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Abstract— This paper addresses the problem of generating
a continuous and differentiable trajectory on the Lie group of
rigid body motions, SE(3), for a class of underactuated vehicles
modeled as rigid bodies. The three rotational degrees of freedom
(DOF) are independently actuated, while only one translational
DOF is actuated by a body-fixed thrust vector. This model
is applicable to a large set of unmanned vehicles, including
fixed-wing and rotorcraft unmanned aerial vehicles (UAVs).
The formulation utilizes exponential coordinates to express the
underactuation constraint as an intrinsic part of the problem.
It provides steps to generate a rest-to-rest trajectory after
obtaining conditions that guarantee controllability. An attitude
trajectory is selected to satisfy the given initial and final attitude
state. The position trajectory generation is subsequently posed
as an optimal control problem expressed as a linear quadratic
regulator (LQR) in the exponential coordinates corresponding
to position. As a result, an optimal position trajectory is
obtained which ensures that the trajectory generated is feasible
with realistic velocities and with given initial pose and final
pose, while satisfying the underactuation constraint. Numerical
simulation results are obtained that validate this trajectory
generation scheme.

I. INTRODUCTION

Autonomous operations of unmanned vehicles are required
for several applications where remote human piloting is not
feasible or convenient. Increased autonomy is useful in di-
verse applications like security, agriculture and aquaculture,
inspection of civilian infrastructure, space and underwater
exploration, wildlife tracking and conservation, package de-
livery and remote sensing. A critical aspect of safe and
reliable operations of unmanned vehicles is that of stable
and robust autonomous guidance, navigation and control with
onboard hardware. This is particularly true for beyond visual-
line-of-sight (BVLOS) operations that require safety and
reliability in the presence of obstacles and disturbances like
wind. Collision and obstacle avoidance, as well as recovery
from external disturbances, may necessitate large maneuvers
even if such large maneuvers are not required otherwise.
Absence of nonlinear stability in these situations can lead to
failure and crash of even remotely piloted vehicles in LOS
operations, as shown in .

This paper investigates the problem of guiding an un-
deractuated vehicle modeled as a rigid body with four
independent control inputs for the six degrees of freedom
of translational and rotational motion in three dimensional
Euclidean space. The actuators control the three degrees of
freedom of rotational motion and provide a body-fixed thrust
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vector to control the translational motion in a vehicle body-
fixed coordinate frame. This actuation model covers a wide
range of unmanned vehicles like fixed-wing and rotorcraft
unmanned aerial vehicles (UAVs), unmanned underwater
vehicles (UUVs), and spacecraft. It is well known that a
rigid body with this type of actuation is controllable globally
over its state space [1]-[3]. A guidance scheme is then
obtained between given waypoints that are prescribed in
terms of their poses (positions and orientations). Prior related
research on the topics of trajectory generation and tracking
of underactuated unmanned vehicles includes [1]-[11].

Trajectory generation schemes for quadrotor UAVs, which
satisfy this actuation model, have been treated in the past, for
example, in [2], [12], [13]. For large and rapid maneuvers
that go beyond hovering or level flight, schemes that can
account for large motions are desirable. The trajectory gen-
eration scheme given here can generate trajectories requiring
large maneuvers in an optimal and stable manner on the Lie
group of rigid body motions in three-dimensional Euclidean
space, SE(3). This scheme can then be used in conjunction
with robust and stable trajectory tracking control schemes,
like those in [14], [15]. Exponential coordinates are used
to generate a time trajectory between a given pair of initial
pose and final pose on SE(3), to account for possible large
maneuvers required to go between the given pair with a
desired degree of differentiability, while avoiding known or
detected obstacles. The attitude trajectory between the given
initial attitude and final attitude is generated first, because the
attitude is fully actuated. This is followed by generating the
time trajectory for the position using exponential coordinates.
It is noted that the kinematics is linear in the exponential co-
ordinates for the position, which allows representation of the
position kinematics as a linear time-varying (LTV) system.
Consequently, this position trajectory is then generated in an
optimal manner using a linear quadratic regulator (LQR) for
this LTV system, such that the unmanned vehicle is regulated
to the final desired position.

This paper is organized as follows. Section II introduces
the problem of generating a trajectory that complies with
the under-actuation constraint. Section III details the steps
of the algorithm resulting in the solution that satisfies this
constraint. This section also addresses aspects of controlla-
bility of the underactuated system, and stable convergence of
the generated solution to the desired final pose. Numerical
simulation results for the proposed trajectory generation
scheme are provided in IV. A summary of analytical and
numerical results obtained in this paper and related research
directions to be pursued in the near future are provided in
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Fig. 1: Trajectory of a UAV between initial and final config-
urations on SE(3).

section V.

II. PROBLEM FORMULATION

A. Coordinate frame definition

The configuration of an unmanned vehicle modeled as a
rigid body is given by its position and orientation, which
are together referred to as its pose. To define the pose of
the vehicle, we fix a coordinate frame 5 to its body and
another coordinate frame Z that is fixed in space and takes
the role of an inertial coordinate frame. Let b € R? denote
the position vector of the origin of frame B with respect to
frame Z, represented in frame Z. Let R € SO(3) denote
the orientation, defined as the rotation matrix from frame B
to frame Z. The pose of the vehicle can be represented in
matrix form as follows:

s=[5 3] eseo 1)

where SE(3) € R%** is the six-dimensional Lie group
of rigid body motions (translational and rotational) that is
obtained as the semi-direct product of R? with SO(3) [16].
This is also the frame transformation matrix from frame B
to frame Z. A conceptual diagram depicting a trajectory on
SE(3) is given in Fig. 1.

Let ¢ € RS be the vehicle’s velocity vector (with trans-
lational velocity v € R? and rotational velocity 2 € R?)
expressed in coordinate frame B. The vehicle satisfies the

kinematics relation

14

g = g&Y, where £ = [Q] e R®
Qv @
and ¢V = [o 0} € se(3) C R¥4

v _ | v
Here (-)Y = {[ 0 0
space isomorphism from R® to se(3), the associated Lie
algebra of SE(3), and ()% : R3 — s0(3) C R3*3 is the
skew-symmetric cross-product operator that gives the vector
space isomorphism between R? and so(3):

€ se(3) | Q,v € R?}, is a vector
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B. Kinematics and Inverse Kinematics in Exponential Coor-
dinates

Denote the vector of exponential coordinates in SE(3)
by X € RS, which is the concatenation of two vectors
0, f € R? where O characterizes the principal angle and axis
of rotation and §3 is the exponential coordinate corresponding
to position. An exponential map (identical to the matrix
exponent), as detailed in [17], relates exponential coordinates
X to the pose g of the vehicle

v © 6
g =exp(X"), where X = {5} eR

4)
] € se(3) ¢ R4,

o0x g
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and X _[0 0

Substituting the expression for pose g into the kinematics
relation eq. (2) results in

X =G(X), ©)
where G(X), as shown in [18], is

A(©) 0 }

=16 ae) ©
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where 6 denotes the principal angle of rotation and é =
[e1 €2 e3]T € S? is the unit vector along the principal axis
of rotation.



The inverse kinematics equation which relates the expo-
nential coordinates and their rates (X, X) to the vehicle’s
velocities ¢ is given by

§=GH(X)X, ©)
where
-1 o A—l(G)) 0
G =1_aere,naie) ae)
and
A*1(®) -7 Cos(zg B 1@>< 0 7;?1(0) (@X)Q

The structure of G~'(X) mentioned here is a direct con-
sequence of the expression for G(X) in eq. (6) and the ex-
pression for A=!(©) can be obtained from series expansions
stated in [17] or symbolic manipulations.

C. Underactuation Constraint

This paper considers a class of under-actuated vehicles that
have actuation for three rotational degrees of freedom (DOF)
and one translational DOF, e.g., rotorcraft UAVs with rotors
along a fixed plane. In a kinematic model, the vehicle is
characterized by the fact that the components of translational
velocity v perpendicular to the vehicle’s thrust direction are
zero. Let us consider the body-fixed thrust direction to be
along the third axis of frame B represented by the unit vector
n=1[0 0 1]T. This implies that the translation velocity is
of the form

v==lvln

where || - || is the Euclidean norm. Using the inverse kine-
matics relation in eq. (8), the underactuation constraint for a
vehicle considered in this work can be expressed as

£ vl = A7(0) (-T(©. ) A ©)6+5).  ©)

The objective of this paper is to address the problem of
generating a trajectory in exponential coordinates (©, ) that
complies with the underactuation constraint in eq. (9).

III. TRAJECTORY GENERATION SCHEME ON SE(3)

This section provides details on the trajectory generation
scheme that enables the vehicle to traverse from a given
initial pose,

R; b,

at time ¢; to a desired final pose,

‘R b
g =4 f]

at time ¢ while simultaneously satisfying the underactuation
constraint in eq. (9).

A. Controllability of Underactuated System on SE(3)

The underactuation constraint in eq. (9) can be rephrased
as the following control problem
f=T(0,5)A7(©)0 + A©)n\ (10)
where A = £||v|| is the magnitude of translational velocity
acting as the control input. This is a coupled differential
equation in the exponential coordinates © and (. Solv-
ing eq. (10) is only possible by manipulating the term
T(0,8)A~1(0)0O, using the expressions in eq. (7), to be

T(0,5)A7'(©)0 =U(,0)5

where
. 1.
U(®©,6) = —56*5 (b
1 1+ cosf = T “T/ 4—13\T
— -7 A
(92 20sin 6 >(@@ OO 2
(1 +cos 9).(02— sin 6) 0T 4169
20 sin“ 0
((1 + cos 9)‘(92—&- sin 6) _ 2) 00T4-160T.
203 sin” 64

As a result of this manipulation, it can inferred that if ©
is prescribed as a function of time ¢, then the constraint
equation in eq. (10) is a linear time-varying (LTV) system
in 8 given by

B=U(O(t),0(t)B + v(t)A (12)

where v(t) = A(O(t))n. As per the assumption on the
class of vehicles considered, it is possible to actuate all
three rotational DOFs. Hence it is justified to provide the
above system with an a priori known or designed function
for the exponential coordinate corresponding to attitude i.e.
O(t) : R — R3. This work hereafter considers solutions of
the form

where € is the constant unit vector relating given initial
attitude R; and final attitude Ry through the equation

exp((Af)é*) = RyR;* (13)
where A satisfies the relation A¢ = 6(t;) —0(t;). With this
assumption on ©(t), the expression for U (O, O) simplifies
to
.0

U(6,6) =5 (- A©)) (14)
as shown in Appendix VI-A. As the expression for U(©, ©)
is considerably simplified, it is easy to assess the controlla-
bility of the LTV system. It is well known that a system is
controllable if the controllability Gramian defined by

Wit = | “a(r pulp)o(o)T0(r ) Tdp  (15)
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is positive definite for 7 € [t;,t¢]. The quantity ®(7,t;) is
the state transition matrix for the system described in eq.
(12) and is given by the matrix exponent

B(r,t;) = exp [ / U(p)dp] ,

because U(t) commutes with U(r), ie. UR)U(r) =
U(r)U(t), for all t,7 € [t;,t7]. In this case, the positive
definiteness of W, (7,t;) can be ascertained by showing that
there exists no ¢ € R? such that

g o (r, p)o(p)v(p)T®(r,p)Tqg =0,V p € [ti,7].  (17)

As ®(,p) and v(p) depend on the choice of ©(t), it is
shown, in Appendix VI-B, that the system is controllable
for all

(16)

€= {[61 €9 eg]T (e € 82,63 75 {0, 1}}

with an underlying assumption that 6(¢) is not constant,
ie., 6(t;) # 6(ty). This assures that the system in eq.
(12) is always controllable apart from when the principal
axis of rotation é, relating the initial and final attitudes,
is either horizontal (i.e., é = [e1 e O]T) or vertical (i.e.,
¢ = [0 0 1]T). Since the controllability of the state 5(t) is
assured and because the intention is to construct a scheme
which takes the vehicle to a desired final state 5y we define
a difference term B as

B(t) = B(t) - By
The system in eq. (12) can be rewritten in terms of B as
B=U)B+UBs +v(t),

with an underlying assumption that the vehicle comes to rest
at final time ¢f, i.e. By = 0.

(18)

19)

B. Optimal Trajectory Generation for Underactuated System
on SE(3)

To optimally solve for 3(t), the system in eq. (19) has to
be slightly altered to get rid of the U 8y term. This is done by
decomposing Av as a summation of two vectors: one along
UpB; and the other perpendicular to it, i.e.

A = Avg, + kw where vg, = (wT2)z,

— vg, andx:m

U @)1
vTz # 0} in the above

(20)

w="v
Setting A = {—||U(t)8;]|/vTz :
equation results in
UBs + Mv = kw.
Incorporating this into eq. (19) gives the state equation
B=U(t)3 +w(t)k

that can be optimally solved to determine the control input
k. Using the standard LQR approach, the optimal trajectory
is generated by minimizing the following cost function

2L

ty

J=3THG + / BETQA() + rk(r)?ldr,  (22)
t;

where 3 + = B(ty) — By; Q, H are positive definite matrices
and r is a positive scalar. Minimizing J in (22) results in a
control law of the form

K1) = s(05() = — T (OPWAE) @)

where P(t) is the solution of the matrix Riccati differential
equation (MRDE)
: Tp 2 T
P+PU+U P—-Pww P+Q=0 (24)
r
with the boundary condition P(t;) = H. Substituting the
control law in eq. (23) into the state equation eq. (21), results
in:
2 1 ~
Bt) = |U®) — cw(tyw (0P| BE), (25
which is solved with the initial value of B(ti) = B — .
Stable convergence of J to the zero vector, and therefore

of B(t) to By, follows from the properties of the optimal
solution to this LQR problem.

IV. NUMERICAL SIMULATION

This section presents numerical simulation results of the
trajectory generation scheme described in section III. The
scheme is generated for a time duration of ¢y —¢; = 10 s
with a time step size of At = 0.01 s. The initial position
vectoris b; = [2 1 2.:5]_]T and the desired final position vector
is by = [1.5 0.7 1]". For the purpose of simulating this
trajectory generation scheme, it is assumed that the attitude
trajectory is prescribed by é and 6 as follows:

. 1 T
= 22 3T, and 26
é T?[ 7, an (26)
2
o(t) = 3?“ sin(0.077t + g) Vte[0,10. (@7

However, if rotation matrices I?; and I?; are provided then
é can be calculated using eq. (13). Figure 2 shows the time
plot of the exponential coordinates O(t) for the attitude. For
the cost function J, the quantities @),  and H are defined
to be

Q = 500I3><3, H= 03><3, r = 100.

where 5,3 is the 3 x 3 identity matrix.

t (s)

Fig. 2: Time plot of the components of the exponential co-
ordinate vector ©(t) corresponding to the generated attitude
trajectory.
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Fig. 3: Simulation results for the position trajectory genera-
tion: (a) compoents of B converge to zero; (b) components
of position vector converge to desired by; (c) control input
converges to zero.

The control law in eq. (23) is calculated by first solving
the MRDE backwards in time. This is subsequently used
to solve for 3 forwards in time using eq. (25). These
differential equations are solved using a fourth order Runge-
Kutta method with fixed time step. Simulation results shown
in Fig. 3 demonstrate that the quantity B asymptotically
converges to zero, which is the globally asymptotically stable
equilibrium state for the feedback system eq. (25). Further,
the position vector b(t) is calculated using the exponential
map provided in eq. (4). As a consequence, the convergence
of 3 is reflected in Fig. 3 where b reaches the desired
final position by. Fig. 3 also demonstrates that the control
effort k(t) tends to zero asymptotically. This implies that
the system reaches its equilibrium, i.e. B8 =0, demonstrating
that it is globally asymptotically stable. Once the exponential
coordinates (©(t), 3(t)) are known, eq. (4) is employed
to determine the pose g of the vehicle. Fig. 4 depicts the
generated trajectory of the vehicle traversing from the given
initial pose to the desired final pose. Note that this trajectory
is smooth and starts and ends with zero velocities.

V. CONCLUSION

A trajectory generation scheme for an underactuated ve-
hicle modeled as a rigid body is formulated. Of the six
degrees of freedom of the rigid body, one translational DOF
and all three DOFs of rotational motion are actuated. This
scheme generates a trajectory between a given initial pose
and a desired final pose using exponential coordinates. The
initial and final attitude are related by a rotation about a
single principal axis. Generating the trajectory in terms of

[on<x
N = N

Fig. 4: Trajectory generated for underactuated vehicle on
SE(3).

exponential coordinates is beneficial, as it makes it possible
to describe a wide range of motions. The underactuation
constraint is also embedded into the trajectory generation
problem using exponential coordinates. The time trajectory
for the attitude (rotational DOFs) is first prescribed, and the
position trajectory is then designed using an LQR approach.
Numerical simulation results confirm the performance of this
trajectory generation between a given initial pose and desired
final pose with zero initial and final velocities and with a
single axis rotation. Future work will look at generalizing this
trajectory generation scheme to generate smooth trajectories
between pairs of initial pose and final pose without restricting
to single axis rotations and rest-to-rest maneuvers.

VI. APPENDIX

A. Simplifying U(O, 6)

The quantities used to express U(©, ©) in eq. (11) can be
simplified, as follows, by considering O(¢) = 6(t)é

©)75 ¢ (s1;1t9§X N 1 —;OSHéX2>

0@O"T(A™HT +0'6T =200 (I +&*?)

o 0
0eTA 1(©)0' 0T = ¢¢° (I +e*?).

6T A-16'S — 90 (I+ 1—cosf ., 0 —81n9éx>



The resultant expression for U(0, ©) is
o A1 1 14cosby o
v(®,0)=-4 (26 + (9 " 2sing )e
0
= 21— A©)),
which is identical to eq. (14).

B. Proof of Controllability

The controllability Gramian for the LTV system (12) is
defined by

Wolr,t,) = / "9 (1. p) AT Alp) "D (7. p) dp.

i

where 7 = [0 0 1]T € R? is the control influence matrix.
Evaluating and simplifying the expression (16) for ®(7, p)
for U(©, ) given by eq. (14), gives

®(7,p)A(p) = I +wi(T,p)e™ +wa(r, p)é*?,

where

wi(t, p) = ki sin(6(p) — ),
ws(t,p) = 1 k1 cos(8(p) — ),
ﬂ and ¢ := o)

0(t)

with k1 := .
2 sin 5 2

For controllability, it is necessary and sufficient to show that

the there exists no non-zero vector ¢ = [q1 g2 q3]T € R?
such that [19]

Qp) = ¢ 0(r, p)Alp)n = 0, ¥ p € [t;, 7).

(Note that the LTV system (12) is not controllable if and only
if there exists ¢ € R3, such that ¢ W,q = [ Q(p)*dp =0.)
This condition can be expressed as:

(28)

3

Qp) = f(p) +es Y aes =0, (29)

i=1
where
f(p) = kisin[0(p) — ¢](qre2 — gze1)—
3
k1 cos[0(p) — ¢](es Z gi€i — q3)
i=1

and é = [e1 e €3]T € S? is the principal rotation axis

corresponding to 2y %, !, The quantity Q is expressed, in eq.
(29), as a sum of function f(p) and a constant e3 2?21 qgie;
for a vector ¢ € R3. When f(p) # 0 for all p € [t;, 7] then
f(p) is not of constant value because 0(p) is a time varying
quantity. This implies that @) in eq. (29) cannot be zero over
the whole interval p € [t;,t¢]. But when f(p) =0, i.e., if ¢
is such that

giez — qze; =0, and

3
es > qiei — g3 =0,
i=1

then the following cases arise:

(30)

1) If ¢ = «é for a constant o € R, then @) = aes. When
e3 = 0 the system loses controllability.
2) Alternatively, if e = 1 then ) = ¢3; implying loss of
controllability when g3 = 0.
This analysis shows that for every

ée= {[61 €9 63]T (e e 82,63 §é {0, 1}},
the system is controllable.
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