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Abstract

In this paper, using the concept of stochastic geometry, we present an analytical framework to evaluate the

signal-to-interference-and-noise-ratio (SINR) coverage in the uplink of millimeter wave cellular networks. By using a

distance-dependent line-of-sight (LOS) probability function, the location of LOS and non-LOS users are modeled as

two independent non-homogeneous Poisson point processes, with each having a different pathloss exponent. The

analysis takes account of per-user fractional power control (FPC), which couples the transmission of users based on

location-dependent channel inversion. We consider the following scenarios in our analysis: (1) pathloss-based FPC (PL-

FPC) which is performed using the measured pathloss and (2) distance-based FPC (D-FPC) which is performed using

the measured distance. Using the developed framework, we derive expressions for the area spectral efficiency. Results

suggest that in terms of SINR coverage, D-FPC outperforms PL-FPC scheme at high SINR where the future networks are

expected to operate. It achieves equal or better area spectral efficiency compared with the PL-FPC scheme. Contrary

to the conventional ultra-high frequency cellular networks, in both FPC schemes, the SINR coverage decreases as the

cell density becomes greater than a threshold, while the area spectral efficiency experiences a slow growth region.
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1 Introduction
Increasing bandwidth by moving into the millimeter wave

(mmWave) band has been identified as one of the pri-

mary approaches towards meeting the data rate require-

ment of the fifth generation (5G) cellular networks [1–3].

According to [2], the available spectrum for cellular com-

munications at the mmWave band can be easily 200 times

greater than the spectrum presently allocated for this

purpose below the 3 GHz [2]. The mmWave band rang-

ing from 30 − 300 GHz has already been considered for

wireless services such as fixed access and personal area

networking [4, 5]. However, such frequency bands have

long been deemed unsuitable for cellular communications

due to the large free space pathloss and poor penetra-

tion (i.e., blockage effect) through materials such as water

and concrete. Only recently did survey measurements and
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capacity studies of mmWave technology reveal its promise

for urban small cell deployments [1, 6–8]. In addition to

the huge available bandwidth in the mmWave band, the

smaller wavelength associated with the band allows for the

use of more miniaturized antennas at the same physical

area of the transmitter and receiver to provide array gain

[2, 6]. With such large antenna array, the mmWave cel-

lular system can apply beamforming at the transmit and

receive sides to provide array gain which compensates for

the near-field pathloss [9].

A major distinguishing factor in mmWave is the prop-

agation environment. As a result of the blockage effect

associated with mmWave, outdoor mmWave base sta-

tions (BSs) are more likely to serve outdoor users since

mmWave signals suffer severe penetration losses [10].

Also, it has been revealed via the channel measurement

in [1, 8] that blockages result in a significant differ-

ence between the line-of-sight (LOS) and non-line-of-

sight (NLOS) pathloss characteristics. The measurement

showed that mmWave signals propagate with pathloss

exponent of 2 in LOS paths and a much higher pathloss
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exponent with additional shadowing in NLOS paths [1, 8].

Furthermore, the NLOS pathloss exponent tends to be

more dependent on the scattering environment [11], with

typical measured values ranging from 3.2 to 5.8 [1, 8].

1.1 Related work

Recently, the use of stochastic geometry-based analysis

was proposed to assess the capacity of conventional UHF

cellular systems in [12–17]. Focusing on the downlink

channel of the conventional UHF cellular networks, the

authors in [12] modeled the BS location as a Poisson point

process (PPP) on the plane and derived the signal-to-

interference-and-noise-ratio (SINR) coverage probability

and the average rate of a typical user. An extension of the

stochastic model to the uplink channel of the conventional

UHF cellular network, which is based on the dependence

assumption where user and BS point processes are such

that each BS serves a single user in a given resource block,

is presented in [13]. The authors in [13] also included a

per-user fractional power control (FPC) in their model.

The results in [12] have also been extended to the multi-

tier UHF cellular networks in [14–17] and for systems

performance analysis in [18–20]. However, as a result of

blockage and the different propagation model, the result

obtained for the UHF networks are not applicable to the

mmWave networks.

In order to analyze the system performance in mmWave

cellular networks, a stochastic blockage model, where

the blockage parameters are characterized by some

random distributions, was presented for such networks

in [21]. Also using the stochastic blockage process,

authors in [11] proposed a framework to analyze

the SINR and rate coverage probability of mmWave

networks in the downlink channel while considering

outdoor mmWave BSs and outdoor users. In [22], a

more comprehensive analytic framework for mmWave

cellular networks, which further incorporates self-

backhauling but with a simplified blockage model, was

presented.

1.2 Contribution and organization

In this paper, we present a stochastic geometry frame-

work for evaluating the SINR coverage in the uplink of

mmWave cellular networks with per-user FPC. The aim

of FPC is to minimize mobile (user) battery consumption

and minimize interference to other cells. We consider two

forms of FPC: (1) Pathloss-based FPC (PL-FPC), which is

the conventional approach and is based on the measured

pathloss and (2) distance-based FPC (D-FPC), which is

based on the measured distance. In Section 2, we describe

the methodology. In particular, we present the system

model for mmWave networks and review expressions of

the distribution of the distance between a typical user and

its serving BS. We model the location of users and BSs

as realizations of the PPP. Similar to [11], we introduce

the blockage effect by modeling the probability that a

link is LOS as a function of the link length. We then

model the transmit power of the users based on both FPC

schemes. Based on this modeling, it occurs that the ran-

dom variables denoting this distance for each user (LOS

or NLOS) are identically distributed but not indepen-

dent in general. Hence, in Section 3, we first prove that

this dependence is weak and can therefore be ignored for

analytical tractability. Next, based on the independence

assumption, we present a formal proof of the SINR cover-

age probability for both the pathloss- and distance-based

FPCs. Afterwards, we derive a much-simplified expres-

sion for the noise-limited scenario. Next, using the devel-

oped framework, we derive the area spectral efficiency

for the uplink of mmWave cellular networks. Numerical

results and discussions are presented in Section 4. Results

show the accuracy of our framework for a wide range of

system parameters and that D-FPC outperforms the PL-

FPC at high SINR threshold. Furthermore, contrary to

UHF cellular networks, the area spectral efficiency in the

mmWave cellular networks suffers a slow growth region as

the BS density increases. Conclusions are finally drawn in

Section 5.

2 Methodology
2.1 Network model

We consider the uplink of a mmWave cellular network and

focus on the SINR coverage experienced by outdoor users

served by outdoor BSs. The outdoor BSs are spatially dis-

tributed inR
2 according to an independent homogeneous

PPP with density λ. The user location (before association)

are assumed to form a realization of homogeneous PPP

with density λu. Each BS serves a single user per channel

which is randomly selected from all the users located in its

Voronoi cell. Hence, the user PPP λu is thinned to obtain

a point process " = {Xz}, where Xz is the location active

outdoor user. As in [16, 18, 23], we assume that the active

users also form PPP even after associating just one user

per BS. Since we have one active user per cell, the density

φ of the thinned PPP of active users is set to be equal to

the BS density λ.

The blocking effect is modeled according to [11], and

we perform our analysis on a typical outdoor user whose

connected BS is termed as the reference BS. An out-

door user can either be LOS or NLOS to the reference

BS, as illustrated in Fig. 1. Let "L be the point pro-

cess of the LOS users, and "N be the process of NLOS

users. We define the LOS probability function p(R) as

the probability that a link of length R is LOS. The NLOS

probability of the link is 1− p(R). Different pathloss mod-

els are applied to the LOS and NLOS links. Hence, given

a link that has length R, its pathloss gain L(R) can be

computed as
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Fig. 1 Visual representation of the uplink of mmWave cellular networks, focusing on the serving user and two interfering users in adjacent cells.

Blockages are modeled as random process of rectangles as in [11]. White and red color marked users denotes the LOS and NLOS representation of

the same user

L(R) = I (p(R))CLR
−αL + (1 − I (p(R)))CNR

−αN , (1)

where I(r) is a Bernoulli random variable with param-

eter r, CL and CN are the intercepts on the LOS and

NLOS pathloss expressions, and αL and αN are the LOS

and NLOS pathloss exponents. The LOS probability func-

tion is modeled from a stochastic blockage model, where

the blockage is modeled as a rectangle Boolean scheme.

p(R) = e−βR, where β is a parameter determined by the

average size and density of the blockages [21]. We assume

that each user, either LOS or NLOS, associates with the

BS that offers the maximum long-term averaged received

power, i.e, the effect of fading is averaged out and hence

ignored.

2.2 Independent LOS probability

Without loss of accuracy, we ignore the correlation of

the blockage effects between the links as demonstrated in

[21] and assume that the LOS probabilities are indepen-

dent between links. Consequently, the LOS user process

"L and the NLOS process "N form two independent

non-homogeneous PPPs with density functions λp(R) and

λ(1−p(R)), respectively, where R is the Euclidean distance

between a sender and receiver. Following the indepen-

dence of the LOS probability, the distributions of the

distance between the reference BS and, a LOS or NLOS

typical user are given next.

2.2.1 Distribution of the distance RL between the reference

BS and a LOS typical user

Given that the typical user has a LOS association with

the reference BS, the probability distribution function

(PDF) of the distance RL between the typical user and the

reference BS can be expressed from [11] as

FRL(r)=
2πλre−βr

AL
exp

(

−2πλ

(

(

βq
l
rvl +1

)

e−βqlr
vl

β2
−

(βr+1) e−βr

β2
+
q2
l
r2vl

2

))

(2)

where ql = (CN/CL)
1

αN , vl = αL/αN and

AL =2πλ

∫

∞

0
re−βrexp

(

−2πλ

(

(βqlr
vl +1) e−βqlr

vl

β2
−

(βr+1) e−βr

β2
+

q2
l
r2vl

2

))

dr

(3)

is the probability that the reference BS is connected to a

LOS typical user.

2.2.2 Distribution of the distance RN between the reference

BS and a NLOS typical user

Given that the typical user has a NLOS association with

the reference BS, the PDF of the distance RN between the

typical user and the reference BS can be expressed from

[11] as

FRN(r)=
2πλr

(

1−e−βr
)

AN
exp

(

−2πλ

(

(βr+1)e−βr

β2
−

(βqnr
vn+1)e−βqnr

vn

β2
+
r2

2

))

(4)
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where qn = (CL/CN )
1

αL , vl = αN/αL and

AN = 1 − AL (5)

is the probability that the reference BS is connected to a

NLOS typical user.

2.3 Antenna gain pattern and directivity

All users and BSs are equipped with directional anten-

nas with sectorized gain pattern as in [22]. The directivity

gain at the BS is taken as a constant Mr for all angles

in the main lobe, and another constant mr for the side

lobes. Hence, given the beamwidth of the main lobe as

θr , the gain function of the BS at angle ψr off the bore-

sight direction can be represented by GMr ,mr ,θr (ψr). In the

same way, the gain function of the user at an angle ψt off

the boresight direction can be denoted by GMt ,mt ,θt (ψt),

where Mt , mt , and θt are the user parameters. Here, we

consider that based on the estimated channel, the refer-

ence BS and the typical user can adjust their beam steering

angles to achieve the maximum array gains. As a result,

the total directivity gain of the desired signal is MrMt .

Furthermore, for the lth interference link, we assume that

the angle of departure at the interfering user ψ l
t and

the angle of arrival at the reference BS ψ l
r are indepen-

dently and uniformly distributed in (0, 2π ], which results

in a gain of Gl = GMt ,mt ,θt

(

ψ l
t

)

GMr ,mr ,θr

(

ψ l
r

)

. Hence,

the directivity gain in the interference link Gl is a dis-

crete random variable whose probability distribution is

given as ak with probability bk (k ∈ {1, 2, 3, 4}), where

a1 = MrMt , b1 =
θrθt
4π2 , a2 = Mrmt , b2 =

θr
2π

(

1 −
θt
2π

)

,

a3 = mrMt , b3 =

(

1 −
θr
2π

)

θt
2π , a4 = mrmt , and b4 =

(

1 −
θr
2π

) (

1 −
θt
2π

)

[11].

2.4 User fractional power control

We assume that each user utilizes a distance-proportional

FPC of the form Rα0τ , where τ ∈[ 0, 1] is the power con-

trol factor and α0 is dependent on the FPC assumption.

Therefore, as a user moves closer to its associated BS, the

transmit power required to achieve the target received sig-

nal power decreases. This is an important consideration in

power limited devices such as the battery-poweredmobile

devices. In general, two FPC schemes can be identified for

the mmWave cellular network:

2.4.1 Pathloss-based FPC

PL-FPC follows the same approach as in LTE, and hence,

only the pathloss which is obtained via reference signals is

required for its implementation [24]. PL-FPC operates by

the compensating the pathloss of the user irrespective of

whether its path to its serving BS is LOS or NLOS. Hence,

α0 = αL for LOS user and α0 = αN for NLOS user.

2.4.2 Distance-based FPC

D-FPC is based on the measured distance and always

compensate by inverting with the LOS pathloss exponent,

i.e., α0 = αL. As a result, in the D-FPC scheme, each

user adjusts the transmit power as if the link to its serv-

ing BS were LOS, even if in fact it is NLOS. The scheme

requires the knowledge of the user-BS distance which can

be readily obtained since the location of the BS is known

while that of the user can be estimated by using GPS or

position reference symbols. Note that with the PL-FPC,

the presence of a single NLOS user can result in significant

performance degradation, as it will aim to compensate the

NLOS pathloss (R−αN , where αN ≥ 4) by transmitting

high power RαN τ thereby causing significant interference

to other users. Such effect is avoided with the D-FPC

where the transmit power remains RαLτ with typical αL

value of 2.

Moreover, if τ = 0 in either scenario, no channel inver-

sion is performed and all users transmit with the same

power.

2.5 Small-scale fading

In order to take the significant difference in the small-

scale fading experienced by LOS andNLOS links into con-

sideration, we assume independent Nakagami fading for

each link. Positive integer values NL and NN are assumed

as the Nakagami fading parameters for the LOS andNLOS

links, respectively, for simplicity. Let gl be the small-scale

fading term on the lth link. Then |gl|
2 is a normalized

gamma random variable.

Based on this and the earlier assumptions, the SINR at

the reference BS can be expressed as

SINR =
|g0|

2MrMtL(R)Rα0τ

σ 2 +
∑

z∈Z |gz|2GzL(Dz)R
α0τ
z

, (6)

where |g0|
2MrMtL(R)Rα0τ is the received power from the

typical user at distance R from the reference BS, Z is the

set of interfering users, Dz is the distance between an

interfering user and the reference BS, Rz is the distance

between an interfering user and its serving BS, Gz is the

directivity gain, and σ 2 is the noise power.

3 SINR coverage probability
The SINR coverage probability Pc(+) is defined as the

probability that the received SINR at the reference BS is

above a threshold +, i.e., Pc(+) = P(SINR > +).

3.1 Distribution of Rz
In order to derive the SINR coverage probability expres-

sion, we first derive the distribution of the distance of any

interfering user to its serving BS. As mentioned earlier, we

represent the set of interfering users by Z , the distance

of an interfering user z ∈ Z to the BS of interest by Dz,

and the distance of the interfering user to its serving BS by
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Rz. It should be noted that the random variables {Rz}z∈Z
are identically distributed but not independent in general.

This dependence is induced by the restriction of hav-

ing one user served per-BS-per channel, i.e., the coupling

of the BS and served user per channel point processes

[13, 16, 23]. Here, we demonstrate that this dependence is

weak which motivates our independence assumption for

{Rz}z∈Z . As mentioned in the previous section, each BS

have a single user served at any time instant. Therefore,

similar to RL and RN , Rz:z∈"b
for b ∈ {L,N} can be approx-

imated as the distance of a randomly chosen point in R
2,

which can either be LOS or NLOS, to the BS that offers

the maximum received power, and hence, its distribution

can be approximated by

FRzL(rz) = FRL(rz) (7)

FRzN (rz) = FRN (rz),

where FRL(rz) and FRN (rz) are defined in (2) and (4),

respectively. The CCDF of Rz:z∈"b
for b ∈ {L,N} is given

by P
[

Rz:z∈"b
> rz

]

=
∫

∞

rz
FRzb(x) dx, which is shown to

be a close match for the simulation of the PPP model in

Fig. 2. Although Fig. 2 shows that the approximations of

the distribution of RL,RN , and Rz:z∈"b
, for b ∈ {L,N},

are accurate, it does not give any insight into the degree

of dependence between the random variables {Rz}z∈Z
which is defined by their joint distribution. Since it is

difficult to obtain insights from the complete joint distri-

bution of {Rz}z∈Z , we focus on a much-simplified scenario

of the joint distribution of four random variables RzL1,

RzN1, RzL2, and RzN2, which are the distances of LOS and

NLOS users to their respective BS in the two neighbor-

ing cells. Note that since the dependence is expected to

be strongest in neighboring cells, this study illustrates the

worst-case scenario. Hence, we numerically compute the

joint pdfs FRzL1,RzL2(rzL1, rzL2), FRzN1,RzN2(rzN1, rzN2), and

FRzL1,RzN2(rzL1, rzN2) for the actual PPP model and com-

pare them with the joint pdfs under the independence

assumptions in Figs. 3, 4, and 5, respectively. The joint

pdfs under the independence assumption follow directly

from (2) and (4) and are given by:

FRzL1,RzL2(rzL1, rzL2) = FRL(rzL1)FRL(rzL2)

FRzN1,RzN2(rzN1, rzN2) = FRN (rzN1)FRN (rzN2). (8)

From Figs. 3, 4, and 5, we observe that the pdfs

obtained from the actual PPP model and independence

assumption are very similar. The correlation coefficient

for ρRzL1,RzL2 , ρRN1,RzN2 , and ρRzL1,RzN2 are numerically com-

puted as 0.00018,0.0467, and − 0.00137, respectively, in

the simulation setup. Having validated the independence

assumption, we now proceed to derive the SINR coverage

probability.

3.2 SINR coverage probability for the case with FPC

The following theorem presents the SINR coverage prob-

ability for the PL-FPC. Modifications required for the

D-FPC will be presented subsequently.

Fig. 2 A comparison of the CCDFs of Rz:z∈"b
for the PPP model with their simulation for λ = 1

π1502
and 1

π2002
BS/m2



Onireti et al. EURASIP Journal onWireless Communications and Networking  (2018) 2018:195 Page 6 of 14

Fig. 3 Joint densities of RzL1 and RzL2 for the actual PPP model (left) and the independence assumption (right). RzL1and RzL2 are the distances of LOS

users to their respective BSs in two neighboring cells

Theorem 1 The SINR coverage probability in the uplink

of mmWave cellular networks for the case with a PL-FPC

can be computed as

Pc (+) = ALPc,L (+) + ANPc,N (+) , (9)

where for b ∈ {L,N}, Pc,b(+) is the conditional cover-

age probability given the reference BS serves a user in "b.

Moreover, Pc,b(+) can be obtained as

Pc,L(+)≈

NL
∑

n=1

(−1)n+1

(

NL

n

)

×

∫

∞

0
e−sLσ

2−
∑

o∈{L,N}(Go(+,r)+Ho(+,r))FRL(r)dr

Fig. 4 Joint densities of RzN1 and RzN2 for the actual PPP model (left) and the independence assumption (right). RzN1and RzN2 are the distances of

LOS users to their respective BSs in two neighboring cells
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Fig. 5 Joint densities of RzL1 and RzN2 for the actual PPP model (left) and the independence assumption (right). RzL1and RzN2 are the distances of LOS

users to their respective BSs in two neighboring cells

Pc,N (+)≈

NN
∑

n=1

(−1)n+1

(

NN

n

)

×

∫

∞

0
e−sNσ 2−

∑

o∈{L,N}(Jo(+,r)+Ko(+,r))FRN(r)dr

where

Go(+, r) = −2πλAo

4
∑

k=1

bk

∫

∞

r
F

(

NL, sLaky
αoτ c−αL

)

ce−βcdc

Ho(+, r) = −2πλAo

4
∑

k=1

bk

∫

∞

ζL(r)
F
(

NN, sLaky
αoτ c−αN

) (

1−e−βc
)

cdc

Jo(+, r) = −2πλAo

4
∑

k=1

bk

∫

∞

ζN (r)
F
(

NL, sNaky
αoτ c−αL

)

e−βccdc

Ko(+, r) = −2πλAo

4
∑

k=1

bk

∫

∞

r
F

(

NN , sNaky
αoτ c−αN

) (

1−e−βc
)

cdc,

(10)

F(N , x) = 1 −
∫

∞

0 FRo(y)/(1 + x)Ndy, o ∈ {L,N},

sL =
ηLn+rαL(1−τ )

MrMt
, sN =

ηNn+rαN (1−τ )

MrMt
, ζL(r) =

(

CN
CL

)
1

αN r
αL
αN ,

ζN (r) =

(

CL
CN

)
1

αL r
αN
αL , ak and bk are antenna directivity

parameters defined in Section 2. For s ∈ {L,N}, ηs =

Ns(Ns! )
−

1
Ns and Ns are the parameters of the Nakagami

small-scale fading.

Proof See Appendix.

Corollary 1 The SINR coverage probability in the uplink

of mmWave cellular networks for the case with D-FPC

can be computed as in (9) but with αo = αL and sN =
ηNn+rαN−αLτ

MrMt
in (10).

3.2.1 Noise-limited approximation

Since earlier simulation results in [6, 7] reveals that

mmWave networks are more likely to be noise-limited

in an urban setting, we also present the noise-limited

approximation of the coverage probability. For the noise-

limited approximation, σ 2 '
∑

z∈Z gzL(Dz)GzR
α0τ
z , the

signal-to-noise-ratio (SNR) coverage probability can be

expressed from Theorem 1 as

Pc (+) =AL

NL
∑

n=1

(−1)n+1

(

NL

n

) ∫

∞

0
e
−

ηLn+rαL(1−τ )

Gmax
u Gmax

b

σ2

P0
b FRL(r)dr

+AN

NN
∑

n=1

(−1)n+1

(

NN

n

)∫

∞

0
e
−

ηNn+rαN (1−τ )

Gmax
u Gmax

b

σ2

P0
bFRN(r)dr

(11)

by equating Go(+, r), Ho(+, r), Jo(+, r), and Ko(+, r) to

zero.

3.3 Rate and area spectral efficiency

Here, we turn our attention to the distribution of the

achievable data rateϒ and the area spectral efficiency S in

the uplink of mmWave cellular networks. The achievable

data rate can be defined according to [11] as follows

ϒ = B ln (1 + min (SINR,+max)) , (12)
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where B is the bandwidth allocated to the user, +max is

the SINR threshold defined by the order of practical cod-

ing andmodulation schemes, and the linearity of the radio

frequency front-end.

The area spectral efficiency, which is the same as the

potential throughput normalized by bandwidth can be

obtained from the SINR coverage probability Pc(+) by

utilizing the following Lemma.

Lemma 1 Given the SINR coverage probability Pc(+),

the area spectral efficiency of the uplink of a mmWave

cellular network can be expressed as

S =
λ

ln 2

∫

∞

0

Pc(+)

1 + +
d+, (13)

which has the unit of bps/Hz/m2.

Proof The proof follows directly from the relationship

between the SINR coverage probability and the average

ergodic spectral efficiency R, which is given in [25], and

the fact that S = λR.

4 Numerical results and discussion
In this section, we present some numerical results to

illustrate our analytical findings in Section 3. We assume

that the mmWave network is operated at 28 GHz with

100 MHz allocated to each user. The LOS and NLOS

pathloss exponents are taken as αL = 2 and αN = 4 while

the Nakagami fading parameters are NL = 3 and NN = 2.

We consider that LOS probability function p(R) = e−βR,

where 1/β = 141.4 m. The antenna gain pattern of a

BS is assumed to be characterized with Mr = 10 dB,

mr = −10 dB, and θr = 30◦, while that of a user is

assumed to be characterized with Mt = 10 dB, mt =

−10 dB, and θt = 90◦. For comparison purpose, we have

also included the conventional stochastic geometry analy-

sis of the uplink channel in [13] that does not differentiate

between LOS and NLOS transmission and assumes small-

scale Rayleigh fading between the users and BSs (i.e.,NL =

NN = 1). Note that only one pathloss exponent is defined

in [13] and is denoted here as α = αN . Furthermore,

for fairer comparison, we also consider the SINR cover-

age probability of the UHF network with Nakagami fading

parameter N = 2.

4.1 Accuracy of the analytical framework

In Fig. 6, we compare the SINR coverage probability

obtained via our analytical framework in Theorem 1

with the Monte Carlo simulations for FPC factor τ = 0.

Results in Fig. 6 show that our analytical results in

Theorem 1 closely match with the simulation results.

Though the gap between derived expressions and sim-

ulation results stays small for all tested scenarios, this

gap becomes negligible as the density of BS grows. As

future mmWave networks are expected to have high

BS density, the derived expressions provide a highly

accurate method to estimate uplink coverage proba-

bility for mmWave networks. Note that the analytical

results are based on the independence assumption, and

hence, the results in Fig. 6 further validates the accu-

racy of the independence assumption presented earlier in

Figs. 3, 4, and 5.

Fig. 6 SINR coverage probability in the uplink of mmWave cellular networks
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4.2 D-FPC vs PL-FPC

Figure 7 compares the performance of the D-FPC and

PL-FPC schemes for FPC factors τ = 0.5 and 1, and

BS densities 1
π502

and 1
π1002

BS/m2. Both power con-

trol schemes are also benchmarked with the case without

power control, i.e., τ = 0. The results in Fig. 7 show

that the D-FPC scheme has greater coverage at high

SINR thresholds, for λ = 1
π1002

BS/m2 and full FPC, i.e.,

τ = 1, compared with the PL-FPC scheme. This is due

to the fact that more users suffer from higher interfer-

ence as a result of the NLOS users’ channel inversion

in the PL-FPC scheme; hence, a higher proportion of

users are with lower SINR in PL-FPC. The coverage mar-

gin between the two FPC methods, however, reduces as

the FPC factor is reduced to 0.5. Furthermore, as the BS

density is increased, to 1
π502

BS/m2, the D-FPC and PL-

FPC converge. This is due to the fact that increasing the

BS density increases the tendency of having LOS asso-

ciation, and hence, PL-FPC converges to D-FPC when

AL → 1.

Note that in our framework, the value of the FPC factor

τ ∈[0, 1] can be adjusted for both the D-FPC and PL-FPC

schemes. Surely by fixing the FPC factor for the D-FPC

scheme, we can adjust the FPC factor for users with NLOS

links in the PL-FPC scheme to achieve the same power

and coverage performance as the D-FPC scheme. How-

ever, this implies having different FPC factor for LOS

and NLOS users in the PL-FPC scheme analysis. Mean-

while, our analysis has not considered this since we have

assumed that the network selects utilizes a global power

control factor.

4.3 Effect of BS density

In Figs. 8 and 9, we plot the SINR coverage distribution

obtained from our analytical framework as a function of

the BS density for the case with no power control, i.e.,

τ = 0, and full power control (PL-FPC and D-FPC), i.e.,

τ = 1, respectively. The plots in Fig. 8 are also bench-

marked with the results obtained from the conventional

stochastic geometry analysis for the uplink channel in

[13]. For the case without power control (τ = 0) in Fig. 8,

the coverage probability performance obtained from the

conventional stochastic geometry analysis in [13] initially

increases with the BS density. This is due to the fact that

having more BSs leads to improved coverage in the noise-

limited network (i.e., eliminates coverage hole). When λ

is large enough (e.g., λ > 10−1 BSs/km2 ), the SINR cov-

erage probability becomes independent of the BS density

as the network becomes interference limited. The sim-

ple pathloss model is responsible for this behavior as the

increased interference is being counterbalanced by the

increase in the signal power as λ increases in the inter-

ference limited network. In the mmWave framework, the

same observation, which follows the conventional analy-

sis, is experienced in the noised limited region. However,

when the mmWave network becomes denser than a cer-

tain threshold, the coverage probability starts decreasing.

The reason behind this is that NLOS interference paths

are converted to LOS interference paths.

For the case with full power control in Fig. 9, increas-

ing the BS density does not have any impact on the

SINR coverage probability obtained from the conventional

framework. On the contrary, the coverage probability of

Fig. 7 Comparison of the SINR coverage probability based on the PL-FPC and the D-FPC in the uplink of mmWave cellular networks
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Fig. 8 Comparison of the SINR coverage probability of the mmWave and UHF networks in the uplink channel with the power control factor τ = 0

the mmWave framework with PL-FPC remains the same

with increasing BS density until a threshold where it starts

rising to its peak and then decreases afterward. Imple-

menting full power control for the conventional frame-

work implies that the transmit power of all users reduces

as the BS density increases, and hence, the SINR coverage

probability remains unaffected. Whereas in the mmWave

network, NLOS paths convert to LOS paths as the BS den-

sity increases. This results in the reduction of the users

transmit power, which causes an initial increase in the

Fig. 9 Comparison of the SINR coverage probability of the mmWave and UHF networks in the uplink channel with the power control factor τ = 1



Onireti et al. EURASIP Journal onWireless Communications and Networking  (2018) 2018:195 Page 11 of 14

SINR coverage probability. However, similar to mmWave

network with no power control, the likelihood of hav-

ing an LOS interferer also increases. This consequently

results in the reduction in the SINR coverage proba-

bility as its effect eventually predominated that of the

transmit power reduction. Regarding the D-FPC, it out-

performs the PL-FPC at low BS density and converges

to the PL-FPC at high BS density. This convergence is

expected since all path becomes LOS at very high BS den-

sity. Furthermore, for the UHF network with Nakagami

fading, it can be observed that its SINR coverage prob-

ability converges to that of mmWave with when there

is no power control and λ < 10−0.2BS/km2. A similar

observation can be seen for the PL-FPC with full power

control.

In Fig. 10, we present results for other propagation envi-

ronment. In particular, we considered the NLOS pathloss

exponent αN = 4 and LOS pathloss exponent αL = 2.5. It

can be seen that the earlier observations equally hold for

this propagation environment.

4.4 Noise-limited approximation

In Fig. 11, we show the results based on the SNR coverage

probability, which has been obtained from the noise-

limited approximation of the SINR coverage probability in

(11), and for τ = 0. It can be observed that the SNR cov-

erage probability tracks the SINR coverage probability for

a threshold + < 5 dB and BS density λ < 10−1.8 BSs/km2.

However, for very large BS densities, the interference

dominates and a gap can be seen between the SINR and

SNR coverage plots.

4.5 Area spectral efficiency

Figure 12 gives the area spectral efficiency of both

mmWave and UHF networks as a function of BS density λ,

for FPC τ = 0 and 1. As it can be observed, the area spec-

tral efficiency of the UHF network with τ = 0 increases

invariably linearly with λ, when λ is large enough, e.g.,

λ ≥ 10−1 BS/km2. Whereas, for τ = 1, its area spec-

tral efficiency increases linearly without a restriction on

λ. This can be implied from the results in Figs. 8 and 9

where the SINR coverage probability of the UHF model

becomes constant with increased λ, i.e., λ ≥ 10−1 BS/km2

for τ = 0, while the SINR coverage probability is con-

stant over all λ values for τ = 1. On the other hand,

the mmWave network experiences a slow growth region

between λ = 101 BS/km2 and λ = 103 BS/km2, which

is due to the sharp decrease in the SINR coverage prob-

ability at that region. The results also show that the area

spectral efficiency of the mmWave network with D-FPC

converges to that with PL-FPC as the BSs become very

dense (λ ≥ 102 BS/km2). Furthermore, the area spectral

efficiency of the mmWave network (with PL-FPC) con-

verges to that of the UHFmodel when λ ≤ 10−0.2 BS/km2

and λ ≤ 10−1.4 BS/km2, for τ = 1 and τ = 0, respec-

tively. A similar trend in SINR coverage probability and

area spectral efficiency performances have been observed

for the downlink channel of mmWave networks in [26].

5 Conclusions
In this paper, we have presented a stochastic geome-

try framework to analyze the coverage in the uplink of

millimeter wave cellular networks. The framework takes

Fig. 10 SINR coverage probability with the power control factor τ = 1 and propagation environment with αL = 2.5 and αN = 4
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Fig. 11 Comparison of SINR and SNR coverage probability in the uplink of mmWave cellular networks

the effect of blockage into consideration by utilizing a

distance-dependent line-of-sight probability function and

modeling the location of LOS and non-LOS users as

two independent non-homogeneous Poisson point pro-

cesses. The proposed model takes into account per-user

fractional power control, which couples the transmission

of users due to location-dependent channel inversion.

The numerical results show that there exists a density of

mmWave base stations that maximizes the SINR coverage

probability

Appendix

Proof of Theorem 1

Given that the link between the desired (typical) user

and the reference BS is LOS, the conditional coverage

probability can be computed as

Pc,L(+) =

∫

∞

0
P[ SINR>+]FRL(r)dr (14)

=

∫

∞

0
P

[

|g0|
2 > rαL(1−τ )+Q/(MrMt)

]

FRL(r)dr

Fig. 12 Comparison of the area spectral efficiency of the mmWave and UHF networks in the uplink channel for τ = 0 and τ = 1
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where Q = ILL + ILN + INL + INN+σ 2,

ILL =
∑

l:Xl∈"L∩B̄(0,r)∩L

|gl|
2GlD

−αL
l R

αLτ

l ,

ILN =
∑

l:Xl∈"L∩B̄(0,r)∩N

|gl|
2GlD

−αL
l R

αN τ

l ,

INL =
∑

l:Xl∈"N∩B̄(0,ζL(r))∩L

|gl|
2GlD

−αN
l R

αLτ

l and

INN =
∑

l:Xl∈"N∩B̄(0,ζL(r))∩N

|gl|
2GlD

−αN
l R

αN τ

l (15)

are the interferences experienced at the reference BS from

the LOS users with LOS links to their serving BSs, LOS

users with NLOS links to their serving BSs, NLOS users

with LOS links to their serving BSs, and NLOS users

with NLOS links to their serving BSs, respectively; B(0, r)

denotes a disc of radius r centered at the origin and B̄(0, r)

denotes outsideB(0, r). The CCDF of the SINR at distance

r from the reference BS is

P

[

|g0|
2 > rαL(1−τ )+Q/(MrMt)

]

(a)
≈ 1 − E"

[

(

1 − e
(

−ηLr
αL(1−τ )+Q/(MrMt)

)
)NL

]

(b)
=

NL
∑

n=1

(−1)n+1

(

NL

n

)

E"

[

e
(

−ηLnr
αL(1−τ )+Q/(MrMt)

)
]

(c)
=

NL
∑

n=1

(−1)n+1

(

NL

n

)

exp
(

−sLσ
2
)

∏

i,j∈L,N

LIi,j(sL)

(16)

where sL =
ηLnr

αL(1−τ )+
MrMt

, ηL = NL(NL! )
−

1
NL , (a) follow

from the fact that |g0|
2 is a normalized gamma random

variable with parameter NL and the fact that for a con-

stant γ > 0, the probability P(|g0|
2 < γ ) is tightly upper

bounded by

[

1 − exp

(

−γNL (NL! )
−

1
NL

)]NL

[27]. (b) fol-

lows from the binomial theorem and the earlier assump-

tion that NL is a positive integer, and (c) follows from the

definition of Laplace transform of interference LIi,j(sL) =

EIi,j

[

e−sLIi,j
]

. To complete the derivation, stochastic geom-

etry concepts can be applied to derive the expression for

LILL(sL) in (16) as

LILL (sL) = EILL [ e
−sLILL ]

= E"L



exp







−sL
∑

z:Xz∈"L∩B̄(0,r)∩L

|gz|
2GzD

−αL
z RαLτ

z











= ERz ,Gz ,Dz ,gz





∏

z:Xz∈"L∩B̄(0,r)∩L

exp
{

−sL|gz|
2GzD

−αL
z RαLτ

z

}





(d)
= exp

(

−2πλAL

4
∑

k=1

bk

∫

∞

r
e−βc

(

1−ERz ,g

[

exp
{

−sLgc
−αLRαLτ

z

}])

cdc

)

(e)
= exp

(

−2πλAL

4
∑

k=1

bk

∫

∞

r
e−βc

(

1−ERz

[

1

1+sLakc−αLR
αLτ
z

]NL
)

cdc

)

(f )
=

4
∏

k=1

exp

(

−2πλALbk

∫

∞

r
e−βc

(

1−

∫

∞

0

FRL (y)

(1+sLakc−αLyαLτ )NL
dy

)

cdc

)

= e−GL(+,r),

(17)

where g in (d) is a normalized gamma variable with

parameterNL, ak and bk are defined in earlier in Section 2,

(d) follows from the probability generating functional of

the PPP [12], and the independence of the interference link

directivity gain Gz with probability distribution Gz = ak
with probability bk . Furthermore, λ is thinned by AL to

capture Rz that are LOS to their serving BS. (e) follows

from computing the moment generating function of a

gamma random variable g, and (f ) follows from the inde-

pendence of {Rz}z∈Z which has been validated earlier in

Section 3.1 and the fact that the interfering users are in

LOS to their serving BS. The computation for LILN (sL)

which denotes the Laplace transform of LOS interfering

links with NLOS links to their serving BS can be obtained

by following the same process such that,

LILN (sL) = EILN [ e
−sLILN ]

=

4
∏

k=1

exp

(

−2πλANbk

∫

∞

r
e−βc

(

1−

∫

∞

0

FRN (y)

(1+sLakc−αLyαN τ )NL
dy

)

cdc

)

= e−GN (+,r).

(18)

Similarly, for the NLOS interfering links which are in LOS

to their serving BS, LINL(sL) in (16) can be computed as

LINL (sl) = EINL [ e
−sLINL ]

= E"N



exp







−sL
∑

z:Xz∈"L∩B̄(0,ζL(r))∩L

|gz|
2GzD

−αN
z RαLτ

z











=

4
∏

k=1

exp

(

−2πλALbk

∫

∞

ζL(r)
(1−e−βc)

(

1−

∫

∞

0

FRL (y)

(1+sLakc−αN yαLτ )NN
dy

)

cdc

)

= e−HL(+,r).

(19)
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Furthermore, for NLOS interfering links which are

NLOS to their serving BS, LINN (sL) in (16) can be com-

puted as

LINN (sL) = EINN [ e
−sLINN ]

=

4
∏

k=1

exp

(

−2πλANbk

∫

∞

ζL(r)
(1 −e−βc)

(

1 −

∫

∞

0

FRN (y)

(1+sLakc−αNyαN τ )NN
dy

)

cdc

)

= e−HN (+,r)

(20)

Hence, we obtain (10) by substituting forLIi,j(sL) in (16),

which is further substituted into (14).

Given that the link between the desired user and the ref-

erence BS is NLOS, we can also compute the conditional

probability Pc,N (+) by following the same approach as that

of Pc,L(+). Thus, we omit the detailed proof of (10) here.

Consequently, from the law of total probability, it fol-

lows that Pc (+) = ALPc,L (+) + ANPc,N (+).

Acknowledgements

We acknowledge the support from the DARE project grant (no. EP/P028764/1)

under the EPSRC’s Global Challenges Research Fund (GCRF) allocation. The

second author is supported by the National Science Foundation under grant

numbers 1559483, 1619346, 1718956, and 1730650.

Authors’ contributions

OO proposed the concept and carried out the theoretical analysis and

simulations. AI contributed to the interpretation of the numerical results. AI

and MAI gave valuable suggestions on the structure of the manuscript and

also assisted proofreading. All authors read and approved the final manuscript.

Competing interests

The authors declare that they have no competing interests.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in

published maps and institutional affiliations.

Author details
1School of Engineering, University of Glasgow, University Avenue, G12 8QQ

Glasgow, UK. 2School of Electrical and Computer Engineering, University of

Oklahoma, Tulsa, OK, USA.

Received: 12 October 2017 Accepted: 30 July 2018

References

1. TS Rappaport, S Sun, R Mayzus, H Zhao, Y Azar, K Wang, GN Wong,

JK Schulz, M Samimi, F Gutierrez, Millimeter wavemobile communications

for 5G cellular: it will work!. IEEE Access. 1, 335–349 (2013). https://doi.org/

10.1109/ACCESS.2013.2260813

2. Z Pi, F Khan, An introduction to millimeter-wave mobile broadband

systems. 49(6), 101–107 (2011). https://doi.org/10.1109/MCOM.2011.

5783993

3. JG Andrews, S Buzzi, W Choi, SV Hanly, A Lozano, ACK Soong, JC Zhang,

What will 5G be? 32(6), 1065–1082 (2014). https://doi.org/10.1109/JSAC.

2014.2328098

4. T Baykas, C-S Sum, Z Lan, J Wang, MA Rahman, H Harada, S Kato,

IEEE802.15.3c: the first IEEE wireless standard for data rates over 1 Gb/s.

49(7), 114–121 (2011). https://doi.org/10.1109/MCOM.2011.5936164

5. IEEE Standard for WirelessMAN-Advanced Air Interface for Broadband

Wireless. Access Systems (2012). https://doi.org/10.1109/IEEESTD.2012.

6297413

6. MR Akdeniz, Y Liu, MK Samimi, S Sun, S Rangan, TS Rappaport, E Erkip,

Millimeter wave channel modeling and cellular capacity evaluation. 32(6),

1164–1179 (2014). https://doi.org/10.1109/JSAC.2014.2328154

7. S Rangan, TS Rappaport, E Erkip, Millimeter-wave cellular wireless

networks: potentials and challenges. 102(3), 366–385 (2014). https://doi.

org/10.1109/JPROC.2014.2299397

8. TS Rappaport, F Gutierrez, E Ben-Dor, JN Murdock, Y Qiao, JI Tamir,

Broadband millimeter-wave propagation measurements and models

using adaptive-beam antennas for outdoor urban cellular

communications. 61(4), 1850–1859 (2013). https://doi.org/10.1109/TAP.

2012.2235056

9. W Roh, J-Y Seol, J Park, B Lee, J Lee, Y Kim, J Cho, K Cheun, F Aryanfar,

Millimeter-wave beamforming as an enabling technology for 5G cellular

communications: theoretical feasibility and prototype results. 52(2),

106–113 (2014). https://doi.org/10.1109/MCOM.2014.6736750

10. AV Alejos, MG Sanchez, I Cuinas, Measurement and analysis of

propagation mechanisms at 40 GHz: viability of site shielding forced by

obstacles. 57(6), 3369–3380 (2008). https://doi.org/10.1109/TVT.2008.

920052

11. T Bai, RW Heath, Coverage and rate analysis for millimeter-wave cellular

networks. 14(2), 1100–1114 (2015). https://doi.org/10.1109/TWC.2014.

2364267

12. JG Andrews, F Baccelli, RK Ganti, A tractable approach to coverage and

rate in cellular networks. 59(11), 3122–3134 (2011). https://doi.org/10.

1109/TCOMM.2011.100411.100541

13. TD Novlan, HS Dhillon, JG Andrews, Analytical modeling of uplink cellular

networks. 12(6), 2669–2679 (2013). https://doi.org/10.1109/TWC.2013.

050613.120325

14. H-S Jo, YJ Sang, P Xia, JG Andrews, Heterogeneous cellular networks with

flexible cell association: a comprehensive downlink SINR analysis. 11(10),

3484–3495 (2012). https://doi.org/10.1109/TWC.2012.081612.111361

15. S Singh, HS Dhillon, JG Andrews, Offloading in heterogeneous networks:

modeling, analysis, and design insights. 12(5), 2484–2497 (2013). https://

doi.org/10.1109/TWC.2013.040413.121174

16. H ElSawy, E Hossain, On stochastic geometry modeling of cellular uplink

transmission with truncated channel inversion power control. 13(8),

4454–4469 (2014). https://doi.org/10.1109/TWC.2014.2316519

17. M Di Renzo, A Guidotti, GE Corazza, Average rate of downlink

heterogeneous cellular networks over generalized fading channels: a

stochastic geometry approach. 61(7), 3050–3071 (2013). https://doi.org/

10.1109/TCOMM.2013.050813.120883

18. O Onireti, A Imran, M Imran, R Tafazolli, Energy efficient inter-frequency

small cell discovery in heterogeneous networks. 65(9), 7122–7135 (2016).

https://doi.org/10.1109/TVT.2015.2482818

19. CHM de Lima, M Bennis, M Latva-aho, Statistical analysis of self-organizing

networks with biased cell association and interference avoidance. 62(5),

1950–1961 (2013). https://doi.org/10.1109/TVT.2013.224803

20. W Bao, B Liang, Stochastic geometric analysis of user mobility in

heterogeneous wireless networks. 33(10), 2212–2225 (2015). https://doi.

org/10.1109/JSAC.2015.2435451

21. T Bai, R Vaze, RW Heath, Analysis of blockage effects on urban cellular

networks. 13(9), 5070–5083 (2014). https://doi.org/10.1109/TWC.2014.

2331971

22. S Singh, MN Kulkarni, A Ghosh, JG Andrews, Tractable model for rate in

self-backhauled millimeter wave cellular networks. 33(10), 2196–2211

(2015). https://doi.org/10.1109/JSAC.2015.2435357

23. JG Andrews, AK Gupta, HS Dhillon, A primer on cellular network analysis

using stochastic geometry. Submitted to IEEE Access 2016. Available

online: https://arxiv.org/pdf/1604.03183v2.pdf. Accessed 19 Apr 2018

24. A Simonsson, A Furuskar, in IEEE VTC-Fall. Uplink power control in

LTE—overview and performance, Subtitle: Principles and benefits of

utilizing rather than compensating for SINR variations (IEEE VTC-Fall,

Calgary, 2008), pp. 1–5. https://doi.org/10.1109/VETECF.2008.317

25. X Yang, AO Fapojuwo, in IEEE ICC. Performance analysis of Poisson cellular

networks with lognormal shadowed Rayleigh fading, (2014),

pp. 1042–1047. https://doi.org/10.1109/ICC.2014.6883458

26. M Ding, D López-Pérez, G Mao, P Wang, Z Lin, in IEEE Globecom. Will the

area spectral efficiency monotonically grow as small cells go dense?

(American Mathematical Society Boston, San Diego, 2015). https://doi.

org/10.1090/S0025-5718-97-00814-4

27. H Alzer, On some inequalities for the incomplete Gamma function. Math.

Comput. 66(218), 771–778 (1997)


