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Statistical projection effects in a hydrodynamic
pilot-wave system

Pedro J. Saenz, Tudor Cristea-Platon and John W. M. Bush*

Millimetric liquid droplets can walk across the surface of a vibrating fluid bath, self-propelled through a resonant interaction
with their own guiding or ‘pilot’ wave fields. These walking droplets, or ‘walkers’, exhibit several features previously thought to
be peculiar to the microscopic, quantum realm. In particular, walkers confined to circular corrals manifest a wave-like statistical
behaviour reminiscent of that of electrons in quantum corrals. Here we demonstrate that localized topological inhomogeneities
in an elliptical corral may lead to resonant projection effects in the walker's statistics similar to those reported in quantum
corrals. Specifically, we show that a submerged circular well may drive the walker to excite specific eigenmodes in the bath that
result in drastic changes in the particle's statistical behaviour. The well tends to attract the walker, leading to a local peak in the
walker's position histogram. By placing the well at one of the foci, a mode with maxima near the foci is preferentially excited,
leading to a projection effect in the walker's position histogram towards the empty focus, an effect strongly reminiscent of the
quantum mirage. Finally, we demonstrate that the mean pilot-wave field has the same form as the histogram describing the

walker's statistics.

Emmanuel Fort and co-workers'”, significant effort has been

devoted to examining the potential and limitations’ of walking
droplets as a hydrodynamic quantum analogue system®. Harris et al.
demonstrated that the chaotic motion of a walker confined to a cir-
cular cavity, or ‘corral, may lead to the emergence of a wave-like
statistical behaviour, with the droplet’s position histogram being
prescribed by the eigenmode of the cavity®, reminiscent of the prob-
ability distribution of a two-dimensional electron gas confined to
a circular quantum corral®. Despite several attempts’~’, a conclu-
sive theoretical demonstration of this robust statistical behaviour
remains an open challenge. The results in the circular corral® sug-
gest the possibility of establishing deeper connections between
these two markedly different systems.

The Kondo effect'®"" is the suppression in the local differential
conductance of a metallic substrate due to the presence of magnetic
impurities. In a remarkable recent set of experiments, Manoharan
and co-workers'” exploited this effect to demonstrate that, due to
the special resonant properties of elliptical corrals, an individual
atom (magnetic impurity) inside a quantum corral can be used
to control the relative importance of specific cavity modes, thus
allowing for the production of arbitrary superpositions of spatial
quantum states'”. When the magnetic impurity is placed at one
focus, a particular elliptical eigenmode with extrema near the foci is
preferentially excited, leading to a heightened statistical response in
the electron density near the empty focus. Owing to the acute sensi-
tivity of the differential conductance to the statistical response, the
result is the projection of a pronounced minimum in the differential
conductance from the occupied focus to the empty one, the so-
called quantum mirage'. Here, we demonstrate that similar mode
superposition and projection effects can be induced and manipu-
lated in the walking droplet system by using a submerged circular
well in the role of the magnetic impurity.

A schematic of the experimental set-up is shown in Fig. 1. An
elliptical corral made of stainless steel was filled with 20 cSt silicon
oil with density p=950kgm™, viscosity v=20.9cSt and surface
tension 6=20.6mNm™. The eccentricity of the ellipse is e=0.5
and the length of its semi-major axis is a=14.25mm. The corral

Since the groundbreaking experiments of Yves Couder,

was filled to a height h=1.70 + 0.05 mm such that a very thin liquid
film of depth h;=0.05+0.03 mm overlays the border of the cavity,
serving as a wave damper. The bath was mounted on an optical
table and vibrated vertically by an electromagnetic shaker with
acceleration I'(t) =ycos(wt), where y and f=w/2x are the prescribed
maximum acceleration and frequency, respectively. Unless other-
wise noted, the driving frequency was fixed at f=72Hz. The shaker
was connected to the bath by a thin steel rod coupled with a linear
air bearing to ensure a spatially uniform vibration to within 0.1%
(ref. '*). The forcing was monitored by two accelerometers, attached
to the bath on opposite sides of the drive shaft, and a closed-loop
feedback ensured a constant acceleration amplitude to within
+0.002¢ (ref. '*). A droplet of the same silicon oil with diameter
d=0.79+0.01 mm was generated with a piezoelectric droplet-on-
demand generator and placed on the vibrating bath with the help
of a removable slide"”. Provided the driving acceleration was in the
appropriate range, the drop could survive indefinitely by bouncing
on the surface of the bath'®. To ensure that ambient air currents did
not affect the results, the corral was sealed with a transparent acrylic
lid. We note that, although previous studies of walking droplets have
considered the deep-water regime (h >4 mm for the vibrational fre-
quencies typically examined), we considered a relatively shallow
layer in order to exploit variable bottom topography as a means of
altering the dropss statistical behaviour.

The walker motion was recorded at 20 frames per second with a
charge-coupled device (CCD) camera mounted directly above the
bath and tracked with an in-house particle-tracking algorithm. The
bath was illuminated with a light-emitting diode (LED) light ring to
increase the contrast between the drop and the black background.
This visualization set-up is optimal for droplet tracking but does
not allow for observation of the wave field. The simplest method
to capture the wave form is to view the normal reflection of light at
the free surface". To that end, a semi-reflective mirror at 45° was
placed between the CCD camera and the bath, and the light ring
was replaced by a diffuse-light lamp facing the mirror horizontally.
Images can then be observed with bright regions corresponding to
horizontal parts of the surface, extrema or saddle points'” (Fig. 2a,b).
The wave field was recorded at frequency f/4.
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Fig. 1| Schematic of the experimental set-up. a, Oblique view of a

droplet and its pilot wave exploring an elliptical corral. b,c, Cross-section
of the topologically homogeneous elliptical corral (b) and the elliptical
corral with a submerged circular well of depth H=4.5mm and diameter
D=5.5mm (c). The liquid depth in the corral and in the wave damper is
h=170mm and h;=0.05mm, respectively. d,e, Location of the circular
well corresponding to the results presented in the left and right columns of
Fig. 5. The length of the semi-major axis and eccentricity of the ellipse are
a=14.25mmand e =+1-b*4* =025, respectively.

When the driving acceleration exceeds the Faraday threshold y;,
which depends on f, h, the fluid properties and cavity size, the bath
spontaneously becomes unstable to a standing field of subharmonic
Faraday waves'®". A critical parameter of the system is the so-called
‘memory, y/y which indicates the proximity of the driving accel-
eration to the Faraday threshold and so prescribes the longevity of
the waves excited by the drop at each impact™. In the high-memory
regime (y—y;"), the waves are more persistent, so the droplet is
more strongly influenced by its history*.

For the range of parameters considered, y. =4.022g. We focus on
the statistical behaviour of a walker in the high-memory regime,
specifically y/y;=0.998, thereby ensuring that, as in the original
corral experiment®, the characteristic decay time of the subhar-
monic Faraday waves, or ‘memory’ time Ty =Ty/(1—y/y:)~7.8s,
exceeds the droplet’s characteristic crossing time T.=a/u~1.6s.
Here, Ty = A /(8n°v) is the wave decay time in the absence of vibra-
tional forcing®, A is the Faraday wavelength as prescribed by the
standard water-wave dispersion relation, and u~6-9mms™ is the
characteristic speed of the droplet. If Ty < T, the waves decay faster
than the droplet crosses the cavity and dissipation precludes the
persistent wave field necessary for the emergence of the quantum-
like statistical behaviour. The droplet motion was recorded for
3.5h in 30 min intervals to maintain the prescribed memory, which
may drift slowly owing to variations in viscosity and surface ten-
sion resulting from ambient temperature changes. y; was measured
before and after each acquisition period and only data sets for which
| Aye|/7: < 0.001 were retained, where Ay; represents the variation in
the Faraday threshold over a 30 min segment. The Faraday threshold
is never crossed: the bath surface would remain flat in the absence
of the droplet.
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Fig. 2 | Droplet statistics in an elliptical corral. a,b, Top views illustrating

the complex instantaneous wave field excited by the drop’s motion along

the yellow dashed trajectory (Supplementary Movie 1). ¢, Chaotic droplet
trajectory, coloured according to the instantaneous speed, for increasing time
intervals. d, Emergent pattern after 3.5h. e, Histogram of the walker's position
(90 %90 bins). f, Local average speed (contour plot) and velocity (arrows) for
the data shown in d. The absolute average speed is (u)=8.68 mms. Here,
f=72Hz, y/y:=0.998 and d=0.79 + 0.01mm, for which the most unstable
Faraday wave mode is the (1,5) mode illustrated in Fig. 3c,d.

In this high-memory regime, the droplet motion is highly
irregular. Its trajectory is characterized by frequent and abrupt
changes in direction and speed prompted by impacts on its com-
plex pilot wave field. Figure 2a,b illustrate the spatio-temporal com-
plexity of the instantaneous wave field and the associated droplet
trajectory. See Supplementary Movie 1 for a longer time series.
Note that the instantaneous wave field inside the corral is markedly
different from both the distinct horseshoe shape arising for a free
walker® and from the corral’s most unstable Faraday mode, whose
form is evident in Fig. 3c. Figure 2c shows the drop trajectory, colour-
coded according to speed, for paths of increasing length. Eventually,
a well-defined pattern emerges, revealing a correlation between drop
position and speed (Fig. 2d). The histogram of the walker position
(Fig. 2e) reveals sharply defined regions that the walker visits more
frequently, including two small circular regions near the centre of the
ellipse and enclosing elliptical rings whose intensity decreases out-
wards. The average speed map presented in Fig. 2f shows that peaks
in the histogram correspond to regions of lower speed, as is also indi-
cated in Fig. 2d. Figure 2f shows an overlay of the average velocity
(arrows), which is effectively zero in the centre of the corral, indi-
cating that the droplet visits each point there with some characteris-
tic speed but with a random direction. Conversely, near the borders
of the corral, an apparent quadrupole stream emerges in the mean
velocity field. Specifically, the walker has a tendency to move along
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Fig. 3 | Mean pilot-wave field. a, Mean pilot-wave field obtained by averaging
the instantaneous waves, such as those shown in Fig. 2a,b, over 30 min.

Note that at the prescribed acceleration (y <y,), no waves would exist in

the absence of the drop. b, Superposition of the analytical gradient maps
presented in d and f, showing good agreement with the mean wave pattern
(a) and so the walker's statistical response (Fig. 2¢,f). c,e, Faraday waves
observed at threshold y =y, with f=72Hz (c) and 70 Hz (e). d f, The patterns
in c and e are well approximated by the two analytical eigenfunctions in d
and f, respectively, which correspond to solutions of the Helmholtz equation
in an elliptical domain with Dirichlet boundary conditions. In d and f, right,
the eigenmodes are depicted in bright colours, while the greyscale figures
show the magnitude of their spatial gradients, with white corresponding to
zeros in slope (extrema or saddle points) and black corresponding to extrema
in slope. This depiction allows for a direct comparison between the analytical
modes and experimental visualization of the waves".

the border from the ends of the major axis towards the ends of the
minor axis, where it then recirculates towards the corral centre.
Averaging the highly irregular instantaneous wave field (Fig. 2a,b)
over 30 min reveals a well-defined mean wave field (Fig. 3a) with fea-
tures strikingly similar to those characterizing the position histogram
and average speed map (Fig. 2e,f). The brighter areas in the mean
wave field represent regions whose average slope is zero and coincide
with high-density and low-speed regions in the position histogram
and speed map, respectively. This correspondence indicates that the
walker’s statistical response is slaved to the mean wave field through
the relatively incoherent, particle-centred, instantaneous pilot wave.
To rationalize this correspondence, we turn our attention to
the Faraday waves emerging inside the corral, in the vicinity of the
driving frequency, just above the Faraday threshold. It is important
to distinguish these standing Faraday wave modes, which appear
above threshold in the absence of the walker, from the instanta-
neous wave fields (for example Fig. 2a,b) excited at y <y; by the
walking drop, which decay both in time and space. Figure 3c,e
shows the Faraday waves observed at threshold y=y; with f=72
and 70 Hz, respectively, which are well approximated by particular
solutions of the Helmholtz equation for an elliptical membrane with
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Fig. 4 | Fundamental modes of the elliptical corral transiently excited

by the walker. On rare occasions when the walker's trajectory coincides
with one of the crests or troughs of the fundamental Faraday modes for an
extended period, a pilot-wave form resembling the corral’s fundamental
Faraday modes may briefly appear. a,b, The (4,4) Faraday mode dominant
at 70 Hz emerges in the bath. ¢,d, The (1,5) Faraday mode dominant at

72 Hz becomes apparent. The yellow dotted line illustrates the droplet’s
trajectory. Here, y/7:=0.998 and f=72Hz.

Dirichlet boundary conditions. Specifically, the waves observed at
f=72Hz (Fig. 3c) correspond to the odd (1,5) elliptical eigenfunc-
tion (Fig. 3d), while those found at f=70Hz correspond to the
even (4,4) mode”. We note that Dirichlet boundary conditions are
the most appropriate given the minimal thickness of the fluid film
surrounding the cavity and the resulting tendency of surface tension
and viscosity to minimize the wave amplitude there”.

By superposing the (1,5) and (4,4) wave modes in equal weight
as a first approximation, we find the pattern presented in Fig. 3b,
whose main features correspond closely to those of the mean wave
field shown in Fig. 3a and consequently to the walker’s position
histogram and speed map in Fig. 2e,f. This correspondence indi-
cates that the walker’s seemingly chaotic motion is actually being
dictated by the resonant Faraday modes of the cavity, some com-
bination of which is subcritically (y<y;) excited at each impact.
In this particular case, the walker appears to be exciting not only
the Faraday mode at the driving frequency (f=72Hz) but also a
second mode that is dominant at a nearby frequency (f=70Hz).
The presence of other modes with relatively small weights cannot be
discounted. We note that each drop impact must excite other eigen-
modes in order to give rise to the intricate instantaneous wave field
observed experimentally (Fig. 2a,b). It is only in some exceptional
occasions, when the walker happens to move along one of the main
crests or troughs of one of the two fundamental cavity modes for
an extended period, that the instantaneous wave resembles either
of these two modes (Fig. 4). At each impact, the walker is thus
exciting some collection of modes, two of which (the (1,5) and (4,4)
modes) are predominant, their relative weight depending on the
drop position and recent trajectory. The remaining rapidly decaying
modes evidently have no significant effect on the mean wave field
or the droplet statistics. The mean wave field also indicates that, on
average, the dominant modes are being excited equally. We note that
it has been shown that averaging chaotic Faraday waves well above
threshold (y» y;), in the absence of a walker, also yields a mean field
related to the linear wave modes of the cavity*'.
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We now focus on demonstrating how localized topographic fea-
tures in the form of submerged circular wells can vary the mode
balance by diminishing or enhancing the resonance of specific cav-
ity eigenmodes and so alter drastically the statistical response of
the walking droplet. We machined a cylindrical well of diameter
D=5.5mm and depth H=4.5mm on the bottom of the elliptical
corral (Fig. 1c) and repeated the experiment under precisely the
same conditions as those in Fig. 2. Because y; decreases for increas-
ing liquid depth, the well is essentially generating a spatially varying
memory distribution, and the effective local memory above the well
is larger than elsewhere. Although we ensure that y <y everywhere,
drop-induced surface disturbances are larger in amplitude and more
persistent above the well due to the local diminution of the rate of
viscous dissipation. The submerged well can thus be thought of as
playing the role of the impurity in the quantum corral: by encourag-
ing the emergence of localized high-amplitude perturbations in the
underlying wave field through topologically induced changes in the
local memory y/y;, it enhances the resonance of specific cavity modes.

Two distinct configuration are considered: (1) the well is located
at the midpoint of the upper semi-minor axis; (2) the well is placed
at the left focus (Fig. 1d,e). The position histogram for the first
configuration is presented in Fig. 5a. In this case, we find that the
impurity substantially diminishes the resonance of the dominant
fundamental modes. By comparing Fig. 5a with Fig. 2e, we observe
a drastic decrease in the definition of the histogram: only weak
traces of the fundamental modes are visible, along with localized
high-density regions near the well. The latter indicate that the sub-
merged well acts to attract the walker. The presence of the well also
has noticeable effects in the walker’s kinetics (Fig. 5¢). Specifically,
the speed map depicts a brighter area at the well’s position, indi-
cating that the droplet speed is higher in the deeper region, as is
consistent with drop speed increasing with memory”**'. The average
velocity map also underscores the attractive nature of the well. The
direction of the arrows has changed in the upper half of the corral rel-
ative to the homogeneous corral (Fig. 5¢), indicating that the walker
now has a heightened tendency to move from the centre of the corral
towards the well, along the upper semi-minor axis, then recirculate
back towards the extremities of the major axis along the border of the
corral. The mean wave field, now with reinforced horizontal bands in
the centre, is presented in Fig. 5e. These features can be understood
by examining the associated Faraday wave mode (Fig. 5g), which can-
not be represented by a single eigenfunction. Placing the well at the
midpoint of the semi-minor axis evidently induces more than one
cavity mode. We note that placing the well in a relatively low-symme-
try position, for example on a diagonal, has a similar effect: a relatively
incoherent mixture of cavity modes is induced.

A markedly different response is observed when the well is
located at a focus of the elliptical corral. In this case, the well
enhances the resonance of a particular mode with maxima near the
foci. Specifically, the presence of the well results in the (4,4) mode,
found at 70Hz in the homogeneous corral, becoming resonant
at 72Hz (Fig. 5h). This topologically induced effect has a drastic
impact on the statistical behaviour of the droplet, which becomes
slaved to the new dominant (4,4) wave mode. As a consequence,
the histogram of the droplet presented in Fig. 5b shows a markedly
stronger signal, in which high-density vertical bands appear to be
projected from focus to focus. The height of the histogram peaks
above the foci is the same for the homogeneous corral (Fig. 2¢), but
adding the submerged well at one focus (Fig. 5b) causes the overly-
ing peak to be roughly twice that of its counterpart over the empty
focus. The intensified resonance of the (4,4) mode is also evident in
the mean velocity field (Fig. 5d), where new preferred paths emerge,
including a motion along the boundary from the left to the right
side of the corral. The mean wave field (Fig. 5f) also shows rein-
forced vertical bands, providing further evidence of the enhanced
weight of the (4,4) mode.
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Fig. 5 | Resonant projection effects. a-f, Walker's histogram (a,b), average
speed (colour map) and average velocity (arrows) (¢,d) and mean wave
field (e,f), arising when a submerged circular well is placed at the midpoint
of the upper semi-minor axis (left column) or the left focus (right column).
The well's diameter and depth are D=5.5mm and H=4.5mm, respectively,
and its specific locations are indicated in e and f. The experimental
parameters are as in Fig. 2. When the well is off focus (a), the resonance of
the fundamental modes is notably obstructed: the histogram only shows
traces of the statistical signature observed within a homogeneous corral
(Fig. 2e). Conversely, when the well is at the focus (b), the resonance of
the (4,4) mode is drastically enhanced, leading to a radical change in the
walker's statistical behaviour, now characterized by high-density vertical
bands projected towards the empty focus. This resonant effect is also
evident in the corresponding average speed and average velocity maps
(c,d), which show the emergence of substantially stronger mean velocities
when the well is at the focus. In e and f, the mean pilot-wave field is shown
averaged over 30 min, showing reinforced horizontal (e) and vertical (f)
bands with respect to Fig. 3a due to the effects of the well. g,h, Faraday
waves observed at threshold y =y, with f=72Hz when a submerged well

is placed as in e and f. In both cases, the well induces waves markedly
different from those observed at the same f with homogeneous topography
(Fig. 3c). Specifically, the well at the focus enhances the (4,4) mode
observed at 70 Hz in the absence of the well (Fig. 3e).

It is constructive to discuss the similarities with and differ-
ences between our experimental results and the controlled mode
superposition and projection effects arising in elliptical quantum
corrals'>". The most striking difference is the vast disparity in
scales between these macroscopic and microscopic systems. In the
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quantum experiment, the characteristic corral size and electron
speed are a~75A and u=h/(mls)~2.5x10°ms™, respectively'’,
while the equivalent parameters are a ~ 15mm and u~9mms™ in
the walking droplet experiment. The walking droplet system is a
driven dissipative classical system for which the spatial decay rate
of the waves imposes an upper bound on the size of the cavity.
Although 84 electrons were bounded within the quantum corral
in the experiments of Manoharan et al.”*, the theoretical modelling
of the quantum corrals is based on a single-particle description'’.
Our experiments demonstrate how a similar behaviour may emerge
from a single-particle hydrodynamic pilot-wave system. Another
similarity between the hydrodynamic and quantum corrals has
been brought to light by our study. The statistics in a topologically
homogeneous corral at 72 Hz are prescribed by the superposition of
two fundamental cavity modes. One might thus surmise that this
particular bouncing droplet experiment is essentially a mixed-state
system characterized by a two-level Hamiltonian®.

We have demonstrated striking new similarities between hydro-
dynamic and quantum corrals. We have shown that the statistical
behaviour of the walker in a homogeneous elliptical corral can be
described in terms of the superposition of a number of statistical
states, a fundamental feature of quantum mechanics. Furthermore,
we have demonstrated that a localized irregularity in the medium
can drastically change the relative weight of the resonant modes and
thus the statistical response of the confined droplet. As in the quan-
tum corral experiments'>'?, we have shown that the position of the
irregularity plays a critical role in the resulting statistical behaviour.
High-symmetry configurations (specifically, with the well at the
midpoint of the semi-minor axis) do not necessarily enhance the
resonance of a particular cavity mode. However, when the impu-
rity is placed at a focus, the walker induces a specific mode with
maxima near the foci, leading to drastic changes in the statistical
behaviour, including resonant projection towards the empty focus.
Although these projection effects are directly evident in our hydro-
dynamic system, they only become apparent in quantum corrals
by subtracting the standing waves that arise with and without the
impurity"'. The quantum mirage, a projection effect in the differ-
ential conductance, results directly from the sensitivity of the local
conductivity to the altered statistical response. New challenges
posed by our study include the determination of analogues in the
walking droplet system of electric current and differential conduc-
tance in quantum corrals.

In the context of hydrodynamic quantum analogues®, our study
represents a significant advance. In previous studies, the fluid depth
was sufficiently large that the pilot waves could be described in
terms of deep-water waves. Here, we have demonstrated that hydro-
dynamic pilot-wave dynamics is viable in relatively shallow water,
where the lower boundary influences the walking droplet’s dynamics
without entirely suppressing the Faraday waves®. Variations in
topography may thus be used to generate spatial gradients in
memory, effectively allowing for topographically induced potentials.
Finally, we have characterized the mean pilot-wave field within the
corral and demonstrated that its form is equivalent to the position
histogram of the droplet and so also related to the fundamental
modes of the cavity. While the focus of this study has been on effects
akin to quantum superposition and projection, our results motivate
consideration of hydrodynamic corrals of different geometries that
will allow for quantitative comparative studies with quantum chaos
in corrals” and quantum-mechanical pilot-wave theories™.

Data availability
The data that support the findings of this study are available from
the corresponding author upon reasonable request.
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