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Abstract

Several 3D imaging methods based on active illumina-

tion, such as silhouette-based 3D reconstruction and struc-

tured light 3D scanning with binary patterns, require light

sources capable of generating shadows with sharp bound-

aries when they are used to illuminate opaque occluders.

Supported by empirical evidence suggesting that a low cost

Uncollimated Laser Diode (ULD) produces shadows with

sharp boundaries not requiring focusing in a wide range

of depths, this paper proposes the use of ULDs as light

sources in the target applications. Since due to astigmatism

the Point Light Source (PLS) is not an accurate mathemati-

cal model of light propagation for the ULD, the Two Lines

Light Source (TLLS) model is introduced to explain the ob-

served behavior of the ULD. This novel geometric model of

light propagation is defined by two 3D line segments, rather

than a single 3D point, and guarantees that for each illu-

minated 3D point there exists a unique ray, which simul-

taneously passes through the point and intersects the two

line segments. Furthermore, the equation of this ray can

be computed in closed form at very low computational cost,

and the TLLS model reduces to the PLS model when the

two line segments intersect. Finally, the paper introduces a

calibration method to estimate the model parameters, and

describes the experiments performed to validate the model.

1. Introduction

An optical comparator is a device that applies the princi-

ples of optics to the inspection of manufactured parts. In an

optical comparator, the magnified silhouette of a part is pro-

jected upon a screen, and the dimensions and geometry of

the part are measured against prescribed limits. The optical

comparator was invented by James Hartness in 1922 [15],

in particular to address the problem of inspecting screw

threads. Optical comparators have been used in machine

shops since then, and have not changed very much in de-

sign over the years. To obtain accurate measurements with

this instrument the object or feature being observed must be

Figure 1. Preliminary experiments show that when an opaque occluder is

illuminated by an uncollimated laser diode, magnified shadows with sharp

edges are produced on a screen placed at a wide range of distances behind

the occluder.

compared to a standard of known size. The first application

of this principle was called a shadowgraph. This instrument

used a lamp to project a two dimensional image of the ob-

ject being observed on a flat surface. The shadow could

then be measured with a known standard, such as a ruler,

to determine its size. This type of comparison allowed an

inspector to determine if a part was in or out of tolerance.

Modern optical comparators comprise imaging sensors so

that the comparisons are made using image processing soft-

ware. Accurate measurements require shadows with sharp

boundaries, as well as mathematical models of light prop-

agation and shadow formation to relate the shadow bound-

aries to the 3D dimensions of the inspected part. Figure 2

shows a typical optical comparator, and a schematic draw-

ing of a modern optical comparator design [13]. The math-

ematical models underlying 3D imaging algorithms based

on active illumination, such as Shape-from-Silhouette (SfS)

3D reconstruction [2, 1, 8, 17, 9], and structured light 3D

scanning based on projecting binary patterns [14], are also

based on the assumption that the light sources are capable
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which computes the Plücker coordinates produces a point

in P 5. Not every point in P 5 is the Plücker coordinate

of a straight line in 3D though. Actually the image of the

Plücker map forms a quadric Q in P 5 defined by the zeros

of the polynomial

f(X) = X12X34 −X13X24 +X14X23 (5)

Given four straight lines in general position in 3D, it is a

clasical result that there exists exactly two other straight

lines that intersect the given four [5]. A simple algorithm

to determine these two lines, along with the mathematical

foundations of the method, are described in detailed for ex-

ample in [7]. It comprises the following steps: 1) construct-

ing a 6× 4 matrix by concatenating the Plücker coordinates

vectors of the four given lines as columns; 2) determining

a basis of the two dimensional subspace orthogonal to the

four dimensional subspace spanned by the four vectors of

Plücker coordinates (numerically, this can be achieved by

computing the singular value decomposition of the 6×4 ma-

trix, and determining the two singular vectors correspond-

ing to the two zero singular values); 3) this two dimensional

subspace is actually a straight line in P 5 which intersects

the quadric Q in two points; determine the two intersection

points; 4) these two points in P 5 are guaranteed to be the

Plücker coordinates of two different straight lines in 3D;

determine those two lines. Given N straight lines, such as

the measured rays used as the calibration data, the previ-

ous SVD-based algorithm can be generalized, replacing the

6 × 4 matrix by the 6 × N matrix resulting from concate-

nating the Plücker coordinates of the N straight lines, and

determining the two dimensional subspace spanned by the

two left singular vectors associated with the two smallest

singular values.

10. Fine Search for two lines

In the previous section we introduced a method to deter-

mine initial estimates of the two lines minimizing the objec-

tive function of equation 2. We have determined in practice

that these initial estimates are often not good enough, and a

descent procedure is required to refine these estimates. The

input data to both the initialization procedure and the re-

finement procedure are the points pM
1
, . . . , pMN detected on

the mask, and the points pS
1
, . . . , pSN detected on the screen,

which define the ray samples obtained from measurements.

To simplify the notation in this section, let’s replace pMk
by pk, and let vk ne the result of normalizing the vector

pMk − pSk to unit length. Each pair (pk, vk) defines the para-

metric equation of a line supporting a measured ray. Since

the two straight lines L1 and L2 that define the TLLS model

should intersect the N measured lines, our approach here

is to look at the function which measures the sum of the

square distances from an arbitrary line to the N measured

lines, and search the domain of this function with the ex-

pectation that two different local minima could be identi-

fied. Let Lh = {p = ph + th vh} be a straight line de-

scribed in parametric form, where ph is a 3D point, vh is

a unit length 3D vector, and th is a scalar parameter. Let

Lj = {p = pj + tj vj} be another straight line described

in parametric form. Furthermore, let’s assume that the two

lines are neither parallel nor intersect, which is equivalent

to requiring that the three vectors vh, vj , and pj − ph be

linearly independent. It is well known that the following

equation describes the square of the distance between the

two lines

dist(Lh, Lj) =

(

(vh × vj)
t(ph − pj)

‖ vh × vj ‖

)2

(6)

It follows that given N lines L1, . . . , LN defined in para-

metric form Lk = {p = pk + tk vk}, the following ex-

pression describes the average square distance from an ad-

ditional line L = {p = p + t v} also defined in parametric

form to the N given lines

E(L) =
1

N

N
∑

k=1

(

(v × vk)
t(p− pk)

‖ v × vk ‖

)2

(7)

which can also be written as follows

E(L) =
1

N

N
∑

k=1

(

wt
k(p− pk)

)2
(8)

where wk = (v × vk)/‖ v × vk ‖. Note that for fixed

values of v, v1, . . . , vN , p1, . . . , pN the objective function

E(L) is a quadratic non-negative function of p. This ex-

pression measures the average square distance from the line

parallel to the vector v, which minimizes the average square

distance to the given lines L1, . . . , LN . By performing this

procedure, after the initial estimation method described in

the previous section, we can refine the estimates of the two

line parameters.

11. Results

The two images on the right hand side of Figure 11 show

the result of the calibration procedure described above in the

form of reprojection error in a 3D view and on the screen.

The two images on the left hand side show similar results

but using a PLS model fitted to the measured rays. We have

a mean error value of approximately 0.1% with TLLS while

PLS gives 0.9%. As we can see in Figure 11(left), the re-

projected grid pattern drawn by blue is not well coincide

with projected pattern image in the screen. We have com-

puted the two line model from multiple positions and ori-

entation of test grid pattern as shown in Figure 12. This

step will verify whether the same two line model can be
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