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a b s t r a c t

In reformer based SOFCs (solid oxide fuel cells) with hydrocarbon fuels, fuel utilization (U) and STCR
(steam-to-carbon-ratio) are important variables indicating conditions inside the anode and reformer
respectively. However, both variables are difficult to measure due to their dependence on internal species
concentrations, temperatures, pressures and flow rates. In contrast to system-specific model-based
techniques for estimating U and STCR, this paper proposes a generalized method for formulating and
characterizing these variables, that applies to hydrocarbon fuels of the form CaH2bOd, multiple reformer
types, and system configurations. The approach takes advantage of the invariance of quantities, such as
potential hydrogen and STCB (steam-to-carbon-balance), with respect to reaction pathways, reaction rates,
and aforementioned internal conditions. These conserved quantities can be predicted under steady-state
conditions in a model-independent fashion. The invariant relationships so obtained are useful for pre-
dicting U and STCB using only system level inputs, namely current, supply rate of unreformed fuel, and
rate of recirculation, and without requiring expensive and intrusive sensors. They are also useful for
maintaining U and STCB at target values and in addressing their transient fluctuations.

© 2015 Elsevier Ltd. All rights reserved.
1. Introduction

SOFCs (solid oxide fuel cells) are high temperature energy
conversion devices with advantages such as high efficiency, fuel
flexibility, and tolerance to impurities. They operate at high tem-
peratures (800�1000 �C) that allow internal reforming by pro-
moting rapid reaction kinetics with non-precious metal catalysts,
[1e3]. SOFCs produce high quality by-product heat for co-
generation or for use in a bottoming cycle, [4e6]. As with other
types of fuel cells such as PEMFC (Polymer Electrolyte Membrane
Fuel Cells), SOFCs generate power by electro-chemical oxidation
rather than the traditional combustion of fuel. However unlike
PEMFCs which conduct hydrogen ions, SOFCs conduct oxygen ions
through their electrolytes. Also, unlike PEMFCs which are poisoned
by very small amounts of carbonmonoxide (CO), SOFCs are tolerant
to CO and use it in addition to hydrogen in its electrochemical re-
actions [7]. In typical SOFCs, the anode, cathode and electrolyte are
made of ceramics. These layers are arranged in either a tubular or a
planar geometry. Due to the combination of its unique advantages,
SOFCs find application in distributed and stationary power gener-
ation, such as residential and industrial applications with power
ranging from 1 to 1000 kW. Natural gas can be used as fuel for such
applications.

In spite of these favorable attributes, SOFCs have certain draw-
backs. Poisoning of SOFC electrodes, primarily through trace sulfur
in fuel, causes performance degradation. It is addressed by addi-
tionally desulfurizing the fuel before feeding it to the fuel cell. The
high temperature operation poses significant challenge to the
mechanical integrity and longevity of individual cells. It also in-
creases the product cost. As a result, research on SOFCmaterials are
actively pursued and medium temperature SOFCs operating at
around 600 �C are also of great interest. From a system and control
standpoint, poor load following capability of SOFCs poses perfor-
mance limitations [8], especially under rapid load variations. This
issue, which is of interest in this paper, is attributed to the slow
dynamic response of the fuel delivery systems consisting of valves,
pumps and reformers, [9e12]. The phenomenon is manifested as
hydrogen starvation and it adversely affects cell durability through
anode oxidation [12] and reversal of cell potential, leading to
catalyst corrosion [13].
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Nomenclature

a, b, d C, H, and O content of hydrocarbon CaH2bOd

F Faraday's constant, 96485.34 C/mol
i fuel cell current, A
k anode recirculation fraction
N number of moles, moles
_Nair molar flow rate of air, moles/s
_Nf molar flow rate of fuel, moles/s
_Nin anode inlet flow rate, moles/s
_No anode exit flow rate, moles/s
n number of electrons participating in electro-chemical

reaction, (¼2)
P potential hydrogen vector
p species potential hydrogen

Q potential steam vector
q species potential steam
rI, rII, rIII rates of reforming reactions I, II and III, moles/s
re rate of electro-chemical reaction, moles/s
STCR steam-to-carbon-ratio
STCB steam-to-carbon-balance moles/s
U utilization
N cell number of cells
R species rate of formation, moles/s
X species mole fraction

Subscripts
a anode control volume
r reformer control volume
ss steady-state
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In SOFCs, availability of hydrogen is closely related to a param-
eter named fuel utilization U. It is defined as the ratio of hydrogen
consumption to the net available hydrogen in the anode of an SOFC.
While high utilization implies high efficiency [14], very high utili-
zation leads to reduced partial pressure of hydrogen in the anode,
leading to voltage drop [12]. Typically, 80�90% is set as the target
range [15e18], for optimal efficiency. Values close to 100% indicate
the onset of fuel starvation. Constant U operation of SOFCs [19e22]
is particularly suited to address fuel starvation. One way to main-
tain constant U is to vary fuel flow rate assuming U is measured,
[23,19]. While this is acceptable in simulations, in practice
measuring U requires several species-specific concentration sen-
sors that are avoided due to cost and reliability considerations [14].
Model-based estimation can be used but they are computationally
intensive and rely on the accuracy of models [24e26]. Another
method is to use an analytical equation relating U, fuel flow, and
current draw in steady-state. The equation is used to manipulate
fuel flow based on current demand. A generalization of this method
is of interest in this work.

It is noteworthy that for PEM (polymer electrolyte membrane)
fuel cells oxygen starvation, rather than hydrogen starvation, is a
greater issue. There, existing methods of mitigation include refer-
ence governors [27,28], or MPC (model predictive control) [29,11].
Hydrogen starvation in SOFCs and oxygen starvation in PEMs have
similar consequences, such as excessive drop in cell voltage.
However, SOFCs and PEMs are sufficiently different technologies to
necessitate completely different approaches for addressing these
phenomena. Most importantly, the fuel supply to SOFC anode is a
gas mixture containing several species with varying and unknown
concentrations due to fuel flexibility and internal reforming. In
contrast, in PEMs the air supply has a fixed and known amount of
oxygen. This is an important reason why model-based control of
SOFCs poses challenges but is more tractable for PEMs.

In addition to starvation, carbon deposition is a common issue in
reformer-based SOFCs [30,31]. It can jeopardize the health of cat-
alysts in both reformer and anode. To address this issue, some
works have developed control strategies that are sensitive with
respect to carbon deposition [32], and others have focused specific
types of fuels [33,34]. Another approach is to control the steam-to-
carbon-ratio STCR in the reformer. While U is a vital parameter
determining the health of the SOFC anode, STCR determines the
health of the reformer. The effect of STCR on the performance of
SOFC has been experimentally investigated [35] and was concluded
to be a complicated variable tomeasure and control. With the aid of
simulation, authors [36] have studied the effect of several operating
conditions such as pressure on STCR and vice-versa.

In this paper, we show that for a class of steam reformer based
SOFC systems and hydrocarbon fuels of the form CaH2bOd, steady-
state U and steam-to-carbon-balance STCB (related to STCR) can
be predicted from the input variables, namely current draw, flow
rate and composition of the unreformed fuel, and recirculation
fraction. For such systems, steady-state U and STCB are invariant
with respect to internal flow rates, reaction rates, temperatures
and pressures. Hence, they can be predicted simply from system-
level inputs, with minimal sensor requirement and without
knowledge of the system model. We term such relationships as
invariant properties. We develop an analytical framework that
allows us to derive these properties in a generalized form, and
determine the type of variables that will admit invariant prop-
erties. The framework emerges from our prior works with specific
SOFC systems and fuels [37,38], and is based on the observation
that variables such as potential hydrogen and potential steam are
conserved in the reforming process. Although somewhat related
methods has been suggested for specific SOFCs in the literature
[39,20], to our knowledge a generalization of this approach to a
class of hydrocarbon fuels or to a class of SOFCs has not yet been
reported. The idea of maximum extractable hydrogen through
reforming appeared in a few works, [40]. However an analytical
development of the idea did not appear. A formulation of U as a
function of current, fuel flow rate and recirculation was estab-
lished [2], but without explicitly incorporating the rates of
reforming reactions in the analysis. Also the type of fuels
considered was limited and an extension to STCR did not appear
in the work.

The ability to predict steady-state U and STCB based on input
conditions is advantageous, since it allows us to determine oper-
ating points that are safe for both the fuel cell and the reformer. Its
application could also be extended to transient control of U under
dynamic conditions for a variety of SOFC systems. This has been
shown for a specificmethane based SOFC system [38]. The results of
this research directly address the influences of both STCR and
recirculation on reformer-based SOFC systems from a performance
standpoint. In recent works, these topics appear to be of increasing
interest in SOFC research. On one hand there are a number of efforts
interested in reducing carbon deposition in fuel cell anodes of
various material compositions and different fuels, [41e43]. On the
other hand research on carbon deposition and anode recirculation
often go hand-in-hand, [44e46]. This is because the latter is
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typically a steam-rich flow and hence can mitigate the harmful
effects of carbon deposition.

2. A background study with a sample SOFC system

2.1. System description

Our analysis is based on a steam reformer based tubular SOFC
system that wasmodeled in detail in our prior work, [37]. It consists
of three primary components, namely, a steam reformer, the fuel
cell, and a combustor. Methane is chosen as the fuel for the system,
with a molar flow rate of _Nf . The SOFC system is described in Fig. 1.
The reformer produces a hydrogen-rich gas which is supplied to the
anode of the fuel cell. Electrochemical reactions occurring at the
anode due to current draw results in a steam-rich gas mixture at
the anode exit. A fraction k of the anode efflux is recirculated
through the reformer into a mixing chamber where fuel is added.
The mixing of the two fluid streams and pressurization is achieved
in the gas mixer using an ejector or a recirculating fuel pump,
[47,48]. Steam reforming in the reformer catalyst bed is an endo-
thermic process. The energy required to sustain the process is
supplied from two sources, namely, the combustor exhaust that is
passed through the reformer, and the aforementioned recirculated
anode flow, as shown in Fig. 1. The remaining anode efflux is mixed
with the cathode exhaust flow in the combustion chamber. The
combustor also serves to preheat the cathode air which has a molar
flow rate of _Nair . The tubular construction of each cell causes the air
to first enter the cell through the air supply tube and then reverse
its direction to enter the cathode chamber. The cathode air serves as
the source of oxygen for the fuel cell.

2.2. Mass balance equations

The main reactions representing steam reforming of methane
are [23,49]:

ðIÞ CH4 þ H2O4COþ 3H2; ðIIÞ COþ H2O4CO2

þ H2; ðIIIÞ CH4 þ 2H2O4CO2 þ 4H2 (1)

From Fig. 1, the mass balance equations for CH4, CO, CO2, H2 and
H2O can be written as follows:
Fig. 1. Schematic diagram o

Nr _X1;r ¼ k _NoX1;a � _NinX1;r þR1;r þ _Nf

Nr _X2;r ¼ k _NoX2;a � _NinX2;r þR2;r; Nr _X3;r ¼ k _NoX3;a � _NinX3;r þ
Nr _X4;r ¼ k _NoX4;a � _NinX4;r þR4;r; Nr _X5;r ¼ k _NoX5;a � _NinX5;r þ
where Nr is the number of moles, and Rj;r , j ¼ 1,2,…,5, represents
the rate of formation of CH4, CO, CO2, H2 and H2O, in that order. The
reformer inlet and exit flows shown in Fig. 1 do not contain N2 and
O2 (indices j ¼ 6,7). Hence X6;r ¼ X7;r ¼ 0. From Eq. (1) and rep-
resenting the rates of reactions I, II and III as rI, rII and rIII respec-
tively, we can express Rj;r , j ¼ 1,2,…,5, as follows

Rr ¼ rT M; RT
r ¼

2
6666664

R1;r

R2;r

R3;r

R4;r

R5;r

3
7777775
; r ¼

2
64

rI
rII
rIII

3
75;

MT ¼

2
6666664

�1 0 �1
1 �1 0
0 1 1
3 1 4
�1 �1 �2

3
7777775

(3)

Individual rows of M are populated by the coefficients of each
species in each chemical reaction. Coefficients for reactants are
entered as negative values indicating consumption, while positive
values are used for products indicating generation. M is m � n,
where n is the number of constituent gas species in the system, and
m is the number of distinct chemical reactions occurring within the
SOFC system, excluding electrochemical reactions. Since M has a
rank of 2, therefore there are only two independent reaction rates
among Rj;r , j ¼ 1,2,…,5. Considering the rate of formation of CH4
and CO in the reformer to be independent, we can write

R3;r ¼ �R1;r �R2;r; R4;r ¼ �4R1;r �R2;r ; R5;r

¼ 2R1;r þR2;r (4)

and rewrite Eq. (2) as follows:

Nr _X1;r ¼ k _NoX1;a � _NinX1;r þR1;r þ _Nf

Nr _X2;r ¼ k _NoX2;a � _NinX2;r þR2;r

Nr _X3;r ¼ k _NoX3;a � _NinX3;r �R1;r �R2;r

Nr _X4;r ¼ k _NoX4;a � _NinX4;r � 4R1;r �R2;r

Nr _X5;r ¼ k _NoX5;a � _NinX5;r þ 2R1;r þR2;r

(5)
f sample SOFC system.

R3;r

R5;r

(2)
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Mathematical models for the reaction rates rI, rII and rIII are
obtained from literature, [49]. However, these models are likely
reformer and catalyst specific. The primary electrochemical process
is steam generation from H2, described by:

ðIVÞ H2 þ O2�/H2Oþ 2e: (6)

Simultaneous electrochemical conversion of CO to CO2 in the
anode is also possible. However, this electro-chemical reaction is
ignored since its reaction rate is much slower in presence of re-
actions II and IV, [50]. From Fig. 1, the mass balance for CH4, CO, CO2,
H2 and H2O in the anode can be written as

Na _X1;a ¼ � _NoX1;a þ _NinX1;r þR1;a

Na _X2;a ¼ � _NoX2;a þ _NinX2;r þR2;a

Na _X3;a ¼ � _NoX3;a þ _NinX3;r þR3;a

Na _X4;a ¼ � _NoX4;a þ _NinX4;r þR4;a � re
Na _X5;a ¼ � _NoX5;a þ _NinX5;r þR5;a þ re

(7)

where Na is the number of moles in the anode and re is the rate of
electrochemical reaction given by

re ¼ iN cell
nF

; (8)

and Rj;a, j ¼ 1,2,…,5, represents the rate of formation of CH4, CO,
CO2, H2 and H2O. Since current i can be measured, the rate of
electrochemical reaction re is considered known. As with the
reformer, the anode inlet and exit flows also do not contain O2 and
N2. Therefore, X6;a ¼ X7;a ¼ 0. From Eq. (6), we express Rj;a,
j ¼ 1,2,…,5, in terms of rI, rII and rIII as follows

Ra ¼ rT Mþ re ½0 0 0 �1 1 � (9)

whereRa ¼ ½R1;a R2;a R3;a R4;a R5;a�, andM and r are given in Eq.
(3). SinceM has a rank of 2 and re is known, therefore there are only
two independent reaction rates among Rj;a, j ¼ 1,2,…,5. Consid-
ering R1;a and R2;a to be independent, we can write

R3;a ¼ �R1;a �R2;a; R4;a ¼ �4R1;a �R2;a � re; R5;a

¼ 2R1;a þR2;a þ re (10)

and rewrite Eq. (7) as

Na _X1;a ¼ � _NoX1;a þ _NinX1;r þR1;a

Na _X2;a ¼ � _NoX2;a þ _NinX2;r þR2;a

Na _X3;a ¼ � _NoX3;a þ _NinX3;r �R1;a �R2;a

Na _X4;a ¼ � _NoX4;a þ _NinX4;r � 4R1;a �R2;a � re
Na _X5;a ¼ � _NoX5;a þ _NinX5;r þ 2R1;a þR2;a þ re

(11)
2.3. Characterization of steady-state utilization

For SOFCs, fuel utilization U is defined as the ratio of hydrogen
consumption to the net effective available hydrogen in the anode.
In the formulation of U, not only the available hydrogen but also the
hydrogen that can be generated from other species through inter-
nal reforming are also accounted for, [15]. The definition of fuel
utilization is, [15e17,51]:

Ub1� Potential hydrogen exiting the fuel cell anode
Potential hydrogen entering the fuel cell anode

(12)

Based on Eqs. (5) and (11), U is formulated as:
U ¼ 1�
_No
�
4X1;a þX2;a þX4;a

�
_Nin

�
4X1;r þX2;r þX4;r

�

¼ 1�
_Noza
_Ninzr

;
zr ¼ 4X1;r þX2;r þX4;r
za ¼ 4X1;a þX2;a þX4;a

(13)

Eq. (13) is based on the internal reforming capability of the
anode, where one CH4 and one CO molecule can yield upto four
molecules and one molecule of H2, respectively. This is evident
from Eq. (1). Using Eqs. (5), (11) and (13), zr and za are expressed as:

_zr ¼
� _Nin

Nr
zr þ

k _No

Nr
za þ

4 _Nf

Nr
_za ¼

_Nin

Na
zr �

_No

Na
za �

iN cell

nFNa

(14)

It is interesting to note here that Eq. (14) is devoid of the reaction
ratesR1;r ,R2;r ,R1;a, andR2;a. This is advantageous, but Eq. (14) is
nonetheless nonlinear since _Nin, _No, Nr, Na are nonlinear functions
of mole fractions, temperatures and pressures, [37]. From Eqs. (13)
and (14), upon setting _zr ¼ _za ¼ 0, we obtain the following
expression for steady-state utilization, Uss:

Uss ¼ ð1� kÞ
.h�

4nF _Nf

.
iN cell

�
� k

i
(15)

Note that Eq. (15) can be used to exactly predict the steady-state
fuel utilization for any given set of inputs i and _Nf for known and
constant recirculation k. We term this as an invariant property of U
since it is independent of temperatures, pressures, and reaction
rates.
2.4. Characterization of steam-to-carbon-balance

STCR (steam-to-carbon-ratio) is a critical variable in steam-
reformers. It indicates the availability of steam for fuel reforming.
A minimum STCR, that allows stoichiometric combination of steam
and carbon, is necessary. For steam reforming of methane, a stoi-
chiometric mixture has an STCR value of approximately 2. A
mixture deficient in steam causes catalyst deactivation through
carbon deposition on the catalyst surfaces [47,52], and therefore
must be prevented. STCR is defined as follows:

STCRb
Net amount of Steam at the Inlet of SR

Net amount of Carbon Atoms at the Inlet of SR
(16)

Referring to Fig. 1 and Eq. (16), STCR is formulated as

STCR ¼ k _NoX5;a

.�
_Nf þ k _NoX1;a þ k _NoX2;a

�
(17)

As is indicated by Eq. (17), STCR is the ratio of the concentration
of steam molecules to that of carbon atoms at the inlet of the
reformer. From Eqs. (13) and (14), it can be verified that unlike Uss, a
steady-state invariant relation for STCR is not possible. In Section 3,
we explore the reason behind this. In one of our earlier works [37],
we defined a new variable called STCB (steam-to-carbon-balance),
which conveys similar information as STCR and exhibits an
invariant property, akin to U. It is defined as follows:

STCBb Excess steam at the reformer inlet
bk _NoX5;a �

�
2 _Nf þ 2k _NoX1;a þ k _NoX2;a

�
¼ k _No

�X5;a � 2X1;a �X2;a
�� 2 _Nf

(18)

The variable STCB represents potential excess steam in the inlet
flow into the reformer, assuming stoichiometric consumption of
steam by fuel and recirculated flow through steam-reforming, as
per Eq. (1). It is evident that the stoichiometric quantity of steam
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required for reforming 1 mol each of CH4 and CO is 2 mol and 1mol,
respectively. Similar to STCR, all the calculations for the STCB are
based on reformer inlet conditions. It is clear that STCB > 0 is
desirable to prevent carbon deposition, [37]. Similar to discussion
in Section 2.3, we rewrite Eq. (18) using the following coordinate
transformations:

STCB ¼ k _Noxa � 2 _Nf ;
xr ¼ X5;r � 2X1;r �X2;r
xa ¼ X5;a � 2X1;a �X2;a

(19)

Using Eqs. (5), (11) and (19), xr and xa can be expressed as

Nr _xr ¼ � _Ninxr þ k _Noxa � 2 _Nf ; Na _xa

¼ _Ninxr � _Noxa þ iN cell

.
nF (20)

From Eq. (20), we obtain the following steady-state expression
for STCB which is also invariant with respect to temperatures,
pressures, and reaction rates:

STCBss ¼ 1
1� k

�
� 2 _Nf þ

kiN cell

nF

�
: (21)

In the next section, we will present a generalized mathematical
basis behind invariant properties in SOFC systems and develop an
analytical approach for deriving the same.
3. Abstraction of invariant properties

3.1. General SOFC system

We now generalize the analysis presented in Section 2 using a
generic SOFC system, illustrated in Fig. 2. The inlet molar fuel flow
_Nf to the reformer is assumed to consist entirely of a hydrocarbon
whose chemical composition can be expressed in the form CaH2bOd,
where a, b, and d are non-negative integers and a s 0. Steam is
supplied to the Steam Reformer from either a recirculated flow k _No,
or from an external steam supply _Nst. The external steam supply is
optional and is added to further generalize the analysis. All other
details of the system are similar to that of Fig. 1 in Section 2.1.

We start this study by assuming that only H2 reacts to produce
electricity in the anode. The term “fuel” refers to either hydrogen
molecules, or hydrocarbons with the potential of being reformed to
produce hydrogen molecules. The hydrogen thus obtained or can
be obtained will henceforth be referred to as potential hydrogen.
The gas mixture entering SOFC anode also contains CO that can
undergo parallel electrochemical oxidation. We will show in Sec-
tion 3.4 that the proposed approach can be extended, without any
loss of generality, to situations where such parallel electrochemical
oxidation is accounted for.
3.2. Potential hydrogen e formulating vector P

In this section we will mathematically formulate the concept of
Potential Hydrogen. We formulate it as a vector P whose entries are
Fig. 2. General SOFC system diagram.
the maximum hydrogen producing capability of each species of the
gas mixture flowing through the reformer and anode. For the
methane based system discussed in Section 2, with steam
reforming reactions in Eq. (1), potential hydrogen can be formu-
lated as P ¼ ½4 1 0 1 0 �T . Referring to Section 2.3 and the
discussion around Eqs. (12) and (13), we observe that
_Noð4X1;a þX2;a þX4;aÞ ¼ _NoPTXa and _Ninð4X1;r þX2;r þX4;rÞ
¼ _NinP

TXr . Here, Xa and Xr are vectors representing the mole
fractions of each gas species in the anode exhaust and inlet flows
respectively. Extending this formulation to the generalized SOFC
system of Fig. 2, we write

U ¼ 1�
�
_NoPTXa

�.�
_NinP

TXr

�
(22)

The flow rates _No and _Nin are shown in Fig. 2. It is evident that
the n � 1 vector P must be determined in a way such that it
accurately relates the maximum potential hydrogen of each species
and we must show the invariance to internal reaction rates when
steady-state utilization is calculated using Eq. (22). We next make
the following observation: The chemical reactions in steam
reforming, such as those shown in Eq. (1), do not change the total
potential hydrogen extractable from the gas mixture, they only
change the form from higher hydrocarbons to lower hydrocarbons
and hydrogen molecules. Potential hydrogen changes only through
electrochemical reactions. This can be mathematically formulated
using the matrix definitions in Eq. (3) as the condition rTMP ¼ 0.
However, since reaction rates in r are functions of time, varying
with partial pressures, temperature, and potentially several other
parameters, it follows that:

RrP ¼ rTMP ¼ 0 0 MP ¼ ½0�: (23)

During steam reforming of hydrocarbons, a large number of
reactions may be occurring simultaneously including decomposi-
tion, methanation, the water-gas shift and others. It may be
impossible to know every reaction needed to properly generate M.
However,M has a subset, L, with only l�m rows which are linearly
independent. By properties of orthogonal matrices, if Eq. (23) is
true and L is the linearly independent subset of M, then,

LP ¼ ½0�: (24)

To obtain L, the generic form of the steam reforming reaction of
hydrocarbons of the class CaH2bOd is taken into account that would
generate the maximum amount of H2.

CaH2bOd þ ð2a� dÞH2O4aCO2 þ ð2aþ b� dÞH2; as0
(25)

For a hydrocarbon fuel as defined in Section 3.1, Eq. (25) is a
generic complete steam reforming reaction. It can be observed, that
including the coefficients of this reaction for each potential fuel as
the rows in L will create a linearly independent subset of M.
Furthermore, Eq. (25) indicates that the maximum number of
hydrogen molecules to be obtained from a fuel of type CaH2bOd,
from an H2, and from a non-fuel molecule in the flow that does not
conform with the definition of fuel (i.e. CaH2bOd, with a s 0),
through steam reforming are,

pfuel ¼ ð2aþ b� dÞ � 0; pH2
¼ 1; pnon�fuel ¼ 0 (26)

Thus, for a gas mixture containing CaH2bOd, CO2, H2, H2O, the
corresponding reaction vector, from Eq. (25), would be
m1 ¼ ½�1 a ð2aþ b� dÞ � ð2a� dÞ�. For the same gas mixture, the
Potential Hydrogen vector, from Eq. (26), would be
P ¼ ½ ð2aþ b� dÞ 0 1 0 �T , and it can be observed thatm1P ¼ 0.
While the idea of maximum extractable hydrogen through
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reforming appears in someworks [40,53], the vector formulation of
U in Eq. (22) is novel. Next we will show that this vector formula-
tion lends to derivation of invariant properties.
3.3. Steady-state fuel utilization U

Eq. (22) is particularly useful when coupledwith conservation of
mass equations for the SOFC system in Fig. 2. The conservation of
mass for an individual species in the reformer control volume fol-
lows from generalization of Eq. (2) as:

d
dt

�
NrX j;r

� ¼ k _NoX j;a þ _NfX j;f þ _NstX j;st � _NinX j;r þRj;r

(27)

where, j ¼ 1, 2, 3,…, represents individual species in the gas flow.
X j;f and X j;st represent the molar concentrations of the jth species
in the fuel flow _Nf and steam flow _Nst respectively. Rj;r is the net
rate of formation of species j due to all chemical reactions in the
reformer. The conservation of mass equation for the gas mixture is
obtained by combining the individual equations of Eq. (27) in a
matrix form,

d
dt

ðNrXrÞ ¼ k _NoXa þ _NfXf þ _NstXst � _NinXr þ RT
r (28)

where, Xr ¼ ½X1;r X2;r X3;r /�T , Xa ¼ ½X1;a X2;a X3;a /�T ,
Xf ¼ ½X1;fX2;f X3;f /�T , Xst ¼ ½X1;st X2;st X3;st /�T , and
Rr ¼ ½R1;r R2;r R3;r /�. It is noted that the indices 1, 2, 3,…,
represent individual species in the gas flow and hence the same
sequence is used to present species molar fractions in vectorsXr,Xa,
Xf and Xst. The mass balance of the potential hydrogen in each
reforming reaction can be found by pre-multiplying Eq. (28) with
PT. This results in an equation for the conservation of mass of po-
tential hydrogen as follows,

_NrPTXr þ NrPT _Xr ¼ k _NoPTXa þ _NfP
TXf þ _NstPTXst � _NinP

TXr

þ PTRT
r

(29)

Under steady-state conditions, the left hand side of Eq. (29) goes
to zero. In addition, applying the conservation of hydrogen condi-
tion of Eq. (23), we get

0 ¼ k _NoPTXa þ _NfP
TXf þ _NstPTXst � _NinP

TXr (30)

Referring to Fig. 2, the pre-reformed fuel _Nf with species con-
centrations Xf is considered known, the steam input _Nst has con-
centrations Xst where the entries of this vector are zero excepting
for the entry corresponding to concentration of steam which is 1,
and k _No with concentrations Xa. In Eq. (30), since the steam flow
does not contain any potential hydrogen, therefore PTXst ¼ 0. This
simplifies Eq. (30) to,

0 ¼ _NfP
TXf þ k _NoPTXa � _NinP

TXr : (31)

We next apply the same mass balance to the anode. A parallel of
Eq. (27) can be written as follows:

d
dt

�
NaX j;a

� ¼ _NinX j;r � _NoX j;a þRj;a þRj;e (32)

where Rj;a and Rj;e represent the net rate of formation of the jth
species due to reforming reactions and electrochemical reactions
respectively in the anode. As before, the conservation of mass
equation for the mixture is obtained by combining the individual
equations of Eq. (32) in a matrix form,

d
dt

ðNaXaÞ ¼ _NinXr � _NoXa þ RT
a þ RT

e (33)

where, Ra ¼ ½R1;a R2;a R3;a /�, and Re ¼ ½R1;e R2;e R3;e /�.
Upon imposing steady-state conditions, pre-multiplying with PT,
and observing that PTRT

a ¼ 0 due to conservation of potential
hydrogen, Eq. (33) thus reduces to

0 ¼ _NinP
TXr � _NoPTXa þ PTRT

e : (34)

We finally note that since the electrochemical reaction Eq. (6)
proceeds at the rate given by Eq. (8), and pH2

¼ 1 and pH2O ¼ 0 as
per Eq. (26), therefore PTRT

e ¼ pH2
ð�reÞ þ pH2OðreÞ ¼ �re. Thus, Eq.

(34) is simplified to

0 ¼ _NinP
TXr � _NoPTXa � re: (35)

From Eqs. (22), (31) and (35), the steady-state utilization Uss is
obtained as

Uss ¼ 1� k�
nF _NfP

TXf

.
iN cell

�
� k

(36)

Note that in Eq. (36), i and _Nf are inputs and N cell, n, F, k and Xf

are known quantities. Hence, by constructing P using the approach
shown in Section 3.2, one can predict Uss for any set of input con-
ditions for an SOFC system without knowledge of the rates of
reforming reactions, internal flow rates, temperatures and
pressures.

3.4. Parallel electrochemical oxidation of CO

So far in our analysis we have assumed that the only electro-
chemical reaction in the anode is that of H2, Eq. (6). In this section
we extend our analysis to the scenario where parallel electro-
chemical oxidation of CO, namely

COþ O2�/CO2 þ 2e; (37)

is also considered. We assume the individual rates of the two
electrochemical reactions re;H2

and re,CO to be unknown. However,
the net rate of electrochemical reactions, re ¼ re;H2

þ re;CO is still
determined by the total current i and hence will satisfy Eq. (8). We
also note from Eq. (26), that pH2

¼ pCO ¼ 1 and pH2O ¼ pCO2
¼ 0.

Note that pCO ¼ 1 and pCO2
¼ 0 can be obtained from the expression

of pfuel in Eq. (26). Thus, referring back to Eq. (34), the term PTRT
e

again simplifies to

PTRT
e ¼ pH2

��re;H2

�þ pH2O
�
re;H2

�þ pCO
��re;CO

�þ pCO2

�
re;CO

�
¼ �re;H2

� re;CO ¼ �re:

Thus the mass balance equation of the anode, namely Eq. (31),
remains unchanged. The definition of U in Eq. (12) remains the
same and knowledge of the individual rates re;H2

and re,CO are not
needed in formulating Uss. Hence, the general form of the invariant
property in Eq. (36) remains unchanged.

3.5. Steady-state steam-to-carbon-balance

In this sectionwe generalize the discussion presented in Section
2.4 on STCB for a specific SOFC system. We recall that between the
steady-state steam-to-carbon-ratio STCR and STCB, the former did
not display an invariant property while the latter did. In light of the
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generalized analysis of U in Section 3.3, we conclude that this is
because the definition of STCR does not involve a conserved vari-
able, while the definition of STCB does. STCB, as defined in Eq. (18),
represents the minimum extra steam at the reformer inlet
assuming complete stoichiometric consumption of steam by fuel
species in the reformer. Hence, it is a conserved variable, that is
independent of the rates of reactions.

Similar to the discussion in Section 3.2, we formulate a vector,
namely potential steam Q, whose entries are the maximum steam
generating capability of each species in the gas mixture. For the
methane based system discussed in Section 2, with steam
reforming reactions in Eq. (1), it can be formulated as
Q ¼ ½�2 �1 0 0 1 �T . The total potential steam for this sys-
tem can be verified as a conserved variable, by noting from Eq. (3)
that

RrQ ¼ rT M Q ¼ 0: (38)

Referring to Section 2.4 and the discussion around Eqs. (19) and
(20), we observe that _Noð�2X1;a �X2;a þX5;aÞ ¼ _NoQ TXa and
_Ninð�2X1;r �X2;r þX5;rÞ ¼ _NinQ

TXr .
For the general SOFC system of Fig. 2 with fuel CaH2bOd and the

steam reforming reaction Eq. (25), the individual entries of the Q
for different species would be

qfuel ¼ �ð2a� dÞ � 0; qH2O ¼ 1; qnon�fuel ¼ qH2
¼ 0: (39)

Thus, for a gas mixture containing CaH2bOd, CO2, H2, H2O, the
corresponding reaction vector, from Eq. (25), would be
m1 ¼ ½�1 a ð2aþ b� dÞ �ð2a� dÞ �. For the same gas mixture,
the Potential Steam vector, from Eq. (39), would be
Q ¼ ½�ð2a� dÞ 0 0 1 �T , and it can be observed that m1Q ¼ 0.
Referring to the flow rates shown in Fig. 2, STCB can be formulated
as,

STCB ¼ k _NoQ TXa þ _NstQ TXst þ _NfQ
TXf

¼ k _NoQ TXa þ _Nst þ _NfQ
TXf : (40)

The simplification QTXst ¼ 1 is valid since qH2O ¼ 1 and in Xst all
entries are zero except that of H2O which is 1. Similar to the dis-
cussion in Section 3.3, we attempt to obtain the steady-state STCB
from the mass balance of the reformer and anode volumes. Pre-
multiplying the reformer mass balance equation in Eq. (28) with
QT and imposing steady-state condition we get

0 ¼ k _NoQ TXa þ _NfQ
TXf þ _NstQ TXst � _NinQ

TXr þQ TRT
r : (41)

Using Eq. (38), Eq. (41) simplifies to

0 ¼ k _NoQ TXa þ _NfQ
TXf þ _Nst � _NinQ

TXr: (42)

Next, the mass balance equation of anode in Eq. (33) is pre-
multiplied with QT, steady-state condition is imposed, and
observing that Q TRT

a ¼ 0 due to conservation of potential steam,
we obtain

0 ¼ _NinQ
TXr � _NoQ TXa þ Q TRT

e : (43)

Note that the electrochemical reaction Eq. (6) proceeds at the
rate given by Eq. (8), and qH2

¼ 0 and qH2O ¼ 1 as per Eq. (39).
Therefore, Q TRT

e ¼ qH2
ð�reÞ þ qH2OðreÞ ¼ re. Thus, Eq. (43) is

simplified to

0 ¼ _NinQ
TXr � _NoQ TXa þ re: (44)

From Eqs. (8), (40), (42) and (44), the steady-state STCB is
expressed as
STCBss ¼ 1
1� k

�
_NfQ

TXf þ _Nst þ kiN cell
nF

	
(45)

Note that in Eq. (45), i, _Nf , _Nst are inputs and N cell, n, F, k and Xf

are known quantities. Hence, by constructing Q, STCBss can be
predicted without knowledge of the rates of reforming reactions,
internal flow rates, temperatures and pressures.
4. Examples

4.1. Mixture of methane (CH4) and carbon monoxide (CO)

We first consider a mixture of methane and carbonmonoxide as
the fuel. By assigning index 1 to CH4, and 2 to CO, we define Xf for
the mixture as

XT
f ¼

h
X1;f X2;f 0/ 0

i
; X1;f þX2;f ¼ 1:

With this mixed fuel, the steam-reforming reactions are the
same aswith puremethane. Therefore Eqs. (1) and (3) are still valid,
and Eqs. (25) and (26) yield p1¼4, p2¼1. The reformed gasmixture
will consist of species CH4, CO, CO2, H2, H2O. The vector P, with
species represented in this order, will be PT ¼ ½4 1 0 1 0 �.
Therefore, by using Eq. (36), we have

Uss ¼ 1� kh�
4X1;f þX2;f

�
nF _Nf

.
iN cell

i
� k

¼ 1� kh�
1þ 3X1;f

�
nF _Nf

.
iN cell

i
� k

:

Similarly, from Eq. (39), Q is obtained as
Q T ¼ ½�2 �1 0 0 1 �. Note that both P andQ remain the same
as those for both pure Methane because the reforming reactions
remain the same. By using Eq. (45), steady-state STCBss for steam
reforming with a mixture of CH4 and CO will be

STCBss ¼ 1
1� k

�
_Nf

�
� 2X1;f �X2;f

�
þ kiN cell

nF

	

¼ 1
1� k

�
_Nf

�
�X1;f � 1

�
þ kiN cell

nF

	 (46)

4.2. Ethanol (C2H5OH)

For pure ethanol, in generating X we assign index 1 to C2H5OH
and treat all other species formed through steam reforming as
unknown. Moreover, XT

f ¼ ½1 0 0 / 0 �. From Eqs. (25) and
(26), we have p1 ¼ 6, implying, PT ¼ ½6 p2 p3 / pn �. Thus,
from Eq. (36) we have

Uss ¼ 1� k�
6nF _Nf

.
iN cell

�
� k

: (47)

Similarly, from Eqs. (25) and (39), we have q1 ¼ �ð2a� dÞ ¼ �3,
implying Q T ¼ ½�3 q2 q3 / qn �. Thus, from Eq. (45) we
have:

STCBss ¼ 1
1� k

�
� 3 _Nf þ

k iN cell

n F

	
(48)

In verifying the validity of the above equations, we consider two
different reaction pathways, based on catalyst used and reaction
conditions, [54]. The expressions for Uss and STCBss for each case are
found to be the same.
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4.2.1. Reaction scheme I
The first set of reactions [55], are as follows:

C2H5OHþ H2O42COþ 4H2; C2H5OHþ 3H2O42CO2 þ 6H2;
COþ H2O4CO2 þ H2:

(49)

Five species participate in the above reactions, C2H5OH, CO, CO2,
H2, and H2O, which will be represented by j ¼ 1, 2, 3, 4 and 5
respectively. The M matrix is constructed from the coefficients of
Eq. (49).

M ¼
2
4�1 2 0 4 �1
�1 0 2 6 �3
0 �1 1 1 �1

3
5 (50)

The coefficients (a, b, d) for the species are as follows: (2, 3, 1) for
j ¼ 1, (1, 0, 1) for j ¼ 2, (1, 0, 2) for j ¼ 3, (0, 1, 0) for j ¼ 4, and (0, 1, 1)
for j ¼ 5. The complete vector P can therefore be formulated using
Eq. (26) as PT ¼ ½6 1 0 1 0 �. From Section 3.2 and Eq. (25) the
following two independent reactions can be constructed:

C2H5OHþ 3H2O42CO2 þ 6H2; COþH2O4CO2 þ H2:

Thus, L can be formulated as:

L ¼
��1 0 2 6 �3

0 �1 1 1 �1

	
: (51)

The matrices M, L and P satisfy Eqs. (23) and (24). Finally, for

ethanol as fuel, XT
f ¼ ½1 0 0 0 0 �. Substituting for PT and XT

f

from above into Eq. (36) we have the same relationship as in Eq.
(47). Similarly, from Eqs. (25) and (39), the complete Q matrix for

ethanol would be Q T ¼ ½�3 �1 0 0 1 �. It can be verified that

Q and M satisfy Eq. (38). Thus, the complete Q matrix, and XT
f will

give the same relationship as in Eq. (48), upon substituting in Eq.
(45).
Fig. 3. POX-SOFC system diagram.
4.2.2. Reaction scheme II
A second set of possible reforming reactions for ethanol [56],

was chosen for analysis:

C2H5OH/CH4 þ COþ H2; C2H5OHþ 3H2O42CO2 þ 6H2;
COþ 3H24CH4 þH2O

The species participating in the above reactions, C2H5OH, CH4,
CO, CO2, H2, and H2O, will be represented by j ¼ 1, 2, 3, 4, 5 and 6
respectively. The matrices M, L, P, Q and X, and coefficients (a, b, d)
are constructed based on the same procedure as earlier:

M ¼
2
4�1 1 1 0 1 0
�1 0 0 2 6 �3
0 1 �1 0 �3 1

3
5 (52)

The coefficients (a, b, d) for the species are as follows: (2, 3, 1) for
j ¼ 1, (1, 2, 0) for j ¼ 2, (1, 0, 1) for j ¼ 3, (1, 0, 2) for j ¼ 4, (0, 1, 0) for
j ¼ 5, and (0, 1, 1) for j ¼ 6. The complete vector P can therefore be
formulated using Eq. (26) as PT ¼ ½6 4 1 0 1 0 �. From Sec-
tion 3.2 and Eq. (25) the following two independent reactions can
be constructed:

C2H5OHþ 3H2O42CO2 þ 6H2; CH4 þ 2H2O4CO2 þ 4H2;
COþH2O4CO2 þ H2:

Thus,
L ¼
2
4�1 0 0 2 6 �3

0 �1 0 1 4 �2
0 0 �1 1 1 �1

3
5 (53)

The matricesM, L and P satisfy Eqs. (23) and (24). For ethanol as

fuel XT
f ¼ ½1 0 0 0 0 0 �, and with PT and XT

f from above, Eq.
(36) yields the same relationship as in Eq. (47). Similarly, from Eqs.
(25) and (39), the complete Q matrix for this alternate reaction

schemewould be Q T ¼ ½�3 �2 �1 0 0 1 �. It can be verified
that Q andM still satisfy Eq. (38). Thus, the complete Qmatrix, and

XT
f will give the same relationship as in Eq. (48), upon substituting

in Eq. (45). The example in Sections 4.2.1 and 4.2.2 demonstrates
the invariance of Uss, STCBss with respect to reaction schemes. This
is reasonable since both variables U and STCB are defined using
conserved variables.
5. Invariant variables under POX (partial oxidation)
reforming

In SOFC systems with oxidative reformers such as POX re-
formers, the observation made in Section 3.2 that the potential
hydrogen is conserved in the reforming process is no longer valid.
Nevertheless, in this section we conduct an analytical study to
investigate if invariant properties could still exist for POX reformer
based SOFCs. A schematic diagram of a POX (partial oxidation)
reformer based SOFC system is shown in Fig. 3. Within the POX
reformer, the inlet fuel flow _Nf , inlet steam flow _Nst, and inlet air
flow _Nair, react to produce a hydrogen rich gas mixture that flows
into the anode of the SOFC stack, _Nin, wherein it is utilized to
produce electricity.

Consider the same general class of hydrocarbons, formulated by
CaH2bOd, where a, b and d are non-negative integers and as 0. Now
consider the case where there are additional oxidation reactions in
the POX reformer, of unknown reaction rates. We assume that the
following oxidation reactions to take place in the reformer based on
the discussion in literature, [25]:

CaH2bOd þ ½ða� dÞ=2�O2/aCOþ bH2
CaH2bOd þ ½ð2aþ b� dÞ=2�O2/aCO2 þ bH2O
H2 þ 0:5O2 / H2O ðIIIÞ COþ 0:5O2 / CO2

ðIÞ
ðIIÞ
ðIVÞ:

(54)

In addition to the oxidation reactions mentioned above, steam
reforming reaction also take place simultaneously in POX re-
formers, [57,58]. Let us denote the net rate of consumption of fuel
CaH2bOd through oxidation by rox. Consider l, a and b to be three
variables such that 0 � l;a; b � 1. Let l represents the fraction of
oxidized fuel CaH2bOd that undergoes partial oxidation (I). Also, let
a and b represent the fractions of H2 and CO respectively, generated
by (I), that undergo further oxidation through (III) and (IV). It is
noted that the variables l, a, b, are considered unknown. Applying
the above fractional conversions, the overall oxidation reaction is:
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CaH2bOd þ ½lða� dÞ=2þ ð1� lÞð2aþ b� dÞ=2þ alb=2

þ bla=2�O2/alð1� bÞCOþ blð1� aÞH2 þ a½1� lþ bl�CO2

þ b½1� lþ al�H2O

(55)

Note from Eq. (55) that since CaH2bOd is consumed through
oxidation at the rate of rox, the rate of consumption of O2 is,
rox½lða� dÞ=2þ ð1� lÞð2aþ b� dÞ=2þ alb=2þ bla=2�. With a
generic fuel of the form CaH2bOd undergoing POX reforming pro-
cess, the main species that are expected in the gas mixture are
CaH2bOd, CO, CO2, H2, H2 O, N2 and O2, which will be represented by
j ¼ 1,2,…7, in that order. From Eq. (27), we have the following
conservation of mass equation for O2 (i.e. index j ¼ 7),

_NairX7;air � _NinX7;r þR7;r ¼ 0 (56)

where,

R7;r ¼ �rox½lða� dÞ=2þ ð1� lÞð2aþ b� dÞ=2þ alb=2

þ bla=2�: (57)

We next make the observation that O2 is completely consumed
in the reformer through the oxidation process of Eq. (55) and the
reformer exhaust gas mixture has no O2. This implies that X7;r ¼ 0
for all time. Therefore, from Eqs. (56) and (57), we have

_NairX7;air ¼ rox

�
lða� dÞ

2
þ ð1� lÞð2aþ b� dÞ

2
þ alb

2
þ bla

2

	

¼ roxtox
(58)

Since X7;air ¼ 0:21 and the air flow rate _Nair can be assumed to
be known, roxtox will be known even though rox and tox are indi-
vidually unknown. In the following discussion we will show that in
the presence of oxidative reforming this information is sufficient to
derive a steady-state equation for fuel utilization under certain
additional conditions. The mass conservation equation for the
reformer would be

d
dt

ðNrXrÞ ¼ _NairXair þ _NfXf þ _NstXst � _NinXr þ RT
r þ RT

ox: (59)

where Rr and Rox are vectors containing the rate of formation of
species through steam reforming and oxidation reactions respec-
tively. Eq. (59) is similar to Eq. (28), with the exception that a
recirculated flow k _No is not considered and an air flow _Nair is
considered for the POX reformer shown in Fig. 3. Imposing steady-
state conditions and pre-multiplying the above equation with PT,
where PT ¼ ½ ð2aþ b� dÞ 1 0 1 0 0 0 �, we have

0 ¼ _NfP
TXf � _NinP

TXr þ PTRT
ox: (60)

The potential hydrogen vector P remains the same as that
described in Section 3.2, and is constructed using Eq. (26). From
Sections 3.2 and 3.3, and noting that air does not contain a
hydrogen source, we have PTRT

r ¼ PTXst ¼ PTXair ¼ 0. In Eq. (60)
we also note that

Xf ¼ ½1 0 0 0 0 0 0 �T 0 _NfP
TXf ¼ ð2aþ b� dÞ _Nf :

(61)

Further, from Eq. (55) we have,
Rox¼

2
666666664

�1
alð1�bÞ

að1�lþblÞ
blð1�aÞ

bð1�lþalÞ
0

�flða�dÞ=2þð1�lÞð2aþb�dÞ=2þalb=2þbla=2g

3
777777775
rox:

(62)

From Eqs. (58) and (60)e(62), we have

_NinP
TXr ¼ ð2aþ b� dÞ _Nf � 2roxtox

¼ ð2aþ b� dÞ _Nf � 2 _NairX7;air (63)

It can be seen that since a, b, d, _Nf and _NairX7;air are known, the
steady-state value of _NinP

TXr can be determined from Eq. (63)
without a knowledge of the oxidation or steam-reforming re-
actions. Eq. (63) reduces to

_NinP
TXr ¼ _Nf ½ð2aþ b� dÞ � 2aO2C� 0 O2C ¼

_NairX7;air

a _Nf

¼ 0:21 _Nair

a _Nf

(64)

where, we define the O2C ratio as the molar ratio between oxygen
and fuel CaH2bOd at the inlet of the reformer, which is considered
known. Next, we note that under POX reforming, the mass con-
servation equation of the anode, given in Eq. (35), remains un-
changed. This is because we assume the internal reforming in the
anode to consist only of steam reforming and no oxidative
reforming. This is consistent with our earlier assumption that all
oxygen is consumed in the POX reformer itself through Eq. (55).
Therefore, from the definition of U in Eq. (22) and combining Eqs.
(8), (35) and (64) we have the following invariant relationship for
steady-state fuel utilization Uss for a POX reformer based SOFC
system:

Uss ¼ re
.

_Nf ½ð2aþ b� dÞ � 2aO2C�

¼
�
iN cell

.
nF _Nf

�
½ð2aþ b� dÞ � 2aO2C�: (65)

The above result implies that for simple hydrocarbons con-
forming to the structure CaH2bOd with a s 0 and where the net
oxidation reactions consist of the reactions of Eq. (54), the steady-
state fuel utilization Uss is invariant to the rate of oxidative and
steam reforming reactions, the knowledge of other species formed
in the reformer and the anode of an SOFC. In this section, we have
conducted a simple analysis to show the possible existence of the
invariant property of steady-state fuel utilization in the presence of
POX reforming.
6. Steady-state operating conditions

In this section we briefly discuss how the invariant properties
can be used to derive operating conditions for reformer based SOFC
systems. More detailed analysis for the specific SOFC system
considered in Section 2 can be found in our prior work, [37] and
[38]. Here, we use the generalized approach developed in this pa-
per to discuss how requirements on fuel utilization and STCR (or
STCB) can be simultaneously addressed by identifying suitable
operating conditions.
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6.1. Operating points under constraints on Uss and STCBss

For safe operation, both Uss and STCBss must lie within the
acceptable ranges. To ensure a desired Uss, Eq. (36) must hold. On
the other hand, Eq. (45) must hold true to achieve a desired STCBss.
As discussed in the introduction, operating at 80�90% fuel utili-
zation and maintaining a safe STCR are necessary for longevity of
reformer based SOFC systems. In Section 2.4, we have mentioned
that the latter can be achieved by maintaining STCB > 0. If a desired
Uss and a desired STCBss must be achieved, then we must have at
least two variables to satisfy both conditions. If i is assumed to be a
given rather than a variable, since i would depend upon the power
demand, then the potential variables that could be manipulated are
_Nf , _Nst and k. This implies a family of solutions. If k is fixed and _Nst is
absent, as in our sample SOFC, then it is evident that we can achieve
only one of Uss and STCBss. In that case, for a specific SOFC system,
one can fix a target value of Uss and simply attempt to satisfy
STCB > 0, [37].

An interesting relation is obtained upon eliminating i from Eqs.
(36) and (45). We get the following relation:

Uss ¼ 1� k
k

ð1� kÞSTCBss � _NfQ
TXf � _Nst

_NfP
TXf � ð1� kÞSTCBss þ _NfQ

TXf þ _Nst
: (66)

Additionally, if there is no external steam input, i.e. _Nst ¼ 0 and
if we impose the condition STCBss > 0, thenwe obtain the following
constraint on Uss

Uss >
1� k
k

�Q TXf

PTXf þ Q TXf

: (67)

Thus, if steam is generated by electrochemical reactions only,
then higher utilization and/or high recirculation k must be used to
maintain a healthy STCB (and hence STCR). This is expected and Eq.
(67) quantifies it. It is interesting to note here that Eq. (67) is in-
dependent of _Nf . This is because from Eq. (45), the conditions _Nst ¼
0 and STCBss ¼ 0 result in a unique value of _Nf .
Fig. 4. Comparison of STCR and
6.2. STCB in anode

Since steam reforming and electrochemical reactions occur
simultaneously in the anode, its STCB is of interest. It is however
anticipated that the STCB is of lesser concern in the anode than in
the reformer, since steam supply is maintained in the anode by
electrochemical reactions. Nevertheless, we carry out an analysis
for quantitative comparison. The definition of anode STCB would be
similar to that of the reformer in Eq. (18), i.e.

STCBabExcess steam at anode inlet: (68)

Based on the definition above, STCBa can be formulated as

STCBa ¼ _NinQ
TXr þ Q TRT

e : (69)

From, Eqs. (8), (41), (42), (44) and (69), we get the following
steady-state STCB at the anode:

STCBss;a ¼ 1
1� k

�
_NfQ

TXf þ _Nst þ iN cell

nF

	
: (70)

Thus, from Eqs. (45) and (70) we observe that

STCBss;a � STCBss ¼ re ¼ iN cell
nF

>0:

which confirms that STCB is higher at anode than the reformer and
the difference dictated by the current draw. Simulation results
depicted in Fig. 4 further demonstrate that for the SOFC system
described in Section 2, predicting/monitoring STCB in the reformer
is more important than that in the anode. We note in Fig. 4 that
both STCB and STCR are considerably higher in the anode. Thus, the
analysis and simulation in this section show that fuel utilization U
and the steam-to-carbon-balance STCB are the critical performance
variables for the anode and the reformer respectively.
7. Conclusions

We have shown that for reformer based SOFC systems, steady-
state fuel utilization U is related to the system inputs, namely the
STCB in reformer and stack.
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composition and flow rate of unreformed fuel and current draw,
through an analytical relationship. The relationship is invariant
with respect to reforming reactions, their rates, internal flow rates,
temperatures and pressures. We show that it can be derived
without a specific mathematical model of the SOFC system and
without knowledge of the reforming reactions. We derive a similar
invariant relationship for the STCB (steam-to-carbon-balance) of
the reformer. Together, the two relations can be used to predict safe
and optimal conditions in the anode and reformer. Analysis indi-
cated that variables for which such invariant relationship exist,
such as U and STCB, are defined using conserved quantities. For
instance, the invariant property of U and STCB are attributed to their
definitions based on potential hydrogen and potential steam, both of
which are conserved quantities in steam reforming. The study is
generalized for hydrocarbon fuels that conform to the formula
CaH2bOd, with integer valued and non-negative a, b, d, and a s 0.
The proposed methodology is verified for simple hydrocarbon fuels
and fuel mixtures by using reaction schemes obtained from liter-
ature. It is shown that when both H2 and CO participate in elec-
trochemical reactions in unknown proportions, the resulting
steady-state invariant relationships remain unchanged. We also
show the existence of the invariant property in SOFCs with oxida-
tive reforming, such as POX reformers. Thus the application and use
of invariant properties appears to go beyond just steam reforming.
The extension of this approach to higher hydrocarbons requires
further investigation. The ability to predict steady-state U and STCB
based on input conditions and without the use complicated and
often nonlinear dynamical equations is advantageous, since it al-
lows us to determine operating points that are safe for both the fuel
cell and the reformer. These equations elucidate the influences of
both STCR and recirculation on reformer-based SOFC systems from
a performance standpoint. The application of invariant properties
can be extended to transient control of U. This enables operating
SOFCs in a load-following mode while reducing the electrical
storage capacity needed to handle transient power demands.
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