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Abstract

Anew r eduweaed modalov(iiRI@M) rapi d and reasonabl
of the complex behavior of multiple, simult
The methedsehyarlksucing the degrees of fre
fudclowpl ed soifmutlmits omel ti pl e mbycionugpl b omgndar
together an approximation of the i1 nfluence
(Astress shadaoawdpr owi mhti on of fluid flow
preservation of gl obal vol umd abwminadnct ¢, g
compatibility of the craVv&l iogwgttibhmr g ewistchal teh
(Wi fghde)i mul ghitoiwvosnBOMeo | uti on captures not

suppression of interior-spprdedularcafyrdoaeut e:
known stress shadowing phenomenon, but al s

spacing among the Impnirfaaurlm.c Threacdiumwelsatior 0
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demonstr at ed -otfchornocuegpht ao pptri oo fzuanti if o mw lsepraech yn
and stage |l ength are chosen to maximize t he

of growth associ atted awintemteach sti mul ati on

KEYWORDHYydraulic fracturing; Reduced order

fracture growth

1 Introduction

Reduced order models ( ROMs) have a great
and uncertainty quantif i Hoavteivem , fascéadydaiani
essential ingredients necessary for a reasc¢

simulating systems @ff omulintgi pnlya,r asiil mel tf armed

chall enging and open probl em.

Hydraul i c firacd uwelnlg gtHiFmul at iioodutse ¢ h mil g u
applications include mining, wast[e3 di sposa
The mo&knhowel Bpplication is its use for 1inc
can be extwredtdtsed hf sompplication, pressur.i z
cracks through the reservoir rock, carryin
created fractures. The resultimgedhgWw cond
of hydr oc arrbeosnesr viorioom ftohremat a®ndé oaeovairdsdt ihe
det ai |4)Bytéd. gr.e[rti cal and horizont al wel | s
vertical wel | simulation comprising most c
fracturimg adndveddr ifzacturing comprising th



unconventpemméeablilloiw y) resources [5nh. the pe
Essentially all horizontal wells in unconv:
arter ebthgatlraul ic fracturing, and the most coc
sequematninelr from t he ftihe gdeeltelo dtetsec rdj Ipe @ lod 0o fi
Within each of t hmewlet ispelgeu ecnlt u satl e rfiss t cafg epseor, f o
resoeirrv entry points, with the intention th
di stri buted among these possible entry po
reservoir rock. Al t hough sucthr eanemuadiotuis s tcage
savings, samadl lporgosd uocvteirons ever al basP@s tends:s
to 40 percent of nmer fcoorna trii doru [i/fei of dot eparsa daugc t
current simul ati onopsttiOmaele.gt e s b aitse ntikh € Artdym n «
uni iarymof reservoir prnopestiresseigh @i odigng h

Anotfhaecitsoral most certainly the widely recogt

shadowingd (see &eDp. Stectsdsevhadeowehgnr ¢f e
Somegas a result of the comprod hreeryrebygstiHlEes se
(eldg.B[Pne result is that the ideal case of
lai)s probably never achieved. I nstead, some
the presence of | ocally ebepartedooemprdésc!

e. g} ] sekrlalzsolid., 16,17, 18
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Whi | e

simul ator s
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resul t

t her e

i Nt e@set yomi ng

reduced
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, and (b)) Result in which

CcC e |

are certainly demonstration.

t oheisdenmttatt yi mppoweac uni formity

optimization is challenging becaus
this challenge has opened a
modetsr éoyr hgdrexbampl & follo
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i nvolve order reduction via an empirical se

to capture system behavior ov[EeePs.omeersarbdi

we foll ow a di ftfheer eghnaa la pipsr otalceh , s @md , namel
order model that provides a wuseful approxi
feature being capturing interaction of si mi

Whil e there areadsvemnalt hpodditlkelratuhee t h:
Ssimulating and optimizing multistage compl
background most relevant to the current con
or NAlI2WSAwas$ exipnteadtoagrl ll ladas , i fallddi ng
3D el astic couplingpbetpawgean itnlge f g.iamuhutrseerse q L
Ssimuhasotbheedemmstt hae the stress shadow eff
with appropriat dHdFpsll adened mrudoetroi mindii bont t hei
rel atiothdro ftrha&ct.ures in the array

Al t hough [T LSA 11 is a fu(ty uvsaepltedmberat
commonly contrasted with ROMs ,hiwjehld@t yo can
modeli)mpl ementing state of the art approach
coarse meshes, tsheevemmmdeldacgasn raenquidgr@emet i me s
computefraaomulite result at typi catle rteismirnvg i |
is for single node calculations, ~2.5 GHz
desi gn, which can require hundreds or thou
this or other models with run (Simes$aohytft he

uncertain quantification, which also can r
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typicall Ak fpiorssti bseep i s, therefore, addr e s
approxi mat &S,udcEOMIuImalt admr s can elxep |l wged itom sd
of high di mensional parametric s,wact¢ed, I de
can be exami nfedvyidcioydpeltead |s ibnyulaat i ons.

We previously demonstrated the feasibildi
simul atmM€C2Fcatdbedwhich very rapidly esti mat
[26].] n t his prototypesduoidted i, ptl beaBBEgr aweée he
current versi-lwmt puredemttelde haeddcei ti onal | i mit
smaill radius compared to thei-anasleyptaircaali oMFE
sol uti oy (cafutpern n[g a far field approxi mat.
overall energy tladé amceel | pr ¢ dii csW@vagdch HFO
pessRMe rRAMj uand QMfloowdi dferent choices of
uni form s pMHHESS.gv dahieodgggts hows good agreement
and | LSA | Ihobweenvcehrma  rbkesc,caus-Ei efdtappusei mat i
the interaction stress between the HFs, t he
benchmark solutions when the fracture radi
Addi tionaltldy,primed odype model does not acco
i nteraction, it does not capture some of
coupled simulations whe-anitfher nf.r alct upar tsipa
previous model bemnetri oaptfuretwhers tswitch
to accepting the majoritcyupfl etdhe i fimpd iad,i oans

Simulating this phase is essential for obt
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coupl=ei mul ati ongaliFdda,t owda mgr itdhals experi ment
for uni f o-wmi famrdm nsomaci ng designs to indic:
hydraulic f.Tdatsyr ewegruotwtlhi ze the new C3Fra
optimizedrHBssca terms of created fracture
of optimized designs for different stage |
work concludes with a demonstration of the
for-umoni ofrracture spacing to promote multipl

HF gr owt h.

2 Governing Equations

I n a typical HF treaneneatr mdt eameoiil shbar @ ¢
by injection of fl| widhihhaea iforma d¢tthdarde roiadn tianin
hydrocarbonsaftdheropagavesr perpendicul arly
mi ni mmmsadanfui nilegesérebe HFs are considered

to a horjzastial FwgThdsediohbgl accouNMts for

fractures within a single stage and, for
previouf839dt ages ijng that these can be I mpor
substanti al fracturenoder vtihmag. iHurtthher mpaet
negl i gi3bll ef o(frsecene[ approach for ascertaining

then thesetapeestoasasses can be accounted for
of the approach whefeaaot urhes sitmesbes pfewvi
accounted for in the same manner as we acec

t he s anTeh es trmaogdee.| | trmmear, Npyoamfadef saat ures di
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181

wi tdhmen ot ab2(nsgéeiehg Hehce, theldNgaet wgen each

of ftrhaecitsurwsch t hat :

) Q (1)

Growth of the array of HFs is driven by i

wel |l bore at the cewtroewi ofi §Fdk (ocfatteh@rmoadid

to each HF is variable and determined as a
fluid in the wellbore, the influx rates to
tot al volQmeThiixc irsattto sayt alhaftl uwed cionnjseicdtei
provided to the wellbore to be a constant.

fracture to be transient .-stTahtei dH&lIsl yar(ei ta.k ew
the speed of sound forr telheasrtdock)r oidd8 a hpearam
—E(13®) ¥Youngos EmoBal ssspnasdr skoc(ZHNKE 6 o r
fractureK faigkepegsti on to thaeepreomiemngond
partitioning of the influx t,oetapmhealIBuase Wwe
radi us.ad¥fevaesrsaulanlpt i ons are introduced to si
()] Crack propagatiaon ef enesetconeasnfilrcasc t(ULrEe= M) ,
assumes that the materisatlr afionl |roemsata oln
everywhere except for in a vel3PF. small
Crack propagati on wtinoldeo csdure swshdmttemes i
ccacltttiap ns t he mat €3 BE&I fracture toug
(1 Lubrication theory is used to describ:

within the3gf.rlactur e
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(m The rock i s amgemhemebBbBhk off term i s nc

this study (i.e. it i1s not considered
(v) Al | HFs grow radially and parallel to
(V) Gravitational force is negl ected bot h

equations.

(V) Théeuifd ifsg oomaiwnidihdermte crack beoweenmean
the fluid front and fracture tip iIs ve
which wusdeanlitgpical hi gh confinement
reserdvjo.i rs |

(Vi) The f amsiftiuelOgltsriewsrsi f orm and constant,

compressive stress actinguwominf @amhatrd a:

noomonstant due to the .interaction with
For a detailed discussion of hsyedvrearualli cof
racture mepelcimyl y regi mes of small ver su

arge sleteekoiff hWley al so i deadntperrdi malt off g@mr otwh
he fractures remain plFam&g&aandweadiodal, t &as
deali zation neglects deviation of the frat

ractures or due to stde&gB]lB3sgh@do wilntg aflrsoom

neglects the presence 0 proaeseghti gromws h be

eads to a transttiiken gfrroovh hr g cciad Il etdo thlea did?

[44¥4P). Based on similar argum@nt $ hie tmodeé

expected to remain Fvsal iads floorn gg eanst |tyh ec uirnvp anc
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on the energy required to drive the HFs r ¢

order term(s) used by this model. However,
i nteraction will &dedafifectleed bdbgnt édet cof va ncg
smal | perturbations can sometimes be ampl.
the curving significantly i mpacts behavior

Furthermore, bhgai mgaef tapt ssr winigk & hger awtahn,s
but the present model is Iimted to the ra
fracture radius doesl inmitt ec cfereac tt three | h & ih@h tc
i mportantin issaamd i o +twhedtl bbeere prkekessumear | o:c
fracture tortuosity and/ or perforation fri
flow through the inside of the casing betw
These, ®Bdo] yamneddemntugd fiorc,or porated into t

one power contribution to pir3elsbeirtvenathet henl

focus of this paper. Finally, accounting
chall engaiwksi dlorrdmture research and is no
Radial
W up dm = 4= - - - -
i\"
1)} []
O
raliag - - - - - 4

=  em } - h - - - -y e

Fracture 1 Fracture 2 Fracture 3 Frature N-1

Stage Length Z

FigGe@metry of the mMHES pdiestHFi putodd ewmi  loir r
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| enganhd with frhaTherarspasi ngl ustrate the |

bet ween fractures.

Having established the simplifying assumg
mod el it sel fNf rFaoat uarne sh,u ntehyeorodi sar & hiey ar e,
fract uoee nwintge fl ui grprpr,esfsnactR(ty g ebhdsubc
i nteraction stress,plftndagmamnhe | o Qi@e,r fvlhoeavcetr Lart ¢
i £, Bl( sEkeg.ThzZ2se quamtvietrineesd a&rye a mani festati
HF model bringing together ebastdhcedef amma:
fluid flow, and an LEFAN ,crvaictkh pano paadgdaittiioonn c
expression of thed4ipnpt eamactai ccro ndtirtae o (od f tpe
continuity withinlPhe @pétbbreal(lay,t erhe. mo
wi t h fluid continuity ( mass bal ance) wh i

incompressible fluidsangdyva'f rfampeutriee abbyl e r o

T i phH AR
T i h

(2)

whegqies the flow rate across f hte foacmernae ap:«
vel o®dt vy

Secondl vy, the elastic body isTaomnisngered
across the surfaces of each fr acstfuhree . I n
el asticity relationshi@ndewiwedtelpi £Ponabynpr m

e WY O y ey s
0 iho - RY” ho L 7Y O (3)

Her e tlhoec anloni nt egamd iompteeranaolr tractThon acti

are given in Section 3.
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Thirdl y, lawhkeroiradatnigorn ot heory for &d ,i ncomp

the radiiili §lpxoportional to the gradient

cl assical Poiseuille | aw, t hat i s

0 i1 T i o
10 (4)
f pc T

whegies the dyn&muctwi ycoactyprding to Assump
fracture), the crack always propagates in
propagation criterion takes the form
O U 5)

wheKe@eenotes the mode | (opekKidnige¢ modelbs | i

fracture toughnes&.cahormet ree@piir®cdisaeld farsadt ur .

Yo YR
0 ¢ = — )
P

Fifthly, injectionsofi mplowsiedd fart o m hteh € emd ree
Hence, based on mass balance considerati on:¢
crack is given by the source condition for
¢“ L Eilnim 0o (7)
wheRyves the radius of the well bore.

Sixthly, the boundary conditions at the <c

fl oxY =6,Y =@ 89 the i nittizdl)s cgoi neint0iboyn (
OD=0gng =0

Note thati nwittihalt haensde boundary conditions,
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274

can be integrated to give a gl obal mass ba

provide an additional i ndependent equation
defined)ogr isi msledwilord. This equation i s gi\
0 6Q06 ¢ 0 ii Qi (8)

Al so, by substitutdiwn ooft htehe ofdii naiuitlyl & qE

the Reynoldés |l ubrication equation given b}
i pph ., . T iR

" paim VP TR ©)

Recal |l t hat 5N equations are required toc

fractur we(,opwind ngmpre(sisu,a eR(ute)l,ast i c i nteracti
from the of ltigranfdr ddnMuer@g ¢ So far we have de
equations which are providedtewrittree enbdbiuagpl
equations from Reynol ds fdiddwi Bd . el asqu atiitc
( Eq. (3)), andj )r Ap a gNletlg ubantoifoligs. ar e obt ai ne
i nteraction stresses which occur when mul
proximity to one another. An arppSeocxtiinoan i3o0.nl
Hence, the systenmnlegualtd sends fgiirvetnl yo yb yt hteh e
pressure iIis the same at every entry point

n YR A YR E f YD (10)

Note that a perforati on[48i],#dlteaovni ng sEsq .t e(rlind
but providing a pressure | oss between the

the first poi nt within the hydwétolniec frac
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286

287

288

289

290

291

equation from the faordstimgierctt etdhdto talhd Suwnmr

the total Oiinhatcti®sn rate
06 0 (11)

These form a compl e g, t),py(s)tREm, @(ro)rt daentde r mi r
Qi) . The probl em, t hen, consists of findin
guanitQsadiKeéEsd w, RNantdwh egde F odrynami ¢ eyi satbsity
ot her guantities amseéamsi pFeviomslkywowef iviaé

qguantities ®t an initial ti me

3 Approximation
3.1 Interaction Stress Approximation

The main challenge and interest of the problem is due to HF interaction. In general
the interaction stresses need to be computed based on the details of the pressure
distribution inside each HF (as in efd.9]). However, such an approach is not
compatible with the desire for rapid, approximate computation. So, for this model, we
proposean approximation of the interaction stress usinpe unprfe®smlryi zed
crack sobptiowheoéby the nor mal component

nei ghborjpngcic sakllet er mi ned as

c0 ) 1 Rl Kgﬁ' oo Tal Qs
Rg — 15 WéE+He 5 O0WE - -
S 1 ﬁ_().)ég' P TR é—
(12)
+., O — D,
—‘tht‘?lz‘h—h —Fﬂﬁlf%‘ﬁ

wher e



(13)

oy 'r‘_g_‘ vy 'r'r,,,‘Y
— Ol Wwo-wE ch Wi W& o= -5 P A¢—p
—h

292 Recal4pitshatthe r atQ obe®tf we @ macrjo apc tt three cr ack r a
293 Y, and regiad |timeg 1 dtait ortoof frraadcitaulf ep-ersaidtiiuosn
294 Note t-havtaltuhee decreases as t el nfcrraecatsuerse fgorr
205 each fracture.

296 I n the sol ut i (h?®)saensgoamiriteend net pnesskrg. The key

297 to the approximationhen, is to choose this internal pressure so as to best approximate

298 the actual interaction stress produced by HFs withuroform internal pressure. The

299 approach used here is to select this uniform pressure for each HF at each time step so

300 as to generatefeacture with the same volume as the actual HF being opened by a non

301 uniform internal pressure. Thatfs,o r ' h e r a u | ithe cldssical expressien

302 for the volume of an ellipsoidal crack resulting from uniform internal pressurization

303 [50] leads directly to

. o Cm -
o —— L QO (14)
P QY
304 The interaction stress model i's compl ete
305 for each fracture from al/l nei ghbalrhs. Henc
306 hydraulic fracture i s approxi mated as
A
A g7 YTY g oD (15)

307 whekfsei s givdrlnamigi €£qgi vdrl.dhy Eq.
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323

3.2 Approximating Elasticity and Fluid Flow

El asticity, crack propagation, and fluid f
nolnocal i nteganad ionpteerrantaolr tracti on acting o
o > Ao s
Yo = - QwQ
LAY bo T T 0 Qi
(16)
"Y " gb h " S;Y(Eb ” " Sl)YgEb ”
recalling tlhiag twhher at hggied dt sd cieistse satnrde s

def i ned )b.y AHQqQ.i-t{iilabnh & lhley ,r atQ; 6 bef weeracf ngct u
anjjit o the c¥Ya@kAAAR@BbObng iMis the fluid pre
a part of the solution. I n general, a cor
satisfying al/l of the relevant governing e
such a solewmtsioommn wihsy tftud 'y coupl ed model s r
times. To promote rapid computation, we wil

by expressing the fluid pressure as

iR . p LR ATV O

17)
"foped o] —— 6 a& ph 1 By

This form of the pressur2g ifsort aak esni slkcaossa d yo n

radigalolww ng hydraulic fracture in an i mperm
similar sototglhmesd®rar@roonstant injection
an infinite, homo2feneuws cetl fasutyidbd Ar oc k, [

Mw¢.ogwWhil e this solutisomidmlry |apnplsi, ¢ svefmdror
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338

for our appcaxswmaitopkrerscwn vieseshadawhieowedfl t he
the tip and inl[ef, onvhia hproaupgehgattiongpal B0 be p

hydraulic f rcaocnswutremst wiinfhl wxonrates, that 1is

—

f X%p e PoLop a9
noxo T iflop

The ovpeeamiset hat a solution of this for
compati ble with the consequences of coupli
l' i mit where the energy dissipation associ a
energy dissiwiath omoalsshrdakhegat edi[®R]legs imey
for a more complete discussion). |t remain:
a usefully accurate approximation can be o0
B=0.08269sot vihg VvaRlABescoemfffilceents that p

vol ume bal ance f(®Br) ethénbciefsr aac tturmee (dEegpendent

chosen to satisfy
¢‘r 6000 wo "o ”Q" 0 0QO T (19)

wher ehtamhecteri stic width

7
. & 0 0tee Y
w o e — v (20)
B L
& 0 o

represents -btome me at hweaellelri ved from Poi seui

| eadi ng order( 4dte hiawli er tod Egl ate the fl uid
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350
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353

354

gradi enni ,x6WwhefrodarL Y. HRire the inlet asymptot
gi veR/]l.byNote that the dominance of this tei
the inlet pressurkequalq.f olrl)aljlusHFSsf.y Siemitlia

on the viscosit[/],r etghiemer asdciaulsi nigs fgriovnen by

T x

YO | o 0 0Q0 (21)

o
‘e
whegltltar e unknown values of di mearseé oondteasisn eda
through a requirement t hat the opening at
accounting for interaction stress, i's comp
from Eq. ( 20)b.stTiot udtoi otnhiosf, Eq.di(merns iinnlEas s
crack opédmionghich is det é&r mfoertd byas

"o _ "RY"M o ¥ THY" R o (22)

withdenoting otclaé mnonegral &sHBHI i $3) he hown

traction acting d&rromgsk ¢mebyurfaces of the

oy En s 0 . C
Y oh — 05 601 —MmM—
0] o p ” -
(23
b0
6 a e— fon” 22
C P o b Y0 ol
p

where again Agederneoctaelsl tthheati nt eraction str
nei ghborijgafdriangt idrmeefer Setcurcmaf Ba d)iesn T h e

still unknown. tToh e hsotorsaet d dhyi,s tchoemr,esipsondenc
and openinganvd a( 1E/g)s,. an3d) in this way we er

solution with elasticity, as shown by Eq. ¢
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We arrive 2R qaagyotnesmfofr the am& ®mown quan
that 1| mpose: 1) satisfying ) obadquivroil ugnet He
opening at the center, computed from el ast

be compatible with the opening required by

PGP 0D 0 @ O "o Q 0 0Qo ,
[ o
e . M (24)
I oL O . oL e oo 0O o
v ———— THY”" D olD W 0 L
w @ Vg
3.3 Motivation for Energy Calculation
't is useful at this point to summari ze.
that it first and f or esemod sutmee Xoaad talnyc es & toirs feiae
The solution is also constructed so that t

and HF opening exaqulifomae acli i fesaetl asé i cup
the elasticity equatfttihon sby htodseeamdwu raea dti uat
el as tdiedelrlmp ned wi dth at the inlet i's com
condition. Hence, we have repwacpkR babedneec
on 3N equations given,bandl heb{braEwWidopr ¢ Eq ¢

respectively) rwand) 2Natuinkfnpiwmg ZIN equations

These, of course, depend implicitly upon tt

we recall p r(olcteyeidnsg ftrhoem sEogl.ut i on f or a wuni f

with the same volume as the actual HF.
Besides approximating the interaction str

the propagatKiEF&dg oadoredicthi oHHFsowghhesmptzetr p asy
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395

compati ble with elasticity and fluid flow
pressure and opening solutions2/c8@lbdgen here
Hence, the solution hencef @rotmh niadtmeam@leiga ab
hydraulic fracture propagati on. Generali za
ongoing wor k.

| mportantly, for the present solution met

ubrication equation is rathegl dBlalshJyol wmpe

bal ance and a functional form of the press:

nl et and tip of the HF. Furthermore, the |

equation is very |l arge near itthebemwmnomes ( Eq.
unreliable to use the distribution of the |
pressures for the purpose of iIimposing the

(1)0.) We therefore adopt an alctherthRatiisve wher

(@)

omputed in order to satisfy acognhpoubtaeld ener

pressures are then set equaN-ld pu atnieormxnot he

(7]

atisfying pressure com®dinaottpgatimhag ahet W
addi tional energy |l oss due to[4PerWbeati ons

ombined with the condition that the sum o]

(@]

wel |l bore puridjlpgwe aodolet & iEng . iNe qtuoatta lo nasn bayd d i t

which we dMurkmowr \Vdleues ofQ(tthe fracture i

3.4 Balancing Input Power

The expression for the input power is o0b



396

397

398

399

400

401

402

403

404

405

406

407

408

409

410

411

412

work (product of the pressuwiet mnwWariindud o we Ire

storage, work, and( affises}) pati on terms, that
n Yoo YV o @ (0] 0 (25)
wher e:

T Uia portgoens tihmtto i ncredbyi ngftomeni igr & ihme
straintédmesr gy the recoverable elastic e

T Woi s the wor k donesiotnu ittshtee etwyaderka ublyi ct hien piu
must be sufficient to overcome this neg:

T Wi she work dHmebynt eesascihoenpst resses i ndtl
nei ghidgaisn the hydraulic input power mus
negative wor k.

T Dcis the dissipation rate associated wit

T Dii s the dissipation rate associated wit

Not & ,t hconsi stent with the present | imitat:i
|l oss of gener ad L Oy wae dOhiesnaresqglmect ed. The r
terms can be defined following from basic

make use of the f[@mwhealerbegady derived by

- 0] Y
Y "\H'— 0 Y i Qi (26)
T o T 0
6 0, (27)
8 T 0 (90 Y
. y YA Vi) 28
w C " _T bl Qi , ,QbYU v (29)
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(0] — 0 — iqi (29)
Upon substitAdnmwi thkesphbcit depe@dence uj

via the eWpm@ames i om fi onpl iQuwiita deipersbd uda omrs

wi dt h, and r aAld diist ieoxnparlelsys, i oints. or der to ra
derivatives, thbheoeyramne sappgl exitmateedt ep acco
growth of width, l engt h, and pressure give
and DetwodAsnatpehdi mensionless width, | ength

be consistengr ovwillth Opio @eEpPo vheardss,A ¢ .8t Brvien ¢yi ng

al | of thobtabgether we
" ‘0 .00

x . S U o s
Y s 2 . D00 g0 ” Q (30)
W

o a "QehYe v

’p Yo . —~ 'y

’p 'Yg N iQO Q N gp, ’p

hy " vy B T Uy (31)
T ~

rr B ) 3 v

v @O 00xe &Y QY 3 Yoo L

v C“ Yy . T Y !Y'Qf ” ph) _Qro 0 v

Uy . xS b Yo Uy

¢ 0—F— -

V3 & Y ] o
» “ A G - il )] Q1 Fl ’
or ° 0 0 pe —=f .o (3

W 6000 ‘e . o)
O - T e 0 - "2, (33
¢ 00 "o

wh eRies given by Eq. (21) .
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3.5 Summary and Implementation

The

final version of the minimalist si mul
Vouume bal ance globally.
Poiseuille flow via an approxi mati on

behavior of the pressure ne&fistlbeastinp

di ssipation takes pl ace.

1T The interaction stress based on the s
crawcikt he same radius and vol ume.

T The wirdetshbsur e el asetxiaccittlyy.r el ati onship

T Propagation exactly, herbBindglmi t smgl Ic
fracture toughness.

T The condition of equal i nl et pressu
approxi mmecredHFosoeas to be compatibl e
energy bal ance.

T The condition that the fracture infl
exactly.

Such an approacdéntadilloiwmsg MsaalReEdtMi com so ff 03
unknowns, with reilmpgliensbnpepsi cmailnecti ng al
contrast, to solve the original probl em usi

el enmeynpte ( BEM) simul ator Nuwdmlosdvnseguowuirrespoln

the HF |l engthsaandtNMmtadx®@sephodahnval ues o

dt h, fl ux, andMx Mtesha ¢ biroeacsthr ell&Fsi ont e
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464

consi s1906f ell®dment s i n each direct.i

degrees of

on, t

h ¢

f r eoef d*dlfic @ mp a rheed stcanaed € la.r glend e e d

this wildl be shown to be on the order of
di ffer bet welkeindhyaanRIOM haenodas gor i t hm used
i mpl ement this approach is as foll ows
1) UserinputsSet values for the physical paramefdtsv, Kc,e ,  Qmin, Z, U
Rw, hij}as well as the initial time, final time, and time step for the
calculation{to; tr ;qd}, respectively.
2) Preguessed stateSetd 1 0 . Then fluid pressure) n
length 'Y M, width 0 " of each HFi(= 1, é N) is predicated
according to Eq. (17), (2@nd (21).
‘el 0 o ! g
o N o "o NN
vy N lo‘b _6 o Mo ro N
;0. e "Roo |
0
For the firsttime step, the dimensionless parameters for a viseosity
dominated HF are presented by/] with small adjustments to the
coefficients demonstrated hy6]. The interaction stress is estimated as
Eq. (15)
h »”
£ N Ay Mrpr oy Ny ”'ﬁ‘n
3) Thentheo " andr " are solved by the system Eq. (24):

by
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To obtain the solution, the system of equations is solved numerically using
Ne wt on 0 s Based onhthe dhovelculated valuethe stress strain
coupled local crack opening, net pressure and radiusumserically
evaluated. We then substitute the stress coupleoﬂ ¢ " into the
power balance function. Use nbni near sol ver (e. g.
obtain theN influxes & simultaneously satisfying the constraints that
the pressure at the inlet of all of the fractures is the same (i.e. connected
by a horizontal wibore with negligible friction loss along the wellbore
between the entry points) and a further constraint that the sum of all

influxes to the fractures must equal the total influx to the well. That is,

C
C

n Y n Y

mh
=

Y h

Here a critical point is that the pressures are estimated using the
energy balance equation via Eq. (25). Upon substitution of the estimates

for the power terms Eqs. (20), (21) and (883) this estimate is

Ma t



480

481

482

483

484

485

486

487

488

489

490

491

492

493

Not e

P "(R) =5, *.

QO

[CNONON)
oINS
e
vON Do
S
|
'u‘
R e T

—_— =) =) =) —t—)—) —)

Bx

(D~ (D~ D~ (D~ D (DN (ngb\ M~ (D~ D~ (D D

%3 &

N
—
Q
=z
E
~——
w

k);n

i t(k)

min(R(k)‘n/%k);nvl)

gmin(R(")?”, F{")?”) 2{?

0 a
..... 1 I
] ]
. N G+ 1
a R(k);n in Qk;n T l
S gl goon & v ..
¢ N * y i
]
n n n T
R(k) / B¥ )5| (1' #Lk) ) :
y
o e
a RO o
In & ESET +8...
EFQU) () 8
dg, p Mn 5 g2 O
B U 88_,2 Bd r
g g 9 9

Note the simplicity of the modification, illustrating the potential to include

other mechanisms (e.g. fluid leakoff, perforation loss and previous stage

effect) in a straightforward manner provided their contribution to the

global energy balance can berqauted.

5) Check the relative difference between initially guessed N and

returned 0

" If the value is below a given tolerance that is

then output thed

6) Repeat

t hat

t he

o6 " 1

n

YO O

"' as the final resultf not, iterate toconvergence.

-5 e p=mtt(i21)

new C3Frac begrudbla sthew <Li2rhirla

Si mi | artihteiye sboitnhc Isuodeve t he fl ow rate ba:

Newt oni

t

he

s ol

an

ut i

nunmeowecvae r ,metthheods.t ri ki ng and i mp

on

of

Wi

dt h,

radi usamasnydmpp roe s sCu r e
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=]

a

ol uéf ®Hirn C2lHr accont r as & (. 2Z0B0Fhr tatach eussed rf

i mi Il ar sol uet iitonnc ocnasutsaendt bfyl otwh r at eTlwe t h i nt
esult iIs that C3Frac and C2Frac give very
re less than the fracture spacing, and the
uch thhatserhaeappo oxi mati on of the interacti
n C2Frac becomes | ess accurate.

Validating and Overall Behavior of the Solution

Wev al iadnadt ei | l ustrate the wuse of (tThhe model
ract urleasc eadlr s ymmetri cal |l y r elnactei vteh et ofi otuht ee
ractures, 1 and 5, are identical. So al so
racture 3 always occupies the center of t
mi ddlrec Tohealiidat i s compri sed of compar i
pproxi mMOMmnsf ul |l ¥y arsgeaphleaegdh i 6 )sd anluil tayt i ons
bt ained wusi flgh | LSIAn ¢ & bii( nhgh it @§s])elsL S | | i s
xtended for multiple, p alrbaal sleetll h epnl lampal ri ch yt d
evel Set Al gablilt3I @fciclsfAdd)idnije ! fasnt i ¢ coupl
et ween t he psrionpualgtaatn enogd $fleryalcrhpulriesirti tlhenv e | S
Al LSAO0OY ul sy coupled simulator for 3D hydr

hat fracture gr odvafhi nesd cpolnafnen.e dl ttéos autprle

| anar 3D hydraulic fracture s[bhuyl amidrhs t(hse
ey novelty of enabling accurate solutions
ppropriate tip asympt ot itcheb enhoawii nog baonudn dt
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condition of the advancing crack tip thr ot
projfe the front sl&oncoawni oans.ybndpstdodt iccesvielreal ot h
3D hydraulic fraetaseéei ciitmw| agorasj on hes S (
di spl acement diasnddd ruti idn Uil toyw mest hsood ved usSi ng¢
met hDldé ol | opwairnagmnet er set iI's used for bot h
Simul:ations
E=9. 5 3®BR®,s0MPat/m
e=1P a IQs=Q . nf/s 7=2 On,
S$,=70 MyEd,. 2Rn.

For eacdpresseeit wompari sonsra¢tuhe tadcdheusy
influx to each fracture, fractuMe apsmoi ng
presendi mehnrseieo n al pl ots showing the radius
correspondi ngFit gs t hsgh obWi dr vedsdatladive efr eomha HFs
are unifor mlhy= aanade df eseor dt thifaeh vgbandsnat es (i
met emr02=5z=1 @515, zz=a2n6di gs . sShoamdr e6sul t s corr es
t o aunmiofnor ml y isnp ancheidc harfrraayct ur esh=8.&ndn, 4 ar ¢
corresponding tozEoactdunat ep=dph+IR.z8mMal,eng)
z2=16. &5=2&ndThese resulThe grmeprsit™ediens|l vdéi
the inflil'vyWhtrtae ecr ack alpérhi antdotaal ifnda&dtur e

defined as

00 Y 0" (34)
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FigC3Brac compared -whnt hot mSAT IRy Benir aihan
ho= 3h6. 4 m.

Overall the ability of C3Frac to approxi
good. The inlet flux is also adequately apr
be maddwes tolbyser vehd hewisng egslsenomemaant i me svhi
grow prewerleatgmadwtyh of the inner fractures

al so been observeld i)y, neanndy iost hetrrson(gel.yg.evi

uni form sea(Cckingg. cd), where the inflow to tI
to 0 ®5mnd consumes nearly all/l the total

| ocalization of growth in the outer fractu
constrairntggrowthhéirom outside the array. At

ot her fractures detTheasées uodapptoadhbeeart
fractures have to compete with one another

i's establhiesmad eby fractures and enhanced b
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i nterior fractures. The | ocalization to the
ti me while growth of the innerh=bmpahctases i
(Fi.®)

Upomncgh ng tHhfer spmaxmntgo 3. 6m, the induced

fractures on the middle fracture decrease

increases. Under this spacing, the inlet fI
t hteot al influx to the wellbore and the midoc
while the flow rate to the inner fracture

behavior walshobserved by

Further fracture growudrprissidnmg vmmerc tbaynias m.a
this mechanism is critical to matching the
not possible with the prb.otTyhpee pO2eFsreanct nmwoodr
focused on better appomxamang ntghe hfer sdtrerse
when the radius exceeds the spacing. The i
bylpP approxi mated by this new version C3Fr
relative growth diff ere nicret earmeoantgi @ rh es tfri evses |
i nner fractures obtains a negative value ('t
of the moving boundary on the time deriva
i nteraction stress oo¢tmtriemetriggn biasg anhcemédr
via Eq. (28).

I n the current example, the dominance of

by the reversal of tHhieg. nidre ffldadctdurtehsatatw.
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628

fractures imet welddgpireniseasmubtsequent!|l y di s
as they are subjected to the induced stres:s
i nner fractures. This outward squeezing of
fracture by htehd |diiidplfa®@inmng he vicinity of tI
from theAweewbphase is reached in which ¢t
switches fromndeiacgepasagveel atively | itt

maj ority ofd akéei veUyddai ving dédeeldymmaen tc s

throughout the array. The increased uptake
suppressing effect on outer fractures. As ¢
to takeuid moom the well bore, whFicth. i 68) al s
shoattsgntABOs, the suppression effect from i
mi ddl e fracture, and wultimately chokes fur:
Note that for the wuniform spacing, the inn

t o ngeidomi nant because they do not grow suf:
stress indulk/eRl by the ratio
Besides the very good agreement between C3Frac and ILSA Il, the C3Frac results
also indicate the temporal and spatial character of crackrapéfig. 6 and Fig. 4ni
which the pennyshaped geometry is valid until the extension of the fracture becomes
of the order of the stage length. As time goes on, a compressed, r@givaaching
closure(0 ” I e ), appears owing to the interactionests performed by inner
fractures during the reversal process (Fig. 6).

Since t fhrea ctt autr aeld area <can bree croevleartye do ft o
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hydr oc & e[y nost &l fradctsuraend iampeoar t ant metric
fracturing e€fl)eleteveprestpivioeld. i s the summa:
surfad@oueeraal | ,wheo dr a¥Our edaéh the fractu
are smal/l, S os ttrheastset Aet romautamé insignific
genesatfeface area at amdgal modthel isrmaaner Iryat wi
HowevetrSGBbercause ofmcrlkeasemgr i nthex3a.cadamon ef

case (ipPi 09O®bBtramarag ehan the unifHFimg..caskles (

Note that the same tot al volume is injecte
t wo cases. The reason familfargerspawci h@c e a.
benefici aleveefrfseaclt forfactthuer &es, causing domina
| atter part of the injection and an over al
among the 5 fractures. Hence these results

by mor e% tbhyans e6lOect i ng c drBi umat aeng efsad t wil
wi {1

Further mawmefm four anaral scenpflroaycetdurtes t est
val i deaettiweren C3Fl.hkc ijamadwadudMmoar fcraset ur e
wher e t he -udFisf oarrnel yn osmp=a abeadh ds df etrdocat ur e p |l ane
haveoor di nat ezs=s 043 52= In® t 2=8280)li §s hows resul ts f
nouwmni f or ml yf spatcweirde samhxiraty fractures 2, 3, 4
t hlat2 . 75p=4, 25 om,r esponding to ztpactdunat pbate
met exr B2 . Z573=12517. 28=2dlnmhde | ev el of agreemer

t he ROM of C3Frac and Lkihe diamiglears ctad ewhmatd ew
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So far we have discussed the overal/l beh
C3Frac and the |1 LSA 11 b e i ¢ Iy mBasrhkBsw  t Bhuet m ¢
similarity between C3Frac and ILSA II. Typ

to the elnlchAnalrilk OF oMhfer avorste mateh. i s in the
at the well bore, which is in about 10% di s
as 50% for the ouNeteahHami ddl eher daatufesl
vers2bBmalc, [si mul ates the radiRadkZger cswtah | el y
t han 0. 6. Through t he substantially mo d i
approxi mation to the benchmark | LSA Il is a

the total stage | ength.
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Tabl e 1
Computati on bteitmwe eanoCRaEreaad fTOEBSA NI If or m fr ac

array at same simulation time and steps.

Uniform Five |C2Frac C3Frac ILSA I
Computation
1.06s 255s 220612s
time

Simulation time

t=203 s t=208 s t =20
128 steps
& Steps 128 steps 128 steps p
Processer & INTEL-i7 INTEL-i7 INTEL-XEON
4770k 4770k E5649
RAM 4.00 GHz. 4.00 GHz. 2.53 GHz
32 GB RAM 32 GB RAM 96 GB RAM

Whil e achievi-dgmohsest patwlleoasitmulaatyor t ak:

mi nut es tao sdaomgh waenuuteéypesal traservoir | en
scabmsa personal computer. Al t hough this i
computes in a few seconds, the benefit is t
are long rel ativcoe tthi asthhpddlirinusd partadtoinom.f cor
for C2Fr ac, C3Frac, and | LSA 1|1 IS presen

computation (tfiome eafchl It $Mel Istep continuousl
advancing fronnhclkeads ngeonmeannibse vieno ft heel si mul a
i's no such increase in computati oMWeti me pe

al so note that there is a possibility to
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combining C2Frac and C3Frsaonulvaher aghtelwa hf armn

maxi mum fracture | ength reaches some threst
after which C3Frac is used to cdmpBpubten t he |
case, before the squeezetioma vehfereectt hoecc 3
enhancement become most i mpor-apptdxi maeedr
by C2Frac in seconds, which in this case w
over using C3Frac only. Eit her fwalyl,y tdheusle
simul ations, which can take tens of hours
computer. Because of the speed of cal cul a
approxi mate simulator opens new @messi bil it

i denti fying combinations of parameters as
maxi mi zing fracture surface area) -and enat
coupled simulations to be focused on these
t hpaverns the behavior of the system.
5 Parametric Study

A few exampledllustrate theoptimization enabled by the rapid computation times
associated with C3Frac. The metric by which we evaluate the performance of a given
configuration is taken as the toslrface area of all the fractures in the array until time
t, which we represent b4(t; hi). It is useful to normalize bg*(T), the total fracture
area ofN nortrinteracting fractures each taking the same total volume of fluid and
growing exactly uniformly according to the relevant analytical solutioh [The ratio

A(t; hy)/ A*(T) represents the relative change in the total fractured area that is achieved
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by adjusting h.. We plot A(T; hy)/ A*(T) as a function of the dimensionless
configuration parametdr(N-1)/Z, with various stage lengtl&and injection rate®.
These results are presented in Figs. 7 and 8, where we notkethatiform spacing
h1=Z/(N-1) is represented as 1, while its limiting values of 0 and 2 correspond o non
uniform limiting cases witlm;=0 (touching of fractures-2 and 45) andh;= 2*Z/(N-1)
(touching of fractures-3-4), respectively.

First, we illustrate the impact of stage lémdkeeping all other quantities such as
injection rate and time equdig. 7. We compare results for stage lerfyth25m, 50m
and 100m. We observe that the uniformapaced configuration, coming with a
significant stress shadow especially at Z=50 an@niOcorresponds to a lower
normalized area around 0.75. By decreasingelow Z/(N-1), that is, by moving the
2" and 4" fractures away from the center fracture as suggestgihyresults in 80%
to 120% relative increase in the total fractured area. This increase comes for all stage
lengths, despite the existence of some important differences. Most notably, a smaller
interval ratiohy(N-1)/Zis required to maximize the generatedaafor the largest stage
length. This is because such a small interval length is needed to stimulate the squeezing
effect, which turns out to have an important impact on maximizing the fracture area.
Also notethat the sensitivity of the total, final aréathe spacing (derivative of the
plots in Fig. 7) tends to be greater for the larger interval length and at larger injection
times, meaning that such spacing optimization is more important when interval lengths

and/or injection times are large.
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Fig. 7. Normalized dimensionless total fracture a#€&; hi)/ A*(T) evolution with
various stage length Z in the fifiacture array for different values of the spading

for Q=0.2 n¥/s andt as a)50 s b) 300 s ¢)3600 s.
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The prior increases in productivifynferred from the surface areaj uniform
spacingstimulationsby using smaller stage lengtlisg. 7 come without need for
increasing injection rate. To investigate if there is benefit in optimizing in terms of
injection rate, we plot the normalized am&(T; hi)/ A*(T) versus the configuration
perturbation parametér for a representative selection of values of the injection rate
Qo given by 0.1n¥s, 0.2ni/s and 0.3rfls, adjusting injected volume to ensure
satisfaction of the viscosity regimequirement. The total injection volume is preset as
120 n¥and 720 rhand stage length is 50m.

We observe that the shapd these curves are very similar, but a little shifted over
the range of values of the configuration parameter considered. Theste tluid flow
that follows Poiseuille law, Eq4). For the sake of argument, assume we can ignore
differences in the pressure gradient between fracture entry points. Then the crack
opening near the inleb Y Fd is proportional to the inlet flowate gi(t) Y. When
the injection rate is set to be 0.2/s) the crack width is 1.26 times larger than in the
case wher&,=0.1 nm¥/s. Hence, for the same injected volume, the cases with larger
average width (opening) give a smaller fracture .aféés rehtionship is the cause of
the observed differences ifig. 8 whereQ, =0.1 n¥/s leads to about 30% more
fractured area tha@, =0.2 n¥/s. Otherwise, for a given injection rate, the total crack
openingis maximized for the spacing that also achieves the maximum area, as
illustrated by Fig. 8(a) and Fig. 8(b). The reason is that flow rate becomes the most
uniform in its distribution at that spacinghis observation holds for a while, until the

fractureshecome very long relative to their spacing. In this suygerfield region, the
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fracture opening profile indicates that the opening in the vicinity of the tip increases at
the cost of decreasing the opening of the central poRiong Thus; themaximum

width eventually does not correspond to the spacing that generates the maximum area.

a) b)
x 10000  v=120m? x001 V=120m?
4.5 5
4
35 -
. =
£ N
;:’ 2.5 /-J 2
1.5 !
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 08 !
(N—1)y/Z (N-Dhy/Z
—4—0Q=0.1 —B-Q=02 —&—Q=03 [m?s] ——0Q=0.1 =E—-0Q=02 =—&—0Q=03 [m3/s]
c} d
x 10000 V=720m?3 X001 V=720M3
23 7
21 6
19
W U g 3
E 15 =y
< 13 S
s 1 a3
9 2
0.2 0.4 0.6 0.8 1 10° o 0 03 .
(N=Din/Z - ' (N-1)hy/Z ‘
——Q=01 —W-Q=02 —4—0Q=03  [m%s] ——Q=0.1 —W-Q=02 —4—Q=03  [m%f]

Fig. 8. lllustrative examples of injection rate effect for total fractured A(@a )
and summation of near wellbore widkW(0,T, hy) respectively, in which the HF

parameters such as input volume are set as a)1B) 120 ni ¢)720 n? d) 720 ni

6 Conclusion

A new appROMsiimatl @3Fofraa api dllyowe ehdarcitsal
i nteraction among simultaheauocsbyegrewiergt:
growthhis approxi mate simulation method i s

energy balancedandr mhee@l asackadbpgni ng whi
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fluid flow via a functi onatl nfeoarm tphree siemrlvea tn
and approximating the i nteraction stresse
uni formly pressurized cracks with the sam
fracVYalriedgt t hrough compari scoonuptil@rdges sictasd ef
pl anar 3D model (I'LSA 1'1) confirm the accu
prediction of the | ength of each fracture

ThBOM s able to capture cWmethleex gmpaq@ilred
bet ween fract urhees mosd elprhiefooorime nme bhestress
i n which growth of one or more fractures i
t hei r nHeoiwgehvbeorr,s we have al so ahdwquéebae oue
phenomenon that takesi fporamef f @ct wreg t@ap acinmg
when the fracture radii Sembbaandonal buggese
the potenti al to increase the total fract.
pumpi b0 bcyompared to the uniform array for
not occur and the inner fractures are si mp|

ThROM I mul ator computes within a few minut
thereby edablriamg@i wg parametric studies an
hundreds of mAseh eéembomsatri @anison of this ca
nouwmni form spacing tempaetofhsevar &abrmayyg a
area of armreast. edStfargectl engt h and i njection
parameters for optimization. From our stud

be a complimentary apptaathvebSgmewbashowudE€t






