Chapter 16

Control Systems Under Attack:

The Securable and Unsecurable Subspaces
of a Linear Stochastic System

Bharadwaj Satchidanandan and P. R. Kumar

Abstract The ideas of controllable and unobservable subspaces of a linear dynami-
cal system introduced by Kalman play a central role in the theory of control systems.
They determine, among other aspects, the existence of solutions to many control
problems of interest. Analogous to the notions of controllable and unobservable
subspaces are the notions of “securable” and “unsecurable” subspace of a linear
dynamical system, which have operational significance in the context of secure con-
trol. We examine what guarantees can be provided with respect to securable subspace,
especially in the case when there is process noise in the system.

16.1 Introduction

The ideas of controllable and unobservable subspaces of a linear dynamical system,
introduced by Kalman in [1], play a central role in the theory of control systems.
They provide, for example, necessary and sufficient conditions for the existence of a
stabilizing control law for any linear dynamical system of interest. Analogous to the
notions of controllable and unobservable subspaces, we examine, in this paper, the
notions of “securable” and “unsecurable” subspaces of a linear dynamical system,
which we show have operational significance in the context of secure control.
Consider a multiple-input, multiple-output, discrete-time linear dynamical sys-
tem, an arbitrary subset of whose sensors and actuators may be “malicious.” The
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malicious sensors may not truthfully report the measurements that they observe, and
the malicious actuators may not apply their control inputs as per the specified control
law. In such a setting, even if the system is controllable and observable, the desired
control objective may not be achievable. The honest nodes in the system may believe
the state trajectory to be a certain sequence {x[0], x[1], ...} whereas the actual state
trajectory of the system may be very different. It is against this backdrop that we
define the notions of securable and unsecurable subspaces of a linear dynamical
system. The unsecurable subspace is defined, roughly, as the set of states that the
system could actually be in, or ever reach, without the honest sensors ever being
able to detect, based on their measurements, that the system had visited that state,
or that there was any malicious activity in the system. Theorems 16.1 and 16.2 in
the paper characterize the securable and unsecurable subspaces of a linear system.
These results are analogous to those reported in [5], and in [2—4] for continuous-
time linear dynamical systems, which examine what sorts of attacks are possible
on control systems while remaining undetected. We formalize the results as char-
acterizations of securable and unsecurable subspaces. They may be regarded as the
analogs of the controllable and unobservable subspaces reexamined in an era where
there is intense interest in cybersecurity of control systems. We then turn to the case
of systems with noise, i.e., linear stochastic dynamical systems. We show that the
securable and unsecurable subspaces defined in the context of deterministic systems
also have operational meaning in the context of stochastic systems.

One way to view these results is as negative or impossibility results which state
that given a linear control system with certain malicious sensors and actuators, it
is impossible for the honest sensors to distinguish certain state trajectories from
others. Consequently, it may be impossible to guarantee that the system does not
reach certain states that are considered “unsafe.” An alternate viewpoint is to look at
these results from a system designer’s perspective. These results could be regarded
as providing guidelines for designing secure control systems. For example, for a
specified amount of resilience required of the control system, typically quantified by
the number of Byzantine nodes that the system should tolerate, or for a specification
that the system should not visit certain “unsafe” states, the results can be translated
into conditions that the securable and unsecurable subspaces should satisfy in order to
meet the security specifications. This can potentially constitute a principled approach
to design systems that are secure by construction, as opposed to designing systems
to maximize a performance metric, and only subsequently installing ad-hoc security
measures as an afterthought.

As mentioned before, many of the results in this paper pertaining to determinis-
tic linear dynamical systems are mathematically isomorphic to some of the results
contained in [2-5]. In addition, we report preliminary results on the extension of the
above results to the context of stochastic linear dynamical systems where only noisy
measurements of states are available.
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16.2 Problem Formulation

Consider a pth order discrete-time linear dynamical system with m inputs and n
outputs described by

X[t + 1] = AX[t] + Bu[t],
ylt + 1] = Cx[r + 1],
X[0] = xo. (16.1)

where X[7] € R” denotes the state of the system at time ¢, u[f] € R™ denotes the
input applied to the system at time ¢, y[¢] € R" denotes the output of the system at
time ¢, and A, B, and C are real matrices of appropriate dimensions.

We denote by z[¢] the values reported by the sensors at time ¢. If sensor i, i €
{1,2, ..., n},ishonest, then z;[¢] = y;[¢] for all #. We assume that an arbitrary, known,
possibly history-dependent control policy g = {g1, g2, ...} is in place, and denote
by ué[¢] the control policy-specified input at time 7, so that u$[7] = g,(z'), where
z' :=[2"[0] 2"[1] ... Z"[#]]7. If actuator i is honest, then &;[r] = u;[7] for all z.

We assume the adversarial nodes in the system to be near-omniscient, in the sense
that attime ¢ = 0, they have perfect knowledge of the initial state X, of the system. On
the other hand, the honest nodes in the system, at any time ¢, have access only to the
measurements z' that are reported until that time. Clearly, this assumption represents
a worst-case scenario from the point of view of the honest nodes in the system.
Consequently, the results presented in this paper serve as fundamental bounds that
apply regardless of the capabilities of the attacker, and in particular, even for systems
where the adversary’s knowledge may be more limited.

Note that if all the nodes in the system are honest, and if the pair (A, C) is
observable, then the nodes can correctly estimate the initial state X of the system by
time p — 1. Consequently, they can correctly estimate the state X[#] of the system at
any time 7. However, when there are malicious sensors and/or actuators present in the
system, this need not be the case. Specifically, the honest nodes in the system could
be under the impression that the state of the system at some time ¢ is X[¢], while in
reality, the system could be in state X[¢] # X[z]. This brings us to the central question
that is addressed in this paper: Suppose that there are malicious nodes present in the
system and that they act in a fashion that keeps them undetected. Suppose also that the
honest nodes believe the system’s state evolution to be {X[0],X[1],X[2], ...}. Under
these conditions, what are the set of states that the system can actually be in, or ever
reach? This set essentially contains the set of states that the malicious nodes can
steer the system to. For this reason, we term this set as the “unsecurable” subspace
of the system (A, B, C) for state X[0]. The orthogonal complement of this is called
the “securable” subspace. The projection of the uncertain state on this subspace is
actually what the honest sensors and actuators believe it is, whether the system is not
under attack or is under a stealthy attack. It is the largest such subspace. A formal
definition of securable and unsecurable subspaces is presented in the next section.
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16.3 Securable and Unsecurable Subspaces of Linear
Control Systems

In order to determine if malicious nodes are present in the system or not, each honest
sensor i subjects the reported measurement sequence {z} to the following test. If and
only if the test fails (at any time ) does the sensor declare that malicious nodes are
present in the system.

The rest of the paper follows the notation specified in the appendix of the paper.
Test: At each time 7, check if the reported sequence of measurements up to that time
2’ satisfies the following condition: 3Xy € R” such that,

7 — F[t —11&¢ " = I'tI%. (16.2)

Proposition 16.1 If all the nodes in the system are honest, the reported measure-
ments {z} pass (16.2) at each time t. Conversely, if the reported measurements {z}
pass (16.2) at each time t, then there exists an initial state X[0] such that z[t] is the
output of the system at time t under control {08}, and so, there is no definitive reason
for the honest sensor to declare that malicious nodes are present in the system.

Proof Omitted. |

In what follows, we assume that the measurements reported by the malicious
sensors pass the above test, and examine the limits of what the malicious nodes can
do under this constraint.

Since the reported measurements {z} pass (16.2), it follows in particular that
Xy € R” such that Vz,

77— Flt — 2108 = I'[t — 1%, (16.3)
—1

Yult] = > CyABR[t — 1 —i] = CyA'S). (16.4)
i=0

The following proposition is a (partial) converse of the above statement.

Proposition 16.2 Suppose that there exist Xo, erw—l, and A" such that (16.3) and
(16.4) hold for t = 7. Then, there is a vector Z);[T] that satisfies Test (16.2) at time
T.

Proof Consider zy[7] = Cpy A™Xo + Z[:Ol CyA'Baé[r — 1 — i]. It is straightfor-
ward to verify that it satisfies (16.2). |

The above proposition states that it is sufficient for the malicious nodes to consider
strategies that only ensure “consistency” at the outputs of the honest sensors. The
outputs to be reported by the malicious sensors can be fabricated accordingly.

The next proposition, along with Theorem 16.2, shows that one can consider a
simpler system consisting of only malicious actuators, honest sensors, and a control
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policy that is identically zero, and translate the conclusion obtained from the analysis
of such a system to the more general system (16.1). In other words, one can dispense
with the honest actuators and malicious sensors. There is no loss of generality in
assuming that the control policy is identically equal to zero, and that the system has
only honest sensors and malicious actuators.

Given the system described by (16.1), consisting of honest and malicious nodes
as described before, consider the following reduction of the system where all sensors
are honest, all actuators are malicious, and the control policy is identically equal to
Zero:

X[r + 1] = Ax[t] + Byd[t],
yult + 11 = Cux[r + 1],
x[0] = xo. (16.5)

where yy[t] are the measurements observed by the (honest) sensors at time ¢, d[¢]
are the inputs applied by the (malicious) actuators at time 7. We will refer to system
(16.5) as the “reduced system” of system (16.1), or simply the “reduced system”
when there is no ambiguity. Note that the reduced system has the same state space
as its parent system (16.1), and is also initialized with the same state as its parent.
It is only the inputs and the outputs of the systems that are different. As before,
the malicious actuators are assumed to be near-omniscient so that they have perfect
knowledge of the initial state x,. For the reduced system, Test (16.2) reduces to the
following, and is performed by the (honest) sensors.

Test for the reduced system: Check if 3X, € R” such that for all 7,

¥y = Tultl%o. (16.6)

Proposition 16.3 Suppose that there exists a sequence {d} for the reduced system
satisfying test (16.6). Then, if the malicious actuators in the parent system (16.1)
inject {d} = {d}, there exist fabricated measurements {z,;} that can be reported by
the malicious sensors in the parent system that pass Test (16.2) with Xy = X.

Proof For the reduced system, we have

t—1

yultl = CuA'Xo+ Y  CyA'Bydlt — 1 —il. (16.7)
i=0
Now, suppose for induction that there exist measurements z,[0], zy/[1], ..., Zy [t —

1] that the malicious sensors can report for system (16.1) when the malicious actuators
inject (_l[i] =d[i],i =0, 2, ...,t — 2, such that the reported measurements pass test
(16.2) up to time r — 1 withXy = X. The base case of r = 1 holds since the malicious
sensors in the parent system can report zy[0] = CyXo. This amounts to assuming
that (16.3) holds with Xy = Xj. Now, if the malicious actuators in the parent system
inject, at time r — 1, d[t — 1] = d[r — 1], then,
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—1 t—1
Yultl = CuA'xo + ZCHA"Bﬁg[z —1—il+ ZCHA"BMd[r —1—i].
i=0 i=0

Substituting (16.7) in the above gives

t—1

yultl =yultl+ ) CyA[r —1—i].
i=0

Since the output of the reduced system satisfies (16.6), we have yy[t] = Cy A'Xp.
Substituting this into the above equation gives yy[f] — ZE;(I) CyAat[t—1—i]l=
Cy A'Xp, which satisfies (16.4) for Xp = Xj. The desired result follows from Propo-
sition 16.2. [ |

The following definition is of central importance.

Definition 16.1 Consider a system (A, B, C) of the form (16.1) with initial state
Xo. The unsecurable subspace for state s, of the system is the maximal set of states
V (so) such that for each v € V(sy), there exist , {a}, {z)} such that x[t] = v and
(16.2) holds for X = sy.

In particular, for the reduced system (A, By, Cp), the unsecurable subspace for
state sy is the maximal set of states Vz(sg) such that for each v € V(s), there exist
t, {d} such that x[¢] = v and (16.6) holds for Xy = s;.

In other words, the unsecurable space for sy is the set of states that the system
can be in if the honest nodes are deceived into inferring the initial state as s. If the
unsecurable subspace is of dimension greater than zero, it (i) states that the malicious
nodes cannot distort certain linear combinations of the state without being detected,
and (ii) specifies those linear combinations that are “intact.”

The following theorem characterizes the unsecurable subspace and suggests an
algorithm to compute it.

Theorem 16.1 Consider a reduced system (A, By, Cy) of the form (16.5). For such
a system,

(i) The unsecurable subspace Vg (0) for state 0 is the maximal set W C R?” such
thatVw € W,

a. Cyw =0, and
b. 3d such that Aw + Byd € W.

(ii) The unsecurable subspace for state sy, Vg(So), is
Vr(sp) = {so +w:w e Vi (0)}. (16.8)

Proof Lemma 16.1 The set W is a subspace.

Proof Omitted. |
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We now show that W is equal to Vg (0). The crux of the argument is that W is an
invariant subspace in the following sense.

Lemma 16.2 [fthe system’s state visits W at any time t, then the malicious actuators
can synthesize control actions that keep the state in W at all subsequent times.

Proof We show this via induction. Let w € W, and let x[¢] = w, which also serves
as the base case for induction. Assume for induction that x[7] € W, where 7 >
t is a fixed time. Then, x[7 + 1] = Ax[7] + Byd[7]. Since x[7] € W, it follows
from the definition of W that there exists a control choice d for d[7] such that
AX[7] + Byd[7] € W, implying that x[7 4+ 1] € W. [ |

Remark: Owing to the above Lemma, W is called the controlled invariant subspace
in linear system theory [6].

Now, suppose that x[0] = w and w € W. We then have from Lemma 16.2 that
there exists a sequence {d} that the malicious actuators can apply as inputs such that
x[t] € W for all t. Since W C N(Cp) by definition, we have yy[t] = Cyx[t] =0
for all ¢. Consequently, (16.6) holds for Xy = 0, and it follows from Definition 16.1
that w € Vz(0). Hence, W C Vg (0).

Now suppose that v € Vz(0). We then have from Definition 16.1 that 3{d} that
the malicious actuators can apply as inputs to the system such that x[t] = v for
some ¢ and (16.6) holds for Xy = 0. This implies that y4[¢t] = 0 for all ¢. Since
0 =yylt] = Cyx[t] = Cyv, we have thatv € N(Cp), satisfying the first condition
to be an element of W. Since {d[7], d[r + 1], ...} is a sequence that the malicious
actuators can apply such that x[¢'] € N(Cy) for all ¢ > ¢, v satisfies the second
condition to be an element of W. Therefore, v e W, and Vx(0) € W. Combining
the two results, we have W = V¢ (0).

(i) Let v € {sy + w : w € Vz(0)}, and let x[0] = v. Then, yﬁq = Iyltlv+ Hylt —
11d~" = Iy[tlso + Ty[t]w + Hy [t — 11d"! for all 7. Since w € V¢(0), it follows
from the definition of V¢ (0) that there exists sequence {d} so that I'y[t]w + Hy[t —
11d’~! = 0 for all 7. Therefore, if the actuators inject such a sequence {d}, then, y}{
reduces to yy;, = I'y[t]so. Therefore, (16.6) holds with Xy = sy, and so, {sp + W :
w e V(0)} € Vr(so)-

Next, let v € Vz(sg). Then, we have from the definition of Vg(sy) that 3{d’}, T
such that x[7] = v and I'y[t]sy =y’ for all 7. This in turn implies that 3{d} such
that xo = v and I'y[t]so =y} for all . Also, when Xy = v, we have for all 7, y};, =
Ty [t]v + Hy [t — 1]d'~!. Combining the two, we have that there exists {d} such that
Tyl[t1so = Tult]v + Hylt — 1]d*~! for all 7. This means that v solves, for all 7,

v

[Fulr] Hylt = 11] [d”} = [Lulr] Hylr = 1]] [iﬂ ’
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EAR

where W € N([I'y[t] Hylt — 1]]). Denote by w the first p entries of W, and it
follows from the definition of Vz(0) that W € Vz(0). Hence, v must be of the form
so +w,w € Vz(0), and hence, Vg(sg) C {so + w:w e V(0)}.

Combining the two results, we have Vg (sg) = {so + w : w € V(0)}. |

so that for all 7,

The following theorem translates the above conclusions obtained from the reduced
system (16.5) to the original system (16.1) that is of interest.

Theorem 16.2 The unsecurable subspace V (sy) for the system (A, B, C) is the
same as the unsecurable subspace Vg (so) for its reduction (A, By, Cy).

Proof Let v € Vg(sy). Then, it follows form the definition of Vg(sy) that for the
reduced system (16.5), there exists {d} that can be applied by the actuators so that
(16.6) is satisfied for Xy = sy when x¢ = v. Therefore, by Proposition 16.3, v €
V(SQ), and SO, VR(SQ) = V(So).

Next, let v € V(sp). Then, from the definition of V (sp), we have for system
(16.1) that 3{d}, {zss} such that for all ¢, z' = I'[t]so + F[t — l]ﬁg'_] when xo = v.
Thisimplies thaty}, = I'y[r]lso + H[t — 1]u¢"". Since we also have Yy = Tultlv+
H[t — 1]1'1gH + Hylt — 11d" 1, substituting this in the previous equation gives

Tyltlv + Hylt — 11d"~" = Tyltlso. (16.9)

Now, if the actuators apply the above sequence {d} to the reduced system (with initial
state v), we have for each ¢, y', = I'y[t]v + Hylt — 11d"~" = I'y[t]so, where the
last equality follows from the (16.9). Hence, (16.6) is satisfied with Xy, = ¢, and
hence, V (sg) C Vz(sy).

Combining the two results, we have V (sg) = Vg (so). |

The characterization of Vg (0) given in Theorem 16.1 allows one to use standard
algorithms that compute (A, Z(B)))—controlled invariant subspaces of a linear
dynamical system for computing its unsecurable subspace.

Definition 16.2 The securable subspace S of a discrete-time linear dynamical sys-
tem of the form (16.1) is the orthogonal complement of V (0), the unsecurable sub-
space of the zero state.

The securable subspace has the interpretation of the maximal set of states that the
malicious nodes cannot steer the system to without leaving a nonzero trace at the
output of the honest sensors. The following section examines the performance of a
stochastic linear dynamical system in the securable subspace, which provides further
operational meaning to it.
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16.4 Performance in the Securable Subspace in the Context
of Stochastic Systems

The previous section contained results analogous to some of those developed for
continuous-time, deterministic, linear dynamical systems in [2, 3], and also those
reported in [5]. In this section, we report preliminary results of an ongoing work
which show that the notion of a securable subspace, as defined in the previous section,
could also have operational significance in the context of stochastic systems. While
we show this in the context of a simple class of stochastic systems in which the
process noise and the initial state are the only sources of uncertainty, similar ideas
and proof technique could be applied for the more general model with partial and
noisy state observations.

Consider a multiple-input, multiple-output stochastic linear dynamical system
described by

x[t + 1] = Ax[t] + Bu[t] + w[t + 1], (16.10)
ylr + 11 = x[r + 1], (16.11)

where x[¢] € R?, u[t] € R", w[t + 1] has a known covariance X, and is indepen-
dent and identically distributed across time,! and A and B are known real matrices
of appropriate dimensions. As before, let u$[¢t] = g,(z") denote the control policy-
specified input at time 7, where z[¢] is the measurement vector reported at time 7. Let
d[f] :=uylt] — u‘fv,[t], where the subscript ‘M, as usual, denotes the indices of the
malicious actuators. Note that without loss of generality, we can assume the honest
sensors to be indexed from 1 to &, and the honest actuators from 1 to 4, (since the
rows and columns of X, A, and B can be reordered accordingly). The system evolves
in closed loop as

X[t + 1] = AX[t] + Bué[t] + Byd[r] + wit + 1], (16.12)
ylt + 1] = x[r + 1]. (16.13)

The honest nodes in the system perform the following test to determine the presence
of malicious nodes in the system.

Test: A honest node checks if

T—1
lim i Z(z[k + 1] — Az[k] — Bud[k]) (z[k + 1] — Az[k] — Bué[k])T = X,,.
T—o00 T =0
(16.14)

"More generally, this could be generalized to a martingale difference sequence with a one-step
ahead conditional covariance that is uniformly bounded below by a positive definite matrix.
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Note that (i) the above test is based only on the information available to the honest
nodes in the system, and (ii) if all the nodes in the system are honest, the reported
measurements would pass the above test almost surely. The following theorem gives
an operational meaning to the securable subspace in the context of stochastic systems.

Theorem 16.3 Let m[t] := z[t] — X[t] be the distortion in the state estimate of the
honest nodes. Assume that Dim(S N N(Cpg)) = 1. If the reported sequence of mea-
surements {2} passes test (16.14), then,

T-1
1 )
lim 7k§_0||ms[k]|| =0. (16.15)

In other words, the state estimation error caused by malicious sensors and actuators
can only be of zero power in the securable subspace.

Proof We define ~[t + 1] :=m[t 4+ 1] — Am[¢] + Byd[], so that test (16.14)
reduces to limy_.oo & 34 Z) (Wlk + 11+ ~[k + 11) (Wlk + 11 +~[k + 1) = 2.
In particular, we have limy_, % Z/{;ol (wylk + 1]+ ~vylk +11) (Wwylk + 11+
Yulk + D' = X\, where X, g denotes the top-left h; x hy matrix of X,.
Since my[r + 1] =0 for all ¢, it follows from the definition of [z 4 1] that
Yyt + 1] € o(m’, d"), where 4[] and my[t] are defined in the usual manner.
Since wy [k + 1] is independent of o(m’, d'), the above equality yields

T—1
.1 T
Tll_)n;OTkE—O'yH[k—i-l]'yH[k—i—l]=O. (16.16)

Now, from the definition of [ + 1], we have

my (7 + 1]+ mg[t + 1] = Amy[r] 4 (Amg[r])y + (Amg[r])g

+ Bydc[t] + Bydy[t] + vyt + 11 + gl + 1],
(16.17)

where my[#] denotes the projection of m[¢] on the unsecurable subspace V :=
V(0) as in Definition 16.1, mg[z], vy (], vslt], (Amg[¢])y, and (Amg[t])s are
defined likewise, dy[f] := d[t] — d¢[t], and d¢[7] is a vector such that Amy [¢] +
Bydc[t] € V, which is guaranteed to exist from the characterization of V given in
Theorem 16.13).

Now, define .77 := Span(e,, e, ..., e, ), where e; € R” is a vector all of whose
components are zeros except for the ith component, which is unity. Then, we have
Y lt + 1] =myp [t + 1] — ((Amg[t])s + Bydylt]) » . Sincemg[t] = 0, we have
m_y [t] = 0. It follows from the above that

T-1 T-1

1 1
Jim — ; [1((AmsTkDs + Budy [k | = lim — ; llyslk + 111 =0,
(16.18)
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where the last equality follows by equating the trace of (16.16).

Now, suppose for contradiction that limy_, % Z/{;ol [|mg[k]||> = € for some
€ > 0.Since Dim(S N N(Cpg)) = 1, itfollows thatif mg[k] # O, then for no choice of
dy[k] will ((Amg[k])s + Bydy[k]) € €. Therefore, if limy_ o % Z,f;ol
|Ims[k]|[? = € forany € > 0, then lim7_o0 5 ;o [|(Ams[k])s + Bydy (k1) |

> ed for some § > 0, contradicting (16.18). |

16.5 Conclusion

We consider the problem of securing control systems from malicious sensors and
actuators. Towards this, we formalize the notion of the securable and unsecurable
subspace of a linear dynamical system. The unsecurable subspace has the inter-
pretation as a set of states that the system could actually be in, or ever reach, as a
consequence of malicious actions of the adversarial nodes, without the honest sensors
in the system ever detecting definitively any malicious activity. This is an invariant
subspace in the sense that once the state of the system enters this space, the malicious
sensor and actuator nodes in the system can collude to keep the system in this space
forever without the honest sensors ever being able to confirm any malicious activity
based on their own observations or the ones being reported to them. The orthogonal
complement of this subspace, the securable subspace, has the interpretation in the
context of deterministic systems as the set of states that the malicious nodes can-
not steer the system to without leaving a nonzero trace at the output of the honest
sensors. These subspaces also have relevance to the case where the system is noisy.
We have presented some preliminary results to show that the notion of a securable
subspace has operational significance in the broader context of linear stochastic sys-
tems. Specifically, in the context of stochastic systems, the securable subspace has
the interpretation as the subspace along which the state estimation error of the honest
nodes in the system is what it would have been had there been no malicious nodes in
the system, in spite of arbitrary attack strategies of malicious sensors and actuators
that are actually present in the system. A characterization of these subspaces, and
an algorithm to compute them for any linear system and any combination of mali-
cious sensors and actuators is obtained by a standard recourse to geometric control
methods.

Notation
The following notation is used throughout the paper:

1. Let s; < s3 < ... < sp, denote the indices of the honest sensors, 1, 12, ..., P,
denote those of the malicious sensors, and a; < a; < ... < a,,, denote those of
the malicious actuators. Then,

e Cy isthe hy x p matrix whose ith row is the si’h rowof C,i =1, 2, ..., hy,
e By is the p x m, matrix whose ith column is the af” column of B, i =
1,2, ...,mg,
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2.

3
4

e yylt] is the hy x 1 vector whose ith component is the sl.’h entry of y[t], i =

1,2, ..., hy,
e z,[t] is the my x 1 vector whose ith entry is the wfh entry of z[t], i =
1,2, ..., my,

e d[t] is the m, x 1 vector whose ith component is di[t] == iy [t] — us,[t],
i=1,2,..,mg,.

x’ denotes [x7[0] xT[1] ... x"[¢]]7.
. I[t]==[CcT (cAT (CAz)T ... (CAHTT.
. Tyltl = [(Cw)" (CxAT ... (CxAHT]T.

5.

7

0 0 ... 0
CB 0 ...0
Fli]:= | CAB CB ... 0

CA'BCA'""'B...CB

0 0 ... 0 0 0 ... 0
CuyB 0 CuBuy 0
CyAB CyB ... O CyABy CuBy ... O

(=]
(=)

H[1] := . Hylt] =
CHA'B CyA'™"'B ... CyB CHA'By CyA'™~'By ... CyBy

. N(-) denotes the null space of a matrix, and Z(-) denotes the range space of a
matrix.
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