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We constructed a new class of three-dimensional cellular metamaterials by connecting planar structure with
anti-chiral topology. This was achieved by introducing a unique node design for connecting planar materials to
enable constructing a three-dimensional architecture. This node design is based on linking the circular elements
of the anti-chiral topology using oblique load-bearing ligaments. As the planar structure is subjected to loading,
the circular elements rotate and the ligaments undergo bending, resulting in out-of-plane deformation of the
three-dimensional cellular metamaterials. The node design, and specifically the ligaments' revolution angle gov-
ern the behavior of cellular metamaterials. This was demonstrated by designing cellular metamaterials with a
wide range of positive and negative Poisson's ratio in the out-of-plane direction.

© 2018 Elsevier Ltd. All rights reserved.

Chirality, a common topological feature in natural systems [1-5], has
been recently used in development of metamaterials with unusual
properties such as negative refractive index [6-9] and aircraft morphing
structures [10,11]. Some chiral structures are shown to have negative
Poisson's ratio, also known as auxeticity [12,13], which is an unconven-
tional property also observed in other architectured materials such as
re-entrant, rotating-units, and hierarchical structures as well as in
multistable architected materials and materials with instability-induced
auxeticity [14-23]. Auxeticity can indirectly alter other mechanical
properties of such structures through increased fracture toughness,
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shear stiffness and indentation resistance [16,24-27], while also en-
abling the structure to undergo dramatic shape changes and large
strains [28-30]. These characteristics highlights the potential applica-
tion of auxetic metamaterials in developing novel fasteners [31], bio-
prostheses [32], expandable stents [33-35], dome shaped panels
[36,37], multifunctional nanolattices [38], and foams with high struc-
tural integrity [39].

Reflecting the potential application of auxeticity there has been a
surging interest in developing 3D auxetic structures [40-44]. For exam-
ple, Li et al. [45] introduced a novel 3D augmented cellular structure
based on re-entrant units that exhibits high Young's modulus and neg-
ative Poisson's ratio. Buckling induced auxeticity [17,46,47] and cross-
chirality [43,48] are among other strategies used in development of
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three dimensional cellular structures with novel multifunctional prop-
erties. Ha et al. [49] developed a chiral three-dimensional cubic lattice
with Poisson's ratio tunable over a narrow range that included negative
values. Buckmann et al. [50] used dip-in direct-laser-writing to fabricate
a three-dimensional complex microstructure with Poisson's ratio in the
range of —0.12 and 0.13. The same group also introduced another de-
sign [51] for 3D structures that can exhibit Poisson's ratio as low as —1.

In this paper, we introduce a new 3D lattice structure that is based
on connecting planar anti-chiral cellular materials using a unique
node design, enabling the extension of the material in the out-of-
plane direction. Unlike previously studied 3D structures [17,40-
42,46,47] that only achieve negative or positive Poisson's ratio, and
also generally have a narrow range of possible Poisson's ratio values,
our proposed 3D cellular metamaterial can achieve a wide range of
Poisson's ratio —from positive values to negative values- by changing
the node geometrical parameters. This simple yet effective design is pre-
sented in Fig. 1. Part (a) shows a 3D printed sample of an anti-tetra-chi-
ral structure, which forms the planar base for our final architecture. This
planar structure is constructed by circular elements that are connected
to each other with straight ligaments. The ability of these ligaments to
“wind” around circular elements gives them the unusual property of
negative Poisson's ratio [12,52]. More specifically the ratio of diameter
of circular element to length of ligaments, D/a, controls the value of
Poisson's ratio at large deformation. A schematic of the unit cell of this
planar structure is shown in Fig. 1b with arrows showing the direction
of rotation of circular element under compressive loading. We harness
the rotation pattern induced by in-plane deformation and combine it
with a unique 3D node design to control deformation in out of plane di-
rection. The 3D node shown in Fig. 1b (right) consists of inclined liga-
ments that connect the top and bottom circular elements resembling
the form of a cylinder. Assuming the ligaments to be sufficiently slender
(i.e. relative density below 0.29 [53]), we have neglected the contribu-
tion of the axial compression and shear in the overall deformation of
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the structure [52]. Rotating the top and bottom parts in opposite direc-
tions will result in bending of ligaments in form of a full sine wave shape
and so axial deformation of the node along its axis. Placing layers of pla-
nar anti-tetra-chiral in a proper orientation such that corresponding
nodes in adjacent layers have opposite direction of rotation (i.e. with
each layer rotated 90 degrees with respect to an adjacent layer), and
connecting them using the nodal design introduced above creates a
3D cellular structure. Fig. 1c shows a schematic of such structure with
two layers of planar anti-tetra-chiral where a single node is highlighted
in black color and Fig. 1d shows a fabricated sample of the structure.

Here, we present a theoretical relationship between the in-plane de-
formation and the circular element rotation of the planar anti-tetra-chi-
ral structure, and we compare the analytical results with the results
obtained using both detailed numerical simulations, as well as the re-
sults from a limited number of experiments. Next, the effect of the ge-
ometry of node on the amount of rotation associated with the out-of-
plane deformation is investigated using analytical and numerical inves-
tigations, and verified experimentally. Finally, by eliminating the rota-
tion from the two aforementioned expressions, a relationship between
in-plane deformation and out-of-plane deformation for the final 3D
structure is derived and the Poisson's ratio is calculated in terms of the
geometrical parameters involved in the problem.

To derive an expression relating rotation of the circular element to
in-plane deformation in the 2D anti-tetra-chiral structure, we assume
an infinite structure and focus our study on the periodic unit cell of
this structure, which is shown as an insert in Fig. 1b. The involved geo-
metrical parameters are the circular element diameter D, the length of
ligaments a (i.e. center to center distance of circular element) and the
thickness of ligaments t, so that t < a. In our calculations we assume
that the circular elements retain their original shape as the structure de-
forms (i.e., they only undergo rigid-body motion and remain as circles)
[52,54]. The infinite structure assumption requires zero rotation on the
outer vertices of the unit cell (i.e. 8 nodes that are highlighted in blue in

Fig. 1. (a) 3D printed anti-tetra-chiral structure that is the base topology for the proposed cellular material in this study. (b) Schematic unit cell of anti-tetra-chiral structure showing
rotation direction of nodes and 3D printed sample of the node design used to expand the 2D structure in the out-of-plane direction. (c) Computer aided design model and (d) 3D

printed sample of the proposed structure. Inserts show top view.
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Fig. 1b). For simplicity, an arc deformed shape is assumed for the liga-
ments so that one can derive the equation relating the in-plane defor-
mation, &,, to the node rotation A as follows:

1 D\ .
(X_E> Sin\ = 1—¢&;

where a is the ligament length and D is the circular element diameter
(see Supporting information for a detailed derivation). In Fig. 2a, we
compared the analytical results with the results obtained from detailed
finite element based simulations for D/a = 0.5, as well as experiments.
The finite element simulations were carried out using ABAQUS 6.13-2
(SIMULIA, Providence, RI) on the unit cell of the structure in large defor-
mation regime and using in-plane 2 node beam elements for meshing
the model (B21 beam elements in ABAQUS). A mesh sensitivity study
was carried out to ensure that the results are minimally sensitive to
the element size. In these simulations a rectangular cross section of B
x t = 0.4 mm x 20 mm was assigned to each beam element, which
was consistent with our experiments. The material was assumed to be
linear elastic with elastic modulus of E; = 20 GPa and Poisson's ratio
of v = 0.3. Numerical simulations were carried out to the point of initial
self-contact in the structure. Periodic boundary condition was imposed
using geometrical constraints (i.e., coupling interaction between unit
cell's edge nodes) to relate the displacements of the corresponding
edge nodes, as described in detail in our previous studies [18,55]. For
the experiments, the samples were 3D printed out of VeroWhitePlus
material on an Eden260V machine (Stratasys Inc., Eden Pierre, MN).
Strain in the x-direction (&,) was applied using a universal testing ma-
chine (Instron 5594) at the rate of 5 mm/min. In order to eliminate
the boundary effects, large samples made from total of sixteen unit
cells (four by four) were used. The rotation of circular elements was
measured in the middle of the sample. Images of the deformed shape
of the structure were captured during the course of the compression
using a digital camera and the rotation of the circular elements was
measured by processing the digital images. It is evident that Eq. (1)
can accurately predict the rotation of the node up to a relatively large
strain (around & = 0.3). This validation of the derived equation paves
the way to construct a map for the rotation of circular element in
terms of the applied in-plane strain and D/a ratio. Fig. 2b shows this
map for 0 < D/a < 1 and strain values up to 0.3. This map indicates a
wide range of achievable rotations; it also shows that nodes with a
low value of D/a can achieve larger rotations. The described mechanism
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works until the ligaments get in contact with each other, from where
the node rotation does not follow the derived equation. We label this re-
gion as “self-contact” in Fig. 2b, and the governing equation can be
expressed in terms of the geometry of the unit cell (see Supporting in-
formation, Eq. S6, for a detailed description).

To this point, by employing a planar anti-tetra-chiral structure, we
achieved a circular element rotation that depends on the applied in-
plane deformation and the normalized parameter, D/a. The next step
is to harness this rotation to control out-of-plane deformation. To this
end, we propose a design in which oblique ligaments in conjunction
with in-plane circular element of the anti-tetra-chiral structure, trans-
late the circular element rotation to out-of-plane deformation and vice
versa. There are two parameters that define the behavior of this node
design: i) the revolution angle of ligaments -y, which is the angle that
each individual oblique ligament's end has revolved with respect to its
starting point and, ii) the node diameter to height ratio, D/h. The diam-
eter of cross section of these ligaments, d, would have minimal effect on
the deformation mode of the nodes so long as the ligaments are suffi-
ciently slender [52]. For the revolution angle (and also the direction of
rotation of the top of the node), we define the counterclockwise rotation
as positive, with a feasible range of —m <y <m. The top and bottom cir-
cular elements of the node always rotate in opposite directions as de-
scribed before (see Fig. 1b), causing the node height to decrease for
co-directional revolution angle and circular element rotation. On the
other hand, for a positive revolution angle, a negative node rotation
(or vice versa) increases the height until the ligaments become aligned
with the node axis (out-of-plane direction). Here, we present a theoret-
ical relationship to describe the out-of-plane deformation in terms of
circular element rotation for given D/a and . In deriving this analytical
expression, the oblique ligaments are considered as fixed-ends beams
with a central symmetry, whereby each part is assumed to deform as an
arc and the whole ligament is wrapped around a cylinder (see Supporting
information and Figs. S3 and S4 for a detailed description). The top and
bottom parts of the node are assumed to have no deformation, except
for translation in the out-of-plane direction (i.e. z-direction, Fig. 3a insert).
These assumptions, which we will show hold true over most of the opera-
tion span of the node, yield the following set of nonlinear equations:
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Fig. 2. (a) Nodal rotation versus applied strain &, for anti-tetra-chiral structure with D/a = 1/2, based on analytical predictions, finite element simulation, and experiments. Inserts show
deformed configuration of the structure at three different values of strain. (b) Nodal rotation plotted in terms of applied strain and D/a ratio from the analytical prediction.
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Fig. 3. (a) Nodal rotation versus applied strain &, for three nodes with D/h = 1/2, 1, and 2, based on analytical predictions, FE, and experiments. The revolution angle in all three nodes is
¥ = 5m/12. The bars show standard deviation in the experimental results. The responses of nodes with D/h = 1/2 and 1 are plotted up to &, = 0.03 and 0.12, respectively, where the
struts start undergoing tension. (b) Nodal rotation plotted in terms of applied strain and positive values of revolution angle for a node with D/h = 1 from the analytical prediction.
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where L is the initial length of the ligament; o = cos™! (—;2) is the incli-
nation angle of the ligament with respect to the horizontal plane; and z =
h(1 — &;) and x are the projected length of the ligament in the out-of-
plane and in-plane directions respectively. By eliminating x from Eqs.
(2) and (3), one can calculate the out-of-plane deformation in terms of
A and in-plane deformation. This equation is plotted for three specific
cases in Fig. 3a, where the node rotation is shown in terms of strain in
the z-direction (i.e. direction of the axis of the cylinder) for three values
D/h = 0.5, 1 and 2, with all having a revolution angle 'y = 5m/12. The
figure also includes results from experiments and finite element simula-
tions, which show a very good agreement with the analytical solution.
For the experiments, specimens consisting of two layers of the proposed
node design (i.e. two nodes connected along the axis of their cylinder)
with opposite revolution angle were fabricated from VeroWhitePlus ma-
terial using 3D printing with the above mentioned values of D, h and vy,
where h = 15 mm. All ligaments and circular elements had circular
cross section of d = 0.8 mm. The top and bottom circular elements
were fixed, and the rotation of the middle circular element was measured
using digital imaging at different compressive or tensile strains. Tests
were repeated with at least four specimens, and the mean values along
with the standard deviation were plotted. Simulations were carried out
using ABAQUS and models were meshed by three dimensional 2-node
beam elements (i.e. B31 elements). A mesh density study was performed
to ensure mesh-size independency and a circular cross section of d = 0.8
mm was assigned to oblique ligaments, consistent with our experiments.
The results in Fig. 3a show that the rate of increase in rotation caused by
increasing the out-of-plane strain is highest for the smallest D/h ratio,
which suggests that for a specific rotation of the node ends, the out-of-
plane deformation for nodes with larger D/h is larger.

Egs. (2) and (3) can be used to construct a design map for the pro-
posed node spanned by two parameters -revolution angle and out-of-
plane deformation, Fig. 3b. The results highlight the behavior of the
node for D/h = 1 over a wide range of compressive and tensile strains
in the z-direction. This figure indicates the wide range of rotation for
the node -as low as -m/2 and as high as 3m/4 - achieved by changing a
single geometrical parameter, the revolution angle <. As mentioned be-
fore, there are two limits in the node's performance bracket. The first
one stems from the fact that rotation in the node is only possible in

“Al1+ 3)

the presence of oblique ligaments. In case of tension, the node will ro-
tate up until the point where all ligaments become aligned with the
node axis (out-of-plane direction). Further increasing the tensile strain
in the out-of-plane direction will result in stretching ligaments without
further nodal rotation. The maximum out-of-plane tensile strain associ-
ated with the onset of ligaments tension is easy to calculate since it is
basically the difference between the ligaments' length and node initial
height. This region is labeled as “ligament tension” in the map. The
second limitation corresponds to a region for which a solution to the
system of nonlinear Eqs. (2) and (3) cannot be found analytically. Al-
though there might be node rotation in this region as well, the analytical
derivation fails to produce a solution.

The proposed node design, with its broad range of achievable node
rotation, enables the expansion of the previously discussed 2D anti-
tetra-chiral structures in the third (out of plane) direction to produce
3D cellular structure. We can directly relate in-plane compression (x-
or y-direction) to out-of-plane deformation (z-direction) by eliminating
the node rotation from the deformation equations for the 2D structure
and 3D note design. Fig. 4a shows this dependency for a structure
with D/h = 1,D/a = 1/2 and two values of y = 5m/12 and —5m1/12. Elim-
inating the rotation A, from Egs. (1)-(3) yields an analytical prediction
relating &, to €, which is shown in Fig. 4a with a solid line. Finite ele-
ment simulation were carried out on the unit cell of the 3D structure
meshed with three dimensional two-node beam elements and the re-
sults are reported for comparison. The geometrical parameters of the
model were the same as above with h = 15 mm. A circular cross section
was assigned to the ligaments with d = 0.8 mm. Experimental results
are also provided to verify the simulation and analytical results. Speci-
mens were 3D printed from VeroWhite material with each specimen
being constructed of two layers of planar anti-tetra-chiral. Each planar
layer has four nodes in both the x and y-directions. A small pin was at-
tached to the bottom circular element of the middle nodes and its dis-
placement with respect to the top circular element was measured
using digital imaging at different in-plane compressions. The experi-
mental and finite element simulation results show a very good agree-
ment with the analytical results. The Poisson's ratio in the z-direction,
Uyz, €an be calculated from the calculated strain, and is plotted in Fig.
4b. Two clearly distinguishable regions with positive Poisson's ratio
close to 1 and negative Poisson's ratio close to —1 can be identified for
the two structures, which have identical geometry except for the revo-
lution angle. This figure highlights the potential of this design to tune
the behavior of 3D cellular structure expansively only by tuning a sim-
ple geometrical parameter. We used the analytical expression for the
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Fig. 4. (a) Strain in z-direction and (b) Poisson's ratio (v,) versus applied strain in x-direction for the cases of y = 5m1/12 and y = — 5m/12. Results show good agreement between

analytical, finite element, and experimental results. (c) Poisson's ratio (7y,) map of the 3D anti-tetra-chiral structure in terms of the applied strain (&) and the revolution angle ('y). In

these plots D/h = 1 and D/a = 1/2.

Poisson's ratio to construct a map, Fig. 4c, spanning over the revolution
angle and in-plane compression ranges to further emphasize on the ap-
plicability of the design over a vast performance regime. This figure
shows the Poisson's ratio in the z-direction, vy, in terms of the revolu-
tion angle y and the in-plane compression for a 3D structure with D/h
=1, D/a = 1/2. The achievable Poisson's ratios for this specific setting
lie between —1.5 < vy, < 1 and the two aforementioned impractical re-
gions are evident. We carried out a limited number of simulations to in-
vestigate the elastic response of the proposed 3D cellular metamaterial
(see Supporting information for more details). Our results showed that
the elastic modulus of the structure can be estimated from the equation
proposed by Gibson et al. [53] for open cell foams, E/E; = Cp?, where C
= 0.1368, E and E; are elastic moduli of the 3D structure and parent ma-
terial, respectively, and p is the relative density of structure.

In summary, a unique node design consisting of oblique ligaments is
introduced, and used to connect layers of anti-chiral planar structures to
construct a three-dimensional cellular metamaterial. This relatively
simple design enables us to achieve a wide range of Poisson's ratios of
the resultant 3D cellular metamaterial by adjusting only three geomet-
rical parameters. Using ligaments with different revolution angles in a
single node provides the proposed unique node design with additional
degrees of freedom corresponding to bending with respect to the x- or

y-directions, which can lead to potential application in developing
novel actuators [56]. The node design concept proposed here can be ap-
plied to other types of planar structure, such as rotating-units structures
[16,27] and structures with isotropic negative Poisson's ratio [24], thus
providing a framework for developing three dimensional lattices and
cellular metamaterials with strong auxetic behavior.
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