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Abstract Flux-profile relationships are usually obtained under the assumption6

that the mean field of interest is in equilibrium with the associated surface fluxes.7

In this study, the existence of an equilibrium state for dust concentration in the8

atmospheric surface layer above sources and sinks is evaluated using Large-Eddy9

Simulation. Results showed that for steady-state turbulence and negligible hor-10

izontal advection, an equilibrium mean vertical profile of dust concentration is11

reached after one boundary layer eddy turnover time. This is true for cases over12

source or sink, under different atmospheric stabilities, and for particles with neg-13

ligible or significant settling velocity. A new model relating the net surface flux to14

the vertical concentration profile that accounts for both atmospheric stability and15

particle settling velocity is proposed. The model compares well with the simulation16

results for all particle sizes and atmospheric stability conditions evaluated, and it17

can be used to estimate the concentration profile based on the surface flux, and18

also to estimate the surface flux by fitting the vertical concentration profile. The19

resulting equation can be considered as an extension of Monin-Obukhov similarity20

theory to concentration of settling particles, such as mineral dust, sea-salt, pollen21

and other suspended aerosols.22
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1 Introduction25

Dust ejected from soil surfaces by the wind is a major contributor to the aerosol26

concentration in the atmosphere, impacting climate and air quality from local to27

global scales. Soil dust can affect the climate directly by changing the net radia-28

tion, and indirectly by interfering with cloud formation and precipitation (Zhao29

et al., 2003). It can also serve as a catalytic reactor for gases in the atmosphere,30

modifying bio-geochemical processes in air and oceans (Ginoux et al., 2001). Dust31

is composed of solid inorganic particles of diameter < 62.5µm, usually derived32

from sediment formed by weathering and erosion of rocks (Kok et al., 2012). Once33

dust particles are lifted from the surface, they are mainly transported in suspen-34

sion. Consequently, the dust concentration in the atmosphere is strongly influenced35

by the particle gravitational settling and atmospheric turbulence (Tsoar and Pye,36

1987). While gravitational settling limits the lifetime of dust in the air reducing37

transport distances (only particles smaller than 20µm of diameter can remain sus-38

pended long enough to substantially affect weather and climate (Kok et al., 2012)),39

more vigorous turbulence produced by buoyancy can enhance this lifetime. Sim-40

ilarly, the deposition velocity of suspended particles can also be modulated by41

the effects of atmospheric stability on turbulence intensities. Therefore a theoret-42

ical framework that considers the effects of gravitational settling and atmospheric43

stability on dust fluxes is highly desirable.44

The simplest approach for the development of such a theory is to seek steady-45

state relations between surface fluxes and mean vertical concentration profiles46

over very large dust sources or sinks (hereafter “profile” will be used to refer to47

“vertical profile”). If available, this relation can be used to estimate atmospheric48

dust loads from surface fluxes as well as to estimate surface fluxes from observed49

mean concentrations. The latter is also relevant in the representation of surface50

fluxes of dust in numerical simulations. Turbulence resolving numerical simulations51

of the ABL focusing on particle dispersion usually parameterize the surface flux52

(both the source and the deposition) as a function of the resolved concentration53

at a reference height (Chamecki et al. 2009, Chamecki and Meneveau 2011, Pan54

et al. 2013). In this application, a simple yet effective model that captures the55

effects of particle size and atmospheric stability on the flux-concentration relation56

is needed. During long-distance transport events relevant for regional air quality57

considerations and climate processes, dust particles > 5µm are predominantly58

removed from the atmosphere by dry deposition (Kok et al., 2012). Therefore,59

another application is the parameterization of dry deposition velocity in regional60

and global climate models (Zender et al. 2003, Gong et al. 2003, Ginoux et al.61

2001, Nho-Kim et al. 2004).62

The first theoretical equilibrium profile of mean particle concentration was63

proposed by Prandtl (1952), and it was derived based on the steady-state mean64

conservation equation for “heavy” particle concentration under the assumptions65

of zero surface net flux and neutral atmospheric stability. Chamberlain (1967) and66

Kind (1992) extended the model to non-zero surface fluxes. Chamecki et al. (2007)67

generalized the approach to include the effects of atmospheric stability, presenting68

comparisons with observed profiles of corn pollen concentration above a cornfield.69

The main limitation of the model presented by Chamecki et al. (2007) is that70

in the limit of very small particles (when the gravitational settling is negligible),71

the equation does not recover the classic result obtained from Monin-Obukhov72
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similarity theory (Monin and Obukhov, 1954) for passive scalars. Thus, a unified73

framework that accounts for effects of atmospheric stability and is valid across the74

entire range of particle sizes is still lacking.75

Another standing issue is the set of conditions required for the existence of76

equilibrium solutions. In particular, over very large sources for which mean hori-77

zontal advection is negligible, the existence of equilibrium solutions with non-zero78

net surface fluxes has been questioned (Hoppel et al., 2002). If a zero net flux is79

required, then Prandtl’s model is the only possible solution. However, an idealized80

model study by Xiao and Taylor (2002) has shown that equilibrium solutions with81

non-zero net flux exist for small particles. Resolving this issue is extremely im-82

portant, because if no equilibrium profile exists with a non-zero surface net flux,83

then these simple equilibrium models cannot be used to retrieve surface fluxes84

from mean concentration measurements nor to parameterize deposition fluxes in85

numerical models.86

In this context, the objectives of the present study are the following: (i) to87

investigate the applicability of equilibrium solutions for dust concentration profiles88

over large sources and sinks; (ii) to develop a new analytical equilibrium model89

relating surface flux and profiles of mean dust concentration that accounts for90

effects of particle size and atmospheric stability with a non-zero net surface flux;91

and (iii) to assess the accuracy of different equilibrium solutions in retrieving92

surface fluxes from mean concentration profiles. Simulations of the dust transport93

in the ABL were performed using the Large-Eddy Simulation (LES) technique for94

neutral, unstable and stable thermal stabilities, with different particle sizes, with95

emission and deposition surface fluxes. Simulation results were used to evaluate96

the steady-state hypothesis and the performance of the various equilibrium models97

in reproducing mean profiles and estimating surface fluxes. Based on the results,98

the applicability of each equilibrium model is discussed.99

The next section presents the description of existing equilibrium models for100

the mean concentration profile, followed by the derivation of a new model. Section101

3 describes the LES simulations performed in the present study. In Section 4, the102

steady-state hypothesis is evaluated from the simulation data, and the performance103

of different equilibrium models is assessed. Conclusions are presented in Section 5.104

2 Models for the mean concentration dust profile105

2.1 Existing models for mean concentration profile106

The usual approach to relate flux and mean concentration profiles of dust intro-107

duced by Prandtl (1952) is based on the Reynolds-averaged conservation of mass108

of dust particles (hereafter assumed to be monodisperse). The equation for a hor-109

izontally homogeneous flow with no mean vertical velocity is110

∂C

∂t
= ws

∂C

∂z
− ∂

∂z
w′c′ +

∂

∂z

(
D
∂C

∂z

)
, (1)

where C is the mean concentration of particles, w′c′ is the vertical turbulent flux,111

z is height, t is time, ws is the particle settling velocity (assumed to be constant),112

and D is the diffusivity due to Brownian motion. Note that the assumption of113
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source or sink with a large extent is implicit in the fact that horizontal advection114

is neglected. Parameterizing the turbulent flux in terms of an eddy diffusivity115

KC , neglecting Brownian diffusion, and assuming that the mean concentration is116

constant in time, vertical integration of Equation (1) yields117

−KC
dC

dz
− wsC = Φ. (2)

The first term on the left side of Equation (2) represents the turbulent flux of dust118

particles and the second term represents the flux due to gravitational settling.119

The constant of integration Φ represents the net vertical flux of dust (Kind, 1992;120

Chamecki et al., 2007). For the present problem, the source or sink is located at121

the ground and Φ can be interpreted as the net surface dust flux. Note that the122

assumptions leading to Equation (2) imply that the net flux must be constant in123

time and space.124

Different models for the mean concentration profile of particles have been ob-125

tained from Equation (2), corresponding to different assumptions for KC , Φ and126

ws. Prandtl (1952) assumed that the transport of particles by turbulent diffusion is127

balanced by gravitational settling, resulting in a zero net flux (which corresponds128

to Equation (2) with Φ = 0). Assuming the particle eddy diffusivity to be equal129

to the momentum diffusivity KC = κzu∗ (κ is von Karman’s constant and u∗ is130

the wind friction velocity), integration yields Prandtl’s power-law model for the131

normalized vertical profile132

C

Cr
=

(
z

zr

)−ws/κu∗

, (3)

where Cr is the mean concentration at a reference height zr.133

As pointed out by Kind (1992), the problem of using Equation (3) is that the134

net flux Φ is in general not zero. Chamberlain (1967) and Kind (1992) proposed a135

more general model by integrating Equation (2) with a non-zero constant Φ:136

C

Cr
=

(
Φ

Crws
+ 1

)(
z

zr

)−ws/κu∗

−
(

Φ

Crws

)
. (4)

In the limit of vanishing settling velocity (ws → 0), this model (hereafter referred137

to as Kind’s models) tends to the log-law profile obtained from similarity theory138

for neutral stability conditions (Monin, 1970):139

C

Cr
= 1− Φ

κu∗Cr
ln

(
z

zr

)
. (5)

The solution (4) also recovers Prandtl’s model (3) when the net flux is zero (Φ = 0).140

Therefore, Kind’s model corresponds to a complete representation of C/Cr for141

different settling velocities and constant net fluxes.142

Models (3)–(5) are valid for neutral stability, and their use is typically justified143

on the basis that aeolian transport only occurs at high wind speeds, and that neu-144

tral stratification is a good approximation under these conditions (Kind, 1992).145

However, significant transport may occur under unstable conditions (Chamecki146

et al., 2007; Klose and Shao, 2013). By analogy with Monin-Obukhov (MO) simi-147

larity theory, Chamecki et al. (2007) assumed that the dimensionless total vertical148
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flux of particles, composed of turbulent and settling fluxes, is a function of the149

dimensionless stability parameter ζ = z/L, where L = −u3∗θs/(κgw′θ′|s) is the150

Obukhov length (θs and w′θ′|s are the temperature and sensible heat flux at sur-151

face, respectively, and g is gravitational acceleration). Therefore, their assumption152

can be written as153

1

Φ

(
κzu∗
Sct

dC

dz
+ wsC

)
= −φc(ζ). (6)

For lack of a better alternative, they used the similarity function for passive scalars154

given by Kaimal and Finnigan (1994),155

φc(ζ) =





(1− 16ζ)−1/2, if ζ < 0 (unstable),

1 + 5ζ, if ζ > 0 (stable),

1, if ζ = 0 (neutral).

(7)

The solution of Equation (6) is156

C

Cr
=

[
Φ

Crws
Ω
(zr
L

)
+ 1

](
z

zr

)−η
− Φ

Crws
Ω
( z
L

)
, (8)

where η = wsSct/(κu∗) is the Rouse number and Sct = KM/KC is the turbulent157

Schmidt number, which accounts for differences between the eddy diffusivity of158

particles (KC) and the eddy viscosity (KM ). The atmospheric stability correction159

function is calculated via160

Ω(ζ) =





2F1(η, 1/2; 1 + η; 16ζ), if ζ < 0 (unstable),

1 + 5
(

η
η+1

)
ζ, if ζ > 0 (stable),

1, if ζ = 0 (neutral),

(9)

where 2F1(η, 1/2; 1 + η; 16ζ) is the Gaussian hypergeometric function (Lebedev,161

1972; Chamecki et al., 2007).162

Equation (8) is a model for the concentration profile of dust as a function of163

the particle diameter (through the settling velocity ws), the net flux Φ, and the164

atmospheric stability ζ. This model recovers Kind’s model (4) with the inclusion165

of the turbulent Schmidt number Sct when the ABL is neutral (note that the limit166

works for both the stable and the unstable expressions, because in the latter 2F1 →167

1 when ζ → 0). In the limit for very small particles (ws → 0), the model should168

recover the expression for MO similarity theory for a passive scalar. However,169

in this limit we have Ω(ζ) → 1 for both the unstable and stable expressions in170

Equation (9) (note that 2F1 → 1 for ws → 0). Therefore the effects of atmospheric171

stability vanish for small particles and the model proposed by Chamecki et al.172

(2007) tends to Kind’s model and not the expressions from MO similarity theory,173

suggesting that there is a problem with that solution. Note that Equation (6)174

approaches MO similarity theory for Sct = 1 and ws → 0 (i.e. it recovers Equation175

(10) if one replaces Φ = −KCdC/dz), and the problem arises during the integration176

leading to (8). Note also that Equation (6) is certainly not the most natural way177

to include effects of atmospheric stability (as discussed later) and that it cannot178

be recast in the general form (2).179
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2.2 A new general solution for mean concentration profile180

A new solution to Equation (2) can be obtained by using a more general model181

for the turbulent diffusivity KC . Following the standard approach from Monin-182

Obukhov similarity theory, the effect of atmospheric stability can be incorporated183

in the parameterization of the turbulent diffusivity (Kaimal and Finnigan, 1994;184

Shao, 2000)185

KC(ζ) =
κzu∗
φc(ζ)

. (10)

In addition, the trajectory-crossing effect (Csanady, 1963) on the turbulent dif-186

fusivity has to be taken into account. This is done by replacing KC by KC,p =187

αtcKC , where αtc represents a reduction in the turbulent diffusivity due to the188

trajectory-crossing effect. Following the model proposed by Csanady (1963), the189

correction for the vertical turbulent diffusivity is given by190

αtc =

(
1 + β2w

2
s

σ2
w

)−1/2

=

(
1 + β2 w2

s

u2∗φ2
w

)−1/2

. (11)

Here β is a coefficient of proportionality between Lagrangian and Eulerian inte-191

gral timescales usually assumed to be between 1 and 2 (Shao, 2000), σ2
w is the192

vertical velocity variance, and φw(ζ) is the MO similarity function for σw/u∗. The193

dependence of αtc on ζ is not strong (see empirical fits for φw(ζ) in Kaimal and194

Finnigan (1994)) and it complicates the obtention of a closed form solution to195

Equation (2). Therefore, in the present analysis, this dependence in neglected and196

the neutral stability value φw(ζ)=1.25 is used. Under these condition, integration197

of equation (2) yields198

C

Cr
=

(
Φ

Crws
+ 1

)(
z

zr

)−γ
exp(γψc)−

(
Φ

Crws

)
, (12)

where γ = wsαtc/(κu∗) and ψc ≡
∫ z/L
zr/L

(1−φc(x))
x dx. The solution (12) is general199

and requires specification of φc(ζ). If equations (7) are used, one obtains200

ψc =





2 ln
(

1+(1−16z/L)1/2

1+(1−16zr/L)1/2

)
, if ζ < 0,

−5z/L+ 5zr/L, if ζ > 0,

0, if ζ = 0.

(13)

The final model for C/Cr (Equation (12)) is now complete and it has the201

correct limits. When the trajectory-crossing effect in neglected (αtc = 1) and202

ζ → 0, it recovers Kind’s model (Equation (4)), and when ws → 0 it recovers the203

MO similarity theory for a passive scalar, which is given by204

C

Cr
= 1− Φ

κu∗Cr

[
ln

(
z

zr

)
− ψc

( z
L
,
zr
L

)]
. (14)

Figure 1 illustrates some examples of Equation (12) for particles with diameter205

Dp = 10 and 20µm, for neutral, unstable (L = −5 m) and stable (L = 5 m)206

atmospheric stratifications over emitting (Φ > 0) and depositing (Φ < 0) surfaces.207

It is clear from the figure that both atmospheric stability and particle size have a208

strong effect on the shape of the mean concentration profiles.209
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Fig. 1 Examples of profiles obtained from Equation (12) for particles with diameter Dp = 10
(solid lines) and 20µm (dashed lines), with unstable (L = −5 m, red), neutral (black) and
stable (L = 5 m, blue) ABLs. Arbitrary values of u∗ = 0.2 m s−1, Φ/Cr = 0.05 m s−1 (net
emission) and Φ/Cr = −0.05 m s−1 (net deposition) were used.

The main differences between the proposed model and equation (8) presented210

by Chamecki et al. (2007) are the inclusion of the trajectory-crossing effects and211

the assumption that here only the turbulent flux is affected by atmospheric sta-212

bility, while in equation (6) the settling flux is also modified by ζ. Although the213

changes introduced by buoyancy in the turbulence properties can potentially im-214

pact gravitational settling of inertial particles, in the present case the particle215

response time scale is so small that this effect is expected to be negligible.216

3 Large-Eddy Simulation of dust concentration in the atmospheric217

boundary layer218

The numerical simulations are designed to represent the evolution of dust profiles219

over an infinite and horizontally homogeneous dust source or sink. The LES code220

used in this study solves the three-dimensional filtered momentum equations in221

a rotating frame of reference, using a numerical discretization that combines a222

fully dealiased pseudo-spectral numerical method in the horizontal directions and223

a second order centered finite-differences method in the vertical direction. The224

fully explicit second-order Adams-Bashforth scheme is used for time integration.225

The scale-dependent Lagrangian averaged dynamic Smagorinsky model is used226

as sub-grid scale model, as described by (Bou-Zeid et al., 2005). The same LES227

implementation used here has been shown to produce mean velocity and temper-228

ature gradients in the atmospheric surface layer in agreement with MO similarity229

theory for both unstable and stable stratifications (Kleissl et al., 2006). More de-230

tails about the code can be obtained from the detailed description in Kumar et al.231

(2006).232

The simulations are designed to represent the atmospheric boundary layer233

(ABL) driven by a mean constant pressure gradient in geostrophic balance above234
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the ABL. The horizontal boundary conditions are periodic. A stressfree boundary235

condition is applied at the top of the domain, which is located above the tem-236

perature inversion that represents the top of the ABL. Momentum fluxes at the237

bottom of the domain are calculated using Monin-Obukhov similarity theory as238

described in Kumar et al. (2006).239

Dust particles are simulated using a concentration field as described by Chamecki240

et al. (2009). A filtered advection-diffusion equation including an additional term241

to represent gravitational settling (with constant settling velocity in the vertical242

direction) is used. The equation is discretized using a finite-volume approach and243

advection is represented by the flux-limiting scheme SMART (Gaskell and Lau,244

1988) (see also Chamecki et al. (2008) for more details). The constant settling245

velocity ws is defined by the terminal settling velocity in a still fluid and it is246

calculated via Stokes’ law for a spherical particle247

ws =
D2
pρpg

18µ
, (15)

where Dp and ρp are the diameter and density of the particle respectively, and µ248

is the dynamic viscosity of air.249

A surface flux of dust Φ is imposed as a lower boundary condition over the250

entire horizontal domain. This flux represents the net flux at the surface, which251

should correspond to the imbalance between the emission and the deposition of252

particles. In the case of net emission of dust particles, a constant positive Φ was253

imposed. For the simulations representing a net deposition flux, Φ is obtained from254

the concentration in the first grid node, using Equation (4) (Kind’s model), which255

can be justified by the assumption that the atmospheric stability effects very close256

to the surface are negligible. As can be observed from the results presented next,257

this assumption does not affect the influence of atmospheric stability on the mean258

concentration profile.259

3.1 Summary of simulations260

Two sets of simulations were performed. The first set, designed to study dust261

profiles above emitting dust sources, included neutral and unstable ABLs, for262

particles with Dp = 1, 10, 20 and 30µm (with settling velocities ws = 7.98 ×263

10−5, 7.98 × 10−3, 3.19 × 10−2 and 7.18 × 10−2 m s−1, respectively). The second264

set, designed to study dust deposition, included neutral, unstable and stable ABL265

for particles with Dp = 1 and 10µm. Table 1 shows the physical domain and266

grid resolution of each stability case simulated. In all simulations, the domain was267

topped with a thermal inversion with a strength of 0.1 K m−1 (the strong inversion268

layer was intended to reduce the growth of the ABL in the convective simulations,269

allowing for appropriate statistical sampling under nearly steady-state conditions).270

The main simulation parameters used for each case are presented in Table 2.271

Note that there is a small difference between the initial (zi,0) and final (zi,f ) values272

of the ABL height (except for the stable case). The value of −zi/L ≈ 30 in the273

unstable simulations over a source is close to the lower limit of free convection,274

in order to evaluate how the models behave in this “extreme” situation. Because275

in this case in the surface layer −z/L goes from 0 to approximately 3, the MO276

similarity theory is still expected to hold.277
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Table 1 Simulations setup: domain and grid size.

domain (x× y × z, m) # of grid points grid size (m)

neutral 3000× 3000× 1000 160× 160× 320 18.75× 18.75× 3.125
unstable 3000× 3000× 1000 160× 160× 320 18.75× 18.75× 3.125
stable 480× 480× 160 160× 160× 320 1.5× 1.5× 0.5

Table 2 Simulation setup: physical parameters. zi,0 and zi,f are the initial and final ABL

heights respectively, (Ug , Vg) are the horizontal components of geostrophic wind, w′θ′0 is the
surface heat flux, u∗ is the fiction velocity and L is the Obukhov length. Emission (emi.) and
deposition (dep.) cases.

zi,0 (Ug , Vg) w′θ′0 u∗ L zi,f zi/L
(m) (m s−1) (K m s−1) (m s−1) (m) (m)

neutral (emi./dep.) 570 (16, 0) 0 0.40 −∞ 570 0
unstable (emi.) 570 (10, 0) 0.24 0.40 -20 600 -30
unstable (dep.) 570 (10, 0) 0.05 0.35 -62 590 -9.5
stable (dep.) 120 (8, 0) -0.01 0.15 24 90 3.75
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)

x (m)

(a) neutral C/Cr
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10−3
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Fig. 2 Snapshots of normalized particle concentration field (C/Cr), for Dp = 10µm, for
emission simulations in (a) neutral and (b) unstable ABL.

All simulations were first run without dust particles for a period corresponding278

to ∼ 3 h in the neutral simulations and ∼ 1 h in the unstable and stable simula-279

tions, for turbulence to spin up and reach steady-state conditions. Then the dust280

concentration was initialized with zeroes in the emission case and with a constant281

value of C(z)/Cr = 1 in the entire ABL for the deposition case. The surface of282

the domain was flat with a roughness z0 = 0.001 m, and the surface flux of dust283

was set equal to 0.2µg m−2 s−1 for all emission simulations. As an example, Fig.284

2 shows snapshots of the particle concentration field in the emission case for neu-285

tral and unstable ABL, for particles 10µm of diameter. The figure illustrates the286

differences in instantaneous concentration fields between the two cases (note the287

convective plumes generated in the unstable case, with large concentration in the288

updrafts and nearly clean downdrafts).289
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4 Results290

4.1 The applicability of the steady-state assumption291

An important assumption of the equilibrium models discussed here is that the292

mean concentration field is in steady state within the atmospheric surface layer293

(i.e., ∂C/∂t can be neglected). If the unsteady term is not neglected, Equation (1)294

can be integrated in the vertical direction to yield (once again neglecting Brownian295

diffusion)296

w′c′ − wsC = Φ−
∫ z

z0

∂C

∂t
dz. (16)

In this equation, the left hand side corresponds to the total vertical dust flux. On297

the right hand side, Φ is the net surface flux and the second term must carry all298

the vertical and time dependence of the total flux. Over a source Φ > 0 and we299

expect ∂C/∂t > 0, so that the unsteady term will be increasingly more negative as300

z increases. Thus, Equation (16) predicts that the total flux (w′c′ − wsC) should301

decrease with height (the opposite should happen in the case over a sink). All the302

solutions presented in Section 2 rely on the assumption that the unsteady term is303

negligible in comparison with the dominant terms in equation (16), and that the304

total flux is approximately constant within the surface layer (as is assumed to be305

the case for scalar fluxes in the Monin-Obukhov similarity framework).306

Because the steady-state assumption is not invoked in the LES runs, simulation307

results can be used to assess its applicability. Figure 3 shows the time evolution of308

the ratio between the unsteady term of Equation (16) and the turbulent flux w′c′309

approximately in the middle of the surface layer (i.e., at z = 0.05zi – hereafter310

it is assumed that the surface layer extends up to z = 0.1zi) for all simulations.311

In the figure, time is measured from the start of the dust initialization, and it is312

normalized by the eddy turnover time scale Teddy for each simulation, which is313

given by Teddy = zi/u∗ ∼ 1400 s for neutral simulations, Teddy = zi/w∗ ∼ 300 s314

for unstable simulations (w∗ is the convective velocity scale) and Teddy = zi/u∗ ∼315

550 s for stable simulations. In the beginning of the dust particle simulation, the316

unsteady term is dominant and the ratio is large due the spin-up time of the317

particle concentration field. After about one eddy turnover time, the ratio becomes318

approximately constant, at reasonably low values (typically smaller than 0.2 for319

neutral and stable simulations and much smaller than 0.1 for the unstable ones).320

To provide further insight into the flux balance within the surface layer, Fig. 4321

shows time-averaged vertical profiles of each term of Equation (16), for particles322

with Dp = 1 and 30µm for the emission case, and for particles with Dp = 10µm323

for the deposition case. For emission of small particles (Dp = 1µm in Fig. 4a),324

the settling flux wsC (blue) is negligible, and the turbulent flux w′c′ (red) is325

approximately equal to the surface net flux Φ (magenta). The small difference326

is balanced by the unsteady term (black), which becomes larger with increasing327

height. This is true for neutral (solid lines) and unstable (dashed lines) temperature328

stratifications. For emission of large particles (Dp = 30µm) in the neutral case329

(Fig. 4b, solid lines) the turbulent flux (red) is mainly balanced by the settling330

flux (blue), and the surface net flux Φ (magenta) is small compared to those331

fluxes (suggesting that Prandtl’s solution is a good approximation for these larger332

particles). In the unstable case (Fig. 4b, dashed lines) turbulent flux (red) and333
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Fig. 3 Time evolution of the ratio between the unsteady term of Equation (16) and the
turbulent flux, at z/zi ∼ 0.05, for all particle sizes. (a) Emission simulations, neutral ABL
(solid lines) and unstable ABL (dashed lines). (b) Deposition simulations for neutral ABL
(solid lines) and unstable ABL (dashed lines). (c) Deposition simulations for stable ABL. All
times are normalized by the eddy turnover time scale for the ABL Teddy.

gravitational settling (blue) are important, but so is their difference (i.e., the net334

flux is not negligible). In the deposition case (Fig. 4c) the turbulent flux (red)335

and gravitational settling (blue) are important and balanced by the surface net336

deposition flux (magenta) for all atmospheric stabilities, with minor contribution337

from the unsteady term.338

In general, Fig. 4 suggests that in the surface layer (z . 0.1zi), the unsteady339

term (black) is smaller than the other terms in Equation (16) for a range of particle340

sizes and atmospheric stabilities. Therefore, according to the present simulation341

results, the error incurred by neglecting the unsteady term (i.e. the equilibrium342

assumption) is acceptable. The worst case scenario is for a passive scalar (ws → 0)343

in neutral temperature stratification near the top of the surface layer, where the344

unsteady term reaches about 25% of the surface flux. The relative importance of345

the unsteady term always increases with height, becoming significant above the346

surface layer. Therefore, even though the total loading of particles is evolving in347

time, the surface layer profile evolves in an approximate self-similar form that may348

be represented by equilibrium models.349

It is often assumed that, over a source, the equilibrium state is only reached350

when the net surface flux is equal to zero (Φ = 0), a condition that may require351

very long time periods to be reached (e.g., Hoppel et al. 2002). As can be observed352

from the results presented here, this hypothesis is not needed for the establishment353

of an approximate steady-state condition. Furthermore, for very small particles the354
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Fig. 4 Vertical profiles of each term of the unsteady flux equation (16) normalized by the

absolute value of the turbulent flux at the surface (|w′C′s|), for particles with (a) Dp = 1µm
and (b) Dp = 30µm for emission simulations under neutral (solid lines) and unstable (dashed
lines) ABL, (c) Dp = 10µm for deposition simulations under neutral (solid lines), unstable
(dashed lines) and stable (thin lines) ABL.

surface emission flux is in equilibrium with the turbulent flux, which corresponds to355

the MO similarity theory for scalars. Therefore, the only necessary conditions for356

the approximate validity of the steady-state assumption in the mean concentration357

(besides the constant surface flux) are the (1) statistical steady-state turbulence358

and (2) horizontally homogeneity of surface forcings. These are the same conditions359

required by MO similarity theory.360

4.2 The estimation of mean vertical concentration profiles of dust361

When comparing the theoretical equilibrium models (Equations (3), (4), (5), (8),362

(12) and (14)) with simulation results, the parameters needed in the models, such363

as u∗, L and Φ, were obtained from the corresponding simulation. In all the the-364

oretical predictions, the trajectory-crossing effect has been neglected by setting365

αtc = 1. The lowest value of αtc estimated from Equation (11) for the simulations366

presented here is αtc ≈ 0.99, corresponding to the largest particle Dp = 30µm in367

the convective simulation with u∗ = 0.35 m s−1 (using the typical value β = 1).368

This is in agreement with Shao (2000), who concluded that for small dust parti-369

cles the trajectory-crossing effect is only important in conditions with very weak370

turbulence. In addition, due to the different numerical approaches used for repre-371

senting vertical advection in the momentum and particle concentration equations,372

a turbulent Schmidt number Sct = 1.25 is introduced in the theoretical profiles for373
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comparisons with all simulations (this is equivalent to dividing φc(ζ) by 1.25). This374

value corresponds to the ratio between eddy viscosity and particle eddy diffusivity375

for the simulations in the lower half of the surface layer (z . 0.05 zi), where Sct376

is approximately constant (this value is the appropriate Schmidt number for our377

simulations and it is not related to the trajectory-crossing effect, as it is indepen-378

dent of settling velocity). Cr is taken at the first vertical grid point (zr = 1.56 m),379

and the results presented next are obtained by averaging the resolved concentra-380

tion field in time and space (spatial averages are carried over the entire horizontal381

domain and time averages are carried over the last eddy turnover time of each382

simulation).383

Figure 5 shows the normalized mean concentration profiles of dust in the neu-384

tral surface layer for the emission cases. It is clearly seen in the figure that, for385

the neutral surface layer, Kind’s model (Equation (4)) is a good approximation386

for the entire range of particle sizes investigated (from 1 to 30µm). The log-law387

model (Equation (5)) is indistinguishable from Kind’s model for very small parti-388

cles, here represented by Dp = 1µm. Prandtl’s power-law (Equation (3)) is a good389

approximation only for the largest particle size Dp = 30µm. This suggests that for390

very large particles (which is the application intended by Prandtl, who was inter-391

ested in profiles of blown snow and sand and sediment transport in rivers), the net392

flux is negligible when compared with settling and turbulent fluxes, as noted by393

Xiao and Taylor (2002) and clearly illustrated in Fig. 4b. For intermediate particle394

sizes particles (Dp = 10µm and 20µm), for which both ws and Φ are important,395

only Kind’s equation provides a good model to the mean concentration profiles.396

Note that the difference between the other models (log-law and power-law) and397

the simulation results for intermediate particle sizes increases with height.398

Figure 6 is the unstable surface layer counterpart of Fig. 5. It is clearly seen399

in the figure that Kind’s model (Equation (4)) is always far from the simulation400

results, showing the importance of atmospheric stability in determining the mean401

particle concentration profile for the conditions in the simulation (u∗ = 0.40 m s−1
402

and L = −20 m). Therefore, the most meaningful comparison is between the three403

models that include stability corrections: MO similarity for a passive scalar (14),404

the model proposed by Chamecki et al. (2007) (8), and the new model proposed405

here (12). The agreement between the model proposed here and the LES results is406

very good. The other models display poor performance for large particles (Dp = 20407

and 30µm). As expected, the differences between the new model and the passive408

scalar behavior decrease as the particle size decrease, and the two are again in-409

distinguishable for the smallest particle size (Dp = 1µm). Note how the model410

proposed by Chamecki et al. (2007) moves towards the new model and the passive411

scalar as particle size decrease from Dp = 30 to 20 and to 10µm, but it diverges412

from them for Dp = 1µm (moving toward Kind’s profile as discussed in Section413

2).414

Results obtained for the deposition simulations are presented in Fig. 7, for415

all atmospheric stabilities and for particles with Dp = 1 and 10µm. As observed416

before, for Dp = 1µm the proposed model (or Kind’s model in the neutral case) is417

equivalent to MO similarity model, but the later is very far from the simulation for418

larger particles (especially in the stable case). Although the use of Kind’s model419

in unstable and stable conditions is not ideal, the error is not as large as in the420

emission case.421
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Fig. 5 Normalized mean vertical concentration profiles of dust in the neutral surface layer for
different particle diameters (1, 10, 20 and 30µm, as indicated in the figure).

0

0.4

0.8

1.2

0.001 0.01 0.1

C
/C

r

z/zi

(a) Dp = 1µm

New (Eqn. (10))
Chamecki et al. (Eqn. (8))
Passive scalar (Eqn. (13))

Kind (Eqn. (4))
LES

0

0.4

0.8

1.2

0.001 0.01 0.1

C
/C

r

z/zi

(b) Dp = 10µm

0

0.4

0.8

1.2

0.001 0.01 0.1

C
/C

r

z/zi

(c) Dp = 20µm

0

0.4

0.8

1.2

0.001 0.01 0.1

C
/C

r

z/zi

(d) Dp = 30µm
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for different particle diameters (1, 10, 20 and 30µm, as indicated in the figure).
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Fig. 7 Normalized mean vertical concentration profiles of dust in the deposition case for
different particle diameters (1 and 10µm) and atmospheric stability, as indicated in the figure.

Comparisons similar to the one presented in Fig. 6 were performed for other422

combinations of u∗ and L (u∗ = 0.23 and 0.34 m s−1, L = −28 and−54 m), yielding423

the same conclusion. These results show that the model proposed in Section 2.2 is424

capable of predicting the mean particle concentration profile for a wide range of425

stability and particle sizes, for emission and deposition cases.426

As mentioned in previous subsection, after the first eddy turnover time the427

steady-state approximation is reasonable within the atmospheric surface layer.428

Because Cr evolves during the simulation, one approach to verify the validity of429

the equilibrium solution in time is to look at the simulation trajectory on the430

parameters space spanned by C/Cr and Φ/Crws. Trajectories from three heights431

within the surface layer are compared to those given by the equilibrium solution432

(12) in Fig. 8. For all simulations performed (only those for Dp = 10µm are433
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Fig. 8 Simulation trajectories on the parameters space spanned by C/Cr and Φ/Crws (simu-
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0.09 zi). The red line corresponds to the trajectory of the proposed equilibrium model (Equa-
tion 12). The vertical gray line identifies the time equal to one eddy turnover time (t/Teddy =
1).

shown), the trajectories approach the model during the initial stages (about one434

eddy turnover time) and then remain close to the predicted trajectory for the435

duration of the simulations, confirming the picture of a time evolving self-similar436

profile.437

4.3 Surface flux estimations from concentration data438

In this section we study the inverse problem: the estimation of the surface flux from439

mean concentration profiles. The goal is to assess the capabilities of the different440

equilibrium models in recovering the flux used to force the LES (i.e., the true441
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surface flux in the simulation). In this analysis, mean concentration values at the442

first seven vertical grid points of the simulation are employed (this corresponds443

approximately to the lowest half of the surface layer; if additional points are used444

no significant differences are observed). Each model is fitted to the profile obtained445

from the simulations by estimating one single parameter: the value of the surface446

flux Φ. Figures 9a and c present the results for neutral simulations in the emission447

and deposition cases, respectively, where surface fluxes are normalized by Cru∗448

(this makes all fluxes of the same order of magnitude). It is evident that Kind’s449

model (Equation (4)) yields a very good estimate of the flux for all particle sizes. As450

expected from the results in the previous discussions, the log-law model produces451

accurate estimates for very small particles (Dp = 1µm), but it diverges quickly452

overestimating the magnitude of true flux when particles increase in size. It is453

worthwhile mentioning that both equations fit equally well to the simulated profile,454

but as illustrated in Fig. 9 yield very different estimates of the the surface flux.455

The same analysis is performed for the unstable and stable atmospheric strati-456

fication cases, and the results are presented in Fig.s 9b, d and e. As expected from457

the previous section results, neglecting atmospheric stability and using Kind’s458

model provides very poor estimates of the surface fluxes (underestimation for un-459

stable with emission and stable with deposition, and overestimation for unstable460

with deposition). All the models that include stability corrections perform equally461

well for the smallest particle size, but only the newly proposed model yields good462

predictions of the surface flux across the range of particle sizes. Using MO simi-463

larity theory for passive scalars causes large over predictions of the fluxes, while464

the model proposed by Chamecki et al. (2007) produces under-prediction of the465

surface fluxes.466

5 Conclusions467

In this work a new equilibrium model relating surface flux and mean vertical468

profiles of dust concentration is proposed. The new model accounts for the effects469

of atmospheric stability (as characterized by ζ = z/L) and particle settling velocity470

(ws/u∗), and it recovers more specific models existent in the literature if the471

appropriate limits are used. It reduces to: (i) Kind’s model (Chamberlain, 1967;472

Kind, 1992) for neutral stability, (ii) Prandtl’s model (Prandtl, 1952) for neutral473

stability in the absence of a net flux of particles, (iii) the log-law (Monin, 1970)474

for neutral stability and no settling velocity, and (iv) MO similarity (Monin and475

Obukhov, 1954) for non-neutral stability and no settling velocity. In that sense, the476

resulting equation can be considered as an extension of Monin-Obukhov Similarity477

to concentration of settling particles.478

Due to the difficulty in measuring surface fluxes of loose particles and the large479

variation in particle sizes during dust events, experimental validation of these mod-480

els is difficult. The approach of fitting the value of the surface flux and comparing481

models by the mean squared errors of the adjusted equations (Gillies and Berkof-482

sky, 2004; Chamecki et al., 2007) does not yield conclusive results. In this study483

we used numerical experiments based on LES of dust particles with four different484

sizes (Dp = 1, 10, 20 and 30µm) in neutral and unstable atmospheric stabilities485

with emission and deposition situations to verify the applicability of the various486

models.487
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For the neutral atmospheric stability case, results presented here are the most488

convincing evidence to date that Kind’s model is indeed the best approach to489

represent equilibrium profiles of suspended particles above extensive sources. The490

simulations also show that, in addition to the obvious limit towards the log-law as491

ws/u∗ becomes very small, the assumption of Φ = 0 is indeed good when ws/u∗ is492

large (as already suggested by the one-dimensional simulations of Xiao and Taylor493

(2002)).494

For unstable and stable atmospheric conditions the new model proposed here495

is in very good agreement with numerical simulations, performing much better496

than the model proposed by Chamecki et al. (2007). For the conditions used in497

the numerical simulations, effects of atmospheric stability on dust concentration498

profiles seem more important than gravitational settling. However, the picture499

would be different for lower values of the friction velocity. Therefore, we conclude500

that both effects are important and should be included in models that aspire to501

be applicable to realistic conditions.502

Results also show that the steady-state assumption needed in the derivation503

of all the equilibrium models discussed here is reasonable for the atmospheric504

surface layer after the first eddy turnover time. Therefore, equilibrium models can505

be useful in the formulation of parameterizations for deposition fluxes typically506

needed in regional and global models.507

Typically when the application requires estimating the surface flux from ad-508

justing the concentration profiles to observations (Gillies and Berkofsky, 2004;509

Chamecki et al., 2007), different models present a similar performance measured510

by mean squared errors. However, the fitted values of the surface flux can be sig-511

nificantly different. This result is supported by the present study. In particular,512

the use of LES results where the surface flux is known clearly illustrates the poor513

predictions yielded by models that do not account for gravitational settling or514

atmospheric stability.515
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