by defining two variables fr
and fa as

fr ¼ 4X1;r þX2;r þ X4;r

fa ¼ 4X1;a þX2;a þ X4;a

(44)

a state transformation can be used. As a result, the reaction rates
in the aforementioned equations do not appear when considering
the potential utilization of H2. From Eqs. (7), (11), (13), and (43)
at steady-state, we have

d

dt
Nrfrð Þ ¼ k _Nofa � _N infr þ 4 _Nf

d

dt
Nafað Þ ¼ � _Nofa þ _N infr þ iN cell=nF

(45)

It should be noted that the fr and fa indicate maximum potential
H2 production during system reactions, which is conserved [24].

In the existing method for transient control, the current regula-
tion (CR) is based on the measurement _Nf that occurs upstream of
the reformer [25]. Hence, while incorporating the delay due to
fuel supply system, the delay introduced by the reformer is not
incorporated by the CR. To incorporate the effect of the delay
from the reformer, a nonlinear observer for the SOFC system is
proposed as follows:

Nr
_̂fr ¼ k _Nof̂a � _N inf̂r þ 4 _Nf

Na
_̂fa ¼ � _Nof̂a þ _N inf̂r þ iN cell=nF

(46)

Note that due to the specific definition of fr and fa, their dynamic
equations, Eq. (45), and hence the observer equations Eq. (46) are
independent of the internal reaction rates. This implies that while
observer-based species concentration estimation would require
concentration sensors, estimating fr and fa would not. This is
exploited in developing the reduced order observer.

Note that _Nf is measured, i is an input, and N cell, n, and F are
known constants. In addition, for implementing this observer, we

assume that the measurements of the bulk flow rates _N in and _No

are available, and the average temperature and pressure of
the reformer and the anode are available. In this preliminary
study, the effect of measurement errors is not incorporated but
will be considered in future work. The equation for the error varia-

bles Er ¼ fr � f̂r and Ea ¼ fa � f̂a are

Fig. 4 _N in; _No ; R2;r , andR2;a and their estimates

Fig. 5 CH4, CO, and CO2 mole fractions and their estimates
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_E ¼ �A tð ÞEþ D tð Þ

E ¼ Er Ea½ �T; A tð Þ ¼

_N in

Nr
�k

_No

Nr

�
_N in

Na

_No

Na

2
6664

3
7775;

D ¼ �
_Nrfr
Nr

�
_Nafa
Na

" #T
(47)

Considering D(t) to be the input in Eq. (47), the origin of the

unforced system _E ¼ �AðtÞE is globally exponentially stable

since due to finite operating conditions, A(t) and _AðtÞ are bounded
and the pointwise eigenvalues of A(t) are negative and real,
Ref. [22]. Hence, the system in Eq. (47) is ISS, Ref. [21]. There-
fore, jjEjj is ultimately bounded by a class K function of
supðjjDðtÞjjÞ. Thus, as jjDðtÞjj ! 0 so will jjEjj, confirming ulti-
mate boundedness property of jjEjj. This shows that the proposed
observer will provide bounded estimate of fr with the estimation

error dependent on the magnitude of D(t). At steady-state, f̂r will
provide the correct estimate.

Then, from Eqs. (43) and (45), and noting that the measurement
of _N in and the estimate f̂r are available, the CR method can be
modified as follows:

Uss ¼ iN cell=nF _N infr ) i ¼ UssnF _N inf̂r=N cell (48)

with _Nf ;d calculated based on the demanded ifc;d , according to (see
Ref. [25])

_Nf ;d ¼ ifc;dNcell½1� ð1� UssÞk�=4nFUss (49)

6.1 Simulations. The SOFC system is simulated with target
Uss¼ 85%, i¼ 10A for t< 150 s, and 20, 30, 50A for t� 150 s.
For each step change in i, we compare the two approaches, based
on steady-state invariant property [25] and the observer-based
approach outlined in Fig. 6. The simulation results are provided in
Fig. 7. Note that Figs. 7(a), 7(d), and 7(g) correspond to step
change to 20A, plots (b), (e), and (h) correspond to step change to
30A, and plots (c), (f), and (i) correspond to step change to 50A.

In Figs. 7(a)–7(c), we compare the transient utilization obtained
by the two methods. Note that the observer-based method
provides better transient attenuation and its effectiveness is more
pronounced for larger power fluctuations. The f̂ estimation by the
observer is depicted for the three-step changes in plots (d)–(f).
The transient discrepancies are attributed to D(t), given in
Eq. (47). CR through the observer-based approach is compared to
the existing approach in plots (g)–(i). It is evident from Fig. 7 that
the observer-based approach provides better transient utilization
control over the existing approach.

We next observe that if the delay D2, which is due to the
reformer dynamics, is significantly higher than delay D1 induced
by the FSS, then the observer based approach may provide a
greater benefit. To test this, we artificially increased the reformer

Fig. 6 Observer-based approach for transient utilization
control

Fig. 7 Simulation results for observer-based approach for transient utilization control
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volume in the system considered above by a factor of 4. Increas-
ing the reformer volume could lead to slower reformer dynamics
if the operating conditions are similar as before, and thereby
increase D2. In the above simulation, the volume of the steam
reformer is 6� 10�4 m3. We increase the steam reformer volume
to 2.4� 10�3 m3 and rerun the simulations shown in Fig. 7. The
simulation results with increased reformer volume are given in
Fig. 8. As in the previous simulation, Figs. 8(a), 8(d), and 8(g)
correspond to step change in i from 10A to 20A, plots (b), (e),
and (h) correspond to step change to 30A, and plots (c), (f), and
(i) correspond to step change to 50A. As expected, the observer-
based CR approach provides significantly higher transient attenua-
tion in comparison to the existing CR approach, as evident from
Figs. 8(a) to 8(c).

7 Conclusion

We have presented an observer design for species concentration
estimation in recirculation-based SOFC systems. In this design, we
do not assume the knowledge of the rates of reforming reactions.
Instead, they are treated as variables that are dynamically estimated
in conjunction with dynamic concentration estimation. The pro-
posed observer design is based on cell voltage measurement. We
show that this observer guarantees ultimate boundedness of state
and parameter estimation errors. The error bounds can made small
through proper choice of observer gains. Simulation results are pro-
vided in support of our design. A reduced order observer for estima-
tion of fuel utilization has also been presented. The observer
estimates effective available hydrogen at the anode inlet. It uses
total flow measurement rather than using sensors for individual spe-
cies. The fuel cell current is regulated by combining the observed
utilization with a steady-state relation. This approach provides
improved transient control of U over an invariant property-based

method, previously developed. In comparison to the original CR
approach, the observer has increased sensing requirement but does
not require a knowledge of the internal reaction rates. It is, however,
found to be more effective for slow reforming processes.
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Nomenclature

F ¼ Faraday’s constant, 96,485.34C/mol
i ¼ current draw, A
k ¼ anode recirculation fraction
n ¼ number of electrons participating in electrochemical

reaction, (¼ 2)
N ¼ number of moles, mol
_Nf ¼ molar flow rate of fuel, mol/s
_No ¼ anode exit flow rate, mol/s
_N air ¼ molar flow rate of air, mol/s
_N in ¼ anode inlet flow rate, mol/s
re ¼ rate of electrochemical reaction, mol/s

rI, rII, rIII ¼ rates of reforming reactions, mol/s
Ru ¼ universal gas constant, 8.314 J/mol K

Vcell ¼ cell voltage, V
N cell ¼ number of cells

_f ¼ molar flow rate, mol/s
R ¼ species rate of formation, mol/s
X ¼ species mole fraction

Subscripts

a ¼ anode control volume
ex ¼ exit condition of control volume

Fig. 8 Simulation results for observer-based approach for transient utilization control with
increased reformer volume
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g ¼ generic gas control volume
i, j ¼ values of 1–7 represent species CH4, CO, CO2, H2,

H2O, N2, and O2

in ¼ inlet condition of control volume
r ¼ reformate control volume
s ¼ solid volume
ss ¼ steady-state
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